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Abstract

This paper focuses on a class of hybrid stochastic delay systems with neutral term (HS-
DSwNT), where the time delay may be non-differentiable and the coefficients may not satisfy
the linear growth condition. Under the local Lipschitz condition and the Khasminskii-type con-
dition, the existence and uniqueness as well as boundedness of the solution to the HSDSwNT
are established. By virtue of the Lyapunov function method and the M-matrix theory, suffi-
cient conditions on the asymptotic stability and general decay stability are also examined for

HSDSwNT. Finally, two examples are given to show the effectiveness of our results.

Key words: Hybrid stochastic systems, Neutral term, Non-differentiable time delay, Asymp-
totic stability, General decay stability.

1 Introduction

Many stochastic systems may experience abrupt changes in their parameters and structures
caused by phenomena such as changing subsystem interconnections and sudden environmental
disturbances. The hybrid systems driven by continuous-time Markov chains have been developed
to deal with this situation. One of the distinct features of such systems is that continuous dynamics
are intertwined with discrete events. For the general theory of hybrid stochastic systems, we refer
the reader to [1, 2]. Since many real-world systems often run for a long period of time, it is very
necessary to study the asymptotic behavior of such systems. Due to existence of the Markovian
switching, the asymptotic behavior of such hybrid system is completely different from that of

each subsystem. Therefore, the stability of hybrid stochastic systems has received a great deal of
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attention (e.g., see [3]-[8]). On the other hand, in many real-world systems, time delay is ubiquitous

and pervasive, and some stochastic systems do not only depend on present and past states but also
involve derivatives with delays. Such systems have been referred to as hybrid stochastic systems
with neutral term (HSSwNT). In the real world, there are many neutral delay differential systems.
For example, [9] proposed a coupled system consisting of a mass spring damper (MSD) connected
to the pendulum. In order to describe the delay of the displacement signal, the mathematical

representation of the system is as follows
Mi(t) + Cy(t) + Ky(t) + my(t —19) =0 (1.1)

where M,C and K are the mass, stiffness and damping of a MSD model, m is the mass of a
pendulum, 7y is the constant delay, and y(t), ¢(t) and (¢) denote the position, velocity and
acceleration of MSD at time t. Since time delay 7y is present in the highest derivative, equation
(1.1) is called a neutral delay differential equation. Let x1(t) = y(t) and z2(t) = 9(t), equation

(1.1) can be written as the following form
dx(t) — Dx(t — 10)] = Az(t)dt

where z(t) = (z1(t), 22(t)) " and

0 0 0o 1
0 —%r M T

This system has been applied to many important fields, such as computer-chip interface circuitries,
distributed networks, population dynamics, chemical process control and so on. In addition, taking
COVID-19 as an example, in the initial stage of the outbreak of COVID-19, it is generally believed
that the number of people infected by the virus in the future only depends on the number of people
infected by COVID-19 in the past week. However, as the infectious ability of the virus is increasing,
the number of people infected with COVID-19 in the future depended not only on the number of
people infected with COVID-19, but also on the infection rate of COVID-19. Therefore, HSSwNT
can be used to describe the current COVID-19 model with rapid virus mutation. For the theoretical
study of HSSwNT, please see Mao [1], Kolmanovskii et al. [14] and the references therein. More
recent results on the stability of HSSwNT may be found in [15]-[22].

As we all know, time delay often causes instability of the control system. For example, if we
choose the delay function §(t) = 0.75(1 + | sin(t)|) in Example 5.1, then HSSWNT (5.2) is almost
surely exponentially unstable. In fact, some literature have revealed that the stability of stochastic
system depends on the size of time delay and established the delay-dependent stability criteria (see,
e.g., [23, 24, 25, 26]). In particular, Fei et al.[27] first removed the restriction that the coefficient
of the underlying hybrid stochastic delay differential equations (HSDDEs) is bounded by a linear
function, and established the delay dependent criteria for highly nonlinear HSDDEs. Shen et al.
[28] extended the delay-dependent stability results of [27] to the case of the neutral HSDDEs. Song
et al. [29] further investigated the stability of the neutral HSDDEs and they extended the results in
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[28] from neutral HSDDEs with a single delay to multiple delays. However, the time delay in above
papers [23]-[29] is either constant or differentiable with its derivative less than 1. This condition is
not a natural feature of stochastic delay systems in the real world. Obviously, the delay function
5(t) = 0.75(1 + | sin(t)|) we mentioned earlier is neither a constant nor differentiable. So, it is
necessary to study stochastic systems with more general time delay. In 2022, Dong and Mao [30]

studied a class of hybrid stochastic systems with time-varying delay

dz(t) = f(z(t),z(t — 7(t)),r(t), t)dt + g(x(t),x(t — 7(t)), r(t), t)dw(t), (1.2)

where 7(t) € [A1, A2] is a Borel measurable function which has the property (2.2). They first used the
delay feedback control to stabilize the hybrid stochastic delay systems (1.2) with non-differentiable
time delay. Recently, Dong et al.[31] extended the stabilization result of [30] to the case of hybrid
stochastic delay systems with Lévy jump, while Hu et al. [32] investigated a class of highly nonlinear
hybrid stochastic delay systems and established several new results on the asymptotic boundedness
and stability for the hybrid stochastic delay systems.

Motivated by the above results, this paper examines stability results of the following hybrid
stochastic delay systems with neutral term (HSDSwNT)

d[z(t) — D(x(t —6(t)),r(t))] = f(z(t),x(t —6(t)),t,r(t))dt + g(x(t), z(t — 5(t)), t,r(t))dw(t). (1.3)

Sufficient conditions are given that ensure the H., and almost sure asymptotic stability of equation
(1.3), even in the presence of non-differentiable delays. Since these two stabilities do not reveal
the convergence rate, this paper also examines the general decay stability of HSDSwNT, which
includes the exponential stability and the polynomial stability (also called as algebraic stability)
(see [33]-[38]). Compared with the existing literature, the main contributions and challenges of this

paper are highlighted as follows:

(i) The variable time delay 6(¢) in the given HSDSwNT is now only required to satisfy much
weaker conditions than those in most existing papers. In particular, it is no longer required
to be differentiable. Coping with the much weaker conditions imposed on §(t) presents a

challenge. New mathematical techniques are developed to tackle the challenge.

(ii) In many existing papers, the boundedness is often imposed on (), which excludes many in-
teresting systems with unbounded delay, for example, the system described by the pantograph
equations. It is another challenge to allow () to be unbounded, which arises difficulties in the
analysis of the existence and uniqueness, H., stability and almost sure asymptotic stability

of the solution.

(iii) Moreover, the delay dependent stability is discussed, and the impacts of the time delay and the
neutral term on the stability of equation (1.3) are revealed. By using the Lyapunov function
method and the M-matrix theory, sufficient conditions on the asymptotic stability are also
presented for HSDSwNT. At the same time, the moment and almost sure stability with
general decay rate for HSDSwN'T are also investigated, which includes both the exponential

stability and the polynomial stability.
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The paper is organized as follows. In Section 2, we introduce some hypotheses concerning

Eq.(1.3) and establish the existence and uniqueness of solutions to it. In Sections 3 and 4, we will
show the main results of our paper, where several useful criteria will be established on the almost
sure asymptotic stability as well as the general decay stability for Eq.(1.3). To make our theory
more applicable, we apply the M-matrix theory to get some sufficient criteria on these two types

of stability in Section 5. Finally, we will discuss two examples to illustrate our theory.

2 Preliminaries and the global solution

Let (Q,F, P) be a complete probability space with a filtration {F;};>¢, satisfying the usual
conditions. Let w(t) be an m-dimensional Brownian motion defined on the probability space
(Q,F,P). For any a,b € R, a Vb and a A b indicate the maximum value and the minimum
value between a and b, respectively. Let A > 0 and C([—h,0]; R") denote the family of continuous
functions ¢ from [—h,0] — R™ with the norm ||¢|| = SUP_p<p<o |¢(0)|, where |.| is the Euclidean
norm in R™. If A is a vector or matrix, its transpose is denoted by A'. If A is a matrix, its
norm [|A| is defined by ||A|| = sup{|Az| : |z] = 1}. Let L% ([~h,0]; R") denote the family of
all Fo-measurable, C([—h;0], R")-valued random variables ¢ = {p(0) : —h <6 <0} such that
E||¢||? < co. Let r(t),t > 0 be a right-continuous Markov chain on the probability space (2, F, P)
taking values in a finite state space S = {1,2... N} with generator I' = (y;;) nx N given by:

YigA +o(A), if i# ],
1+7;A+0(A), if i=j.

P(r(t+ A) = jlr(t) =1i) =

where A > 0. Here v;; > 0 is the transition rate from 4 to j, ¢ # j, while v; = — Z#i vij- We
assume that the Markov chain r(.) is independent of the Brownian motion w(.).

In order to deal with non-differentiable time delay, we give the following condition.

Assumption 2.1 Assume that the delay function §(t) is a Borel measurable function from Ry to

[h,00), with the following properties

—h:= 0§1?<fm(t —6(t)) > —o0 (2.1)
and
ho := limsup ( sup M) < 00 (2.2)
A—0 s>—h A

where h is a non-negative constant, Qs n ={t € Ry : t—6(t) € [s,s + A)} and m(.) denotes the

Lebesgue measure on R .

Remark 2.2 In the existing literature involving variable delay (e.g., [8, 27]), the delay function

d(t) : R+ — Ry is often either constant or differentiable with its derivative being bounded by

h e (0,1). That is %(tt) <h< 1, Vt > 0. However, these two conditions might not be a natural

feature of stochastic delay systems in the real world. For example, piece-wise constant delays occur

frequently in sampled-data controls but these are not differentiable.
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Remark 2.3 In [19, 20, 21, 30], §(¢) is allowed to be nondifferentiable which is an important
breakthrough. However, the boundedness imposed on () is also conservative, at least it excludes
a class of stochastic differential equations with proportional delay, where the delay function 6(t) =
(1—q)t, t >0 with ¢ € (0,1). In this case, we provide Assumption 2.1 that the delay function 6(¢)

can be unbounded, so the existing results of [19, 20, 21, 30] are improved and generalized.

Remark 2.4 In practice, there are many delay functions that satisfy Assumption 2.1. Consider
the delay function 6(¢) = 6(t + |sint|), # € (0,0.5) as an example. It can be seen that §(t) =
0(t + |sint|) from R4 to [0,00) which obeys the Lipschitz condition |§(¢t) — d(s)| < 26(t — s) for
any 0 < s < t < oo. In fact, we can conclude that it satisfies Assumption 2.1 with h = 0 > —oo
and hg = 1/(1 — 20) < oco. Obviously, we get that §(t) < 20t for all t+ > 0. Hence, —h =
infocicoo(t — 8(t)) > (1 — 20)infocicoot = 0, namely h < 0. Meantime, —h < 0 — §(0) = 0, i.e.,
h > 0. Therefore, we must have h = 0. Next, we will show hg = 1/(1 — 26). Let s > —h and
A € (0,1) be arbitrary. Set v = inf{t € Qs a}, we have s <v—95(v) < s+A. Ift > v+A/(1-26),

then we get

t—0(t)—s

v

t—=0(t) = v —"4(v)]
(1-20)(t —v) > A.

\

Hence, we obtain ¢ € Qs;a. That is to say, we have shown Qsa C [v,v + A/(1 — 20)) and
m(QAS’A) < 1/(1 — 26). For arbitrary s > —h and h € (0,1), we see that Assumption 2.1 holds
with hg = 1/(1 — 26). As another example, if §(¢) is differentiable and its derivative is bounded by
[ €(0,1), we can show that ¢; satisfies Assumption 2.1 with ho = 1/(1 — ).

Let us consider the nonlinear hybrid stochastic delay systems with neutral term
dz(t) = D(x(t = 6(t)),r(t)] = f(x(t), z(t — 6(2)), t,r(t))dt + g(x(t), x(t — 6(t)), 1, 7(t))dw(t) (2.3)

with the initial data {z(t) : —h < t < 0} = £ € E%EO([—I_”L,O];R”), where the coefficients f :
RP"XR"XRL xS —>R"g: RRXR"XRy xS —=R"”""and D: R"xS — R" are Borel

measurable functions. The following assumptions are imposed on the coefficients f, g and D.
Assumption 2.5 For each integer d > 1, there exists a positive constant Ly such that

|f($1,y17t»i) - f($27y2atvi)‘ \ ‘g(xlvylat>i) *g($2,y2,t,i)| < Ld(|$1 - 332| + |y1 - y2|)7

for those x1,y1,x2,y2 € R™ with |x1| V |y1] V |x2| V |y2| < d and any (t,i) € Ry x S. Moreover, we
assume that f(0,0,t,7) = g(0,0,¢,4) = 0 for all (t,i) € Ry x S.

Assumption 2.6 There exists a constant k; € (0,1) such that
|D(u,i) — D(v,3)| < ki|lu —v|,

for all u,v € R™ and i € S. Moreover, we assume that D(0,i) = 0 for all i € S and let kg =

max;cg k;.
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It is known that Assumptions 2.1, 2.5 and 2.6 only guarantee that Eq.(1.3) has a unique
maximal solution, which may explode to infinity at a finite time. To avoid such a possible explosion,
we need to impose an additional condition in terms of the Lyapunov function. Let us denote by
C*Y(R™ x Ry x S;Ry) the family of all continuous non-negative functions V(z,t,i) defined on
R™ x Ry x S such that for each i € S, they are continuously twice differentiable in  and once in
t. For V.e C>1(R" x Ry x S; Ry), we define the function LV : R® x R" x Ry x S — R by

1
+ gtracelg " (z,y,t,)Vaa(w — D(y, i), t,)g(, y,1, )

N
j=1
where OV (x,t,1) OV(x,t,i)  OV(xt,i)
. Z,1,1 . ZT,1,1 Z,1,1
Vi(z,t,i) = 5 Ve(z, t,i) = ( e on )7
. 02V (z,t,1)
me(x?t’ Z) B ( E)xzax] )nxn.

Assumption 2.7 (Khasminskii-type condition) There exists a function V € C*1(R"x Ry x S; Ry)

and positive constants ci,ca, a4, (i =1,2,3),v > 2, such that
c1lz)? < Vi(x,t,i) < colz)? (2.5)
for (z,t,i) € R" x Ry x S, and
LV (2,y,t,1) < ar(1+ [a]* + [y[*) — aola|” + asly|” (2.6)
for all (x,y,t,1) € R" x R" x Ry x S.

Remark 2.8 This paper mainly concerns the Khaminskii-type condition, which is more general
and covers the (one-sided) linear growth condition. In fact, in Assumption 2.7, when V (x,t,i) = |z|?
and ag = ag = 0, we obtain the one-sided linear growth condition. It is well-known that the one-

sided linear growth condition is more general than the classical linear growth condition (see, e.g.,
[1)).
Lemma 2.9 ([1]) Let p > 1 and a,b € R™. Then, for any ¢ € (0,1),

|af? [b”
(1—d)r-t =

la + 0P <

Lemma 2.10 (/30]) Let Assumption 2.1 holds. Let T > Ty > 0 and ¥ : [-h,T — h] — R, be a

continuous function. Then

T T—h
/ W(t — 8(t))dt < ho / W(t)dt. (2.7)

To To—h
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Now, we give the existence and uniqueness results of the solution for equation (1.3). For

convenience, we set
z(t) = x(t) — D(x(t — 4(1)), (1)),

which will be used throughout all the paper.

Theorem 2.11 Let Assumptions 2.1, 2.5, 2.6 and 2.7 hold with h > 0. Then for any given initial
data &, there is a unique global solution x(t) to Eq.(1.8) on t € [~h,o0). Moreover, the solution
has the properties that

T
sup Elz(t)]* < oo and E/ |z(s)["ds < o0 (2.8)
0

0<t<T

for oll T > 0.

Proof. Since the coefficients of Eq.(1.3) are locally Lipschitz continuous, for any given initial data
&, there is a maximal local solution z(t) on ¢t € [0, 0.), where o, is the explosion time. To show

that this solution is global, we only need to prove that o, = co a.s. By Assumption 2.6, we have
12(0)] < [z(0)] + [D(x(=6(0)), r(0)] < [(0)] 4 Kilz(=5(0))]
(1 + ko)l|€]]- (2.9)

Noe, let kg > 0 be sufficiently large for (14-kg)||£|| < ko. For each integer k& > ko, define the stopping

IN

time 7, = inf{t € [0,0¢) : |2(t)| > k}. Clearly, 7 is increasing as k — 00. Set Too = limy 00 Tk,
whence 7o < 0. a.s. Note if we can show that 7., = oo a.s., then o, = 0o a.s.
We shall first show that 7o, > h a.s. For any k > kg and t € [0, h], by the It formula (see e.g.

[1]) and condition (2.6), we can show that,
T\t
EV (z(te At), 1 ANt,r( AE)) < EV(2(0),0,7(0)) + IE/ <a1(1 + |z(s)|?
0

+ (s = 0())P) — aslz(s)]” + aglz(s - 5(5))I”)d5-
(2.10)

By condition (2.5) and Assumption 2.6, we then get
TN\t
aElz(my AP < EV(2(0),0,7(0)) +E/ (@11 + Ja(s = 8(s)I) + asla(s — ()| ) ds
0
TN\t TN\t
+ oqE/ ]x(s)|2ds—042E/ |z(s)["ds
0 0
TN\ TN\
< H+ 2a1E/ 12(s)2ds — OQE/ 2 (s)[7ds (2.11)
0 0

where H; = EV(2(0),0,7(0)) + Efoh (ozl(l + 2ko|z(s — 6(8))]?) + as|z(s — 6(5))|7> ds. Noting that
—h <t —h(t) <0, we have
h
Hi < oE[2(0)] +IE/ (o (1 -+ 2hofae(t — 6()?) + asla(t — 5(s))[" ) ds
0

< eo(1 4 ko)*E|[€])* 4 (a1 + 200 koE||€))* 4+ asE||€]|7)h < oo
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Then it follows from (2.11) that E|z(7; At)|? < IC{—; + QI%E fo (7% A 8)|*ds. Hence, by the Gronwall
inequality, we have

H, 2
Elz(mx A1)]* < 7116 @' o<t<h (2.12)

_ 201 _
for any k > ko. In particular, Elz(r A h)]? < %1@ Cllh, Vk > ko. This implies k*P(7, < h) <
2

Ig—lle?h. Letting k — 0o, we hence obtain that P(7o < h) = 0, namely P(7o > h) = 1. Letting
k — oo in (2.12) yields

H 2«
E|z(t)* < C—lle ol (2.13)

and

Elz(t)? < 2E[z(t)]” + 2E[D(x(t - 6(t))|?

Hy 2
< 27 ok E|IE)? < oo (2.14)
C1
for all t € [0, h]. Settmg t = h in (2.11) and then letting k¥ — oo, we also get aolE fo |z(s)[Vds <
H, +20qE fo s)|?ds. Consequently, using (2.13), we obtain
207 h
/ |z(s)["ds < —(Hl + 2a1h—e cr ). (2.15)
C1

Let us now proceed to prove 7o > 2h a.s. Given that we have shown (2.14) and (2.15). For
any k > ko and t € [0,2h], it follows from (2.6) that

TN\ TN\
a1Elz(mi At)[* < Ho + 2a1E/ |2(s)|?ds — agE/ |z(s)|["ds (2.16)
0 0

where Hy = Hy —Hth <a1 (1+2ko|z(s —6(s))|?) + as|z(s — 5(5))|’Y>ds. Noting that ¢ € [0, 2h], we
get —h <t —§(t) < h. By Lemma 2.10, (2.14) and (2.15), we have
h
Hy < Hj+oah+ hoE/ ~ (20&1]?0‘_%(3)’2 + a3‘$(8)‘7>d8
h—h
< (1 + ho)Hy + ho(2a1koE||€]|? + asE||€]|7)(h — h) < oo.

Consequently E|z(7, A t)|? < %2 + %E fg |z(7 A s)|2ds. Hence, by the Gronwall inequality, we

have

H 4o
Elz(m AP < “2e ", 0<t<2h (2.17)
C1

_ dog _
for any k > ko. In particular, E|z(mx A 2h)|? < @e e h , Vk > ko. This implies k*P(7;, < 2h) <
4aq

HQe °1 Lettlng k — oo, we hence obtain that P(7o, < 2h) = 0, namely P(7o, > 2h) = 1. Letting
k — oo in (2.17) yields

H 4o
Elz(t)? < —2ee ", 0<t<2h (2.18)
C1
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By (2.18), it follows that

Elz(t)* < 2E|2(t)]” + 2E|D(x(t - 8(1)))*

Hy oy,
< 272 a 2ky sup Elz(t)|* < oo
€1 —h<t<h
for any t € [0, 2h] Setting t = 2h in (2.16) and then letting k — oo, we also get axE fo s)[Vds <
Hy +20qE fO (5)|?ds. Consequently, using (2.18), we obtain

2h s0y,
IE/ |z(s)["ds < —(Hg +4a1h—e °1
0 c1

).

Repeating this procedure, we can show that, for any integer ¢ > 1, 7o, > ih a.s.,

H: 2o
Elz(t)2< e e ™ 0<t<ih
C1

where

ih
Hoo= Hor [ (el dhlals = 3 + sl 00 )

(i—2)h

< (14 ho)H;i—1 + hoE/  [2oqkolz(s — 5(5))|2 + aglx(s — 6(s))|"]ds
(i—2)h—(h—h)

< OoQ.

We must therefore have 7o, = 0o a.s.. Similarly, for any ¢ € [0, ih], we can show

Elz(t)* < 2E|z(t )\2+2E\D($(t—5(t)))\2
H. 2t 2'ay
< 270 ca M 42k sup  Elz(t)]* < oo
€1 —h<t<(i—1)h
and E s)|Vds < 1 H; +2za1hHle et . The proof is therefore complete. O
p p

Remark 2.12 In fact, the proof of Theorem 2.11 is also applicable to the case of bounded delay,
namely &(t) € [h, h). On the other hand, if the lower bound & is 0, we can obtain the existence and

uniqueness of the solution to equation (1.3), but the condition as > aghyg is required.

Theorem 2.13 Let Assumptions 2.1, 2.5, 2.6 and 2.7 hold with h = 0 and as > aghg. Then for

any given initial data &, there is a unique global solution x(t) to Eq.(1.3) ont € [~h,o0). Moreover,
the solution has the properties that

T
sup E|z(t)]* < oo and E/ |z(s)]|7ds < o0 (2.19)
0<t<T 0

for all T > 0.
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Proof. Fix T > 0 arbitrarily. For all ¢ € [0, 7] and k > ko, using Lemma 2.10, we can obtain from

(2.10) that
N TN\t
BV (2(m A t), 7 A, r(m AE)) < H1+a1(1+h0)/ Ejo(s)[2ds
0
TN\t
— (042—043h0)/ E|z(s)|"ds (2.20)
0

where H; = EV(2(0),0,7(0)) + a1 T + hoE fgﬁ(al\x(s)P + as|z(s)|7)ds < co. Then, it follows from
(2.20) that

TN\t

Bz (re AP < ﬁ1+a1(1+h0)/ Ejo(s)[2ds. (2.21)
0

By Lemma 2.9 and Assumption 2.6, we get

E’Z(Tk/\t)|2 E‘D(w(Tk /\15—(5(Tk/\t),?"(Tk/\t)))’2
4
1-— k?g kO
Elz(ri A t)|?
- 1—kg

Elz(mp At)]? <
+ k‘oE’w(Tk ANt — (5(Tk VAN t))’Z.

This implies

supg<;<7 E|z(7k A 1)[?

sup Elz(mp At)]? < + ko sup Elz(my At —8(mp At)))?

0<t<T 1 — ko 0<t<T
f{l al(l -+ ho) /T 2
< sup El|x(m A s)|“dt
— ca(l—ko) ca(l—ko) Jo Ogsgt Fo(m A o)

4+ KoE|€)? + ko sup Elz(i At)2
0<t<T

Hence, we have

Ell k?() 9
su ]E.Z' . Nt 2 + E
OSth ‘ ( k )‘ - Cl(l — kO)Q ].—ko H§”
a1 (1 + hy) /T )
+ 73 sup E|z(mp A s)|“dt.
c1(1 = ko)* Jo ogsgt [(m A 5)]

An application of the Gronwall inequality yields

H k, a1 (1+hg)
sup Elr(ri ) < [ + g Bl (222)
— RO

0<t<T ~ a(l = ko)

Similar to the proof of Theorem 2.11, we can show that 7, > T a.s. Since T > 0 is arbitrary, we

must have 7, = co. Letting k — oo in (2.22), we obtain that supg< ;<7 E|2(t)|* < co. Similarly, we

can get E fOT |z(s)|["ds < co. The proof is therefore complete. O

10
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3 Almost sure asymptotic stability

In this section, we shall study the H., stability and almost sure asymptotic stability of HS-
DSwNT (1.3).

Definition 3.1 The solution of Fq.(1.3) is said to be Hy, stable in pth moment (p > 0) if
/000 E|z(s)[Pds < oo

for all & € E2]_-0([—7L, 0]; R™).

Definition 3.2 The solution of Eq.(1.3) is said to be almost surely asymptotically stable if

lim z(t) =0 a.s.
t—00

for all £ € 5270([—1_1, 0]; R™).

Theorem 3.3 Let Assumptions 2.1, 2.5, 2.6 and 2.7 hold except that in Assumption 2.7, (2.6) is
replaced by

LV (z,y,t,3) < —Bi|z|* + Boly* — Bslz|” + Baly|” (3.1)

for all (z,y,t,i) € R X R" x Ry x S, where 1 > Paho > 0 and B3 > Bshg > 0. Then for any
given initial data &, the solution x(t) of Eq.(1.3) has the property

/OOO E|z(s)|"ds < oo. (3.2)

Proof. We first observe that (3.1) is stronger than (2.6). So, by Theorems 2.11 and 2.13, for any
given initial data ¢, Eq.(1.3) has a unique global solution x(t) on t > 0. For each integer k > ko,
define the stopping time oy = inf{t > 0: |2(¢)| > k}. By the It6 formula and Lemma 2.10, it is not
difficult to show that

o\t

aElz(op At)|? < Hy— (83— [5’4h0)E/0 |z(s)["ds (3.3)

where Hy = EV (2(0),0,7(0)) 4 hoE fEB(ﬁﬂx(s)\Q + Balx(s)|7)ds < oo. Letting k — oo, by applying
the Fubini theorem, we get fg E|z(s)|Yds < %. Letting ¢t — oo yields the desired assertion
(3.2). The proof is therefore complete. O

Theorem 3.4 Let conditions of Theorem 3.3 hold. Then for any given initial data &, the solution
x(t) of Fq.(1.8) has the property that

lim z(t) =0 a.s. (3.4)

t—o00

11
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Proof. Let us first show

sup |z(t)] < oo a.s. (3.5)
0<t<oo

If this were false, then there is a Q1 = {w € Q : supg<;o, [2(t)| = 0o} and €1 such that P(;) =
e1 > 0. Choose a number M; > 3{2 Define the stopping time o = inf{t > 0 : |z(¢)|> > M;}. Then

we can find a sufficiently large number 7" such that P(0 < 0 < T') > 0.25¢;. In a similar way as we
did in (3.3), we can show ¢;E|z(c A t)|> < Hy. This implies that

|
v

E(|z(o A1)

Vv

> E(l2(0 AP Tjo<o<ry)
> M1P(0 <o < T) > 0.25M;eq.

But this contradicts the fact M; > 4Hy Hence, (3.5) must hold. Now, we will show that

cier’

sup |z(t)| < oo a.s. (3.6)
0<t<oo

For any T' > 0, by Assumption 2.6, we have

[z < [z(@O)] + [D(@(t = 6(8), 7()))]
< |z(t)| + kolz(t — 8(t))|, te€[0,T]. (3.7)

This implies

sup [z(t)] < sup |z(t)]+ ko sup |z(t—d(2))]
0<t<T 0<t<T 0<t<T

< sup [z(t)] 4 koll€l| + ko sup [z(2)].
0<t<T 0<t<T

Hence, we get suppeer [0(1)] < 145 ( subocser [2(8)] + koll¢])- Letting T — oo and using (3.5),
we obtain that (3.6). In what follows, we shall claim that

lim [z(t)| =0 a.s. (3.8)

t—o00

By Lemmas 2.9, 2.10 and Assumption 2.6, we obtain

t 1 ¢ 1 ¢
/OE]z(s)st < M(m_l/o E\x(s)WdS—i—kgl/O E|D(z(s —d(s)),r(s))|"ds
1 ¢ ¢
< H(ml/() E|x(s)|7d8—|—ko/0 E|z(s — d(s))|7ds

1 t t
< Exs“’ds—l—kh/ E|lz(s)|"ds
i | Bl + koo [ Bints)

IN

1 t
o —i—koho}/o E|z(s)["ds.

0
koho/ﬁE|x(s)\7ds v [W

12
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By (3.2) and the Fubini’s theorem, it follows that
(0.9}
E / 12(s)["ds < o. (3.9)
0
This implies [, |2(s)|7ds < co a.s. Hence
liminf [2(¢)] =0 a.s.
t—ro0
Now, we turn to proving that

limsup |z(t)] =0 a.s (3.10)

t—o0

by contradiction. Suppose (3.10) is false, then there exists 2 > 0 such that

P(QQ) > 352, (311)

where Qg = {w € Q: limsup,_,, |2(t)] > 2e2}. Recalling (3.6) as well as the boundedness of the

initial data &, we can find a positive number d sufficiently large for

P(Q3) > 1 — &g, (3.12)
where Q3 = {w € Q: supg<;. |2(t)] < d}. Hence, by (3.11) and (3.12), we have
]P)(QQ N Qg) > 2¢e9.

Let us now define a sequence of stopping times,

T4 :=1inf{t > 0: |2(t)| > d},

pr:=1inf{t > 0: |z(t)]* > 2e2},

pog = inf{t > pop_1: [2(t)]? < e}, k=1,2,---
pok+1 = Inf{t > poy : |z(t)]2 > 29}, k=1,2,---,

where throughout this paper we set inf () = co. It is easily observed that 74 = oo and p < oo if

w € QN Q3. Noting that pop < 0o whenever pg,_1 < 0o, we can derive from (3.9) that

oo > E/ |z(t)|7dt
0

[e. 9]

P2k
2 ZE<I{021¢—1<007021¢<00,7}100}/ |Z(t)|’ydt)
k=1 P2k—1
5 (o]
> &5 ZE<I{P2k71<OO,Td:oo}(p2k - /721671))- (3.13)
k=1

In the same way as Mao [15] did in the proof of Theorem 3.1, we can obtain that

]P’({pgk_l < 00,7Tg =00} N { OquT ‘|Z(p2k_1 + t)]2 — \z(pgk_1)|2’ < 52}) > g9. (3.14)
<t<

13
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Set Q= {SUpogth |z(par—1 +1)* — |2(par_1)|?| < 52}. Noting that pox(w) — por—1(w) > T, if
w € {par_1 < 00,7qg = 00} N Q. Combing (3.13) and (3.14) together, we have

o
X
0o > &5 ZE(I{p%,Koo,Td:oo}(sz - szq))

k=1
~ o0
Z 822 ZE(I{sz71<OO,Td:oo}ﬁﬁk (ka - ka—l))
k=1
R ~
> 522TZP({P2I<71 < 00,Tg =00} N Q)
k=1

5 oo
> 822TZ€2 = OQ.
k=1

which is a contradiction. So (3.10) must hold. Finally, let us now show that lim; o |2(¢)] =0 a.s.
By (3.7) and letting ¢ — oo, we obtain that limsup, . |z(t)| < kolimsup,_,. |z(¢)| a.s. This
together with (3.6), yields the required assertion (3.4). The proof is therefore complete. O

Remark 3.5 In [15], Mao, Shen and Yuan first studied the almost sure asymptotic stability of the
solution for HSDDEs with neutral term, where the coefficients satisfy the local Lipschitz condition
and the Khasminskii-type condition. It should be noted that the time delay considered in [15] is
a constant delay, which is also a special case of this paper. In this paper, we extend the stability
results in [15] to the case of non-differentiable time delay, and the delay can be unbounded by
using contradiction and the stopping time, which is different from the existing method by using

the semi-martingale convergence theorem in [15].

4 General decay stability

In the previous section, we have discussed the H, stability and almost sure asymptotic stability
of the solution to equation (1.3). These two classes if stabilities do not reveal the convergence rate.
This section will discuss the stablity with the general decay rate under the conditions of Theorem

3.3. Let us first introduce the following ¥-type function, which will be used as the decay function.

Definition 4.1 The function 1 : R — (0,00) is said to be 1-type function if this function satisfies

the following conditions:
(i) It is continuous and nondecreaing in R and continuously differentiable in R .
(ii) ¥(0) =1, 9 (00) = 00 and Cy = sup;> |1pr(tt))| < 0.

(iii) For any 0 <s <t, ¥(t) <¢P(s)P(t —s).

Definition 4.2 The solution of Eq.(1.3) is said to be 2th moment -type stable if there exists a
constant 7 such that

log E|z(t)]?

lim sup e 71 [2(0)

< =5 a.s.
t—o0 IOg ¢(t) K

14
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Definition 4.3 The solution of Eq.(1.3) is said to be almost surely 1p-type stable if there exists a
constant v such that

1 t
lim sup m <=5 a.s.

t—o0 IOg ¢(t)
Remark 4.4 Obviously, when 1(t) = €' and v(t) = 1 + t, this )-type stability implies the expo-

nential stability and polynomial stability, respectively.

Theorem 4.5 Let conditions of Theorem 3.3 hold. Assume that 6(t) < h, then for any gien
initial data &, the solution x(t) of Eq.(1.3) has the properties that

log Ela(t)|”

I D8RIV ), 41
el log (1) ! -
and
: loglz(t)] _ 7
1 < —=, a.s. 4.2
o Togu(n) © 20 7 .
where 1 € (0 hile &1 = [—128ko ] p [logBslog(obil) g oy s the uni h
n ,E1 A €2), while g1 = [— g w(F )] Al 1oz 9 () | and g2 is the unique root to the

following equation B = 2¢2Cyx + (2c20Cyki + ﬁg)w‘”(ﬁ)ho

Proof. For each integer k > ko, define the stopping time o}, = inf{t > 0 : |2(t)] > k}. Let
1 € (0,61 N eg). For any ¢ > 0, by the generalized It6 formula, we obtain that

E(w(tmk)V(z(tAak),mak,r(mo—k)))
= V((0),0,7(0)) + E /0 U’“w(s)(nﬁ/(f))vg(s),s,r(s))
+ LV(z(s), (s—é(s)),s,r(s)))ds.

By conditions (2.5) and (3.1), we then compute
ARt A ay)|z(t Aog)[?)

tAoL tA\og
< ofz(0)f + CzﬁCwE/O W(s)|2(s)|*ds — 511[‘3/0 W(s)|x(s)Pds
tAog

+ BE /0 " (s |e(s — 8(s) 2ds — BsE /0 P (s)la(s)Vds

+ BE /0 (s a(s — 6(s))|ds. (4.3)

By the definition of ¢-type function and Lemma 2.10, we have

B [ et s)Pas = B [ 0= 06) a0 P

< E / " (s — 5(s)w(8(5)) (s — 6(s))|ds
0
< WRE [ (s = 5(s)nls - 8(s)) s
0
< Wi [ U)la(s) s

15
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Similarly, we get
E/t/\gk ¢n(s)|z(8)|2ds < 2E /Mak ¢n(5)<|$(8)|2 + k2|$(3 - 5(3))|2)d8
0 - 0 O

tAog
< 9E / ¥1(s))x(s)[2ds
0
tAok

+ 2B [ uo)le(s) s

and

tAog

E/O P(s)x(s —0(s))"ds < W(h)hoE/_ P (s)|(s)]7 ds.

Substituting these into (4.3) gives
AE@" (A og)|2(t Aoy)]?)
N _ tA\og
< Hs;— (ﬁl — 2conCy, — (2627701/,]6(% + 52)1#77(11)]10)153/ Y"(s)|x(s)|2ds
0
_ tAoL
— (B BB [ 0 (s)fa(o)" s
0
where
~ 0
Hy = cof2(0) + (2canCykg +ﬁ2)¢"(h)h0/_ P (s)|x(s)|*ds
—h
~ 0
+ ﬂwn(h)ho/ W7(s)[2(s)[ds < 0.
—h
On the other hand, for n < e; A €2, we note that
B1 > 2027]0#; + (2027]0¢k(2) + 52)1&”(%)]10 and f3 > ﬂuﬁn(il)ho.
Then we obtain
ClE(i/Jn(t A\ Jk)‘z(t AN Uk)’2) < I:I3.
By Lemma 2.9, it follows that for any T" > 0

sup E(¢(t A oy)|z(t Aoy)]?)

0<t<T
E(y"(t A tAop)|?
S SupOStST (17[} ( O-k)|Z( Uk‘)| ) +k(] sup Ewn(t/\gkﬂx(t/\ak _5(t/\o_k))|2
(1 — ko) 0<t<T
H .
< S+ kot(h) sup Byt Aoy — Suno )| T(t Ao — 5(t A o))
c1(1 — ko) 0<t<T
Hs n(h n 2
< +kop"(h) sup Bt Aog)|x(t Aok)|”.
c1(1 — ko) _R<t<T

16
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b 1 i
Note that n < 1, we get ¢"(h) < ¢-. Hence, we obtain

H; ko (h) ,
- _ K" ‘
0<t<T - Cl(l _ k'())(l - k‘own(h)) + 1_ k0¢n(h) _}_SLEE)SO Q;Z) (t)|$(t)|

Letting k£ — oo, we get that

sup E(4"(t A ay)|z(t A og)[?) <

sup E@(0]2()?) < Hy ko (1)

= —E|¢||?
0<t<T 61(1 — ko)(l — kown(h)) 1-— k0¢n(h)

and the assertion (4.1) follows. To show the second assertion, it is sufficient to show

sup Y"(1)|z(t)]? < oo a.s. (4.6)
0<t<oo
If this were false, then there is a Q4 = {w € Q : supgc; oo ¥(t)[2(t)|* = oo} and e3 such that
P(Q4) = e3 > 0. Choose a number M > 2%55’3. Define the stopping time 7 = inf{t > 0 :

"(t)|2(t)]? > M}. Then we can find a sufficiently large number T such that P(0 < 7 < T') > 0.4¢e3.
Similar to (4.5), we have ¢;E(¢)"(T A 7)|2(T A 7)|?) < Hs. This implies that

|
v

E("(T AT)|2(T AT)P)

V

> EWNT AT)2(T A7) Iir<ry)
> MP(r <T)>04Mes.

But this contradicts the fact M > 25013533. Hence, (4.6) must hold. The proof is therefore complete.
|

Remark 4.6 By using the semi-martingale convergence theorem, we can also prove that the solu-
tion of equation (1.3) is almost surely i-type stable. Here, we do not give the details of the proof,

please refer to [1].

Remark 4.7 In fact, Theorems 2.11, 2.13, 3.3 and 3.4 mentioned above hold no matter §(t) is
bounded or not. However, in order to obtain the general decay rate 7, we require §(t) to be
bounded by the constant h in Theorem 4.5, i.e., d(t) < h.

Remark 4.8 In Theorem 4.5, if ¥(¢) = e’ and ¥(t) = 1 + ¢, then (4.2) implies that Eq.(1.3) is
almost surely exponentially stable and polynomially stable. In other words, we extend these two
classes of stability into the general decay stability in this paper. And this will be fully illustrated
by Examples 5.1 and 5.2. At the same time, we also note that whether the solution converges to
the equilibrium point at the general decay rate depends not only on hg of the delay function, but

also on the coefficient kg of the neutral term.

Remark 4.9 Based on Lemma 2.10 and the stopping time technique, the proof of Theorem 4.5 is

completed without the restrictive conditions §(¢) = C or %(tt) < h < 1.1In [37, 38], the stability with

general decay rate was investigated under these two restrictive conditions. Therefore, the stability

results of [37, 38] can be considered as a special case of Theorem 4.5.

17
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Obviously, it is not convenient to check condition (3.1) of Theorem 3.3, since it is not related

to coefficients f and g explicitly. Now, we shall impose some conditions on f and g to guarantee
Theorem 3.3 and establish a sufficient criteria on the almost sure asymptotic stability and general
decay stability in terms of M-matrix. For the convenience of the reader, let us cite some useful

results on M-matrices. For more detailed information please see e.g. [1].

Definition 4.10 A square matriv A = [a;j]nxn is called a nonsingular M-matriz if A can be
expressed in the form A = sl — B with s > p(B) while all the elements of B are nonnegative, where
I is the identity matriz and p(B) the spectral radius of B.

It is easy to see that a nonsingular M-matrix A has non-positive off-diagonal and positive
diagonal entries. There are many conditions which are equivalent to the statement that A is a

nonsingular M-matrix and we now cite some of them for the use of this paper.

Lemma 4.11 If A € ZNV*N = {laijlnxn = aij <0, @ # j}, then the following statements are

equivalent:
(1) A is a nonsingular M-matrix.
(2) A is semi-positive; that is, there exists x > 0 in RN such that Az > 0.
(3) A7 exists and its elements are all nonnegative.

(4) All the leading principal minors of A are positive; that is

aiyr - a1k
>0 foreveryk=12,---,N.

ag1r - Okk

Let us now give hypothesis in terms of an M-matrix, which will replace condition (3.1). For

any (z,y,t,i1) € R" x R" x Ry x S, we impose the following condition on the coefficients f and g.

Assumption 4.12 Let~ > 0. There exist a real number &y; and nonnegative numbers do;, (s, Gig;
such that

o,y t,d) < a2 4 anily? — aslz7T + awly| T (4.7)
There exist nonnegative numbers Bli,BQi, Bgi,BM and 714,09 ,03i,04; such that
|f (2, g, t,0)] < Buile| + Baslyl + Bail " + Baily™*, (4.8)
and

lg(z,y,t,0)[> < Guilzl® + Galyl® + osilz| T + G4y (4.9)

18
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Remark 4.13 In fact, if v = 0, then the condition (4.7) will degenerate to the classical one-side
linear growth condition, while conditions (4.8) and (4.9) will reduce to the classical linear growth

condition.

Assumption 4.14 Define the N x N matriz T = (|yi;|ki)Nxn. Assume that
A= —diag(2a11 + Br1k1 + 611, -+, 200N + Binkn + Gin) — T — r (4.10)

s a nonsingular M-matriz.

Theorem 4.15 Let Assumptions 2.1, 2.5 2.6 4.12 and 4.14 hold. If

0;(20v0; + Buik; + Paiki + 72;) —I-Z 173165 k + Z Yij0; /~c < hl , Vies, (4.11)
J=1 J=1.5#1
and
min (20_43,; — 2531']%77_}_1 - 531‘) 0; > hgmax <20_é47; + 2,331']%L + 641'/61' + 5’42') 0;. (4.12)
i€S v+2 i€S v+2

Then for any given initial data &, the solution x(t) of Eq.(1.3) has the properties (3.2), (3.4), (4.1)
and (4.2).

Proof. By Lemma 4.11 and Assumption 4.14, it follows that
0=01, .05 = AT >0 (4.13)

for all 7 € S, where T = (1,---,1)T. Let us define the function V(z,t,i) = 6;|z|>. Clearly, V obeys
conditions (2.5) with ¢; = min;cg 6; and ¢y = max;eg 6;. To verify condition (3.1), we compute the

operator LV as follows

,CV({L‘,y,t,’L') = 26[ - (yv ')]Tf($,y,t,’i) + 9i|g(xayatvi)‘2
+ Z’YZ] Y, )] [x — D(y,14)]
< 292[33 f(CC Y, t, Z)+|D(ya )Hf(x Y, t, 7’)H+9i‘g(aj7yvt7i)|2

N
+ > ibsle* -2 Z vigbix " D(y, i) + Z%’j@ﬂD(% i[>,
j=1 j=1 j=1
By Assumption 4.12, we have

N N
LV (z,y,t,i) < (9i(207u + Priki + 51i) + Z Yij0; + Z \%’joki) |z
j=1 j=1

N N
+ (@‘(2072@‘ + Buiki + Boiki + G2i) + Y [isloiki + > 'Yijejkz?> ly|?
j=1 =L
+1
- (20[37, - 21631k; ? - 0'37,)(97;|1,"7+2
1 _
+ (20 + 2531‘/%@ + Baiki + 740y T2
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By (4.13), we have 6;(2a; + Biik; + 71;) + Zjvzl Y05 + Eévzl 177165 = —1. Hence,
LV (2,y.,1) < =Bl + Balyl® — Bsle” + Baly”, (4.14)
where
B1 =1, 2 = max;eg [91‘(2@21‘ + Briki + Baiki + 52;) + Z;’V:I 1vij105k7 + Zé\f:l,#i ’Yijejk?]a
B3 = minjes(2a3; — 2532‘/%% — 03i)0i, Ba = maxjes (204i + 2B3iki g + Baiki +043)0;. (4.15)
Recalling (4.11) and (4.12), condition (3.1) is fulfilled. By Theorems 3.3, 3.4 and 4.5, we can
conclude that for any given initial data &, there is a unique global solution z(t) and the solution of

Eq.(1.3) is Hy, stable, almost surely asymptotically stable and ¢-type stable. The proof is therefore

complete. O

Remark 4.16 In fact, Theorem 4.15 is less conservative than Theorem 3 of [37]. It is easy to see
that if §(¢) degenerates to the constant delay 7, then hg = 1 and the conditions (4.11) and (4.12)
are still hold. That is to say, the stability of the following equation

dz(t) — D(x(t — 7),7(t))] = f(x(t),z(t — 7),t,r(t))dt + g(x(t),x(t — 7),t,7(t))dw(t) (4.16)

only depends on the coeflicients f, g, and is independent of the delay function 7. This is also known

as delay independent stability.

Remark 4.17 By conditions (4.11) and (4.12), it can be seen that the stability of equation (1.3)
depends on the value of hg. In other words, this paper mainly studies the delay-dependent stability
of stochastic systems. It can be seen from Example 5.1 that different delay functions §(¢) and &(t)
will affect the stability of neutral stochastic systems (5.1).

5 Two Examples

In this section, we shall give two examples to illustrate the applications of our results.
Example 5.1 Let w(t) is a scalar Brownian motion. Let r(t) be a right-continuous Markov chain

taking values in S = {1,2} with the generator

r={ % ).
1 -1
Of course, w(t) and r(t) are assumed to be independent. Consider the following scalar HSDSwNT

dlz(t) — 0.1z(t — 6(t))] = f(x(t),z(t — 0(2)),t,r(t))dt + g(x(t),x(t — 6(t)),t,r(t))dw(t)  (5.1)

on t > 0. Here the coefficients f, g are defined by

2
flx,y,t,1) = 025z + 0.1y — 0.52°,  g(x,y,t,1) = 0.5z + [y,
2
f(l',y,t,2) = —1.51'—1'3, g($7y7t72) = _05y+\4[w2
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Figure 1: The sample paths of HSDSwNT (5.1) with d(¢) = 0.25(1 + |sint|).

where §(t) = 0(1 + |sint]), 6 € (0,1). It is easy to obtain that §(¢) satisfies Assumption 2.1 with
h =0,h =20 and hg = 1/(1 — 6). Note that the coefficients f and g satisfy the local Lipschitz
condition but they do not satisfy the linear growth condition. Through a straight computation, we
have k1 = k9 = 0.1 and

a1l = 0.3, ag; =0.05, az; =0.5, a9 = —1.5, azs =1, gy = ay; = ag2 = 0;
Bi1 =0.25, 821 = 0.1, B31 = 0.5, B12 =15, B2 =1, Ba1 = Boz = Ba2 =0,

o11 = 0.5, 21 = 0.25, G902 = 0.5, d32 = 0.25, 031 = 041 = 012 = 042 = 0.

2.575 —3.3
~1.1 3.75
(01,0)7 = AT = (1.1699,0.6098)T and By = 0.5221, B3 = 0.9757, B4 = 0.0305. Hence,

we conclude that the conditions (4.11) and (4.12) hold if # < min{l — (2,1 — %} = 0.4779.

log E[(t)|?
t

lim sup;_, bg‘tﬂ < —1 a.s. where ¢(t) = ¢’ and 7 € (0,0.1113). That is to say, the solution of
Eq.(5.1) decays at the exponential rate of at least 0.0556. We perform a computer simulation with
the time-delay 6(¢) = 0.25(1 + |sint|) for all ¢ > 0 and the initial data £(t) = 1+ ¢ for ¢t € [—0.5, 0]

and 7(0) = 1. The computer simulation (see Figure 1) supports our theoretical results clearly.

By (4.10), we get the matrix A = ( ) is a non-singular M-matrix. Compute

Let us choose 6§ = 0.25, then by Theorem 4.15, it follows that limsup,_,. < —n and

Remark 5.1 If we choose the delay function §(t) = 0.75(1 + |sint|), then the following equation

dlz(t) — 0.1z(t — 0(t))] = f(z(t),x(t —0(t)),t,r(t))dt + g(z(t), z(t — 0(t)), t,7(t))dw(t)  (5.2)

is almost surely exponentially unstable. In fact, it is easy to get hg = 4 and § = 0.522 > 0.25 = hio’
which means that condition (4.11) does not hold. The computer simulation (see Figure 2) supports

our theoretical results clearly.
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Figure 2: The sample paths of HSDSwNT (5.2) with 6(¢) = 0.75(1 + |sint|).

Example 5.2 Let w(t) is a scalar Brownian motion. Let r(¢) be a right-continuous Markov chain

taking values in S = {1,2} with the generator

()
I'= .
4 —4
Of course, w(t) and r(t) are assumed to be independent. Consider the following scalar HSDSwNT
dla(t) = D(a(t = 6(t)), (1)) = f(z(t),2(t = 6(2)), t,r(t))dt + g(x(t), x(t = 6(¢)), 1,7 (t))dw(t) (5.3)

on t > 0. Here the coefficients f, g, D are defined by

fla,y.t,1) = =22~ 1.52°, g(a,9,t,1) = py?, D(y,1) = 0.1y
fla,y,t,2) =z — 2, g(z,y,1,2) = pay®, Dl(y,2) = 0.05y

where p1, p2 are unknown parameters and §(t) = > - {0.11[3k73k+1)(t) + [0.1 4+ 0.05(t — 3k —
D 3k41,3%+2)(t) +[0.15 — 0.05(¢ — 3k — 2)]I[3542,3%+3) (t)} It is easy to obtain that §(t) satisfies
Assumption 2.1 with h = 0.1, h = 0.15 and hg = 1.0526. Note that the coefficients f and g satisfy
the local Lipschitz condition but they do not satisfy the linear growth condition. Through a straight

computation, we have k; = 0.1, ko = 0.05 and

a1 = —2, ag1 =15, app =1, azo =1, qo1 = 41 = Qoo = ayp = 0;
Bi1=2, B3 =15, Bia=1, Bsa =1, Bo1 = fa1 = Paz = a2 = 0,

041 =0.04, 640 =0.25, 01, =09, =03, =0,1=1,2,3.

4.94 —1.02
—4.04 1.95
we have #; = 0.5388 and 0, = 1.6291. Clearly, S5 = 0.5204 < hio, while condition (4.12) becomes
min{2.775,1.925} > 1.0526 x max{0.04041 + 0.5388p2,0.04072 + 1.6291p3}. If p; < 1.8218 and

By (4.10), we get the matrix A = ( ) which is a non-singular M-matrix. By (4.13),
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Figure 3: The sample paths of HSDSwNT (5.3) with p; = 0.2 and p; = 0.1.

p2 < 1.0476, then by Theorems 3.3 and 3.4, we can conclude that the solution of (5.3) has the
properties [, E[z(t)[*dt < oo and lim_, (t) = 0 a.s. On the other hand, if we choose p; = 0.2,
p2 = 0.1 and by Theorem 4.5, it follows that lim sup,_, . logb'ggt)' < —2 a.s. where ¢)(t) = 1+t and
n € (0,0.1342). That is to say, the solution of Eq.(5.3) decays at the polynomial rate of at least
0.0671.

Now, let us perform a computer simulation for the scalar HSDSwNT. Assume the initial data
&(t) =1+ cost for t € [-0.15,0] and r(0) = 1. In fact, Eq.(5.3) can be regarded as the result of

the two equations

dlz(t) — 0.1z(t — 6(t))] = [—2z(t) — 1.523(¢)]dt + 0.22%(t — &(t))dw(t) (5.4)
and
dlz(t) — 0.05z(t — §(t))] = [z(t) — 23(t)]dt + 0.12%(t — 6(t))dw(t) (5.5)

switching among each other according to the movement of the Markov chain r(¢). It is obvious
that Eq.(5.4) is asymptotically stable, but Eq.(5.5) is unstable. However, we shall see that due
to the Markovian switching, the overall system (5.3) will be asymptotically stable. The computer
simulation (see Figure 3) supports our results clearly. On the other hand, if we choose p; = 2,
p2 = 1.5, Theorem 4.5 shows that Eq.(5.3) is not asymptotically stable, for which the condition
(4.12) does not hold. The computer simulation (see Figure 4) supports this results clearly. In fact,
as shown in Figures 3 and 4, stochastic noise with smaller intensity can play a stabilizing role, but

stochastic noise with large intensity will destroy the stability of the stochastic system.

6 Conclusion

In this paper, the existence and uniqueness, the stability with general decay rate of the solution

for nonlinear hybrid stochastic systems with neutral term and non-differentiable time delay were
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Figure 4: The sample paths of HSDSwNT (5.3) with p; = 2 and p; = 1.5.

considered under the Khasminskii-type condition. By using the Lyapunov function approach and
some stochastic analysis techniques, some sufficient conditions were established for the almost sure
asymptotic stability and the stability with the general decay rate. New techniques were developed
to cope with the time delay which may be non-differentiable. The application of our results was

shown by discussing two examples.
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