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The Actuator Disk Theory and the Blade Element Momentum Theory (BEMT) are widely applied in the field of
tidal and wind turbine design. The current BEMT turbine design method is based on the assumption of achieving
the Betz limit when the axial induction factor (a) reaches . But this only applies to turbines driving by a constant
velocity, i.e. the velocity-driven turbine. This paper introduces a new type of turbine, namely the force-driven
turbine which by its name is driven by a constant force.

This paper then expanded the actuator disk theory for the force-driven turbine and identified the relationship
between the axial induction factor with the power and the energy yield of the force-driven turbine. According to
the relationship, this paper proposes a new BEMT turbine design method for the preliminary design of the force-
driven turbine. Then, a case study is conducted to demonstrate and verify the developed method. The case study
shows the newly developed method can be used to quickly and effectively identify the optimum design for force-

driven turbines.

1. Introduction
1.1. Velocity-driven turbines

Wind/tidal turbines are devices to convert the kinetic energy in the
moving air/water to rotational mechanical energy to be converted to
electrical energy by generators. In 1887, Scottish academic James Blyth
installed the first wind turbine with electric power generation capability
in human history. Since then, modern wind and tidal energy have played
an increasingly important role in human life. Two typical types of tur-
bines are widely used nowadays, including the horizontal axis turbine
(HAT) and the vertical axis turbine (VAT). Amongst these two types of
turbines, the HAT is better practised because it typically has higher
power coefficients, simple structure, stable rotation and self-starting
ability (Das Karmakar and Chattopadhyay, 2022). In this paper, we
mainly focus on the study of HATSs.

Currently, for the design of the HAT, most of the HATs are designed
by using the Blade Element Momentum Theory (BEMT). BEMT contains
two parts, Blade Element Theory and the momentum theory. Blade
Element Theory is developed originally for propellers by William Froude
(1878) and then expanded to be used for turbines. It breaks the blades

down into several segments and then calculates the forces for each
segment. These forces are later integrated to obtain the total forces and
moments. On the other hand, to understand the changes in the flow field
due to the act of these forces and moments, the momentum theory which
is also called the actuator disk theory developed by Rankine, W.J.M.
(Rankine, 1865), still originally for propellers but later on for turbines.
By combining these two fundamental mathematical models, velocity,
pressure, forces and moments in each blade segment can be correlated.
And the optimal design of the turbine blade can be obtained.

More importantly, in 1919, based upon the actuator disk theory and
the principles of conservation of mass and momentum, Betz realised that
the turbine’s efficiency or power coefficient C, has a theoretical upper
limit which is 59.3%, known as the Betz limit. Furthermore, Betz noticed
that for the ideal turbine to achieve the Betz limit, the turbine must be
able to reduce the flow velocity by 1/3 (Betz, 1920). The fractional drop
in axial flow velocity between the upstream and the turbine rotor is
defined as the axial induction factor, a.

Then, the a = 1 becomes the basis of modern turbine design. When
designing a turbine based on the BEMT, the first step is to assume that
the turbine will be able to reduce the axial flow velocity by %; and then
the turbine’s twist angle and chord length can be calculated accordingly
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to form the design. And this method has been widely practised and well-
validated to do the preliminary design of a turbine.

However, this design method is used only for preliminary design
nowadays because the actuator disk theory cannot precisely describe the
flow around the turbine and ignores many practical problems in engi-
neering. In reality, many factors must be considered in turbine design.
For example, these factors include the structure strength of the turbine; a
considerable proportion of turbines designed with a = 0.28, the value is
set less than the optimum (%) because a substantial load reduction can be
achieved with this value, while the reduction in energy yield is fairly
slight (Corten and Schaak, 2008). These factors also include the inter-
action between the turbines in the wind farm; to increase the total en-
ergy yield of the wind farm, a promising strategy is to reduce the power
production of upwind turbines by changing its a so that downwind
turbines can harvest more energy; this method is so called axial induc-
tion control (AIC) (Boersma et al., 2017; van der Hoek et al., 2019;
Houck and Cowen, 2022). The tip loss is also an important factor
influencing the final geometry of the turbine; there are already methods
to introduce the tip loss model into the turbine design process to
determine the optimal turbine (El Khchine and Sriti, 2017). These
advanced design methods developed based on Betz’s actuator disk the-
ory can be more suitable for special working conditions, more practical
and more accurate, but the fundamental has not changed over time.

Nevertheless, these methods derived from Betz’s actuator disk theory
are to design a turbine which is driven by a designated incoming velocity
which is referred as the velocity-driven turbine. The designed turbine
aims to harvest the maximum energy from a moving fluid at a certain
speed. Most of the turbines in the wind and tidal energy industry are of
this type. The thrust of this type of turbine is only considered in the
design of the supporting structure, which doesn’t impact energy har-
vesting. But in this paper, we want to discuss a completely new type of
HATSs, in which the turbines are driven by a force instead of a velocity.

1.2. Force-driven turbines

Force-driven turbines are a type of turbine which is driven by a force
pushing or pulling the turbines to spin. Although the force-driven tur-
bine is uncommon, it has already a long history. The earliest force-
driven turbine was invented as a kind of Ram Air Turbine (RAT),
which is a turbine installed in aircraft and uses the ram pressure to
generate power as a power source (Saad et al., 2017; Jian, 2016). During
World War II, Germany developed the first rocket-powered fighter in
history which is known as Messerschmitt Me 163 Komet, which is shown
in Fig. 1. To solve the power supply problem, it installed an RAT at the
nose. As the Messerschmitt Me 163 Komet is propelled forward by a
powerful rocket engine, the incoming flow spins the RAT to power the
system. This kind of RAT is also used on another rocket-powered fighter
Mikoyan-Gurevich I-270 developed by Soviet Air Forces (Gunston,
2000, English).

However, with the advancement of the turbojet engine output, the
rocket-powered fighter became unnecessary. Nowadays, the RAT is

Fig. 1. Messerschmitt Me 163 Komet and its turbine (Bzuk, 2003).
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commonly used as an emergency power source on modern aircraft when
both primary and auxiliary power sources are lost (Saad et al., 2021), as
shown in Fig. 2.

Another application of the force-driven turbine is a kind of mortar
shell that contains a tiny power-generating turbine on its head. It is
usually dropped by an unmanned helicopter at a high altitude, which is
shown in Fig. 3. When the whole system is driven down by gravity, the
turbine is then driven by the airflow and generates power for a proximity
fuze.

In the ocean, another application has been observed on the thermal
underwater gliders (UGs) to harvest the kinetic energy while the gliders
move through the water column. And Jack A. Jones and Yi Chao applied
for a patent in 2006 for this concept (Jones and Chao, 2006). Thermal
gliders are a type of gliders powered by a thermal buoyancy engine
(Wang et al., 2020; Webb et al., 2001; Yang et al., 2016; Ma et al., 2016).
The thermal buoyancy engine can convert the thermal energy in
seawater to mechanical energy and then use the mechanical energy to
generate ballast force to drive the UG to ascend and descend in a
sawtooth trajectory in the ocean. The operating principle and the typical
working mode of thermal UG are shown in Fig. 4.

The development of thermal UGs is still limited by their limited
battery power, which provides energy for their onboard payloads and
attitude control systems; the limited volume of the UG hull cannot
accommodate large battery packs. The UGs need renewable power. One
of the state-of-the-art solutions is to introduce an energy harvesting
mechanism which can convert the thermal energy in seawater to elec-
trical energy through hydraulic-based systems (Chao, 2016; Jones et al.,
2014; Wang et al., 2019). However, to the authors’ knowledge, the
patent applied by Jack A. Jones and Yi Chao has not been explored or
reported explicitly.

We explored the concept further and proposed a new type of thermal
buoyancy engine with high ballast capacity to maximise the energy yield
(Shi et al., 2022). The developed energy harvesting mechanism is
illustrated in Fig. 5. This new-type thermal buoyancy engine drives the
UG moving vertically through the water column and the turbine behind
rotates to convert the kinetic energy to electric energy.

Unlike the traditional velocity-driven turbine, this turbine is driven
by a ballast force which is determined by the thermal buoyancy engine.
So, when designing this turbine, the thrust generated by the turbine shall
be considered and the design method for velocity-driven turbines is no
longer valid, which motivates the research in this paper.

This paper is organized as follows. Section 2 reviews the traditional

Fig. 2. The Ram Air Turbine (RAT) on modern aircraft (SASHAX41, 2019).
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Air Inlet

Fig. 3. The mortar shell with energy harvesting turbine (Andersen, 2017; CCTV, 2019).

Thermal energy
Mechanical energy

Thermal engine Ballast force

Fig. 4. The working principle and typical working mode of thermal UG.

Thermal energy
Mechanical energy

Ballast force

Fig. 5. The working principle of the energy harvesting mechanism.

BEMT design method for the velocity-driven turbine. Section 3 intro-
duced the momentum theory for force-driven turbines and proposes a
new BEMT design method. Section 4 is the verification of the developed
design method. Finally, section 5 summarises the main conclusions of
this work.

2. Betz limit and the traditional BEMT design method
2.1. Actuator disk theory and betz limit

Based on the momentum theory, Betz’s work pioneered the use of the
actuator disc model and defined the theoretical limit of velocity-driven

turbines in open flow (Betz, 1920). In this model, the turbine is
simplified as an actuator disc in one dimension, this actuator disc creates

a discontinuity in the pressure of the fluid flowing through it and har-
vests energy from the flow (Zhao et al., 2019; Dixon and Hall, 2010), and
only the exchange of momentum between the flow and the disc in the
axial direction of the disc is analysed (De Lellis et al., 2018), the model is
shown in Fig. 6.

The model has several assumptions: (a) the flow is irrotational,
steady, incompressible, homogenous, and inviscid. (b)the thrust on the
actuator disc is uniform. (c) The wake is not rotational. (d) The blade
number is unlimited. (e)the static pressures far upstream and far
downstream of the disc are equal to the undisturbed environment static
pressure (De Lellis et al., 2018; Zhao et al., 2019).

In the model shown in Fig. 6, the U is the flow velocity, the P is the
pressure, P* is the pressure in front of the disc and the P~ is the pressure
behind the disc. The symbol o at subscript indicates the condition far
upstream, the d at subscript indicates the condition at the disc, and the
W at subscript indicates the condition far downstream.

With U, and Uy, the axial induction factor, a, can be expressed by
Eq. (1):

a==>_"4 €9)

The relationship between a and the power coefficient (C,) and the
thrust coefficient(Cr)of the turbine can be derived using the momentum
theory (Betz, 1920):

As shown in Fig. 6, the streamtube keeps expanding from upstream
to downstream. In the streamtube, according to the mass conservation
law, the mass flow rate keeps the same everywhere, therefore

pAwa :pAdUd :pAwUW (2)

where p is the flow density, A, is the cross-section of the stream-tube at
far upstream, Ay is the cross-section of the streamtube at the disc, Ay is
the cross-section of the streamtube at far downstream.

As mentioned above, the flow passing through the actuator disc is
being slowed down, which leads to the momentum change rate of the
flow expressed by the:

StreamV_-

Actuator disc

Velocity

Fig. 6. Side view of actuator disc and streamtube model.
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Momentum change rate = (U, — Uy )pAsUy 3)

The force that leads to this momentum change rate is due to the
pressure difference before and after the actuator disc. Therefore

(P;—P;)As = (Us — Uy)pAsUs (1 — a) 4

Then, apply Bernoulli’s equation to the flow in the streamtube.
Bernoulli’s equation is based upon the principle of energy conservation,
which explains that the total energy of the fluid along the flow of the
stream is equal to all points of the steady flow; this means that the total
energy of the kinetic, potential and internal energies in the streamline is
constant (Batchelor, 2000). Bernoulli’s equation can be expressed by:

1
EPUZ + P + pgh = Constant 5)

Considering the total energy is different upstream and downstream,
Bernoulli’s equation is applied to the upstream and downstream of the
stream-tube individually.

Applying Bernoulli’s equation in the flow upstream leads to

1 1
ipU§+P; ziprﬁPm (6)

Applying Bernoulli’s equation in the flow downstream leads to
r o, 1
SPUL+P; = pU% + Pey @)
2 2
By equating Eq. (6) and Eq. (7), we can write
_ 1
(P} —P2) = (U2~ U3) ®

By equating Eq. (4) and Eq. (8), we can write
1
ip(Ufo —Up)As= (U — UW>pAdUm(1 —a) 9

From Eq. (9), we can get
Uy =(1-2a)Us (10)

Eq. (10) indicates that 50% of the flow velocity reduction occurs
upstream, and another 50% occurs downstream (Burton et al., 2011,
Tony Burton et al., 2011).

By equating Eq. (4) and Eq. (10), we can get the thrust (T) acting on
the actuator disc by Eq. 11

T= (P} —P;)A;=2pA,U%a(1 —a) an
The thrust coefficient (Cr) can be expressed by Eq. 12

T

Cr=—>— 12
TSIUTA, 12)

With Eq. (12), we can get the relationship between the Cr and the a
which is expressed by Eq. 13

Cr=4a(l—a) 13)
The power (P) is the work done by the T per second; therefore, the P

equals TUp and can be expressed by Eq. 14

P=TUp=2pA,U3 a(1 — a)’ a4
The power coefficient (Cp) can be expressed by Eq. 15

P

Co—
"Lz A,

15)
So, we can get the relationship between the Cp and the a which is
expressed by Eq. 16

Cp=4a(l — a)’ (16)

The relationship between Cr , Cp and a is shown in Fig. 7. The
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Betz limit

[T N e

a

Fig. 7. The relationship between Cp, Cr and a.

maximum value of Cp is about 0.5926, known as the Betz limit. It is the
theoretical maximum efficiency for any turbine (Burton et al., 2011).

Also shown in Fig. 7, the a corresponding to the Betz limit is 1 . This

value can be obtained by computing the root of the function % (De

Lellis et al., 2018). It means for an ideal turbine to achieve the highest
Cp, the turbine must reduce the flow velocity in front of it by % of Ug.
This conclusion is the base of the BEMT design method.

2.2. Blade element momentum theory

Betz simplified the turbine as an actuator disc to determine the
optimal a for the turbine to achieve the highest C, based upon the mo-
mentum theory (Betz, 1920). However, the real turbine is a structure
with a number of blades. To determine the optimal geometry of the
blades, the momentum theory needs to be combined with the blade
element theory. In blade element theory, the turbine blade is divided
into several individual segments, this theory assumes that the forces
acting on the blade segment can be calculated by the two-dimensional
lift coefficient (C,) and drag coefficient (Cp) of the blade element
using the angle of attack (AoA) determined by the incident resultant
flow velocity on the blade element. The three-dimensional effects and
the velocity component of flow in the spanwise direction of the blades
are ignored (Burton et al., 2011).

The velocity triangle on a blade element in the frame of reference of
the turbine shown in Fig. 8(a) indicates the relationship between the
blade element and the flow acting on it. The @ is the inflow angle, « is
the angle of attack, § is the twist angle, a is the tangential induction
factor indicating the fractional increase in tangential flow velocity, W is
the relative velocity. A is the tip speed ratio, which is the ratio of the
turbine tip rotational velocity to Uy, R is the radius of the turbine, r, is
the distance between the blade element and the axis of rotation.

The force on the blade element is shown in Fig. 8(b), the L and D are
the lift and drag respectively, which are determined by the blade ele-
ment’s hydrodynamic characteristic coefficients C; and Cp vary with the
angle of attack (AoA). After calculating the force on each blade element,
the thrust and torque of the turbine can be obtained by integrating the
forces on these elements.

2.3. The traditional BEMT design method

Following the development of BEMT, the ideal turbine and its design
method can be obtained based on the fore-mentioned Betz limit. This
method first sets the value of the axial induction factor, a, to be %
expecting the designed turbine can achieve the theoretical upper limit in
efficiency. Here we use Ggeign to describe the design axial induction
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®-1D*n

(a)

Fig. 8. a) Velocities relating to the turbine blade, b) Force on blade element.

factor, as shown in Eq. (17).

aoin = an

Then, according to the angular momentum theory (Burton et al.,
2011), we can derive the relationship between the a and a and calculate
the design tangential induction factor (a'dmgn). The tangential induction
factor corresponding to the ag is defined as a’dmgn and expressed by Eq.
(18).

' Adesign (1 - ade.\ign)
a, . =——~ 27 18
design ldﬂxign 2 ”2 ( )
where the Aggn is the design tip speed ratio. y is the ratio of the local
radius r, to the total radius R, .
Then calculate the design inflow angle (@gesign) With Eq. (19), such
that:

1 - Adesign

Design = arctan | ——————— (19)
ldﬂ‘iﬁ":u (1 + adexign)
Then, the optimal twist angle ($) can be calculated by Eq. 20
16 =@ — Qgesign (20)

where the ageg, is the design angle of attack.

Under the governing of the BEMT, the angular momentum change in
a unit of time at each sectional radius calculated is equal to the torque
generated by the corresponding segment. This relationship yields Eq.
(21) for calculating the chord length (C), such that:

Sﬂldes[gn,uzaydm,‘gn ( 1- adexign ) R Ui
" N(C. sin@ — Cp cos@)W?

2D

where N is the blade number.

Since the design premise of the value of C and f is agesign = % , when
the turbine is under design working condition, the a of the turbine with
the designed C and $ will be or close to %, which will lead to the highest
Cp according to Betz’s theory. As mentioned above, this design method
is widely practised and well-validated to do the preliminary design of a
turbine nowadays.

3. Optimal a and design method for force-driven turbine

For the force-driven turbine in the energy harvesting mechanism
shown in Fig. 5, the relationship between C, and a is still under the
govern of Betz’s theory; the maximum C, of the force turbine is still
59.3%, and the a corresponding to maximum G, is still 1/3; however, the
velocity (U) passing through and driving the force-driven turbine is the
velocity of the platform, which is also a function of the thrust generated
by the turbine linking with the axial induction factor, a. For example, the
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Lcos® + Dsin® L

o

Lsin® — Dcos®

higher the a is, the more momentum the turbine extracts from the flow,
which leads to higher thrust dragging the velocity down. As a result, the
highest C, of the force-driven turbine does not necessarily lead to the
highest power (P) nor the highest energy yield (E,). This means that a =
1 is no longer a prerequisite for the force-driven turbine and how to
design the turbine for this purpose is unknown.

In the following part, we try to re-establish the actuator disk theory
and the BEMT theory for the force-driven turbine finding the relation-
ships between the power P, the energy E, and the axial induction factor
a. We expand and propose a new BEMT design method, aiming to
determine the optimal geometry of force-driven turbines.

3.1. Expansion of the actuator disk theory for the force-driven turbine

3.1.1. The optimal a for power

As shown in Fig. 9, the carrying platform of the force-driven turbine
is currently identified as mostly the axisymmetric body, i.e. the under-
water glider. Here the radius of the turbine is defined as R. The thrust
coefficient of the turbine is Cr. The radius of the carrying platform is
defined as r. The resistance coefficient of the platform body is defined as
Cy.

To study the relationship between the a, P and E, of the force-driven
turbine, the turbine in the energy harvesting mechanism is also simpli-
fied as an actuator disc in the same way as Betz’s theory(Betz, 1920)
introduced above. When the system is harvesting energy by driving the
turbine up and down in the ocean, the system’s ballast force (B) equals
the sum of the turbine thrust and platform resistance, as shown in Fig. 9.
It can be expressed as Eq. (22):

1 1
B= CTE pU*nR* + Cdi pUnr? (22)

where p is the fluid density, U is the moving velocity of the whole
platform.

According to the actuator disc theory, we can establish the function
between the a and the Cr as shown in Eq. (13). Substituting Eq. (13) into
Eq. (22) we can derive the moving velocity (U) in below Eq. (23). We can
see now the flow velocity through the turbine will be varying with
different designs of turbines and platforms, which will directly impact
on the energy can be harvested.

B
a \/% prR2(4a(1l — a) + Cy) (23)

To calculate the maximum power that the system can harvest, by
substituting Eq. (23) into Eq. (14) we can see the power P of the force-
driven turbine is a function of a as shown in Eq. (24).

! Y
4a(1 — a) ; 24)

3 1 2 -
[4a(1 — a) + Ci&]’

It can be seen that P is a function of B, R, r, C4, and a. For a specific
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a. Ascending (Gravity<Buoyancy)
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b. Descending (Gravity>Buoyancy)

Fig. 9. Forces of the underwater glider during the energy harvesting.

carrying platform, the ballast force B and the platform radius r will be
defined at the beginning according to the mission requirement which
includes the payload, the volume of the inner units, etc; therefore, we set
these as 1 to have a non-dimensional power. So we can see the power is
only relating to R, C4 and a. To study the relationship between the P, R,
C4 and a, we calculated the P of different combinations of R, C4 and a
within a reasonable range in the real world to show their relationship;
the result is shown in Fig. 10 where the C; is from 0 to 0.4, a is from 0.01
to 0.5, the R is from 0.1 to 2, the space is coloured by power.

From Fig. 10, we can observe that the P decreases with the increase
of the Cy; and the P doesn’t change monotonically with the change of R.
Most significantly, from the section of R = 1, it can be observed that the
P is depending on the axial induction factor (a). To further understand
this change, Fig. 11 presents the corresponding conditions for the peak
power to be achieved, it can be observed that the optimal a for the peak
power decrease with the increase of R and increase with the increase of
Cq.

Based on the derivations in the last section, a question arises
regarding the maximum energy yield. Whether the maximum energy
yield can be achieved in the maximum power. Considering the use case
of the thermal glider, gliders harvest thermal energy and perform dives
to drive the turbine. Here, this paper considers the energy yield in the

R(m)

d 10y v [ewndo ay,

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
R(m)

Fig. 11. The optimum a with the highest P at different C4 and R 3.1.2 The
optimal a for Energy.

12

0.8

0.4

0.2

Fig. 10. The relationship between the R, C4 , a and P.
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individual operation cycle and discusses the relationship between the
energy yield and the a.

The operation cycle time(t)of the force-driven turbine in one dive &
ascend cycle can be expressed by Eq. (25):

1=y (25)
where L is the working distance which is twice the working depth of the
thermal gliders.
Then, the E, can be expressed by:
L

E, = Pﬁ (26)

Equating Eq. (23), Eq. (24) and Eq. (26), results:

4a(1 — a)?

27
da(l —a) + Csls @7

E,(a)=BL
We define the work input by the carrying platform as W. According
to the definition of work, the W can be expressed by Eq. 28

W =BL (28)

Equating Eq. (27) and Eq. (28), the relationship between E, and W
can be defined as:
2
E—w-tal=a (29)
4a(1 — a) + Cufz

It can be seen that E, is a function of L, B, R, r, Cy4, and a. As
mentioned in the last section, for a specific carrying platform, ballast
force B, the platform radius r and working length L will be defined ac-
cording to the mission requirement; here, we set these as 1 to have a
non-dimensional E,. Therefore, we can see the E, is only relating to R, C4
and a. To study the relationship between the E,, R, C; and a, Fig. 12 plots
the E, regarding to R, C4 and a.

From Fig. 12 and Eq. (29), it is important to notice that the E, in-
creases with the increase of R which is clearly opposite to the trend of
the P as observed in Fig. 10. Therefore, a balanced design is needed
when choosing the radius for the turbine. The turbine with a larger
diameter can harvest more energy in a cycle but slowly. However,
practically the larger diameter will risk accidental collision and hence
damage to the blades; furthermore, the power of the turbine might also

R(m) 1
08
06
0.4

0.2

0.3
0.25

C 0.2

d 0.15
0.1

0.05
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be too low to be harvested by any generators. This is a major difference
from the velocity-driven turbine and a critical consideration in the
design process.

On the other hand, similar to the P, we can observe that the E, de-
creases with the increase of the C4 and the highest E, will no longer peak
ata = 1/3. Fig. 13 explains the corresponding conditions for the peak E,
to be achieved. The optimal a for the peak E,, like for the peak P, de-
creases with the increase of R and increases with the increase of C4.In
traditional actuator disk theory for the velocity-driven turbine, the C,
describes the efficiency. Higher C, leads to higher E,. However, as
mentioned above, for the force-driven turbine, the highest C, may not
necessarily lead to the highest energy yield E,. So, a new parameter for
the energy harvest efficiency is needed for the force-driven turbine. In
this paper, we define 7, as the efficiency for force-driven turbines,
which is presented in Eq. (30).

E,  4a(l— a)’

== (30
=y da(l — a) + Cy5
0.3
0.25
I
5
02 %
E
=3
)
g
0.15 %n;
0.1

02 04 06 08 1 12 14 16 18 2
R(m)

Fig. 13. The corresponding a for the highest E, at different C; and R 3.1.3 The
efficiency ,,.

0.8

0.7

0.6

0.5

((OR]

0.4

03

0.2

035 04
0.3

0.25
015 2
01 a

Fig. 12. The relationship between the R, Cy, a and E,.
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It can be seen that the optimal a derived from the Betz limit no longer
applies to the force-driven turbine, because the optimal a turns to the
root of % from the root of %. The maximum efficiency that a force-
driven turbine can reach is depending on the resistance coefficient of the
carrying platform, the radius ratio between the carrying platform and
the turbine and the turbine’s axial induction factor. And the efficiency
no longer peaks at a = 1/3.

3.2. Development of the BEMT-based design method for the preliminary
design of the force-driven turbine

The preliminary design method of the force-driven turbine will be
varied from the preliminary design method for the velocity-driven tur-
bine shown in section 2.2. The new design flowchart is shown in Fig. 14:
Step 1 is to determine the three design parameters of the carrying
platform and the turbine, including the C; , r and R; Step 2, decide the
design goal; Step 3, determine the agese, by calculating the root of the

d . -
% or ’7&"—:‘), which are named as Ggesign, aNd Agesign, to distin-

guish respectively; Then, calculate the optimal C and § with the agesign
using the BEMT design method introduced in section 2.2.

It is worth pointing out that this design method has great significance
only when the projected area of the turbine and the hull in the direction
of incoming flow is of the same magnitude. If the hull’s projected area or
radius is much larger than the turbine, the turbine cannot have a sig-
nificant impact on the moving velocity of the system, the operating state
of this turbine will be closer to a velocity-driven turbine. And the turbine
will work more like the actuator disc in Betz’s theory, whether it pursues
the highest P or E, its optimal a will be close to 1/3. This phenomenon
can be observed in Figs. 11 and 13, the optimal a will be close to 1/3
with the decrease of turbine radius. Therefore, for the RAT in the rocket-
powered fighter shown in Fig. 1, which is much smaller than the hull
size, this design method can only slightly change the optimal a in Betz’s
theory and bring a negligible increase of P or E,.

function
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4. Verification

In the above, we derived the relationship between the a, P, E, for the
force-driven turbine. The relationship shows the conclusion that the a =
1nolonger leads to the highest P and E, for a force-driven turbine, which
is different from Betz’s theory for the velocity-driven turbine. And the
optimum power and energy require different turbine designs. Then we
proposed a new BEMT design method for the force-driven turbine with
separate goals towards maximum power or maximum energy. The next
step is to verify the new design method with a case study.

Section 4 is organized in this as follows: In section 4.1, the principle
of the BEMT analysis code is introduced with the case study configura-
tion and the procedure of the verification; In section 4.2, the results are
presented and discussed.

4.1. The verification method

4.1.1. The BEMT analysis method

In the verification, we use the BEMT analysis method to analyse the
energy conversion performance for the designed turbines. Firstly, a and
a are set to zero as the initial condition. Then the inflow angle (o) is
calculated by Eq. (19), but the A4, will be replaced by the operating tip
speed ratio (Agperaiing). Afterwards, the angle of attack (@) can be calcu-
lated with Eq. (20), which can be used to determine the C; and Cp for
every foil segment. Then, the tangential coefficient (C;) and the normal
coefficient (C,) of each foil segment can be calculated with Eqs.(31)
~32)

C,=Cy cos@ + Cp sin@ 31
and
C,=Cy sin@ — Cp cos@ (32)

Then, calculate the chord solidity (o,) by Eq. 33

[ L:nput C4, 7 and R ]

7

For highest power

.

r3:adesignp = the root of dz—ia)

ﬁ ! i
4: Calculate a’ with Eq.17

: ! 1
5: Calculate @ with Eq.18

, ! i
6: Calculate f with Eq.19

ﬁ ! i
7: Calculate C with Eq.20

I

For highest energy yield

|

3:Qgesign, = the root of W‘
ﬁ ! i
4: Calculate a’ with Eq.17
C ! :
5: Calculate @ with Eq.18
ﬁ ! i
6: Calculate 8 with Eq.19
ﬁ ! i
7: Calculate C with Eq.20

|

v

[ 8 The end ]

Fig. 14. the flowchart of the new BEMT design method for the force-driven turbine.
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NC

- 2muR (33)

[

With C, and C,, the a and a of the flow acting on the foil segment can be
calculated by Egs. (34) and (35).

1

a= Py a——
sin” ¢
:Cy +1

(34)

P L) /2% (35)

A operatinght ST @

Then, the newly calculated a and a are used to replace the previous a
and a and the calculation procedure restarts. The iteration stops until
the residual of a and a is less than 0.01 in this case study.

Once the iteration is completed, the result from the iteration,
including W, C; and C, will be used to evaluate the torque (6Q) and the
thrust (6Tp) for each blade element using Egs. (36)~37)

1
80=> pWANCC,rér (36)

1
5T, =5 pWANCC, 61 37)

Then, the overall thrust (T,) and power (P) of the turbine can be
obtained by integration. Finally, the Cr and Cp can be calculated by Eq.
(12) and Eq. (15), respectively.

To make the BEMT analysis code more accurate, two widely used
engineering corrections for the load on blades have been incorporated
into the BEMT analysis code in this work. The corrections include
Prandtl’s tip loss correction (Glauert, 1935; Shen et al., 2005), turbulent
wake state correction (Buhl, 2005).

4.1.2. Reference carrying platform of the verification study

Three parameters of the energy harvest mechanism, including Cy, r
and R, are determined by the carrying platform. In this case, a typical UG
with a classic hull is selected as the platform; the hull shape is shown in
Fig. 15. The radius of the platform (r) is 0.1 m. The CFD simulations are
conducted to determine Cy4 of the hull by using the software STAR-
CCM+. In the simulation, the unsteady incompressible Reynolds-
Averaged Navier Stokes (URANS) model and the K-w Shear Stress
Transport (K-o SST) turbulence model are selected. A rectangular
computational domain is chosen to analyse the flow around the UG hull,
the domain and the boundary conditions are shown in the appendix of
Fig. 24. The selected domain dimensions adhere to ITTC recommenda-
tions (ITTC, 2011). Polyhedral mesh is employed to constitute the
simulation domain. The result shows that the Cy is around 0.2 in a wide
speed range from 1 m/s to 4 m/s; for simplicity, the C; of is set as 0.2.
And the ballast force (B) is set as 25 N. After the consideration of the
balance between the E,, P and risk of accidental collision, the turbine
radius (R) is set as 0.15 m. The blade number (N) is set as 3.

To simplify the analysis, there are two assumptions. First, the hy-
drodynamic impact of the wake behind the platform can be ignored. The
turbine is installed behind the carrying platform, which will be affected
by the wake flow of the platform. However, this effect is negligible as the

2r (02m) |

h

Platform Turbine

20r

Fig. 15. The carrying platform and the turbine for the case study.
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carrying platforms are generally streamlined symmetrical bodies with a
low wake shadowing effect.

Second, the influence of a varying Reynolds number (Re) on the
turbine section is ignored. The Re of the blades may change with
different designs and operation conditions. However, this is minimum
within a certain range of variation. Therefore, it is neglected in this
specific case. The C; and Cp characteristics of the blade sections have
been kept the same over different Reynolds numbers. The foil section of
the turbine blades is NACA0015 with C; and Cp shown in Fig. 16, where
the C; and Cp of the foil are from the simulation of the software XFoil.
The design angle of attack (a) is set as 6°, where the foil has the highest
lift-to-drag ratio. Agesgn is set as 4, which is a normal Agege, for tidal
turbine (Encarnacion et al., 2019).

4.1.3. The procedure of the verification

In this verification, the turbine has been firstly designed using all the
possible axial induction factors and then the designed turbines have
been analysed with the carrying platform at all the possible operational
conditions. In this way, the developed design method can be compared
and verified with the optimum solutions to gain confidence for the
developed method. The procedure of the verification is shown in Fig. 17,
which can be divided into 12 steps.

Step 1Input the design parameters of the carrying platform and the
turbine, including: Cq, 1, R, Cr, Cp, Adesign » N and B.

Step 2& Step 10: Step 2 and Step 10 form a loop; this loop can input a
set of a to design and build all the possible turbine blades to be
analysed in all the possible working conditions. Here in this study the
investigated range of a is from 0.01 to 0.5 with an interval of 0.001,
s0 491 different a in total and hence 491 different turbines have been
simulated to find the optimum design.

Step 3Set the a as agesign-

Step 4Generate a turbine with ageg, based upon the BEMT design
method shown in section 2.2.

Step 5and Step 9 form a loop simulating different working conditions
for the turbine generated from Step 5: The working conditions mean
the different operating tip speed ratios (Agperating). The range of
Aoperating is from 1 to 7 with an interval of 0.25.

Step 6 to Step 8 is for analysing the 7, of the turbine under a specific
4o. The detail of these three steps is introduced below.

Step 6Analyse the Cp and Cy based upon the BEMT analysis method
introduced in section 4.1.1.

Step 7Compute the moving velocity of the system velocity (U), the
power (P), the work time (t) and the energy conversion efficiency
(n,,) of the turbine.

Step 90utput the highest 57, and P of a turbine among all the possible
Ao-

Step 11Compare the result with the result obtained using the new
method.

4.2. The result of the verification

In Fig. 18, two curves are presented. First, it is the theoretical value
of the 7, from Eq. (30) based on the actuator disk theory, demonstrating
the relation of 77,,, and a. Second is the analysed maximum value of the ,,,
using the above BEMT method at all possible a. Similarly, in Fig. 19, the
theoretical value of the P from Eq. (24) based on the actuator disk theory
and the analysed maximum P with all the possible a are shown.

The results in Figs. 18 and 19 clearly show that a = 1 no longer leads
to the highest energy yield nor the highest power for the force-driven
turbine. This confirms our previous findings based on the actuator disc
theory. In this specific case study, the analysis result shows that the
Qgesign = 0.101 leads to the highest 5, and agesg, = 0.038 results in the
highest power.

From the result of these 491 turbines in Figs. 18 and 19, we can
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Fig. 16. The lift coefficient, the drag coefficient and the lift-drag ratio of NACA 0015.
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Fig. 17. The flowchart of the verification study finding the optimum turbine in the operational conditions.

observe that the 7, and the P based on the actuator disc theory are al-
ways higher than the 75, and the P from the analysis. It is because the
actuator disc theory is based upon several ideal assumptions, such as a
non-rotating wake, an unlimited number of blades, steady and inviscid
flow, Etc. As a result, for the force-driven turbine, #,, and the P based on
actuator disc theory can be accepted as the theoretical upper limits for
force-driven turbines. These two upper bounds are determined by the Cy4
of the platform and the radius ratio. These two upper bounds are easy to
be estimated in the design stage and have clear indications to guide the
design metrics of the energy harvesting mechanism at the early design
stage. As an example, in Fig. 18, we can see the upper boundary of 7,, is

10

0.727, while the highest ;,, among all the 491 turbines is 0.628. On the
other hand, as shown in Fig. 19, the upper limit of P in this case study is
25.66 W, while the highest P among all the turbines is 23.35 W.

From Figs. 18 and 19, we can see that the variation trends of #,, and
the P from actuator disc theory and #,, and the P from the analysis are
very close. Correspondingly, as shown in Fig. 18, if aiming for the
highest Ey, the agesigny; is 0.126 based on the actuator disk theory, while
the BEMT analysis method shows it can be achieved at ageg, = 0.101.
But the difference caused by the shift of agesg, is minimum. Therefore the
Qgesign; ased on the actuator disk theory is feasible and effective to be
used to design the turbine for the highest energy yield. As shown in
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Fig. 18. The #,, based on actuator disc theory and the 7, from the analysis.
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Fig. 19. The P based on actuator disc theory and the P from the analysis.

Fig. 19, aiming for the highest P, the agesignp is 0.041 based on the
actuator disk theory, and the BEMT analysis method shows it can be
achieved at age;, = 0.038 which is very close to the predicted value.
Furthermore, Fig. 20 and Fig. 21 compare the dimensionless chord
length (g) and the twist angle () along the radius between the optimal-
energy-turbine found amongst all the possible designs, the turbine
designed with the optimal a for energy based on the expanded actuator
disk theory and the turbine designed with a = 1/3. It can be seen that the
designed turbine with the expanded actuator disk theory for the force-
driven turbine is very close to the optimal design; therefore, the devel-
oped theory has been verified to be effective in finding the optimal

06 T T T T I I T
—The optimal-energy-turbine
F="see — —The new design method for highest Ey
05F S —--The traditional design method H
.
\\\

04k S E
e T
) 0.3 r ~

0 1 1 1 1 1 1 | 1
0.2 0.3 0.9 1

Fig. 20. The dimensionless chord length comparison.
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Fig. 21. The twist angle comparison.
design.

Likewise, Fig. 22 and Fig. 23 compare the dimensionless chord
length (%) and the twist angle (f) along the radius between the optimal-
power-turbine found amongst all the possible designs, the turbine
designed with the optimal a for power based on the expanded actuator
disk theory and the turbine designed with a = 1/3.

5. Conclusions

This paper induces a new type of turbine, namely the force-driven
turbine and explains the fundamental difference from the velocity-
driven turbine. The paper expanded the actuator disk theory and
further developed the BEMT design method for this kind of turbine. With
a verification study conducted, the developed theories and methods
have been verified. Based on this study, the following conclusions can be
achieved.

1. The force-driven turbine is driven by a constant force, which is
fundamentally different from the velocity-driven turbine which is
driven by a constant velocity.

2. Based on the expanded actuator disk theory, the a = % no longer leads
to the highest P nor the highest E,, for the force-driven turbine. Betz’s
theory for velocity-turbine design do not apply to the force-driven
turbine.

3. After the expansion of actuator disc theory, it is found that the power
P is a function of B, p, R, 1, C4, a and the E, is a function of B, L, R, 1,
Cq, a. High power turbine design doesn’t lead to a high-energy tur-
bine design. Therefore, two different optimal design targets have
been proposed.

0.6 T T T T
—— The optimal-energy-turbine
o~ — — The new design method for highest Ey
05k \\\ —-—The traditional design method
.
N,
.
N,
04 N 1
S

2 oal e |
503 P

r/R

Fig. 22. The dimensionless chord length comparison.
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Fig. 23. The twist angle comparison.

. New theoretical upper bounds of the energy conversion efficiency
and the power of the energy harvest mechanism have been identified
for the force-driven turbine to guide the design.

5. A new BEMT-based design method for the preliminary design of the
force-driven turbine has been developed. The method can design the
turbine according to the design aims, including designing the turbine
with the highest E, or designing the turbine with the highest P.

. The verification study has been conducted with the BEMT method to
design and simulate all the possible designs in all the possible
operating conditions. The results have been compared with the

Appendix
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expanded actuator disk theory and found the developed method is
highly effective in identifying the optimal designs. Although there
are some idealizations in the case study, such as ignoring the hy-
drodynamic effects of the wake, these idealizations do not affect the
overall conclusions.

Based on this paper’s study, the design method of the force-driven
turbine has been developed, which is expected to contribute to the
future design and development of force-driven turbines.
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The appendix shows the CFD simulation domain and boundary conditions of the UG hull.
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Fig. 24. Domain and boundary conditions of the CFD simulation.
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