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1. Introduction

Since 1990’s, there have been enormous papers on the analysis of stochastic differential delay equations with
Markovian chains (also known as hybrid SDDEs), due to their intensive applications to various real-world problems, such
as chemical refining processes [1], mobile manipulators [2], optimal consumption problem [3]. As one of the interesting
topics, stability draws many researchers’ attention. As the literature in this area is very huge, we only mention [4-10]
among others. Two types of stability criteria are often discussed: delay-independent, establishing stability results for
any delay value, or delay-dependent, taking into account some limited size of delays. Compared with the first type,
delay-dependent stability makes the most of additional information of time delays, and hence it seems less conservative,
especially for systems with small delays. We cite [11-18] to the reader for reference.

A general hybrid SDDE is described as

dx(t) = f(x(t), x(t — h(t)), t, r(t))dt 4+ g(x(t), x(t — h(t)), t, r(t))dW(t) (1.1)

on t > 0, where h(t) denotes the time delay. Detailed explanation of Eq. (1.1) and other notations will be given in
Section 2. Traditionally, the linear growth condition on the drift coefficient f and the diffusion coefficient g is needed for
delay-dependent stability (e.g., see [12-16]). In 2017, Fei et al. [17] made an important breakthrough in this area as they
got rid of this restriction and brought the study into superlinear systems. Unfortunately, in [17], f(x, y, t, i) was assumed
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to satisfy the global Lipschitz condition in the delay component y, which is relatively restrictive in practice. Later on,
to overcome this difficulty, Fei et al. [11] developed generalized results. Although their theory could cover more hybrid
SDDEs, there are still two issues that require our further investigation.

1. The results established in work [11] rely closely on the following key assumption.

Assumption 1. Assume that f can be decomposed as f(x, y, t, i) = fi(x, y, t, i)+ fo(x, y, t, i), where there exists a positive
number 8 such that for any (x,y,t,i) € R" x R" x R, x S,

Lfl(xvy7 t, i)_f1(xvx7 t, l)l Sﬁlx_yl (12)

This assumption is in fact a little harsh since we could not always see this particular structure, for example, in
function f, the delay segment y is mixed with the current component x, such as f(x, y, t, i) = xy — x>, or the delay
component appears only in the superlinear term, such as f(x, y, t, i) = x + y*> — x°. In these cases, the theory in [11]
is not applicable, and a class of hybrid SDDEs might be excluded.
2. The time delay function h(t) is supposed to be a differentiable function and satisfies
%5H<1, vt >0 (1.3)
dt
for some constant h. Condition (1.3) also appears widely in the study of delayed systems (e.g., see [8,19,20]), but just
being imposed owing to the mathematical need to deal with the time lag. However, many real-world time delays
might miss this condition (e.g., [21-26]). For example, in the networked control systems, sawtooth delay appears
frequently, such as h(t) =t Zﬁio Tk k+1)(8) (8 — k) (e.g., see [24,25]). It was also found in [26] that the energy of a
vibrating system could decay exponentially with 2T-periodic switching delay, namely, h(t) = 4T in the first half of
one period and 6T in the latter, where T represents the wave period. These delays are even discontinuous, let alone
meeting condition (1.3). Therefore, it seems a little unreasonable to continue imposing this condition.

In summary, these two restrictions make the delay-dependent stability results derived in [11] less applicable in reality.
Therefore, this paper is aimed to remove them, and the main contributions can be summarized as follows. (1) We will
modify the decomposition scheme of function f in Assumption 1 by changing the Lipschitz coefficient on the second
segment of f; from a constant B into a polynomial. (2) In theory, such a replacement will bring new mathematical
challenge, which results in the Lyapunov functional used in this paper different from that in [11] (more details can be
found in Section 3). (3) More general time-varying delay functions will be considered, which meet a weaker assumption
(namely Assumption 2, firstly being proposed by [23]) than differentiability assumption (namely condition (1.3)). (4)
Compared with [23], the delay function h(t) studied in this paper is no longer needed to be bounded below by a positive
number.

A description of the organization of this paper follows. In Section 2, we will present our model of hybrid SDDEs with
general time delays and impose some standing hypotheses to guarantee the unique solution of the underlying hybrid
SDDE. In Section 3, we will introduce our new scheme of drift coefficient decomposition and the Lyapunov functional used
in this paper under some extra conditions for the purpose of stability. After these preparations, we will give a method to
determine the upper bound of time delays and our delay-dependent stability results in Section 4, including H., stability,
moment asymptotic stability and almost sure asymptotic stability. Ultimately, Sections 5 and 6 are devoted to examples
and conclusion, respectively.

2. Model formulation and global solution

In Section 2.1, we will list some basic notations, and then discuss the time delay in detail. The delay function h(t)
takes values in [0, t] for some positive constant 7, and needs to satisfy Assumption 2 (firstly proposed in [23]), which
is obviously weaker than differentiability condition (1.3). In Section 2.2, we will show our existence-and-uniqueness
theorem.

2.1. Hybrid SDDEs with general time delays

We first provide the notations to be used widely in this paper. If a and b are both real numbers, then a Ab = min{a, b}
and a v b = max{a, b}. Denote by R the collection of all non-negative real numbers. Let R" be the n-dimensional vector
space over the reals with Euclidean norm | - |. For a vector or matrix M, MT represents its transpose. If M is a matrix,
denote its trace norm by |M| = /trace(MTM). Let C ([—, 0]; R") represent the family of all continuous functions ¢ from
[—7,0] to R" and designate the norm of its element ¢ by ||¢|| = sup_,_y-o |¢(0)]. For a set A, let 14 be its indicator
function, that is, 14(a) = 1 if a € A, and 0 otherwise. C

We also let (§2, 7, P) be a complete probability space with a filtration {F;};>¢ satisfying the usual conditions (that is, it
is increasing, right-continuous and 5 contains all P-null sets). Denote by W(t) = (W(t), ..., Wy(t))T an m-dimensional
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Brownian motion defined on the probability space. Let r(t), t > 0, be a right-continuous Markov chain on the probability

space taking values in a finite state space S = {1, 2, ..., N} with transition rate matrix Q = (g;j)nxn given by
. . 14 qiH +o(H), ifi=j
P (r(t +H) = jir(t) = i) = ’ O
qiH + o(H), ifi#j
as H | 0. Here g; > 0 is the transition rate from i to j if i # j, while g; = — Zj# qij. We assume that the Markov chain

r(t) and the Brownian motion W(t) are independent under the probability measure P.
Consider the hybrid SDDE (1.1) with the initial data

{x()| -t <t <0} =& eC([-7.01;R"), r(0)=ro€S. (2.1)

Here, drift coefficient f : R" x R" x R, x S — R" and diffusion coefficient g : R" x R" x Ry x S — R™™ are both Borel
measurable functions, h : Ry — [0, 7] is the system delay.

As mentioned before, the mathematical techniques used in many papers to tackle the delay effect, such as [8,19,20],
force the authors to impose the differentiability condition on the time delay h(t), which is too restrictive in many real
models. Consequently, in this paper, we will consider a more general situation, by imposing the following assumption.

Assumption 2. Suppose that h(t) is a Borel measurable function with the property that

15
h* := lim sup (sup M(H’H)> < 00, (2.2)

H—0t \s=—1

where w(-) denotes the Lebesgue measure on the real line and
Iy ={teRy|t —h(t) €[s,s+H)}.

It should be pointed out that this assumption is not so strong and can be met by many time-varying delay functions
in practice. For example, the piecewise constant function h(t) = T Z;:O:o T2k 1)1, 2k4-2))(E) satisfies Assumption 2 with
h* = 2, where T is a positive constant. Moreover, if h(t) is a Lipschitz continuous function with Lipschitz coefficient
h € (0, 1), then Assumption 2 is satisfied with h* = ﬁ For more details about Assumption 2 and these two examples,

we refer the reader to [23]. But different from [23], the delay function h(t) considered in this paper is not needed to be
bounded below by a positive constant. Of course we do not want to consider the case where h(t) = 0 for all t > 0 as the
SDDE reduces to a stochastic differential equation (SDE).

Next, we need to prepare a useful lemma, which plays a fundamental role when we discuss the properties of the hybrid
SDDE (1.1).

Lemma 1. Let Assumption 2 hold. Let T > 0 and ¢ : [—t, T] — R, be a continuous function. Then

T T
/ o(v — h(w))dv < h* / o(v)dv. 23)
0 _

T

This lemma tells us how to tackle the effect of time delays under our new Assumption 2. We also refer the reader to
Lemma 2.2 in [23] for more details. While a little differently, the integral of ¢(v) in the right-hand side of (2.3) is from
—1 to T, since the delay function h(t) in this paper could reach zero. But one can still use the same way as Lemma 2.2
in [23] was proved to show Lemma 1. So we omit the proof here. Moreover, it should be pointed out that h* given in
Assumption 2 always satisfies that h* > 1. In fact, if we let ¢(t) = 1 for all t > —t in Lemma 1. Then this lemma tells us
that T < h*(T + 7) for any T > 0, which implies that h* > limr_, o TT? =1

2.2. Global solution

At first, we do not want the system coefficients to grow very rapidly, so the following polynomial growth condition is
required.

Assumption 3. Both coefficients f and g are locally Lipschitz continuous. Also assume that there exist constants q; > 1
and K; > 0,K; > 0, (j = 1, 2, 3, 4) such that

If(x,y, t, 1)) < Kqlx| + K|yl + Ks]x|7 4 Kqly|T! (2.4)
and

g(x.y. £ D)1 < Kilx1? + Kaly[? + Ks|x|9 " 4 Kyly| ! (255)
forall (x,y,t,i)e R" x R" x R, x S.
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Condition (2.4) will be widely used in the subsequent stability analysis, particularly, in determining the upper bound
of 7, which relies on the coefficients K3, K>, K3 and Kj. In order to have a larger t as possible, we do not take the maximum
of these four numbers to control f, that is, |f(x,y, t,i)| < (K; V K3 vV K3 V Kg)(|x| + |y| + |x|%" + |y|?1). The same reason
applies for condition (2.5).

But Assumption 3 cannot ensure the global solution of hybrid SDDE (1.1). Therefore we impose the following
generalized Khasminskii-type assumption.

Assumption 4. Assume that there exist non-negative constants q > 2qq, o1, o2, &34, and a4 (i € S), where

h* 1 -2
min {a3’,~ — Ma“} >0, (2.6)
ies qgi+q-—1
such that
Looq—1 .
Xf(x,y, £,1) + —lex .t DI? < a1lx® + oyl — asilX]TF! + ag iy T (2.7)

forall (x,y,t,i) e R" x R" x R, x S.

The classical Khasminskii test (see [27]) is a powerful technique for SDEs to have non-explosion solutions without the
linear growth condition. More precisely, for an SDE dx(t) = f(x(t), t)dt + g(x(t), t)dW(¢), if there is a Lyapunov function
V(x, t) such that

Vr(x, t)+ Vx(x, t)f(x, t)+ %trace (gT(x, t)VXX(x, t)g(x, t)) < 5[1\7(X, t),

(i.e., the diffusion operator is bounded by a linear function of \7), then the SDE has a global solution (no explosion at
a finite time). For our SDDEs, this test has been generalized to deal with superlinear delay terms (e.g., Assumption 2.2
in [17], Assumption 2.3 in [23]), that is, the condition above is described in a generalized form

Ui(x, )+ Vi(x, OF (%, y, £, 1) + %trace (gT(x, £, WX, Dg(x, . t, i))
<@1(V(x, t) + V(y, t — h(t))) — &U(x, t) + 630(y, t — h(t)),

where in general U grows faster than V. The significant generalization here is that the diffusion operator is no longer
bounded by a linear function of V. For example, in Assumption 4, we take the special form V(x, t) = |x|? and U(x, t) =
|x|179=1 (see Theorem 1 and its proof). The latter is often used to eliminate the delay effect of superlinear term |y|91*!,
which is given in Assumption 3. However, condition (2.6) is a little stronger than Assumption 2.3 in [23] since we require
a3 — ”(q“’%a 4 > 0. But this is needed to deal with the difficulty arising from the time delay, which is bounded
below by zero rather than a positive constant. It is because this stronger condition that the proof of the existence of a

global solution becomes easier.

Theorem 1. Let Assumptions 2, 3 and 4 hold. Then for any given initial data (2.1), there is a unique global solution x(t) of
hybrid SDDE (1.1) on t € [0, oo) with the property that

sup E|x(v)|? < oo, Vt>0. (2.8)

O<v<t

Proof. Fix the initial data & € C([—7, 0]; R") and ry € S. Since the system coefficients are locally Lipschitz continuous,
by Theorem 7.12 in [5], there is a unique maximal local solution x(t) on t € [0, o.), where o, is the explosion time. Let
ko > 0 be sufficiently large for kg > ||&||. For each integer k > ko, define the stopping time

o = inf{t € [0, o0)|Ix(t)] > k}.

Clearly, oy is increasing as k — oc. Set 0o, = limy_, o, 0}, Whence o, < o, a.s. If we can show that o, = o0 a.s., then
0. = o0 a.s., and the solution x(t) is the global solution.
Now, for any k > kg and t > 0, we derive from the It6 formula and condition (2.7) that

Ex(t A o)l? — [E(0)]

tAok -1
<E / qlx(s)|72 <XT(S)f (x(s), x(s — h(s)), s, r(s)) + qug(X(S), x(s — h(s)), s, r(S))|2> ds
0

tAoy,
<E / xS (a1 X(3)1? + eealX(s — h($))* — a3, 5)|X(S)|T ! + @t r(s)|X(s — h(s))|71*") ds.
0

4
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By the Young inequality, we further obtain that

EIX(E A o)l — 5017 <(qor + (4 — 2)an)E / " (s)1ds + 20E f  1x(s — h(s))|“ds
0 0

tAoy
q(q — 2)og, _
- Ef (qaz,r(s) - 7;”(5) |x(s)| 719 ds
0 qg1+q—1

tAoy + 1

+E / A1 Doar) oo psyyaa-ids,
0 gitqg-—1

Making use of Lemma 1, we see that

tAok troy
/ Ix(s — h(s))|ds < h" / IX(s)]ds
O —

T

and

tAok tnoy
/ |X(s — h(s))|9179"1ds < h*/ [x(s)| 919~ 1ds.
O —

T

Substituting these into (2.9) yields that

tAoy
EIX(E A o)l <Cr + (qor + (q — 2 + 20"t )E / Ix(5)|%ds
0

trox B*(q1+ 1) +q -2
—E Ay pis) — ————————a X(s)| 119 ds
/0 Q< 3,1(s) pa— 4.r(s)) Ix(s)I

tAoy
<Ci + (g + (G — 2 4+ 210 / Ix(s)/%ds
0

h* 1 -2 tAok
— qmln {053,1' — (ql—"_)—"_qa‘l'i} E/ |X(5)|Q1+q_1ds7
ies g1+q—1 0

where

h*q(q1 + Do

C1 = 1£(0)|7 + 2h* T |IE |7 + 4f||$||ql+q_].
g +q—1

In particular, by (2.6),

t
Elx(t Ao)l? <Cy + (qor + (@ — 2 + 2h*)0t2)/ E|x(s A oy)|%ds
0

t
<Ci + (gon + (g — 2+ 21)a) f sup EJx(v A oi)|%ds.
0

0<v<s
Since the right-hand-side term is increasing in t, we must have
t
sup Elx(v Aop)|T < C1 4+ (g +(@— 2+ Zh*)az)/ sup E|x(v A oy)|9ds.
O<v<t 0 O<vss
Applying the Gronwall inequality, we have

sup E|x(v A 0y)|9 < Creltrta-22me)t

O<v<t
This implies that

kiP(or < t) < E|x(t A o)|? < sup E|x(v A oy)|? < oo.

o<v<t

(2.10)

(2.11)

We can hence let k — oo in the inequality above to obtain that P(o,, < t) = 0, namely, P(oo > t) = 1. Since t > 0 is
arbitrary, we must have that P(o,, = o0) = 1 as required. Letting k — oo in (2.11) gives the assertion (2.8) immediately.

The proof is therefore complete. O

Theorem 1 implies that for any t > 0, the solution x(t) is in L9, while both f(x(t), x(t — h(t)), t, r(t)) and g(x(t), x(t —

h(t)), t, r(t)) are in L. These properties are significant when we discuss the stability of hybrid SDDE (1.1).

3. Conditions for stability

In Section 2, we have shown that there admits a global solution of hybrid SDDE (1.1) under our standing Assumptions 2,
3 and 4. But this is not enough to derive the delay-dependent stability. For this purpose, we will impose some additional
conditions on the system in this section. At the meantime, we will talk about the new decomposition of the drift coefficient

in Section 3.1, and the Lyapunov functional in Section 3.2.
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3.1. New decomposition scheme

The key assumption in [11] is that f could be decomposed into two parts, one of which is globally Lipschitz continuous
in delay component. But as we mentioned before, this is a little restrictive. Therefore, in this paper, we will modify this
decomposition, which is stated as the following assumption.

Assumption 5. Assume that the drift coefficient f can be decomposed as

f(Xsyvt9i):f1(x7ys t7 i)+f2(x7ys t, l) (31)
and, moreover, there exist three constants r € [O, M] B1 >0, 2 > 0and B3 > 0, where B4, B2, B3 cannot be zero
simultaneously, such that

fi(x, y, t,0) = filx, x, £, D) < (B1 + Balx” + Bslyl") Ix — vl (3.2)

forall (x,y,t,i)e R" x R" x R, x S.

Remark 1. Here, in line with condition (2.4), we mention that the numbers r, 81, 8, and B3 also play a big part in the
determination of the upper bound of t. As a result, we do not express the right-hand side of condition (3.2) in the form
of (B1V B2V B3) (1+ IxI"+ IyI") Ix — yl.

It should also be underlined that our new decomposition scheme of f indeed enables us to include a wider class of
hybrid SDDEs. Recalling the examples in the introduction part, if f(x, y, t, i) = xy — x>, then fi(x, y, t, i) = xy with r = 1,
B1 =08 =163 =0and fo(x,y, t,i) = —x3; if f(x,y,t,i) = x +y> — x>, then fi(x,y,t,i) = y* withr = 1, ; = 0,
B =1, B3 = 1and fr(x,y,t,i) = x — x>. Moreover, when 8, = 83 = 0 or r = 0, condition (3.2) becomes the familiar
condition (1.2) studied in [11].

Finally, we strengthen that the decomposition plan for many examples is always not fixed and there might exist other
possible schemes. But unfortunately, we currently could not provide a standard to determine which one is the best. In
practice, for convenience, we always tend to put the delay terms whose order are not larger than ‘“; Lin f1, and others
including non-delay terms and higher-order delay terms in f>. This is because f; represents the delay-dependent property
and we want it as simple as possible.

The key idea in this paper is to make use of the decomposition of f(x, y, t, i) defined in Assumption 5. We then rewrite
fx,y,t,1)as

f(xa y. t, l) = (fl(xvys t, l) _fl(xv X, t, l)) + (f](xv X, t, l) +f2(X, y. t, l)) (33)

Thus the drift coefficient can be analyzed by two parts. The second part, fi(x, x, t, i) + fo(x, y, t, i), will be dealt with in
Section 3.2. Now, let us focus on the first part, fi(x, y, t, i) — fi(x, X, t, i). Recalling condition (3.2), we derive that

filx, y, t,i) — filx, x, t, i)]

<BrX =y + Bay/ IXIP"(Ix] + YDV Ix = Y| + B3/ V17 (%] + [yD)y/1x — |

B2 Bae B3 Bse

<ﬂ1IX—yI+f|X—y|+ > L Jx[? (|X|+IYI)+f|X—y|+ 5 SRR

:32+,33 ﬂ (4r+])+/33 2r+1 ,32+/33(4r+1) 2r+1
< —y == B-=r T 34
_<ﬁ1 26, Ix—yl+ a2 ellx|7 7 + ar 12 alyl” ", (3.4)

where ¢; > 0 is a parameter to be determined later. This then forces us to estimate the difference between x(t) and
x(t — h(t)), which is the following lemma.

Lemma 2. Let all the conditions in Theorem 1 hold. Then for any t > 21, we have

t t
EIX(E) — X(t — KO <(Ht + Hy) / EIx(v)2dv + (Hs7 + Hy7) f Elx(v)/ 2 dv
t—271 t—21

t
+ (H51+H6)/ E|x(v)|T+dv, (3.5)
t—2t

where Hy = 4 (K? + K2h*), Hy = 2(K; + K;h*), Hs = 4K2, Hy = 4K2h*, He = 2(K; + Ksh),

KiK. K> K: K>K: KiK.
Hs =4 (([{11(3 + M) + <K2K4 + M) h*) .
q1+1 g1+ 1

Proof. It is easy to see from hybrid SDDE (1.1) that

x(t) — x(t — h(t)) = / f(x(v), x(v — h(v)), v, r(v))dv + f g(x(v), x(v — h(v)), v, r(v))dW(v).
t—h(t) t—h(t)

6
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Using the elementary inequality |a + b|> < 2(|a|?> + |b|?) and the Hélder inequality, we can show that

t

X(t) = x(¢ = h(D))* < 27 f If (X(v), X(v — h(v)), v, (v))]*dv + 2

t—h(t)

t 2
f g(x(v), X(v = h(v)), v, (V) PAW (V)] .

—h(t)

Recalling the discussions below Theorem 1, we can take expectations on both sides and apply the Doob martingale
inequality to obtain
t

EIX(t) — x(t = h(t))|* < 25[ (e If(x(v), x(v = h(v)), v, r()I? + g(x(v), x(v = h(v)), v, 1(v))?) dv. (36)

t—h(t)
For any (x,y,t,i) € R" x R" x Ry x S, by condition (2.4) and the Young inequality, compute

KKy K2K3(]1> |x|q1+1
Gi+1 qi+1

Fx, y, t, D) <2KZ[x)? + 2K2|y[* + 2K3 [x|* + 2K2|y[*" + 2 <1<]1<3 +

K>K3 K1K4ql) |y|q1+1.
¢i+1 qi+1
This, combining with condition (2.5) then yields that
2(rlfx,y, t, D)1 + lgx,y, t, D)%)
< (41(121 n 2121> X2 + (41(221: n 21%2) V2 + 4K2T|x[291 + 4K 27|y

KK KK N KK KiK. A
+ (4 KiK;5 + M T+ 2K; |X|Q1+1 + (4| KK, + M T+ 2K,y |y|‘h+1.
qi+1 g1+ 1

Substituting this into (3.6) gives that
EIX(t) — x(t — h(£)|?

t
< <4Kfr +2k1) /

t—t

+ 2 (K2K4 +

t
Elx(v)]2dv + (41(221 + 21A<2> / Elx(v — h(v))[>dv
t—t

t t
+ 41<§r/ Elx(v)]*"dv + 41<}r/ E|x(v — h(v))*"'dv
t—t t—

T

KKy + KoK N t
+ (4 <1<11<3 n M) T+ 21<3> / Elx(v)|*dw
t—t

g+ 1
K3 + KiK. . t
+ (4 (1<21<4 + M) T+ 21<4) f Elx(v — h(v))| " 'dw
a1 +1 t—1
t t I
<(Hit +H2)/ E|x(v)|*dv + (HsT +H4r)/ E|x(v)[*""dv + (HsT + HG)/ E|x(v)|1 1 dw,
t—21 t—27 t—21

where Lemma 1 has been used. This ends the proof. O

Before closing this subsection, we make some comments about the advantages and challenges of delay-dependent
stability.

Remark 2. In the study delay-independent stability, we often use the delay-free information to suppress the impact of
time delays. Thus the delay size is of no use, but the non-delay term is always strengthened. For example, to obtain a
delay-independent stability criterion for the underlying hybrid SDDE in this paper, the following assumption

. q1 .
Xf(x,y, 60+ g,y 6 DI = =valxl” + vlyl” — wslx|TT 4 vy,
where v > v,h* and v3 > h*(qﬁ;#v‘l, might be needed. Certainty, such a requirement is sometimes a little strong.
To ease this restriction, in the research of delay-dependent stability, we use another way to cope with the effect of time
delays. More precisely, we estimate x(t) — x(t — h(t)), the difference between current-time state and past-time state, and

hope it could be small enough if the time lag is sufficiently small. Consequently, the conditions on the non-delay term
could be relaxed.

Remark 3. However, the estimation of x(t) — x(t — h(t)) is challenging. We are always forced to impose some
extra conditions. In [17], f(x,y, t, i) was required to be globally Lipschitz continuous in y. In [11], f(x, y, t, i) could be
decomposed into two parts, one of which should satisfy global Lipschitz condition in the delay segment. While, in this
paper, the global Lipschitz condition is replaced by condition (3.2). But here we still need r < % to achieve the stability
purpose.
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Moreover, due to the mathematical skills, we can currently just estimate x(t) — x(t — h(t)) in the sense of mean square.
In fact, instead of (3.4), |fi(x, y, t, i) — fi(x, x, t, i)| can be computed in another way,

fi(x, y, ¢,8) = filx, x, £, )] < (B1 + (B2 + BsR)IXI" + B3RIx — yI") Ix — |

Mlxlr“ + ('BZ—H%R + /33R> Jx = y[™*!

< X —
=hilx—yl+ r+1 r+1

where R = 20~DV0,_ [n this situation, the delay part in fi(x, y, t, i) could be handled completely by estimating x — y.
Our conditions on the system coefficients could hence be less conservative (e.g., q71|g(x, y, t, 1) could be replaced by
2t |g(x, y, t,1)|* in Assumption 6). Nevertheless, we are not able do with E|x(t) — x(t — h(t))|*""%. As a result, in this
paper, we set free parameter ¢; and use the integral transform (Lemma 1) to reduce the influence of time delays. More
details can be found in Lemma 3 below.

Anyway, how to overcome these difficulties deserves our further investigation.

3.2. Lyapunov functional

In the previous subsection, we have worked on the part fi(x, y, t, i) — fi(x, y, t, i) in decomposition (3.3). Now let us
pay attention to fi(x, x, t, i) + fo(x, y, t, i). But we have known little about this term. This forces us to give the following
assumption.

Assumption 6. For each i € S, assume that there exist real constants a;, a;, positive constants ¢;, ¢;, and non-negative
constants b;, b;, d;, d; such that

X (il x, t,0) + folx, y, £, 1) + Ig Xy 6D < ailx? + bily? — x| 4 dily| ! (3.7)
and
X(fix % 6 0) + Holx, y. 1)+ %Ig(&y, t, D)1 < @lx” + bily* — Glx| " + dily) ! (3.8)
for all (x,y, t,i) € R" x R" x R, x S, while both
A= —2diag(ay, az, ..., ay) — Q, A= —(q1 + 1)diag(as, @, ....ay) — Q (3.9)
are non-singular M-matrices.

We set (1, ...,o8) = A1, ..., D", (71, ..., n)" == A'(1,..., 1)". As A and A are non-singular M-matrices, all
n; and #; are positive. Denote by C>!(R" x R, x S;R,) the family of all continuous non-negative functions, which are
continuously twice differentiable in x and once in t for each i € S. Define a function U(x, t, i) € C>'(R" x R, x S; R;) by

UG, £, ) = milx® + 7lx1%", (6 t,0) € R" x Ry x S (3.10)

while define a function LU : R" x R" x Ry xS — R by

LU(x,y,t,i)=2m<xT(f1(x,x,t,i)+fz(x,y,t,i)) Slgx.y. 1) ) ZquIXI

+ (@1 + Diilx ! (xT(ﬁ(x, X0+ fxy, 1)+ Ig(x y.t.i) )+ unml)clf“+ :
j=1

Making use of Assumption 6 and the Young inequality, we observe that

-1 _ (qr+ 1) _
dm:‘) x4 + S dy7yly P
2q,

— e+ 1= (g1 — Dbiai) x| + (2din; + 2bifg)ly| "+ (3.11)

2

LU(X, y, t,1) < — IX]* + 2bimilyI* — ((ql + 1)cin;i —

From this observation, to cope with the effect of time lag, Assumption 6 is not enough to ensure the stability and should
be strengthened.
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Assumption 7. Let Assumption 6 hold. Additionally, assume the following three numbers B; (j = 1, 2, 3) are positive

-1 1)h* -1
B] =1- h*wl, 32 = Wy — & —;;Ch + ) w3, B3 = W4 — h*ZD's + 1-— <q1 2 + h*> we, (312)
1
in which

@ =2maxbin;, @2 =(¢1 + 1) min &y, @3 =(q1 + 1) max dify;,
ieS ieS ieS

w4 =2 min Cini, ws =2 max dim, we =2 Max B,’T_],’. (313)
ieS ieS ieS

The main method to investigate the delay-dependent stability in this paper is the technique of Lyapunov functionals.
For this aim, we define a segment X, = {x(t + s)| — 2t < s < 0} for t > 0, where we set x(s) = &(—1) for —27 <s < t.
The Lyapunov functional used will be of the form

0 t
V(Re, t,r()) = Ux(t), t, r(t)) +/ / (611X(0)* + O21x(v)[*!" + 65]x(v)| ") dwds, (3.14)
—2t Jt+s

for t > 0, where 6; (j = 1, 2, 3) are positive constants to be determined later.
By the generalized Itd formula and the fundamental theory of calculus, we can show that V(x., t, r(t)) is in fact an Itd
process on t > 0 with its Itd differential
dV(xe, £, 7(t)) = LV (X, t, r(6))dt + Uy(x(t), t, r(£))g(x(t), x(t — h(t)), t, r(£))dW(t) 4+ dM(t), (3.15)
where
LV (R, t, r(t)) =LU(x(t), X(t — h(t)), t, r(t))
+ Ux(x(0), t, r(0))A(x(L), (¢ — h(t)), £, r(t)) — fr(x(t), x(¢), €, r(t)))
+ 20T IO + 20,7 X0 + 2057 |X(0)
t t t
-6 / Ix(v)[*dv — 6, f Ix(v)[*71dv — 93f [x(v)| 1 dv (3.16)
t—2t t—2t t—2t

and M(t) is a continuous martingale vanishing at t = 0. The explicit form of M(t) is of no use in this paper so we omit it
here, but it can be found in Theorem 1.45 in [5].

Remark 4. From (3.16), we can see that the last three terms, the integrals of [x(v)|%, [x(v)|97*! and |x(v)|?%", are the same
as those terms in the right-hand-side of (3.5). This is the reason why we establish the Lyapunov functional in the form
of (3.14). It also makes the construction of this kind of Lyapunov functionals more flexible according to different needs.

4. Delay-dependent stability

In Section 3, we have presented our new decomposition scheme of f(x, y, t.i) and dealt with its decomposing parts,
fix,y, t,i) — filx,x, t,i) and fi(x, x, t,i) + fo(x,y,t, 1), respectively. But before starting our stability criteria, for the
convenience of the reader, we give the following lemma, which will be used to estimate £V (X, t, r(t)) later.

Lemma 3. Set three positive free parameters &, €2, €3, Where &1 has been already given in (3.4). Then under Assumption 5,
forany (x,y,t,i) € R" x R" x Ry x S, we have

UX(X7 t, i)(f](xv y. t, l) _f1(X7 X, t, l))

((Ch + 17
2

<(nmez + Jie)lx* + heilyl® + M e +]381> X290 + Jaeq]y)*

2
+ Ui +5B)e I 4 (o + Jaealy T + <ﬁ1 4 Btps ’33> (

v G+ 11um
SRS
28]

&y 2

where ny = mMaXies n;, iy = MaXies 1, and

_ Ba(4r+1)+ B3 B2 + B3(4r + 1)

T a1 MToryner+2™

Bt B4r+1)
J2 —Tﬂm,

Ba(4r + 1)+ 5 _ (g1 + g1 po+ B3(4r+ 1) _
J3=(q1 +1) a2 7}M+q1+2r+1 a2 .
I :(Q1+1)(2T+1)/32+133(4T+1))_7M.
q1+2r+1 4r 42
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Proof. Recalling the estimation of fi(x, y, t, i) — fi(x, x, t, i) in (3.4), we have for any (x,y,t,i)) e R" x R" x Ry x S
Ux(xa tv l)(.f](xv ys tv l) _f](xv X, t? l))
< (2nmlxl + (g1 + Dijmlx|"") ((/3 +

+ B3(4r + 1)
ﬁ23781|y|2r+1 .
4r +2

ﬂ /33 ﬂ2(4r + 1) + ﬂ3 2r+1
Ix —yl+ 12 e11x|

(4.2)

By the elementary inequality and the Young inequality, compute

+ +
2| <ﬁ1+¥> |X—J’|§7]M82|X|2+</3 +522 53) ™ x— yP2,
1 &2

_ B+ B a1, g1+ 1 Bt B3\ il
(q1+1)nM|x|‘“(ﬂ1+ 2B ) x—yl < ]2 ||2‘“+1 B+ 22 My,

2¢eq 2¢1 €3

+ B3(4r +1 + Bs(4r +1 + Bs(4r +1
.32 ,33( )81| |2r+l < ,32 ,33( ) e |X|2r+2 + :32 ﬁ3( )nMgl |y|2r+2’
4r 42 (2r+1)(2r +2) 2r+42

21m x|

B2 + B3(4r + 1) Y < (q1+ 1)q1 B2+ B3(4r + 1) e [x[TF 2
ar +2 ! g +2r+1  4r+2
(g1 + 1)2r + 1) By + B3(4r + 1) 1420+
q1+2r+1 4r + 2 eyl '

Substituting these into (4.2) and rearranging terms gives that
U, £, D)(fi(x, y, £, 1) = fi(x, X, £, 1))

2 242 242 2+1 2+1
<nm&lx|” 4+ Jie1|x[7 2 + Ler [y + Jaeq XD 4 Jueq |y TP 4

2
+ +1

n ﬂ1+ﬁ2 B3 o m x— P2,
2e1 & 2 &

where J1, J5, J3, Ja have been given before. Noting that |x|*+2 < |x2 + |x|%*! and |x|©1F2F! < |x|9*! + |x|%91, since
0<r< ‘“2;1 which is required in Assumption 5, we further derive that
UX(xa tv l)(.f](xv ys tv l) _f](xv Xa t? l))

(g1 + D)nm
2

(g1 + i [x|™

(q1 + )

2qq
&3x|
2

<(mmez + Jie)lx* + heilyl* + ( &3 +]381> X290 + Jagq |y

2 1
+ (b ) X 4 (o + Jaealy| 9! + (m e +’33) (— f ot "M) Ix — yI%.

2¢e1 & 2 &
This completes the proof. O

|2T+] |2r+1

From the proof of Lemma 3, we find that parameter ¢; is used to eliminate the influence of |x and |y , and
parameters ¢&,, &3 are used to cope with |Uy(x, t, i)|. By making use of Assumption 7 and selecting an appropriate t, we
are able to let £V (X, t, r(t)) become negative. Base on this, we can now present our stability results. The first one is Hy,
stability.

Theorem 2. Let all the conditions in Theorem 1 and Assumptions 5, 7 hold. Then there is a positive number t* such that for
any initial data (2.1), the solution of hybrid SDDE (1.1) has the property that

o0
/ E|x(t)]?1dt < oo (4.3)
0
and
sup E[x(t)| ! < oo (4.4)
0<t<oo

aslongast < t*.

Before giving the proof, to make this theorem can be implemented in practice, we make some comments on how to
determine the value of t*.

10
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Remark 5. We define a domain A on R3 by

A= {(81, €2,€3)|e1 > 0,8, > 0,63 > 0, nye2 + (1 +J2h")e1 < By,

+1_ * * *
L 5 ImMEs + (s +Jah)er < By, (J1 +J2h" +J3 +Jsh)er < 33},

and four functions on A by

@1(€1, €2, €3) =B1 — nuez — (J1 +J2h")eq,

qi+1_ .
0a(e1, &2, £3) =By — — nmées — (J3 +Jah™)eq,

@3(€1, €2, €3) =Bs — (J1 + oh™ + J3 + Jah™)eq,

Bo+ B3\ (w1 +10m
AL ).
28] I29) 2 &3

@4(e1, &2, 63) = <51 +

Then t* is given by

T = sup ¢(e1, &2, £3),
(e1,62,€3)€A
where
2 ¢1(e1,62,€3) 2 ¢3(£1,€2,€3)
ot B SRES T e Mot H s R
@(e1, 82, €3) = A A ’
2H, H3 + Hy 2¢4(e1, &2, €3) 2Hs

Since we require that 8;, 2 and B3 cannot be zero at the same time in Assumption 5, @4(€1, €2, €3) is always positive,
which implies that we must have t* < oo. With a little effort, we find that when (e, &3, €3) approaches the boundary of
A, the continuous function ¢(s1, €3, €3) tends to zero. As a result, there exists (1, &2, £3) € A such that

= max (e, &2, €3) = (&1, &2, €3). (4.5)
(e1.62,63)eA

From now on, the free parameters ¢;, &3, €3 are fixed as &q, &,, &3, respectively. Meanwhile, we denote by ¢; =
©1(81, €2, £3), 2 = @2(&1, €2, &3), O3 = 3(€1, &2, £3), P4 = @a(€1, &2, &3) for convenience. Next, we show that Theorem 2
is true.

Proof. Fix the initial data & € C([—7, 0]; R") and rg € S arbitrarily. We obtain from (3.15) that

V(x;, t,r(t)) = V(Xo, 0, r(0)) + / LV (Xs, s, r(s))ds + / Ux(X(5), s, T(s))g(x(s), x(s — h(s)), s, r(s))dW(s) + M(t).
0 0

Then we can use the same stopping time {oy}-x, defined in the proof of Theorem 1 to obtain that

tAoy
EV(Xiro,, t Aok, T(t Aoy)) = V(R, 0,7(0)) + E/ LV (Xs, s, 7(s))ds.
0

For each k > kg,

tAoy
/ LV(Xs, s, 1(s))ds
0

tAo] t
< / k|£V(5(s,s, r(s)|ds < / |V (Rs, s, 1(5))| ds.
0 0

Recalling the definition of £V (X, t, r(t)) in (3.16) and using condition (3.2), the Hélder inequality, the Young inequality,
we have

|V (&, t, r(t)] <ILUX(E), x(t — h(t)), £, r(1))]
+ [Ux(x(t), t, () || fi(x(t), x(t — h(t)), £, 7(t)) — fi(x(t), x(t), t, (1))
+ 2017 X(6)? + 26,7 |X(£)]29 + 2057 |x(t)| D!

t t t
/ [x(v)>dv f |x(v)]? dv / [x(v)| " dw
t—21 t—2t t—2t

<C (1 + [x(O)P + |x(t — h(0))|*"! +/ (Ix()I* + |x(v)|2‘“)dv>,
t—2t

+ 6, + 6, + 65

11
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where C is a positive number independent from t. This then yields that
t t
E/ |V (&, s, 1(5))| ds = / E|LV(X,s,1(s))| ds
0 0

<[ c<1 +EXEIP + Elx(s — HEDP + [ S (E|x(v)|2+E|x(v)|2‘“)dv> ds < oo,
0 s—21

where we have used (2.8) and the Fubini theorem. Letting k — oo and using the Fatou lemma, the dominated convergence
theorem gives that

EV(R,, t, 7(t)) =E <likrr1 INfV (R nop- £ A 0%, (£ A ak))> < iminfEV(Renoy. £ A O, 1(E A 01))
— 00 — 00
tAoy,
=V(Xo, 0, r(0)) + likm infE / LV (Xs, s, 1(s))ds
— 00 0
t
=V(X0,0,7(0))+E / LV (Xs, s, 1(s))ds. (4.6)
0

By (3.11) and Lemma 3, it is easy to show from (3.16) that

LV (Rs,5,7(5)) < — (1= nuéz — Jid1 — 2617) IX(S)* + (@1 + Ja&1)Ix(s — h(s))|?

-1 1
- <le _ o w3 — s nmés — J3é1 — 292T> |x(s)] "
2qq
+1
+ <q1 w3 +]481) |x(s — h(s))[%"
2q:
<w (U1 +J3)81 — 293T> |x(s)] 91+

+ (@5 + @6 + (2 +]4)81) |x(s — h(s))| "
+ (ﬂ1+ﬂzfﬂ3) (82 +q1“"””>|x(s>—x(s—h<s)>|2

28] 2 €3

- 91/ |x(u)|2du—92/ Ix(v)lz‘“dv—égf [x(v)| 1+ dv.
s—21 s—2t s—2t1

Substituting this into (4.6), then using Lemma 1, and recalling the definition of constants By, B,, B3 in (3.12), and ¢1, @3,
@3, ¢4 in Remark 5, we obtain that

t t
EV(Re, £, 1(6)) <G — (61 — 2017 / X()12ds — (32 — 20,7 / X()2ds
0 0

t t
— (§s— 2030)E / XSO ds + GuE f IX(5) — x(s — h(s))ds
- 9115/ / )| dvds—ezE[ / 2‘“dvds—93E/ / [x(v)| " dwds, (4.7)

A ~ q1+1
G = V(Ro, 0, 7(0)) + (z1 + LR T|IE]1” + ( 12q
1

where

é ) W12 + (@5 + 6 + (o +Ja)e)h* T 5.

For t € [0, 27], we clearly have

t 2t 2t
/ E|x(s) — x(s — h(s))|?ds < / 2 (EIX(s)I* 4 EIx(s — h(s))|*) ds < / 4 sup E[x(v)|’ds <8t sup E[x(v)?.
0 0 0

—T<v<2t7 —T<v<2t7

For t > 21, recall the estimation in Lemma 2, that is

t t N t N
/ E|x(s) — x(s — h(s))|*ds <(H;7 + Hz)/ / E|x(v)|*dvds + (HsT + H4r)/ / E|x(v)?1 dvds
0 0 s—2t 0 s—2t

t s
+ (Hst + Hﬁ)/ f E|x(v)|"+ duds.
0 s—21
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Then for any t > 0, we obtain that
t
o4 / EIx(s) — x(s — h(s))Pds
0 t N t N
5@4«H¢44ﬁﬁq/‘f HMWV¢MS+Uﬁr+HuW4/ / E|x(v)*" dvds
0 s—2t 0 s—2t

t S
+ (Hs7 + He)ia / / Elx(v)* duds, (48)
0 s—21

where C3 = 874 SUP_, <, <5, E|x(v)|%. Putting (4.8) into (4.7) and letting
01 = (Hit +Hy)p4, 02 = (Hst + Hyt)ps, 63 = (Hst + Hs)Pa,
gives that

t t
EV(X, t,1(t)) <G+ C3 — (¢1 — 2 (H1T2 + Hat) 04) f E|x(s)|*ds — (2 -2 (H3T2 + H4T2) $4) / E|x(s)|*"ds
0 0

t
— (¢35 — 2 (Hs?> + H7) 0u) f E|x(s) """ ds.
0

Recalling the discussion in Remark 5 and using the properties of quadratic functions, when t < t*, we have

~ ~ ~

H1‘L'2 + Hyt < z(pj s H3t2 —i—H4‘1:2 < %, Hstz + Hgt < L

~ .

P4 Z Z
This immediately yields that

IMEIX(O)1TT! < G + G5
and
t
Q/Emm%msg+g
0
where Cy = ¢ — 2 (H3‘C2 + H4r) @4 is a positive constant. Finally, letting t — oo implies the required assertions (4.3)
and (4.4). O

In Theorem 2, we have known that x(t) is bounded in L%%1, Then it is not difficult to show that E|x(t)|* is uniformly
continuous in t. Combining with the fact that f0°° E|x(t)[*dt < oo, we can conclude that hybrid SDDE (1.1) is also moment
asymptotically stable.

Theorem 3. Let all the conditions in Theorem 2 hold. Then the solution of hybrid SDDE (1.1) satisfies that
lim Ex(t))7 =0 (4.9)
t—o0

forany q € [2, q1 + 1) and any initial data (2.1) provided t < t*.

We can use the same analysis as in the proof of Theorem 3.6 in [17] to show this theorem so we omit it. Next, making
use of the idea of stochastic LaSalle theorem developed in [28], we can show the almost sure asymptotic stability of hybrid
SDDE (1.1) in the following theorem.

Theorem 4. Under the same conditions in Theorem 2, for any initial data (2.1) and t < t*, hybrid SDDE (1.1) obeys that
lim x(t) =0 a.s. (4.10)

t—o0

Proof. Fix the initial data & € C([—7, 0]; R") and ry € S arbitrarily. From Theorem 2 and the Fubini theorem, we know
that

(o]
E/ |x(t)>1dt < oo,
0
which yields that
liminf|x(t)] =0 a.s.
t—o00

If the required assertion (4.10) is false, we can find a sufficiently small number ¢ > 0 such that
P([x(t)| " > 2¢) > 4e.

13



H. Xu and X. Mao Nonlinear Analysis: Hybrid Systems 50 (2023) 101413

We can use the same stopping time o} defined in the proof of Theorem 1, then (4.7) can be rewritten as
tAoyk trog
EV(Runm € A0kt A 00) <Co = (P = 200008 [ s = (G2 = 20,008 [ o)
0 0

tAok tAO]
— (§s— 2030)E / XS s + G f " 1X(5) = (s — h(s))ds

tAok tAok

- 915/ / )| dvds—GzE/ / v)|? dvds
tAoy

— 93E/ / |x(v)| "+ dwds.

Since k7 *1P(0y < t) < E[x(t A o)) 1! < EV(Renoys t A 0k, T(E A 0%)), We can let k — oo and use the 6y, 65, 65 defined in
the proof of Theorem 2 to obtain

t t
limsup k¥ +2P(o;, < t) <C; — (@1 — 291r)Ef |x(s)*ds — (@2 — ZGzr)E/ |x(s)[*91ds
0 0

k— o0

t t
— (§s— 2037)E / XS ds + Gk / IX(5) — x(s — h(s))ds

- 9115/ / )| dvds—@zE/ / 2‘“dvds—93E/ / |x(v)|9+ duds

<G +Gs.

There exists a positive integer k; such that k91*1P(c, < t) < C, 4+ C3 + 1 whenever k > k;. Since this holds for any t > 0,
we have k11*1P(g, < 00) < G, + (3 + 1. Then in line with the discussion of Theorem 2 in [11], the required assertion
(4.10) must hold. This ends the proof. O

5. Examples

We give two examples here to illustrate the effectiveness of our theory. The first one is an application to mosquito
model. The second one is to design nonlinear delay feedback control, whose Lipschitz coefficient is not a constant. To avoid
complicated calculations, we let W(t) be a scalar Brownian motion, r(t) be a continuous Markov chain taking values in
S = {1, 2} with transition rate matrix Q = _61 —]6 )

5.1. Application to mosquito model

Consider the following scalar non-autonomous hybrid SDDE

dx(6) = (bro()e™® M HOIX(E — K(1)) = (X0 = & (D)) de + do(OX(E — BOXW(E) (5.1)
on t > 0 with delay function h(t) and

a1(t) =0.6(1 + sin’(t)), bi(t) = — (1 + cos?(t)), &1(t) =0.4(2 + sin(t)), d(t) =0.4 cos(t),

. 1 . 0.8 . 1 . 0.2

az(t) =0.2 (1 + m) bz(t) = — ]7—{—{_" Cz(t) =0.3 (1 + pn t) s dz(t) = it .

This equation can be used to model the behaviors of adult female mosquitoes (see, e.g. [29]).

Let us first pay attention to two special cases, namely, h(t) = 0 and h(t) = 3. The simulation results with initial
data &£(t) = 1+ 0.1sin(t) for t € [—3,0] and ro = 1 are shown in Fig. 1 (the second subfigure and the third subfigure,
respectively). The former one indicates that hybrid SDDE (5.1) is asymptotically stable with h(t) = 0, while the latter one
shows us the corresponding SDDE is unstable with h(t) = 3. As a consequence, hybrid SDDE (5.1) could become stable
when the time delay becomes smaller and smaller. And our theory is aimed to give a bound for the delay.

Let us consider the delay function h : R, — [0, ] meeting Assumption 2 and assume that h* = 2. Letting
fe,y, ti) = bi(t)e™ Wy — ai(t)x — ¢(t)x* and g(x,y,t,i) = di(t )y, It is easy to show that Assumption 3 is satisfied
withq; =3,K1=06,K; =2, K3 =1.2,K, =0, K; =0, Kz = 0.16, K3 = 0, K4 = 0. Then, we observe that

—1 —1
X%y, 1)+ T lglny. 6 DE = = 0.6 + hyl — 0.4 + T-~0.16%,

-1
xf(x,y,t,2)+ q—|g(x y.t,2)]% < —0.2]x°> + 0.8]xy| — 0.3|x|* + %0.04;/2.
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Markov chain

L [T H I HWH WHHH!I l

Hyb|rd SDDE (5.1) Wlth h(t)z

[

N

! 1 1 1 1 1 1

6 8 10 12 14 16 18 20

Hybird SDDE (5.1) with h(t)=3

I-u”" - T T
M,ﬁm :

0 2 4 6 8 10 12 14 16 18 20

Fig. 1. Ten sample paths of Markov chain, hybrid SDDE (5.1) with h(t) = 0, with h(t) = 3, with h(t) given in (5.2), using the truncated Euler-Maruyama
method with time step size 1074

Hence, we can choose q = 6, which is no less than 2q;, to let Assumption 4 hold with oy = 0.2, &, = 0.9, 3,1 = 0.4,

o373 = 0.3, 041 = 0, 04 = 0. Addltlonally. we see that a3 1 MO{ = 0.4 and a3 — MOM 5 =0.3.

+q
Up to mow, all the conditions in Theorem 1 have been checked. Next, we can decompose f as Eq. (3. 1) with

fibey t. ) = bi(t)e "Wy, fx,y, t,i) = =Gt — (O
Since for any (x,y,t,i) E R X R x Ry x S,

fi(x, y. £, 8) = filx, x, £, D) < [Bi(6)] (€7 ™™ jx — yl + |yl [e™™ — e7M1]) < 1Bi(t)] (™™™ + 0.11y]) |x — I,
we see that Assumption 5 is satisfied with 8; = 2, 2 = 0, 83 = 0.2, and r = 1. To verify Assumption 7, compute
X%, %, €,1) + (%, y, £, 1)) < ! N 0‘6""22_ e — 04K, i=1,
— 0.2x> —0.8|x]%e™™ —0.3x*, i=2.

As a result, we obtain
a; = — 0.6,

a; = — 0.2, b] =0.08, bz =0.02, C1 =0.4, C =0.3, d] =0, dz =0,
(_11 =—20.6, a

a, = —0.2, b; =0.16, b, =0.04, ¢, =0.4, ¢, =0.3, d; =0, d, =0,

22 -1 - 3.4 -1
AZ(—G 6.4)’ A:<—6 6.8>'

We hence show that (51, n2) = (0.9158, 1.0149) and (71, 172) = (0.4556, 0.5491), which shows that A, A are non-singular
M-matrices. We also have B; = 0.7069, B, = 0.6589, B; = 1.1715. Consequently, all the conditions in Assumption 7 are
fulfilled. Until now, we have check all the conditions in Theorem 2. )

By Theorems 3 and 4, we conclude that hybrid SDDE (5.1) is asymptotically stable in both L9 (q € [2, 4)) and almost
sure sense if T < t*. Using the method introduced in Remark 5, we derive that t* = 0.005. Finally, we choose

and

oo

h(t) = 0.001 Z 110.001(2k+1),0.001(2k+2))(£)- (5.2)
=0

One can easily verify that this delay function satisfies Assumption 2 with h* = 2 and r = 0.001. The computer simulation
is given in Fig. 1 (the bottom subfigure). The simulation supports our results clearly.
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5.2. Nonlinear delay feedback control

Consider the modified stochastic van der Pol-Duffing oscillator studied in [30] described by
dxi(t) = (—(1 + o a(t) + Bro (o) = x1(0)) + Aroa(t) — Ar(f)x?(t)) de + 8r(ex;(£)AW(t)
dxy(t) = (/\r(t)x1(t) — PrieX3(t) = Broy(2(t) — x1())> — (Apge + Ta(t) — ér(t)"g(f)) de + 85 (6)dW (t)
dx(t) = (%2(0) + pria(t) = Driop(0)) dt + 8o B(NAW(0)

ont >0, where Ay = 05,4 =03, 0, =02 0, =0.1,A; =1,4, =088, =02,8,=04,(; =08 ( =1,D; =08,
Dy =1.2,8; =0.3, 8, = 0.2. Letting x(t) = (x1(t), x2(t), x3(t))T, we can rewrite the oscillator system as
dx(t) = F(x(t), r(t))dt + G(x(t), r(t))dW(t), (5.3)
where G(x, i) = §; (x3, x3, x%)T and
—(1 4+ 21 + Bi(xy — x1)? + Aixa — A
F(x, i) = | Aix1 — pixs — Bixa — x1)> — (b + 1z — G
X2 + piX3 — f)ixg

Through computer simulation (see Fig. 2 (the middle one)), we see that Eq. (5.3) is unstable. Then we want to design a
delay feedback control to stabilize equation (5.3). It should be pointed out that delay feedback controls in the most results
(see, e.g. [23,31,32]) are globally Lipschitz continuous, as a result of which the linear ones are usually used. But due to
the oscillations of environment such as wind and electricity, we sometimes need to implement the following nonlinear
controller

u(x, i) = —k;diag ( 14 0.02 cos2(x)) X (5.4)

with k1 = 0.8, k; = 0.5 and time lag h(t) meeting Assumption 2 with h* = 1.25. Obviously, our control function u(x, i)
does not meet the global Lipschitz condition. But with further analysis, we derive that for any x, X € R3

3 2
|u(x, i) — u(%, i))* =«? Z (, /1+ 0.02 cos?(x;)x; — /1 + 0.02 cosz()?j)%j>
=1

3 2
<22y ((1 +0.02 cos?(x))) (%) — %) + <\/1 +0.02 cos2(x;) — \/1 +0.02 cosz()?j)> xf)
=1

<22 (1.02 + 0.0001|>2|2) x — &2,

where we have used the differential mean value theorem. Thus we can apply the theory developed in this paper to the
delay-state-feedback controlled problem

dx(t) = (F(x(t), r(6)) + u(x(t — h(t)), r(t)))dt + G(x(t), r(£))dW(t). (5.5)

It is easy to check that Assumption 3 holds with K; = 3.6056, K, = 0.808, K3 = 3.7736, Ky = 0, IA<1 =0, 122 =0,
K3 = 3.7736, K4, = 0, q; = 3. Then, compute

2
. P - A ;i 1. o
XTF(x, i) < —X3 — pixax3 + pix5 — Aix] — Cix; — D1x3 < (Zl + p:‘) Ix|* — 5(1‘\1 A G A Dy)lx|*

and

1 +/1.02
T. /~ 2 ~2 2 =2
XTu(x, i) < V1.0265 ) (zx,- + zx,-) =~ wilXP” + %),

We can choose q = 6 > 2q; to let Assumption 4 hold with oy = 0.614, oy = 0.404, 317 = 0.0417, a3, = 0.1667,
ag1 = 0, ag = 0. Until mow, all the conditions in Theorem 1 have been verified. Next, the drift coefficient can be
decomposed as fi(x, X, t, i) = u(x, i), f2(x, X, t, i) = F(x, i). Hence Assumption 5 is fulfilled with 8; = 1.1426, 8, = 0,
B3 =0.0113, and r = 1. Compute

1

1 2 1. A o«
XTF(x, 1)+ u(x, i) + 5 16x, i < (%’ + pi — \/1.02,@») |x|% — <§(A,~ A G ADy)— 53?) |x|*
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0-06 T T T T T T T T T

0.04 i

E|x(t)|?

0.02 7

0-06 T T T T T T T T T

0.04 4

E|x(t)|?

0.02 7

O | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20

t

Fig. 2. Computer simulations of E|x(t)|* of oscillator system (5.3) (top), controlled oscillator system (5.5) (bottom) using the truncated Euler-
Maruyama method with step size 107* and sample size 200 as well as the fixed initial data for £(t) = (&(t),..., Ene())T, where £(t) =
(0.140.1cos(t), 0.1+ 0.1sin(t), 0)T for t € [—0.1,0] and ry = 1 for all 200 samples.

and
T . . q1 2 :0;‘2 \/7 2 1. ~ ~ q1 4
X F(x, i)+ u(x, i) + EIG(x, ° =< o AT 1.02«; | Ix]° — g(Ai NG A D) — 551» X]”.
Then we derive that a; = —0.598, a, = —0.4025, a; = —0.598, a, = —0.4025, ¢c; = 0.2217, ¢c; = 0.2467, ¢; = 0.1317,

- = = - - 21959 -1 n 3.3918 -1
C = 0.2067, b] = bz = bl = b2 = d] = dz = d] = d2 =0and A = ( _6 6805),A = ( _6 76099) We then

see that (11, 2) = (0.8727, 0.9164) and (71, 72) = (0.4346, 0.4741), which shows that A, A are non-singular M-matrices.
Consequently, Assumption 7 is satisfied with By = 1, B, = 0.2289, B; = 1.3869. Recalling the discussions in Remark 5,
we obtain that 7* = 0.009. By Theorems 3 and 4, we conclude that controlled Eq. (5.5) is gth moment asymptotically
stable (g € [2, 4)) and almost surely asymptotically stable if ¢ < 0.009. Ultimately, we select

o0
h(t) =Y (0.2(t — K)esos)(t) + (0.2 = 0.2(t — K)o k41)(t)) - (5.6)
k=0
Delay function (5.6) meets Assumption 2 with h* = 1.25 and r = 0.001. The simulation in Fig. 2 (the bottom one) shows
our results clearly.

6. Conclusion

In this paper, compared with [11], the generalized delay-dependent stability criteria of superlinear hybrid SDDEs have
been established with two restrictions lifted, in the sense of H,, stability, moment asymptotic stability, almost sure
asymptotic stability. The major contributions of our new work could be concluded as follows. (1) The drift coefficient
of the underlying system is decomposed into two parts, in one of which the Lipschitz coefficient of the delay component
is a polynomial rather than a constant required in the aforementioned work [11]. The results in this paper hence have
much wider applications. (2) Time-varying delay function is not necessary to be differentiable (see [8,11,19,20]), or limited
by a strictly positive lower bound (see [23]) anymore. Then more general time delays in practice can be covered. (3) The
technique of constructing Lyapunov functionals is modified, which could be a reference to other work when using this
kind of Lyapunov functionals to study superlinear SDDEs. (4) By setting the free parameters, we can reduce the influence
of time delays and let the Lyapunov operators become negative easily.

17



H. Xu and X. Mao Nonlinear Analysis: Hybrid Systems 50 (2023) 101413

CRediT authorship contribution statement

Henglei Xu: Investigation, Writing - original draft, Software. Xuerong Mao: Supervision, Conceptualization, Method-
ology, Reviewing and editing.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Data availability

No data was used for the research described in the article.

Acknowledgments

The authors would like to thank the associate editor and reviewers for their professional comments and helpful
suggestions. The authors would also like to thank the Royal Society, UK (WM 160014, Royal Society Wolfson Research Merit
Award), the Royal Society of Edinburgh, UK (RSE1832, the RSE Saltire Facilitation Network on SDEs: Theory, Numerics and
Applications), the EPSRC, UK (EP/W522521/1, Strategic Projects CSV- NHFPEP/W522521/1), China Scholarship Council and
University of Strathclyde, UK (Ph.D. studentship) for their financial support.

References

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]

[9]

H. Mukaidani, R. Saravanakumar, H. Xu, W. Zhuang, Stackelberg strategy for uncertain Markov jump delay stochastic systems, IEEE Control
Syst. Lett. 4 (4) (2020) 1006-1011.

H. Yang, Y. Jiang, S. Yin, Fault-tolerant control of time-delay Markov jump systems with Itd stochastic process and output disturbance based
on sliding mode observer, IEEE Trans. Ind. Inform. 14 (12) (2018) 5299-5307.

E. Savku, G.-W. Weber, A stochastic maximum principle for a Markov regime-switching jump-diffusion model with delay and an application
to finance, J. Optim. Theory Appl. 179 (2) (2018) 696-721.

M. Mariton, Jump Linear Systems in Automatic Control, Taylor & Francis, Oxford, UK, 1990.

X. Mao, C. Yuan, Stochastic Differential Equations with Markovian Switching, Imperial college Press, 2006.

G. Zhuang, ]. Xia, J.-e. Feng, B. Zhang, ]. Lu, Z. Wang, Admissibility analysis and stabilization for neutral descriptor hybrid systems with
time-varying delays, Nonlinear Anal. Hybrid Syst. 33 (2019) 311-321.

L. Wu, X. Su, P. Shi, Sliding mode control with bounded L, gain performance of Markovian jump singular time-delay systems, Automatica 48
(8) (2012) 1929-1933.

L. Hu, X. Mao, Y. Shen, Stability and boundedness of nonlinear hybrid stochastic differential delay equations, Systems Control Lett. 62 (2) (2013)
178-187.

P. Wang, J. Feng, H. Su, Stabilization of stochastic delayed networks with Markovian switching and hybrid nonlinear coupling via aperiodically
intermittent control, Nonlinear Anal. Hybrid Syst. 32 (2019) 115-130.

[10] ]. Song, Y. Niu, Y. Zou, Asynchronous sliding mode control of Markovian jump systems with time-varying delays and partly accessible mode

[11]
[12]
[13]
[14]

[15]

detection probabilities, Automatica 93 (2018) 33-41.

W. Fei, L. Hu, X. Mao, M. Shen, Generalized criteria on delay-dependent stability of highly nonlinear hybrid stochastic systems, Internat. J.
Robust Nonlinear Control 29 (5) (2019) 1201-1215.

E. Boukas, Z. Liu, P. Shi, Delay-dependent stability and output feedback stabilisation of Markov jump system with time-delay, IEE Proc.-Control
Theory Appl. 149 (5) (2002) 379-386.

Y.-Y. Cao, J. Lam, L. Hu, Delay-dependent stochastic stability and H., analysis for time-delay systems with Markovian jumping parameters, J.
Franklin Inst. 340 (6-7) (2003) 423-434.

D. Yue, Q.-L. Han, Delay-dependent exponential stability of stochastic systems with time-varying delay, nonlinearity, and Markovian switching,
IEEE Trans. Automat. Control 50 (2) (2005) 217-222.

H. Shen, S. Xu, X. Song, Y. Chu, Delay-dependent H,, filtering for stochastic systems with Markovian switching and mixed mode-dependent
delays, Nonlinear Anal. Hybrid Syst. 4 (1) (2010) 122-133.

[16] J. Wang, H. Wang, A. Xue, R. Lu, Delay-dependent H., control for singular Markovian jump systems with time delay, Nonlinear Anal. Hybrid

[17]
[18]

[19]
[20]
[21]
[22]
[23]

[24]
[25]

Syst. 8 (2013) 1-12.

W. Fei, L. Hu, X. Mao, M. Shen, Delay dependent stability of highly nonlinear hybrid stochastic systems, Automatica 82 (2017) 165-170.

P. Balasubramaniam, R. Rakkiyappan, Delay-dependent robust stability analysis for Markovian jumping stochastic Cohen-Grossberg neural
networks with discrete interval and distributed time-varying delays, Nonlinear Anal. Hybrid Syst. 3 (3) (2009) 207-214.

Z. Wang, Y. Liu, X. Liu, Hy, Filtering for uncertain stochastic time-delay systems with sector-bounded nonlinearities, Automatica 44 (5) (2008)
1268-1277.

H. Min, S. Xu, B. Zhang, Q. Ma, Output-feedback control for stochastic nonlinear systems subject to input saturation and time-varying delay,
IEEE Trans. Automat. Control 64 (1) (2018) 359-364.

Y. Li, C. Kou, Robust stabilization of hybrid uncertain stochastic systems with time-varying delay by discrete-time feedback control, Adv.
Differential Equations 2017 (2017) 1-17.

T. Zhang, H. Chen, The stability with a general decay of stochastic delay differential equations with Markovian switching, Appl. Math. Comput.
359 (2019) 294-307.

H. Dong, X. Mao, Advances in stabilization of highly nonlinear hybrid delay systems, Automatica 136 (2022) 110086.

H. Sun, J. Sun, J. Chen, Stability of linear systems with sawtooth input delay and predictor-based controller, Automatica 117 (2020) 108949.
Y. Qian, D. Zhao, New results on the stability and L,-L., control of Itd stochastic systems with sawtooth-like input delay, IEEE Access 10 (2021)
708-717.

18


http://refhub.elsevier.com/S1751-570X(23)00084-5/sb1
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb1
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb1
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb2
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb2
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb2
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb3
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb3
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb3
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb4
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb5
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb6
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb6
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb6
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb7
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb7
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb7
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb8
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb8
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb8
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb9
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb9
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb9
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb10
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb10
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb10
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb11
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb11
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb11
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb12
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb12
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb12
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb13
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb13
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb13
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb14
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb14
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb14
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb15
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb15
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb15
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb16
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb16
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb16
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb17
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb18
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb18
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb18
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb19
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb19
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb19
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb20
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb20
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb20
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb21
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb21
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb21
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb22
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb22
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb22
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb23
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb24
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb25
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb25
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb25

H. Xu and X. Mao Nonlinear Analysis: Hybrid Systems 50 (2023) 101413

[26] M. Gugat, M. Tucsnak, An example for the switching delay feedback stabilization of an infinite dimensional system: The boundary stabilization
of a string, Systems Control Lett. 60 (4) (2011) 226-233.

[27] R.Z. Khasminskii, Stochastic Stability of Differential Equations, Sijtjoff and Noordhoff, Alphen, 1980, (translation of the Russian edition, Moscow:
Nauka 1969).

[28] X. Mao, A note on the LaSalle-type theorems for stochastic differential delay equations, ]J. Math. Anal. Appl. 268 (1) (2002) 125-142.

[29] L. Shaikhet, Stability of equilibrium states of a nonlinear delay differential equation with stochastic perturbations, Internat. J. Robust Nonlinear
Control 27 (6) (2017) 915-924.

[30] Y. Liu, J. Liu, W. Li, Stabilization of highly nonlinear stochastic coupled systems via periodically intermittent control, IEEE Trans. Automat.
Control 66 (10) (2021) 4799-4806.

[31] X. Mao, J. Lam, L. Huang, Stabilisation of hybrid stochastic differential equations by delay feedback control, Systems Control Lett. 57 (11) (2008)
927-935.

[32] J. Hu, W. Liu, F. Deng, X. Mao, Advances in stabilization of hybrid stochastic differential equations by delay feedback control, SIAM J. Control
Optim. 58 (2) (2020) 735-754.

19


http://refhub.elsevier.com/S1751-570X(23)00084-5/sb26
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb26
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb26
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb27
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb27
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb27
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb28
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb29
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb29
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb29
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb30
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb30
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb30
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb31
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb31
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb31
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb32
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb32
http://refhub.elsevier.com/S1751-570X(23)00084-5/sb32

	Improved delay-dependent stability of superlinear hybrid stochastic systems with general time-varying delays
	Introduction
	Model formulation and global solution
	Hybrid SDDEs with general time delays
	Global solution

	Conditions for stability
	New decomposition scheme
	Lyapunov functional

	Delay-dependent stability
	Examples
	Application to mosquito model
	Nonlinear delay feedback control

	Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgments
	References


