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A PRIORI AND A POSTERIORI ERROR ANALYSIS FOR SEMILINEAR
PROBLEMS IN LIQUID CRYSTALS

RuMA RANI MAITY!, APALA MAJUMDAR?*? AND NEELA NATARAJ*

Abstract. In this paper, we develop a unified framework for the a priori and a posteriori error control
of different lowest-order finite element methods for approximating the regular solutions of systems of
partial differential equations under a set of hypotheses. The systems involve cubic nonlinearities in
lower order terms, non-homogeneous Dirichlet boundary conditions, and the results are established
under minimal regularity assumptions on the exact solution. The key contributions include (i) results
for existence and local uniqueness of the discrete solutions using Newton-Kantorovich theorem, (ii)
a priori error estimates in the energy norm, and (iii) a posteriori error estimates that steer the adaptive
refinement process. The results are applied to conforming, Nitsche, discontinuous Galerkin, and weakly
over penalized symmetric interior penalty schemes for variational models of ferronematics and nematic
liquid crystals. The theoretical estimates are corroborated by substantive numerical results.
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1. INTRODUCTION

In this paper, we establish a unified framework for the a priori and a posteriori error analysis for coupled
systems of second-order semilinear elliptic partial differential equations (PDEs) with nonlinearities in lower-
order terms and non-homogeneous Dirichlet boundary conditions under minimal regularity assumption on the
exact solution. We approximate the regular solutions u to N(u) = 0, such that « is subject to non-homogeneous
Dirichlet boundary condition. Here N : X — V* is a nonlinear differentiable operator with cubic nonlinearities
in lower-order terms, the Hilbert space X is the continuous trial space, and V is the test space with dual V*. The
framework of the a priori error analysis is based on the Newton—Kantorovich theorem, applied to the discrete
differentiable function Ny : X;, — V}*, associated with N. Here X}, and V}, are finite dimensional trial and test
spaces, respectively, associated with a triangulation 7 of a bounded two-dimensional domain with a Lipschitz
continuous boundary.
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posteriori error analysis, non-linear elliptic PDEs, non-homogeneous Dirichlet boundary conditions, nematic liquid crystals,
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Under a set of hypotheses that are sufficient to establish the discrete stability of a well-posed linear problem,
and to verify the assumptions in Kantorovich theorem, this article unifies the a priori error analysis for lowest-
order finite element methods for semi-linear problems with cubic nonlinearity. The a posteriori error analysis is
established under an additional hypothesis and is based on the local Lipschitz continuity of the Frechét derivative
of an extended nonlinear operator NV : X — V* around the exact solution, and an appropriate decomposition
of the error itself to deal with the non-homogeneous Dirichlet boundary data approximation. Here the extended
Hilbert space X contains both the continuous and discrete trial spaces. The framework applies to a wide class
of variational models in materials science, with free energies that involve a Dirichlet or isotropic elastic energy
density and a lower-order nonlinear, non-convex potential. Two good examples of such variational models are
the Landau-de Gennes model for liquid crystals [26] and the ferronematic model studied in [13].

The framework in this article covers four popular discrete schemes studied in literature; namely, the conform-
ing, Nitsche, discontinuous Galerkin (dG), and weakly over penalized symmetric interior penalty (WOPSIP)
schemes for the approximation of the regular solutions in ferronematic model [13] and a Landau-de Gennes
(LDG) model for nematic liquid crystals (NLCs), with special reference to the stable solutions that model the
physically observable configurations in experiments. The Nitsche’s method [15, 28] imposes non-homogeneous
Dirichlet boundary conditions weakly rather than incorporating them into the finite element space (as done
in the standard conforming FEM). The dG schemes also impose Dirichlet boundary conditions weakly in the
discrete formulation and has other attractive features. The basis functions of the finite element space associ-
ated to dG schemes are discontinuous, hence adds flexibility in global assembly, and are parallelizable; they are
elementwise conservative, they allow hanging nodes in mesh generation, and different order of polynomials on
bordering elements without continuity enforcement, and help in handling complicated geometries. In the last
few decades, dG schemes have received a significant amount of attention due to their applications in a wide
range of PDEs, see [10] and the references therein. The WOPSIP method [3,4,29] is a symmetric variant of the
dG scheme well-studied in the literature. This method is intrinsically parallel, does not require the tuning of the
penalty parameters, satisfies optimal order error estimates in both energy and L2-norms and has less computa-
tional complexity. Though the over-penalization in the WOPSIP method increases the condition number of the
resulting discrete system, this can be offset by a simple block diagonal preconditioner [3]. This article identifies
a set of hypotheses that are sufficient to prove optimal order a priori and reliable and efficient a posteriori error
estimates for semilinear problems with nonlinearities in lower order terms and applies to all the aforementioned
methods.

An abstract framework for the error control of the conforming and nonconforming discretization of a class
of fourth-order semilinear elliptic problems with quadratic nonlinearities and homogeneous Dirichlet boundary
conditions is developed in [7]. The a priori analysis is extended to other lowest-order quadratic schemes and
rough right-hand sides F' € V* in [8]. The new framework in this article builds on these results; accounts
for non-homogeneous Dirichlet boundary conditions, higher order nonlinearities in lower order terms, and a
posteriori error analysis. In [23], we analyse the dG approximation of the Euler-Lagrange equations of a reduced
two-dimensional LDG energy, which are a coupled system of second-order nonlinear elliptic PDEs with cubic
nonlinearities with non-homogeneous Dirichlet boundary conditions, and discuss a parameter dependent a priori
error analysis for the regular solutions that have HZ2-regularity. The error analysis in [24] focusses on solutions
of the reduced LdG model with reduced regularity for Nitsche’s method and dGFEM, and employs medius
analysis [12], which combines the ideas of a priori and a posteriori error analyses.

In this paper, medius analysis is circumvented employing the properties of the enriching operator developed
in [20] and building on the techniques for lowest-order nonstandard FEMs in the context of the biharmonic
equation [6]. Though the recipe for treating semilinear PDEs and exact solutions with minimal regularity is
well studied in literature; the systems with cubic nonlinearities and non-homogeneous boundary conditions
considered in this article introduce significant changes in the hypotheses and the further development of the
unified framework. This leads to novelty in the error analysis, and also in the verification of hypotheses for the
important applications considered in this article. To state some specific challenges, an elegant representation of
the nonlinear operator for the ferronematic case [25] helps in identifying the hypotheses (B1) and (B2) that are
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crucial for a systematic analysis in this article. The nonlinear part involve fifteen terms and contain quadratic as
well as cubic terms, and this explains the significance of the vector form representation of the nonlinear operator
in the analysis. Note that Carstensen et al. [7,8] deals with quadratic nonlinearity for which the boundedness
in (B1), (B2) are simpler to verify (and hence are not stated as explicit assumptions). Moreover, the quadratic
nonlinearity implies that the second-order term in the expansion of Taylor series for the nonlinear parts vanish.
For the applications considered in this article, owing to cubic nonlinearity, the second-order term in Taylor
expansion does not vanish; and the non-zero higher order terms in the Taylor expansion are controlled by local
Lipschitz continuity property of the Frechét derivative of the nonlinear operator. The general framework of the
a posteriori error control in this paper is based on the technique in [24] and adapts the methodology in [7,33]
for semilinear systems with cubic nonlinearity and non-homogeneous boundary conditions.

To illustrate the applicability of the analysis in this paper, we show how the framework can be applied to the
ferronematic free energy functional [13], that involves solving a a system of four coupled PDEs with cubic nonlin-
earity and non-homogeneous Dirichlet boundary conditions. Ferronematics [27] are exciting composite materials
with long range orientational order and magnetic ordering, and are of interest in optics, telecommunications,
microfluidics, and pharmacology. In [25], the authors discuss the asymptotic analysis of global ferronematic
energy minimizers in a rescaled elastic constant limit, and perform finite element analysis for the approximation
of H2-regular solutions in conforming FEM and Nitsche’s frameworks. The general framework of this paper
covers the analysis of the ferronematics solutions with milder regularity in H1**(Q) := (H!T*(Q))*, 0 < a < 1,
and also works for conforming, Nitsche, dG and WOPSIP schemes, both recovering and substantially extending
the work in [25]. More precisely, we work on bounded two-dimensional domains with Lipschitz boundaries and
the non-homogeneous Dirichlet boundary conditions in Hzt*(9Q) := (Hz7*(80Q))*,0 < a < 1. The second
example focuses on the LdG (Landau-de Gennes) model for nematic liquid crystals, which are complex fluids
with long-range orientational order. The papers [23,24] focus on the reduced LdG model in two dimensions,
with two degrees of freedom. The framework in this paper can be used to derive error estimates for this reduced
LdG model, which involves a system of two nonlinear, elliptic coupled partial differential equations with non-
homogeneous Dirichlet boundary conditions, and cubic nonlinearities in the two degrees of freedom. This is a
substantial improvement that follows from merely checking the hypotheses of the framework, and applies to
conforming, Nitsche, dG and WOPSIP schemes simultaneously, and solutions with reduced regularity. Other
possible applications include variational models for micromagnetics, elasticity, elastomers and these are not
discussed further in this paper.

The principal mathematical results can be summarised as follows. Let  C R? be a bounded polygonal domain.
Let 7 denote a shape regular triangulation of ) into triangles, and T(§) denote the non-empty subset of all such
triangulations 7" with maximal mesh size smaller than or equal to a positive constant §. The maximal mesh-size
in a triangulation 7 is denoted by h := max hy, where hy € Py(7) with hr|r = hp = diam(T) = |T|% for all
T € T. For each triangulation 7, the associated finite dimensional trial space is X},, and the test space is V},.
The main contributions are given below.

— (Existence and uniqueness of solution). There exists a positive constant ¢ such that, for all 7 € T(4),
there exists a locally unique discrete solution w, € X to Np(up) = 0 near the regular root u, where
Ny, : Xy, — V¥ is the discrete differentiable function associated to V.

~ (A priori error estimate). For all T € T(4), ||u—un|lg S h*,0 < a < 1, where the norm ||-[|; is

associated to an extended Hilbert space X such that X + X nC X. Here « is the index of elliptic regularity.
— (Reliable and efficient a posteriori error estimate). There exist € > 0 such that any approximation
nn € Xp with |lu —np|| ¢ < € satisfies

lu=mill < [Nom| .+ min . —nilg +data app() < (fu =il + data app(a).

V*
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Here the nonlinear function N : X — V* extends the function N to X, and the set X(g) ==V + g for some
g € X. Here “data app(+)” is a seminorm on X, and in applications it represents the approximation error
for the non-homogeneous boundary data in the triangulation 7.

— (Applications). Application of the results to conforming, dG, Nitsche and WOPSIP schemes for ferrone-
matic and nematic liquid crystal models are discussed.

— (Numerical results). Numerical results that corroborate theoretical estimates for uniform mesh-
refinements, and show improved empirical convergence rates in adaptive mesh-refinements are presented.

The paper is organized as follows. Section 2 focuses on the preliminary set up and statement of proof of the
discrete stability of a well-posed linear problem under a set of hypotheses. Under an additional set of hypotheses
we establish the existence and uniqueness of local discrete solution in Section 3. A posteriori error control follows
in Section 4 with an hypothesis. Sections 5 and 6 apply the analysis to ferronematic systems for conforming,
Nitsche, and dG schemes. We discuss the abstract theorems for WOPSIP scheme, applied to the ferronematics
model in Section 7. Section 8 contains several numerical experiments that illustrate theoretical results for both
uniform and adaptive refinements. The reduced LDG model for NLCs is further discussed in Section 9. Section 10
concludes with some brief perspectives. Appendix contains a proof of the abstract discrete inf-sup condition, a
table that summarises the constant dependencies for various examples, proofs of error estimates for Nitsche’s
method, and the comprehensive numerical results.

2. ABSTRACT DISCRETE INF-SUP CONDITION

This section deals with the sufficient conditions for the stability of a well-posed linear problem. The semilinear
boundary value problem, its discretization, and the preliminary set up are introduced first.

Let X be a real Hilbert space, and let X and X} be two complete linear subspaces of X. Suppose V' (resp.
V1) be a complete linear subspace of X (resp. Xp,). Recall that X and V' (resp. X}, and V},) are the continuous
(resp. discrete) test and trial spaces. The norm in X (resp. X and X},) is denoted by |-ll¢ (resp. ||| x and
[, such that (19l = [y, and (HIDIv < [ Let there xist €1 > 0 such that |- < Cilll
in X.

Define N : X — V* by N(z) := &z + #B(x) with a leading operator &/ € L(X;V™*) associated to the
bilinear form A : X x X — R such that («/z, ) = A(z,¢); and a nonlinear function % : X — X* such that
(B(x),p) = B(z,p). Here B : X x X — R corresponds to the nonlinear part of the system of PDEs. We
approximate the regular solution u € X(g) to the continuous nonlinear system

(N(u), ) = (Fu, ) + (B(u), ) = Alu,¢) + B(u,p) =0 for all p € V. (2.1)

A solution of (2.1) is called regular if and only if N is differentiable at u and the Frechét derivative DN (u) is
an isomorphism of V' onto V*. For z;, € X, define Ny (xy) := ehay + B(xn) — Frn, where epxyp := Ap(zh, )
is associated to the discrete bilinear form Ay : X}, x X — R and F}, € V)" stems from the non-homogeneous
Dirichlet boundary condition. The discrete problem that corresponds to (2.1) seeks u;, € X}, such that for all
©n € Vi,

(Nn(un), pn) = (Dpun, pn) + (B(un), on) — Fn(en) = An(un, on) + B(un, on) — Fa(en) = 0. (2.2)

Let By, : X x X — R denote the bilinear form associated to the operator %Ay, € L(X;V*) obtained by a
linearisation of % around the exact solution u of (2.1), that is By, := DZ%(u), such that Zra := B (z,-) for all
2 € X. Let there exist a constant Cy > 0 such that for all 7,7 € X, |B(Z,7)| < Co||Z]| 5|9l ¢ - Suppose that
the linear operators & and & + %y, in L(V;V*) associated with the bilinear form A and the Frechét derivative
DN (u;-,-) := A(-,-) + B(+,-) of N at the regular solution u, are invertible. That is,

0<ap:= in‘f/ sup A(z,y) and 0 < f:= inf sup DN(u;z,y). (2.3)

ol =1 g 2€Y lele=1 1 4V
2l =1yl =1 allx =1yl =1
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Abbreviate the bound ||| := |||, x,y/+) and | =] := ||/ || L(v+v). Also, let the discrete bilinear form
Ap (-, ) (that corresponds to A(:,-)) satisfy the inf-sup condition,
0<ap= inf sup  Ap(zh,yn). (2.4)
Vi oy

Zh " hEVh
lonllx, = lynllx, =1

Four parameters in (A1)—(A4) and a smallness condition on them are identified next to establish the discrete
inf-sup condition for the discrete bilinear form in Theorem 2.1.

Suppose that there exist two linear operators I, € L(V; V), Q € L(V4; V), and parameters 1,02, A1,Cy >0
such that (A1)—(A4) below hold.

(A1) 61 := sup ||(1—In) o " (BL(bh, )|V)H)? is sufficiently small,
0L EVR
16n1x, =1
(A2) 65 := sup sup  Bpr(0n, (1 — Q)pp) is sufficiently small,

0nEVR Pr€EVh
thl‘xhzl H‘Fh Hxh =1

(A3) ||(1 — Q)(th)? <A dist”.”)?(goh, V) for all pp € V3,
(A4) Ap(nson) — A(QEn, Qon) < Call(1 — Q)énll g llenllx,  for all &u,pn € V.

Remark 2.1 ((A1)—(A4) in applications). Given 6, € V3, and the solution & of the linear problem A(, ¢) =
Br(0n, ) for all ¢ € V, (A1) corresponds to an interpolation error. The boundedness of the bilinear forms
By, Ap, A and a choice of an appropriate enrichment operator @ [20] establish the smallness of the term
Br(0, (1 —Q)pp) in (A2), and the bounds (A3) and (A4) in applications.

Remark 2.2 (Comparison with [7,8]). The article [7] discusses only conforming and nonconforming methods
whereas [8] extends [7] to include other lowest-order P, methods. Hence we compare the hypotheses of this
article with [8]. The hypotheses to establish the discrete inf-sup condition is exactly comparable to the cor-
responding hypotheses in [8] as the discrete inf-sup condition is associated to linear PDEs with homogeneous
boundary conditions. More precisely, (A1), (A2), (A3), and (A4) are provided in (H2), (H3), (2.4), and
(H1), respectively.

For 0y, pp € Vi, let the Frechét derivative DN, (u) at u of Nj, be defined by
DNp(u; 0, pn) == An(On, on) + BL(0n, n). (2.5)
Let By := anfB — ((an + CaAy + C2(Ay + 1)2[|7||)6; + 62) with

5 b

T AA OO M Gl ) (2.6)

Theorem 2.1 (Discrete inf-sup condition). Let v be a regular solution to (2.1). The assumptions (2.3), (2.4),
and (A1)—(A4) imply the discrete inf-sup condition

Bo<PBn= inf sup DNy (u; 0n, on).- (2.7)
On €V ©rEVR
191 x, =1 flonll ., =1

Requiring that the exact solution of (2.1) lies in an affine subspace X(g) of X leads to a different norm
equivalence relation of [|-|| ¢ and ||-||y on V, and hence the proof of Theorem 2.1 involves a modification of the
approach in Theorem 2.1 of [8], and is presented in Appendix A.
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3. EXISTENCE AND UNIQUENESS OF THE DISCRETE SOLUTION

This section presents existence and uniqueness of the discrete solution of the nonlinear system (2.2). We
identify four parameters in (A5)—(A8), and two boundedness properties in (B1) and (B2) associated to the
nonlinear part B of (2.1) and its perturbation to establish the well-posedness of the discrete problem.

Assume the existence of the linear operator P € L(X},; X) and the parameters d3, 4, Aa, C4 > 0 such that

(A5) Jz, € Xp with 3 := [lu — 21| ¢ sufficiently small,

(A6) 64:= sup B(u,(1—Q)yp) is sufficiently small,
¥ €V
lonllx, =1

(A7) ||(1 — P)l‘hH)? < Ag diStH»H;(fh,X) for all T € Xh,
(A8) Ap(xn, 1) — A(Pzn, Qon) — Filen) < Callzn — 2l gllenlly, Yz € X(g), 2n € Xn, ¢n € Vi

Remark 3.1 (Comparison with [8]). The hypotheses (A5) and (A7) in this paper are exactly comparable to
(H4) and (2.3), respectively, in [8]. (A8) is introduced in this paper to handle the fact that the exact solution
of (2.1) lies in an affine subspace X (g) of X, and in applications, the non-homogeneous boundary conditions.
Both the articles [7, 8] exclusively focus on trilinear nonlinearity, whereas with the assumptions (A6), (B1),
(B2), we generalize the results to higher order nonlinearity, for example, cubic nonlinearity in ferronematics.

Let EL :XxX >Rbea perturbed bilinear form obtained by the linearisatign of & around z;, € X},. For
any 0, pn € Vi, with ||‘9h||Xh, =1 and ||<ph||Xh =1, let there exist constants Cg,Cp > 0 such that

(B1) DB(u; 0n, 0n) — DB(21; 0n,01) = Br(On,0n) — Br(0n, ¢n) < Cillu — 21| 5,
(B2) B(u,on) — B(zn,n) < Cllu— 2|5

The non-negative parameters d1, - - - ,dy, and Cp, 53 depends on the fixed regular solution u to N(u) = 0, and
this dependence is suppressed in the notation for simplicity.

Remark 3.2 ((A5)—(A8), (B1), and (B2) in applications). (A5) assumes the existence of z; € X}, suffi-
ciently close to the exact solution u of (2.1), and in applications, z, is chosen as the interpolation of u. (A6)
holds by boundedness of B and properties of ). The operator P : X; — X is introduced to treat the non-
homogeneous Dirichlet boundary condition for the exact solution and (A7) states its approximation properties.
(A8) is a modification of (A4) for non-homogeneous boundary conditions in applications. For the case of
homogeneous boundary condition, the analysis follows by choosing P = @ and (A8) is (A4) for this case. (B1)
controls the error between the linearised form By, and its perturbation. The starting point in Newton iteration

is a perturbation of the exact solution (denoted as z;, above), and (B2) controls perturbation of the nonlinear
part B(-,-).

The existence and local uniqueness of the discrete solution is established in Theorem 3.2 using Kantorovich
theorem, and proof utilizes the discrete inf-sup condition in Theorem 2.1.

Theorem 3.1 (Kantorovich [16,34]). Let Z,Y be Banach spaces, and L(Y,Z) denotes the Banach space of
bounded linear operators of Y into Z. Suppose that the mapping N : D C Z — Y is Fréchet differentiable on
an open convex set D, and the derivative DA () is Lipschitz continuous on D with Lipschitz constant L. For
a fived starting point x° € D, the inverse DA (2°)~! erists as a continuous operator on Z. The real numbers a
and b are chosen such that

HD,/V(Q:O)AHL(Y;Z) <a and |‘DJV($O)_1JV(£O)”Z <b (3.1)

and h* := abl < % Suppose, the first approzimation x' = x° — DA (2°)~1 A4 (2°) has a property that the
closed ball Bz (x',r) := {x € Z| ||z —a'||z < r} lies within the domain of definition D, where r = 1=1=2h" V(LIL_W —b.
Then the following are true.
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(1) Emistence and uniqueness. There ezists a solution, x € Bz(z',r) to A (x) = 0, and the solution is unique
on Bz (2%, 7*) N D, that is, on a suitable neighborhood of the initial point, x°, with r* = HivalL_Qh

(2) Convergence of Newton’s method. The Newton’s scheme with initial iterate, x°, leads to a sequence,
" =gt — DA (2" )T A (2, in Bz (20, r*), which converges to, x, with error bound ||z™ — x|, <

loon
Q0202 | p=0,1....

Theorem 3.2 (Existence, uniqueness, and Newton iterates). Let u € X (g) be a regular solution to N(u) = 0.
Suppose that (2.3), (2.4), (A1)-(A8), and (B1) and (B2) hold, and let

Br = apf — ((ah +OaA + C2 (A, + 1)2\\;@%”)51 T 0353) >0, and (3.2)
b= g7} ((Cf”d”(l + A1+ Ag) +Ca + 53)53 + 54) > 0. (3.3)

For zp, in (A5), let the Frechét derivative of 8 : X, — V;* be Lipschitz continuous on By, (zn,2b) with Lipschitz
constant L. Then (i) there exists a solution u, € Xy, to Ni(up) = 0 with [|lu —up||¢ < p, where p := 03 +b+r,

r:z(l—@)/m—bzo, and r*:= (1+m)/m>0, (3.4)

with m == B 'L > 0 and h* = bm > 0, and (ii) if pm < 3, then the solution uj, to Nj(up) = 0 is unique in

o lion
Q-a=2nD2)® o 20,1,

Bg(u, p), (iii) the Newton iterates xj, converges to up with ||zj; — up| < 5L

Proof. The proof utilizes the Kantorovich theorem stated in Theorem 3.1. The assumptions of Theorem 3.1
are verified in Steps 1-4 and the conclusions are established.

Step 1 (Settings). Let A4 := Nj,, Z = X;,Y :=V;*, D := By, (21, 2b), and 20 := 2.

Step 2 (Lipschitz continuity of DN},). The definition of DNj, with the cancellation of the linear Aj terms
yields

DNy (013 0, 1) — DNw(Xns 0n, 0n) = DAB(ns On, on) — DAB(Xn; On, o1) for all ny, xn € D.

Since the Frechét derivative of # : X);, — V}* is Lipschitz continuous on D with Lipschitz constant L, the
above displayed identity shows that the Frechét derivative DN}, is also Lipschitz continuous. Also, the
smallness assumptions on the parameters d3 and d4 implies 2bL < f3;.

Step 3 (Verification of (3.1)). For z;, € X}, in (A5), define the perturbed bilinear form
DNy (203 01y 1) := An(On, 1) + Br(0n. on) for Op, pn € Vh.

The definition of DNh yields DNh(u; 9;,,, Sﬁh) = DN},,(Z},,; 9}“ (ph) + (BL(Q;L, gDh) — EL(Q}L, Soh))- Theorem 2.1,
(B1), 43 = [|u — 24|/ ¢ from (A5), and the smallness assumption on d3 lead to

0<p1=p0—Cpdg< inf sup DNy (2n;0n, ¢n)- (3.5)
OnEVy Yn€Vh
19n 1), =1 lonll x, =1

This yields HDNh(Zh)_1||L(V;;Vh) < 7! =: a. The definition of a and the inequality 2bL < 3; from Step 2
imply that h* = abL = ﬁflbL < % Furthermore,

| DN )™ M), < |[ DN IVl < 8 N () - (36)

M,

L(V;esVi)
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Next we estimate HNh(zh)HVh*. Given ¢y, € Vi, with |||y, = 1, the definition of Nj(-) in (2.2), an addition
and subtraction of A(Pzy,Qwp), and the continuous nonlinear system (N (u), Qep) = 0 in (2.1) yield

Ni(zn; on) = An(2n, ©n) + B(zn, ©n) — Fr(on)
= A(Pzp — u,Qon) + (An(2zn, on) — A(Pzp, Qon) — Fr(en)) + (B(zn, on) — B(u, Qpr)). (3.7)

The boundedness of A(:, ), a triangle inequality, || - ||x < Ci| - [/, (A3), and (A7) lead to
APz, —u,Qpp) < || P2n — ull x |Qpnll x < CEI(I(1+ A1)(L+ Az)u— 2] 5.
Utilize (A8) to estimate the second term on the right hand side of (3.7) as
An(znyon) = A(Pzn, Qion) = Fulion) < Callu— 2l 5
Employ (B2), (A5) and (A6) to establish
B(znson) — B(u, Qpn) = (B(zn, n) — B(u, 1)) + Blu,on — Q) < Cds + ba.

A substitution of the aforementioned three estimates in (3.7) and a use of (A5) establish

| N (2)|

ve < (CHF (1 + M)A+ As) + Ca + Cp ) ds + 6.
This, equation (3.6), and the definition of b in (3.3) yield
|DN(20) " Niu(zn) ||, < B 1Nk (20)]

The possible case b = 0 implies 63 = 04 = 0, and u = z;, in (A5), and Np(zp) = 0 from (2.2). Therefore,
u = zp is the discrete solution uy. In this particular situation, the Newton Scheme is a constant sequence
zp = @) =z} = a7 = ..., and converges to lim, . 2, = up. Theorem 3.1 applies with r = 0,7* = 0 and

p=0.

v <. (3.8)

Step 4 (Ball condition). Recall that the Newton’s scheme with initial iterate, 29 := zj,, leads to a sequence,
ot =2 — DNy (2} )" Ny (27, n = 0,1,... The definition x} := 25, — DNy (21) ' Ni(2) and (3.8)
imply

ek 2l < IDNua) NG, <

For yj, € Bx, (z},r), this plus a triangle inequality yields
o = 2L, < llon =k, + lleh = 2], <7+ 59

The definitions of r, h*,m and 2bL < 3 show

e B 20, "L <2 (3.10)
AL BIYL(1+ /1 — 267 'bL)

This applied to (3.9) implies that the closed ball Bx, (z7,7) lies within the domain of definition
D = By, (z1,2b).

r+b=

Step 5 (Conclusions). (i) Theorem 3.1 applies to the Frechét differentiable function N, : D C X), — V;* and
ensures the existence of the discrete solution uy, € Bx, (xi, r), and the uniqueness in Bx, (zp,7*)ND. A
triangle inequality, (A5), the definition of z}, and uy € Bx, (z},7) lead to

lu—un|lg < Hu—zhHngth—x,llH)?Jer,ll—uhH)? <d3+b+r=:p.
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ii e proof of the uniqueness of uy, in B (u, p) follows verbatim from Theorem 4.1(iii) of [8] and is skipped.
ii) Th f of the uni fupin Bg foll batim from Th 4.1(iii) of [8] and is skipped
(iii) The convergence of the Newton iterates directly follow with a = 3;!. This concludes the proof. O

Remark 3.3 (A priori error control). In all the applications considered in this paper, p < h%, 0 < @ < 1, in
the displayed inequality above thus establishing the a priori error control ||u — u|| ¢ < h®. Here o is the index
of elliptic regularity.

Remark 3.4 (Uniqueness of uj, in Bg(u,p)). The assumption pm < % for the uniqueness of u;, in Bg(u, p) is
justified for sufficiently small values of the discretization parameter, h, since m <1, p S A% 0 < a < 1.

4. A POSTERIORI ERROR CONTROL

Suppose that there exists a bounded extension A : X x X — R of A with HEH;(X)?
SUP ccg SUD g% A\(f, y) such that A\|X><X = A. Define N : X — V* by (N(ﬁ),cp) = 2(777 ©) + B(7, )
IZlg=1  |Igliz=
for all € X, € V. Assume that the Frechét derivative of % : X — V* is locally Lipschitz continuous at
u € X, that is, there is a Ry > 0 such that in Bg(u, Ry),

|D#(H) — DBW) 5.0

v:=  sup — 00, (4.1)
neBx(u,Ro) 17— ullg
~ B (M;0,p0)— DA (u;0, .
where || DA(7) — DA(u)ll 5 ,+) = SUPge %\ {0} SWPpev\ {0} D (UHGS\T;HgHX( ) Recall that data app(-) is a

seminorm on X and X(g) = V + ¢ for some g € X. In addition to (4.1), assume that there exist an operator
Y : X;, — X(g) and a parameter Az < oo such that

(AP) |90 —mnllg < As (dist”_Hf(nh,X(g)) + data app(g)) for all 7, € X,.

Theorem 4.1. Given a regular solution u € X(g) to N(u) = 0, let the Frechét derivative of B : X — V*
be locally Lipschitz continuous at u € X. Assume the existence of As in (AP). Then there exists a constant
0<R< min(%,@"y*17Ro) such that for all nn, € Bg(u, R) N Xp,

0 =l <257 S|, +285(1+ 57 DRG]

)|u—nh||g-

))n%nh —mlles

@[S, < (38+ [pFw], .

Proof. (i) Let u € X(g) be a regular solution to N(u) = 0. The definition of DN (z;-,-) := A(-,-) + DAB(T;-,")
for x € X, and the Lipschitz continuity of the Frechét derivative, DA : X — V* at v € X, imply
|p&@ - DR, . |DA @) ~ DA 5 1)
sup — = sup — =y < 0. (4.2)
f€B<(u,Ro) M —ulg A€ Bg(u,Ro) 17— ulg

Let ny € Bg(u, Ry). A Taylor expansion of N around u, and N(u) = 0 in (2.1) lead to

1
0= N(u;p) :N(nh;ap)—&-/ DN (u—+t(ny —u);u — np, ) dt.
0
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Introduce DN (u;w — Mp, ) in the above displayed expression and re-arrange the terms as

~ ~

1
DN (u;u —np, ) = =N (n; @) — / (DN(U +t(np — uw);u — np, ) — DN (w;u — g, <P)) dt. (4.3)
0

Rewrite u — n, as (u — ¥nn) + (9nn — mr) in the left-hand side of the above term and use linearity of
DN (u;-,-), to obtain

Dﬁ(u; U — Gy, ) = —N(nh; ©) — Dﬁ(u;%h — Nh, P)

1
—/ (DN(qut(nh —U);U— Ny ) — DN(U;u—nh,w)) dt
0

< (HN(”’”HV* + HDN(U)HL(XV 1%nn — mnll g +Yllu - mll%) lell x (4.4)

?)

with (4.2) in the last step. Since ¥ny, € X (g), u — ¥np, € V. For 7 > 0 small enough, the continuous inf-sup
condition (2.3) implies that there exists ¢ € V with |||y = 1 such that

(B = 7llu = Fmnllx < DN(u;u—Gnp, @)
A triangle inequality, norm equivalence (||-|| ¢)[v = ||-|| x, and the last displayed inequality yield
B =1l =mlg < (B=7)(lu—Gmlx +19m —mlg) < DN(usu—Gnn, ) + (8 —7)|F0n — -

For 7 — 0, equation (4.4) leads to

< $: 2
Bllu=mlg < || Fem)| .+ (m [p¥e], .. )n%h — mallg + M —ml%-

)

Re-arrange the terms to obtain

(8=l =mlg)lu—mlg < [Now)| .+ (6+ [p¥e], .. )wnh il -

)

A choice of R > 0 such that [|u —n,]|¢ < R < min(3877%, Ro) leads to

Bllu—nullg < QHN(nh)HV* + <2ﬁ + 2HDN(U)HL()?,V*)) 19 mm — 1l 5

This completes the proof of (i).

(ii) The identity (4.2), (4.3), and |[u —ns|lg < 367" yield

[Feml,. <t —ml + [PR@, o = mils < (1/2ﬂ+ HDM@HLW*)) =l 5.

)

This concludes the proof.

5. APPLICATION TO FERRONEMATIC SYSTEM

In this section, we discuss the preliminaries needed to apply the frameworks of a priori and a posteriori error
estimates, discussed in Sections 2—4, to ferronematic system [13,25].
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5.1. General notations

Standard notations on Sobolev spaces and their norms are employed throughout in the sequel. The standard
semi-norm and norm on H*() (resp. W*P(Q)) for s,p positive real numbers, are denoted by |-|, and |-||,
(vesp. ||,,, and ||, ). The L*(Q) inner product is denoted by (-,-). The notation H*(Q) (resp. LP(Q)) is
used to denote the product space (H*(2))* (resp. (LP(22))*. The norms || - [, (resp. || - [, ,) in the Sobolev
spaces H*(€2) (vesp. W*(€2)) are defined by [|]], = (L, @i} for all @ = (g1, ¢z a,00) € H(9)
(resp. [|®]l, = (Z?Zl ||<pi\|§7p)% for all @ = (1, ¥2,p3, 1) € W*P(2)). The norm on L?(Q) space is defined
by 19y = iy llpillg)® for all @ = (1,02,8,%4) € L¥(Q). Let C°(9Q) := (C°(0Q))*, V = Hy(Q),
V =H}(Q) = (H} Q)4 X = HY(Q), and X := H(Q).

Recall that T is a set of shape regular triangulation of € into triangles and h = max h7 is the discretization
parameter associated with the triangulation 7 € T. Let £(Q2) (resp. £(02)) denote the interior (resp. boundary)
edges of 7 and € := £(Q) U £(09Q). The length of an edge E is denoted by hg. Define H(T) := {¢ € L*(Q) :
olr € HYT) for al T € T}, Pi(T) := {p € L*(Q)| p|lr € Pi(T) for all T € T}, and set HY(T) := (H'(T))*,
Py(T):= (Pi(T))*. Define H'(E) := (H'(E))* for E € €. Let |||y, := || zr1(7) := [[Vpw|, associated with the
piecewise gradient V, and || - |||12)W = Z?Zl ||||§W The jump [¢] g and average {¢}r of piecewise H! function
¢, across an interior edge F shared by the triangles 7T and T, are defined as [p|g = ¢|r+ — ¢|r- and
{¢}E == 2(p|r+ + |- ), respectively, and for an boundary edge E of the triangle T are defined by [¢] g := ¢|r
and {¢}g = ¢|r, respectively. For ® := (p1, 02, p3,¢4) € HY(T), and the unit outward normal vz to an
edge ENOT, define VOup|r = (Vi |r - vp, Vol - vp, Vslr - ve, Veulr - ve), |0l 5 = Y, l¢ill; 5 and
|||®|||§T =3, Hgol-||§7T, where for p € H(T), ||<p||§E = [ ¥*ds and ||g0||37T = [ ¢?dz. The inequality
a < b abbreviates a < Cb with the constant C' > 0 independent of the discretization parameter h, and
depends on the constants from trace inequalities, Sobolev embedding results, enrichment operator estimates,
interpolation estimates, penalty parameters in different FEMs, the constants in the continuous problem, and

the exact solution of the continuous problem. The exact dependence of various constants in the applications are
outlined in Table B.1.

5.2. Background

The free energy of a dilute suspension of magnetic nanoparticles in a nematic liquid crystal filled two
dimensional (2D) square well [1] is an example of a ferronematic system. It is described by two macroscopic
order parameters (i) LDG Q-tensor order parameter, and (ii) magnetization vector, M := (My, Ms). In 2D,
Q:=s(2n®n— 1), where Q € Sp := {Q = (Q;;)1<ij<2 € R?*2:Q = QT,trQ = 0} and I is the 2 x 2 identity
matrix. Here the nematic director n is an eigenvector of Q with largest positive eigenvalue and represents the
preferred direction of nematic molecular alignment, and s € R is a scalar order parameter that measures the
degree of orientational ordering. Let €2 be a 2D domain of unit characteristic length L. For Q17 and @12, two
independent components of Q, the total re-scaled and dimensionless free energy [13] is given by

1 1
aQA®:=/QOVQHF+NQmF+WmﬁF+Wmmﬁdx+z/fﬂQA@da (5.1)
Q Q
where fg is the quartic bulk energy density given by

MQW:(mﬁmrwﬁgW+W—ﬁ—%%W%Mﬂww%%)

o~ =

The parameter £ > 0 depends on nematic elastic constant, magnetic stiffness constant, temperature, and L.
¢ is a nemato-magnetic coupling parameter. Set the admissible set X' := {w € X : w = gondQ}, and
Q=@ + @y —1, M := M} + M3 — 1. The local or global minimizers of (5.1) are weak solutions, ¥ :=
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(@11, @12, My, Ms) € X, of the associated Euler-Lagrange equations:

AQu — 7 (QQu - 5 (M7 - 03)) =0
AQp— 171 (QQ12 - CMlMQ)

AM; — ¢! (MMl —c(Q1 My + QaM>) )
) =0

(5.2)
AMy — ¢t (MM2 — (@M1 — Qyy My)
5.3. Weak formulation
The weak formulation of (5.2) seeks ¥ € X such that for all ® € V,

N(T; @) := AV, ®) + B(V, d) =0, (5.3)

where for = := (517£Q7§3a§4)7 n .= (771777277737774)7 0 := (91,92a93794) and ¢ := (30173027410?”804) S Xa

4
A, d) = Z/ V0; - Vi da, B(¥, ®) := By (¥, d) + By(V, T, ®) + Bs(T, T, T, D). (5.4)
Q

Here

- z:j 7 [ i
B3(n,0,®) == o; (/ (1404 — m303) 1 dz — /9(77394 + 14b3)p2 d — /9(77193 + n361) s da
- /9(77294 + 14b2)ps da — /9(77293 + n302)pa da + /9(77194 + 1461)p4 diE).
For & = (&), Mij = (i,15), 0i5 = (05,0;), @iy = (i, 05) € (H'(2))? with (i, 5) = (1,2) or (3,4),
B3(E,1n,0,®) := %/ﬂ(@u ~ih12) (612 - @12) + (§12 - 012) (T2 - @12) + (Thz - 012) (E12 - P12)) dw

+ 37 Q((g34 - 734) (034 - @3a) + (€34 - O34) (734 - P3a) + (734 - O34) (34 - P34) ) dz.

Thanks to the compact representation of the nonlinear system in the vector form displayed in (5.3), the results
in the abstract framework presented in the previous sections apply here for X := X, V :=V X(g) := X, and
the nonlinear function N : X — V* defined in (5.3).

For all ©,® € V, the Frechét derivative of IV at the regular solution W is defined as

(DN(0)0, d) := A(0,®) + (DB(V)O, ) (5.5)

with (DA(¥)0, ®) := B1(0, D) + 2B2(¥,0,®) + 3B3(¥, ¥, 0, P). The solution ¥ of (5.3) is regular implies
that the inf-sup condition stated below holds

0<B:= inf sup (DN(¥)O,d). (5.6)
OcV deV
el =1o|,=1
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Regularity results

Now we discuss the regularity results for the solutions of (5.3). It follows that any weak solution
U € H?(Q) if Q is convex and g € H%(Q)7 and U € H'™(Q) if Q is nonconvex and g € H%+a(6Q),

where a := = — ¢; and w is the maximum of the interior angles at the reentrant corners and ¢; is any positive
number. The proof is skipped as it is an adaptation of the technique utilized in [23] for bounded convex polygonal
domains in R?, and employs Sobolev embedding results, a bootstrapping argument [11], and standard elliptic
regularity result ([3], Sect. 2).

In this paper, we discuss the discrete approximations of the regular solution ¥ of (5.3) such that ¥ €
X NHM(Q), with 0 < a < 1.

5.4. Auxiliary results

This section presents some auxiliary results that are used extensively in the rest of the article. The first part
discusses interpolation, smoothing operators; the second part establishes bounds that are helpful in verifying
hypotheses in applications, and third part describes discrete norms and their properties.

Interpolation and smoothing operators

Lemma 5.1 (Interpolation estimates [2]). For any ¢ € H'T%(Q) witha € (0,1], and T € T, there exist
Io¢ € PU(T) N HY(Q) such that ||¢ = IoCl| gy S e HICH oy for =0, 1.

Next we describe the estimates for the Scott-Zhang interpolation operator [31] and a lifting operator [19]
important for the a posteriori error analysis.

Lemma 5.2 (Scott—Zhang interpolation [31]). For [;m € Ng with 1 <1 < oo, the Scott—Zhang interpolation
operator Isy : HY(Q) — Vg := Py (T) N HE(Q) satisfies the stability and approzimation properties stated below:
(i) for all 0 < m <1, |[fszCll,n0 < CszliCllg for all ¢ € HY(S),

(if) provided | < 2, for all 0 < m <1, || — ISZC”mT < Cszhl m|(j|le for all ¢ € Hi(wr), T € T. Here the
constant Csyz > 0 is independent of h, and wr is the set of all triangles in T that share at least one vertex
with T.

Define the lifting operator [19] & : P1(7) — & such that n, := ¥n), satisfies
/ Vng - Vedr =Y / v, - Vo dzx for all ® € V
TeT

subject to the Dirichlet boundary condition ng|aq = g € C°(99) with g|p € H'(E) for all E € £(9Q).
Let g be the continuous piecewise linear Lagrange interpolant of g on £(92). The approximation error for
the non-homogeneous Dirichlet boundary data g is defined by

(data app(g,£(0)) == Y hplloe(g — )l - (5.7)
Ec&(090)

where ¢ (g — g) is the piecewise first order derivative of g — g along 9. Then the following results hold.

Lemma 5.3 (Estimates for an auxiliary problem ([19], Lems. 4.4, 4.7)). There exists a constant Cy > 0,
depending only on the shape reqularity of T such that

S IVmg=m)llor <Co | Do hp'lmalsllo g+ Y hi'ling —lls 5 + (data app(g, £(09)))*
TeT EcE(Q) Ec&(09)
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Remark 5.1. Note that the non-homogeneous Dirichlet boundary condition g € H: (09) is sufficient to define
the lifting operator ¢. Further regularity that g € C%(0Q) with g|r € HY(E) for all E € £(99), is crucial to
obtain the data approximation bound in (5.7), but not necessary condition for the definition of ¥.

For ® := (¢1, 92,93, ¢4) € H(T), introduce a discrete norm defined by |||(I>|||i = Z?:l ||301Hi, where for
p € HY(T),

el =" IVelgr+ Y he'llelells 5 (5.8)

TeT Eeg

The next lemma introduces two enrichment (smoothing) operators J; and Ja, with J; helpful for the analysis
with non-homogeneous boundary conditions.
Lemma 5.4 (Enrichment operators).

(a) The linear map Jy : Pi(T) — Xc = {¢n € C°(Q)| on|lr € Pi(T) for all T € T} defined by Jion(p) =
|’];9|71 >_rer, PrlT(p) for a node p on Q, where T, is the set of all triangles sharing the node p, and |T,| is
the cardinality of T, satisfies

1

Z ‘hT (on — J1pn) |Hm(7-) Z hg 1” [on EHOE
m=0 Eec&(Q)

(b) The linear map Jo : P{(T) — HL(Q) defined by Jopn = Jypn + Y pee) 2 e({ente — Jion)bg where
Jop : L*(E) — Py(E) with fE J2. ponbe ds = fE wr ds for the quadratic bubble function bg supported on
the two elements containing E, and

Jipn(p) = 7)™ Sorex, enlr(p) for anode p on
1Ph 0 for a node p on 99,

satisfies

1
. .. — 2 _
() [ Bands = [ {enhds forall B £, () 3105 (00 = Faon) iy S 3 13l

m=0 Ecg

Any o, € Pi(T) satisfies
1

(c) Z|h?_1 — Jipn) |Hm(7)+\|90h Jrenly mmHn enll, and

1
(@) Y |hF N eon — Jagn) |ty + llon = J2onlly, S min o — el

m=0

For the proofs of (a) and (b), we refer to Section 2 in [17], Section 3 in [20]. The proofs of (¢) and (d) are
given in Appendix C.

Boundedness and coercivity

This section discusses the bounds for the continuous and discrete forms that are useful in the applications.
Lemma 5.5 (Boundedness and coercivity [25]).

(i) For all ©®, ® € X, and Z € V, there exists a constant ag > 0 such that

A(©,2) < [lOl,l|ll, and aol|Z[I} < AE,E).
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(ii) For allE,1,0,® € X,
B1(6, @) < [IOl[o[I®lly, B2(n,©,®) < Il IOl and Bs(E,1,0,2) S Einll O I,
(iii) For 2,m € H'T%(Q),0, ® € X,
By(1,0,®) S Inlly4oll®llll®llly and Bs(E,m,0, ) S IEll o lnllo 1Ol Ml @llo-
(iv) For Z,m,x € H**(Q) and ® € H(T),

Bi(x, ®) < lIxllyall®llo, B2(m: %, @) S il ollxlly o ll@llo,
B3(Z,m, % ®) S =l allnllyyallxll o2l

where the constants in < depend on £, ¢, and Sobolev embedding results.

The proof is a consequence of the Sobolev embedding results H(Q) — LP(2), p = 3,4, and H!T2(Q) —
L>®(Q), 0 < a < 1, for Q C R? and Holder’s inequality, and is omitted.

Lemma 5.6 (Poincaré-type inequality ([21], Rem. 2.3)). Let Q be a bounded domain in R? with Lipschitz
boundary . For ¢ € HY(T), there exists a constant Cp > 0 independent of h and ¢ such that for 1 <r < oo,

] @) = Crllelly-

Lemma 5.7 (Trace inequalities ([10], Lems. 1.46, 1.49)). (i) For p € HY(T),T € T, ||<p||§7aT < h;1||<p\|(2J7T +
lello.rVllo,r- (i) For ¢ € Pi(T) and E C 0T, hgl|Vollg 5 S IVello 1

Recall the definitions of B and (D#A(¥)-,-) from (5.4) and (5.5), respectively. Note that the bilinear form
Br(-,-) (resp. Br(+,-)) in Sections 2 and 3 is denoted by (D#(V)-,-) (resp. (DA(z1)-,-)) in applications. The
bounds in the next two lemmas are instrumental to verify the hypotheses for dG, Nitsche, and WOPSIP schemes.

Lemma 5.8 (Intermediate bounds).
(i) Any ¥ € H'TY(Q) and ©,® € P1(T) satisfy
(DAW)O, (1~ 1)2) < (1 + 1l + IR, ) IOl e,
B, (1= 72)®) S A1l o+ IR+ 1) 20,
(i) Any ¥ € HY(Q) and z;,,0,® € P1(T) satisfy
(DA(V)O, @) — (DA(2,)0,®) S (1 +[[Wlly + lzall) I = zall, 1O M,
B(V,®) - B(z, ®) S (1 + Iy + Nznlly, + N2+ \th|||i) N =z, 21l -
(iii) For ¥,® € X and n,0 € X +P(7),
(D#()O, ) — (DA(V)O, D) < [In — Yl (L + lllm — Wll), + 2[1L ()OI,
(iv) Form,x,0,® € HY(T),

B1(6,2) 5 IO, B2(n, ©, @) < Ml €11 1121l 5,
Bs(x:m,0,®) < llIxlnllnllln 1O 112,
(D#)0,®) — (DA(x)O, ®) < lIn — xlll, (L + lInlll, + IxIL) IO, N1,
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Proof of (i). The definition of (DZ(V)-,-) (resp. B(-,-)) and Lemmas 5.5(ii), 5.5(iii) (resp. Lem. 5.5(iv)) imply
(DB(V)O, (1 — J2)®) = B1(0, (1 — J2)@) + B2(¥,0, (1 — J2)®) + B3(¥,¥,0, (1 — J3)P)
< (140l + I, B0l I~ )@,
(resp. B, (1= 12)@) S (Il + W15+ 1203 ) L= T2) 2l )-
This plus Lemma 5.4 at the first step and then Lemma 5.6 concludes the proof. (]
Proof of (ii). Recall the perturbed bilinear form (DZ%(z)-, ) defined by
(DAB(z,)0,®) := B1(0, ®) + 2B2(zp, 0, @) + 3Bs(2n, 21, O, ).

The definitions of (DA(V)-,-), (DA(z1)-, -), the linearity of B (resp. Bs) in first variable (resp. first and second
variables), and a re-grouping of terms imply

<D¢%(\If)@, (I>> — <D§§(zh)®, (I)> = 232(\11 — Zh, @, q?) + 333(\117 U — Zh, @, (I)) + 3B3(\I/ — Zhs Rhy @, (13) (59)

Utilize the Cauchy—Schwarz inequality first, and then the Sobolev embedding result H'(Q) < L*(2), Lemma 5.6
to obtain

(DA(V)O, @) — (DA(21)0,P) < [V = znlllo 5lIOllosl1Pllo,5 + (III\I’IIIOA + |||Zh|||0,4> ¥ = 2nllo 1€l 4 1@ llo,4
S M+ Wzl )0 = 2l O, 1L,

The definition of B, the linearity of B;, i = 1,2, 3, in each variable, and a re-grouping of terms reveal

B(U,®) — B(zn, ®) = By(V — 23, ®) + Bo(¥ — 23, U, ®) + Bo(zp, ¥ — 2, D)
+ Bg(\If — 2, U, U, CI)) + Bg(Zh, U — 2z, U, (I)) + Bg(zh,Zh, U — zp, (I)) (510)

Now follow the approach to estimate (5.9) and obtain the second inequality in (ii). O
Proof of (iii). For 1,0 € X+ P1(7),® € X, recall that the Frechét derivative of & at n given by

(D#(1)O, ®) := B1(0,P) + 2B3(n, 0, P) + 3Bs(n,n, 0, ).
This, a re-grouping of the terms and the Cauchy—Schwarz inequality lead to

<D’%(T’)®7 (p> - <D‘@(\Ij)®7 (I)> = 2B2(T’ - \Ila 63 (I)) + 333(77 - \Ilana @7 (I)) + 3B3(\I/a n-— \Ila 97 (p)

S Ml =l 5[1®1lo,511®llo,5 + llr = lllo,4 (|||?7|| 04t |||‘1’|||o,4> 1©1llo, 4@l 4- (5.11)
The above inequality, Sobolev embedding results H'(Q2) < LP(Q), p = 3,4, and Lemma 5.6 lead to the desired
inequality in (iii). O

Proof of (iv). For n,x,0,® € HY(T), the definitions of B;,i = 1,2,3, Sobolev embedding results H*(T) —
LP(T),1 < p < o0, the Cauchy—Schwarz inequality and Lemma 5.6 leads to the boundedness results in the first
part of (iv). The definition of DZ(-), a re-grouping of terms, and the bounds in the first part yield

<D%(n)®a (I)> - <D‘%(X)®7 (b> = 232(77 - X @, (I)) + 333(77 - XN @a (I)) + 3B3(Xa n—-x 67 (I)) (512)
S Ml = 2l (U Mlmlll, + ) HOM B, -
(I

Remark 5.2. The estimates in Lemma 5.8(ii) with different choices of z, for different schemes and Lemma 5.9
stated in the next subsection lead to the estimates in (B1) and (B2) for each scheme, and are described later.
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Discrete norms and properties

This section defines the discrete norms employed in the applications and establishes norm equivalence results
crucial to prove several boundedness properties in energy norms for the discrete schemes discussed in this
article. Let the orthogonal projection operator 1% : L?(E) — Py(E) be defined by 1% ¢ = hy' [ ¢ ds. Define
the energy norms

@) llellie = D> IVeller+ > cachp' l@lEelly s for ¢ € HY(T),

TeT Eec&
) lelx = IVela+ > ohg'llells s for p € H(9),
Eec&(09)
_ 2
© el = IVellsr + > ophp* (Mhlelp) for p € H'(T).
TeT Eec&

Here o4g, o, and op are the positive penalty parameters that appear in dG, Nitsche, and WOPSIP schemes
defined in Sections 6 and 7.

Lemma 5.9 (Norm equivalence). The following norm equivalence relations hold:

@) lelly, = lellag: 1ol S llellag for ¢ € HNT), (i) llell, = llely and @l q) < lelly for ¢ € HY(Q),
and (iii) ol < lellp and (@]l gy < lellp for ¢ € HY(T).

Proof of (i). The proof is a direct application of the definitions of [-||, and [-|| 5 norms, and Lemma 5.6. [J

Proof of (ii). For p € H'(Q), [¢]g = 0 for all € £(Q). This plus the definitions of |-||, and ||-| norms, and
Lemma 5.6 leads to the inequalities in (ii). O

Proof of (iii). An application of the definition of |||, and ||-||p norms, and the estimate ([3], Lem. 3.1) stated
below

S hEtllell e S 3 IVelsr + Do bt %Al 5 S llel?
EcE TeT EcE

leads to the first inequality. Lemma 5.6 and ||¢]|, < [¢|p imply the second inequality in (iii). O

6. FINITE ELEMENT METHODS FOR FERRONEMATICS

In this section we discuss the error estimates for conforming, dG, Nitsche and WOPSIP schemes for the
ferronematics system. For @ = (¢1, 92, 3, pa) € P1(7), define the product norms

4 4 4
2 2 2 2 2 2
leacllie =D leillac: 1@l =D llvilk, and 1@pllp =D llilp-

i=1 i=1 i=1

Set X¢ := P (T)NHYQ), Vo := XcNHE(Q), and X := (H*(Q2))*. Table 1 presents a summary of the relevant
spaces and operators for these schemes, applied to the ferronematic system.

Note that the nonhomogeneous Dirichlet boundary condition is enforced via the initial guess in the Newton’s
scheme for conforming FEM, differently from the other methods Nitsche, dG, and WOPSIP, where it is enforced
via a loading term.
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TABLE 1. Overview of discrete spaces and operators for the ferronematic system.

Notations
Methods X, Vi C X», X [Br— F In P Q
Conformin A in . .
peng T Xoi=(Xo)' Vo= (Vo)t X Il 5y O Io id id
dGFEM  X4c:=Pi(T) Xac X +Xac || llye Aac in Fagin Io 5 T
Xac = (Xac)* (6.8)  (6.8)

Nitsche’s Xc Xc X -y Axin Fnyin Ic id Jo
method (6.15)  (6.15)

WOPSIP Xp = (Xd(;)4 Xp X + Xp ||| . ”lP Ap in Fp in Icr in J1 Jo

(7.2) (7.3)  Lemma 7.1

6.1. Conforming finite element method

The discrete problem that corresponds to (5.3) seeks ¥ € X with Ue = ge on 99,
N(\Ilc; (bc) = A(q}c, (I)C) + B(\Ifc, CI)C) =0 for all ¢ € V. (61)
Here g is the Lagrange P; interpolation of g € H%+“(3§2) with 0 < a < 1.

Lemma 6.1 (Linearised systems). Let ¥ be a reqular solution of (5.3) with ¥ € H'*%(Q),0 < a < 1. For a
given O¢ € V¢ with ||Oc¢l|, = 1, there exists a unique solution ¢ € VNHT*(Q) to A((, @) =
for all ® € V with ||, 1, S 1.

Proof. Recall (DB(V)0,®) := B1(0,®) + 2B, (¥,0,®) + 3B3(V, ¥, 0, ®) from (5.5). Since ¥ € H!**(Q) and
O©¢ € V¢, Lemmas 5.5(ii) and 5.5(iii) shows

(DBW)OC,®) < (1+ 10l + 15, )12l forall @€ V.

This and elliptic regularity yield the existence of a unique solution ¢ € V N H!T¥(Q) to the linear system
2
A(C, @) = (DA(V)Oc, ) for all © € V, such that [[¢]l;;, S @+ [l o + 174 0)- 0

Remark 6.1 (Linearised systems for all schemes). For a given 0, € V, with [|0p,| 5, = 1, arguments exactly as
Lemma 6.1 establish the existence of a unique ¢ := &~ 1((DB(¥)0,-)|v) € VNHT*(Q) for the dG, Nitsche,
and WOPSIP schemes.

Theorem 6.1 (Discrete inf-sup condition). There exists a positive constant § such that, any T € T(§) and a
regular solution ¥ € X NH*(Q),0 < a <1 of (5.3) satisfy (2.7).

Proof. The proof applies Theorem 2.1; thus it is enough to verify (A1)—(A4). Lemmas 6.1 and 5.1 imply
1€ — IcCll; < A*CH+q S A This leads to 6, S h® in (A1). Since @ = id for the conforming scheme, the
parameters 62 = 0, Ay = 0 and C'4 = 0 satisfy (A2), (A3), and (A4), respectively. Therefore, for a sufficiently
small choice of the maximal mesh-size h, the discrete inf-sup condition in Theorem 2.1 is verified. This concludes

the proof. 0

Theorem 6.2 (A priori error estimate). There exists 6 > 0 such that, for any T € T(9), the regular solution
U e XNHY*Q),0 < a <1 of (5.3) and the locally unique discrete solution ¥¢ € X¢ to (6.1) such that
VYo = ge on 9Q satisfy ||V — Ycf|, < R
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Proof. Since (A1)—(A4) hold, it is enough to verify (A5)—(A8), (B1), (B2), and the Lipschitz continuity of
the Frechét derivative of # : X¢ — V& on Bx(Ic¥,2b) to apply Theorem 3.1. This is done in three steps
below.

Step 1: Verification of (A5)—(A8). A choice of z, := Ic¥ and an application of Lemma 5.1 leads to (A5)
with d3 < h®. Since P = @) = id and F}, = 0 (see Tab. 1) for the conforming case, d; = 0 in (A6), Ay =0
in (A7) and C4 =0 in (AS8).

Step 2: Verification of (B1), (B2). Let 65, := O¢,¢n := &c € Ve with [|©¢|l; = [|®c]||; = 1. Follow the
re-grouping of terms as (5.9) (resp. (5.10)) with z; := Ic¥ and use Lemmas 5.5(ii) and 5.1 to obtain
(DA(V)O¢, c) — (DA(IcV)Oc, Pe) S
2 2
(resp. B(V,®¢) — B(lc¥, ®c)) S (1 Il + el + Il + |||IC‘1’\H1) I = To Wi, fl@cll,

< Cp|l¥ = LYl [[®cll; -

(Il + MM ®)IY — Ic¥|l, < Cp|¥ — W],

For the dependency of constants Cp, C B on various parameters, see Table B.1.

Step 3: Verification of Lipschitz continuity of DA(-) € L(Xc¢, V§) in Bx (Ic¥,2b). For n¢, X¢ € Bx(Ic?,
2b), O¢ € X, ¢ € Vi, the combination of terms as done in (5.12) and Lemma 5.5(ii), triangle inequalities
that lead to

lnclly < llme = fe¥lly + [HeWll, < 20+ [l lixcll, < 20+ (e, (6.2)

and Lemma 5.1 yield

(D#(nc)Oc, o) — (DA(xc)Oc, Pc) S lInc = xcll (T + linclly + lixcll)Ocll l1ecll,
< Lfnc = xcllill€cll I ®cll, -

Therefore, Theorem 3.2 applies and yields the existence and local uniqueness of the discrete solu-
tion o to (6.1) with [|[¥ —Uc||;, < p == 65 + b+ r. Thus 63 < A%, 64 = 0, and (3.2) imply

b= B (O «)|(1 + Ao) + Ca + Cp)os + 64) < h®. This and b+ r < 2b from (3.10) imply that
¥ — el < A

Step 4: Boundary condition for the discrete solution W¢. Recall the initial iterate \I'% = IcV, in the New-
ton’s scheme, W2 := WE ' — DN(UE ) IN(PE!). The discrete infsup condition in (3.5) implies
that DN (Ic¥)|y, is invertible. Therefore, DN(VQ)"!N(¥2) € V. This implies ¥l = ¥ —
DN(V2)"IN(PY) = gc on 9. Subsequently, the sequence ¥ |sq = gc and hence the sequential limit,
U, which is indeed the solution of discrete problem (6.1), satisfies the boundary condition gc on 9f2. For
any function w € H'(Q) such that w = gc on 99, the sequence V2, — w — ¥ — w in H{(Q). Then by
Mazur’s theorem ([11], p. 723) U — w € H}(Q). Consequently the trace of U on 99 is gc. This concludes
the proof. a

For the solution wp, := (1,1, U2, b, Us b, Us,p) € X}, of the discrete nonlinear problem N, (up) = 0 in (2.2),

Cc

5 (U3, —uip) — (ufp +udp)urn, uon + cuspuan — (ufy, +u3 g )z,

1
B(up) = 7 (u1,h +

s p + c(ur,pus p + Uz ptian) — (U3, + U5 ) Ush, tan + c(Uz s — urpuan) — (U3, + ui,h)u4,h)' (6.3)

Given the unique discrete solution to (6.1) with respect to the triangulation 7, define the error estimators

SN2
9% = h%«\H%(\IIC)H%T forall T € T, (19}3) = hE|||[V‘I’CVE]EH|(2)E for all E € £(Q), (6.4)
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and 93 = Y 0+ Y (0h)% (6.5)

TeT E€E(Q)

Theorem 6.3 (A posteriori error estimate). Let U be a reqular solution of (5.3) with g € CY(9Q) and g|g €
HY(E) for all E € £(09). There exist 6, R, Cro1, and Cog > 0 such that, any T € T(8) and the unique solution
Ve to (6.1) with ||¥ — Ucll|;, < R satisfy

Cogve < | — Ve|ly < Cra(Ye + data app(g, £(09))).

Here recall that the approximation error “data app(g, E(ON))” for the non-homogeneous Dirichlet boundary data
g in the triangulation T is defined in (5.7).

Proof. We verify the conditions of Theorem 4.1. Set A:=Aand N := N.

Verification of local Lipschitz continuity. The assumption of local Lipschitz continuity of the Frechét derivative
of Z: X — V* at ¥ € X involves the ball Bx (¥, Ry) := {n € X| [|[¥ —n||, < Ro} for some Ry > 0. For
n € Bx(¥, Ry) and ©,® € X, bound similar to (5.11), Sobolev embedding results H*(2) — LP(Q), p = 3,4,
for  C B2, and [[nlly., < In — @llo., + [1¥]],., lead to

1D#(n0) = DAL x,v+y S lllm =l (1 + Ro + 2[|¥]i,),

where the constant in “<” depends on the parameters ¢, ¢ and Cg. This verifies (4.1) with v :=~vc S (14 Ro +
2[1wlly)-

Verification of (AP). Choose n;, := ¥¢ € X¢ in Lemma 5.3. Then the function 4 : P1(7) — X at U satisfies

/V(%\I}c)-vcbdx: Z/V\IIC-V@dx for all ® € V
Q T

TeT

subject to the Dirichlet boundary condition (4¥¢)|sq = g. The definition of || - ||;, and Lemmas 5.6, (5.8),
Lemma 5.3 with [¥¥¢c — Uc]p =0 for all E € £(Q), and Ve — ¥ =g — gc on I reveal

190 — Ve = [|V(@ Ve — We)|2 + |9V — Vel
<A+ CHIVE@Te - Vo) +Co > hp'll9¥e — Vel 5
Eec&(09)

S Y. hu'lle - el s + (data app(s, £(90)))?,
ECE(09)

where the constants in “<” depends on Cy and Cp. Note that g — gc = 0 at the two end points of each edge
E € £(09). Therefore Poincaré inequality [18] on each edge implies ||g — gcllo z < hell0s(g — gc)lly z- This
applied to the above inequality proves (AP) with As depending on Cy and Cp.

Conclusions of Theorem j.1. Suppose that § satisfies Theorem 6.2, and if necessary, is chosen smaller such
that, for any 7 € T(0), the unique discrete solution ¥¢ € X¢ to (6.1) satisfies |||¥ — ¢ ||, < R < min(Ro, %)
Thus Theorem 4.1(i) lead to

1~ Well, S IN@e)lly- + (14 IDN (W)l xv-)) data app(s, £(00)). (6.6)

Since V is a Hilbert space, there exists a ® € V with [|®]|; = 1 such that

IN(¥E)lly. = N(¥o; @) = N(Ve; @ — Isz®) + N(Vo; sz ®),
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where Isz : V — V¢ is the Scott—Zhang interpolation in Lemma 5.2. Note that for &¢ := I5z®, equation
(6.1) implies N(¥¢; Isz®) = 0. Next we estimate the term N(Uq; ® — IgzP) = A(¥¢, P — IszP) + B(V¢, P —
Is7®). Apply integration by parts elementwise for A(U¢, ® — Isz®P), utilize A(U¢|r) = 0 for all T € 7 and
[ — Isz®]g = 0 for all E € & to obtain A(V¢,d — I5z®P) = ZEeg(sz)<[V‘1’CVE]Ea‘I) — Is7®) . Recall the
definition B(V¢, ® — Isz®) = (B(V(), ® — Isz®) and the estimators in (6.4), 92 := h2T|||,@(\I/c)\H3T for all T €
T, (95)? = hE|||[V\I/CVE]E|||§E for all E € £(Q2) with (¥ () as defined in (6.3). This plus the Cauchy—Schwarz
inequality and (6.4) applied to the above displayed identity leads to

2

N(To; @ — Isz®) S | Y07+ Y (9%) PN - Ez0llor + Y hE'lI® - Ez9l5
TeT Ec&(Q) TeT Ec&(Q)

N

This, Lemma 5.2 with [|®[|, = 1, and a combination of the last two displayed estimates lead to

2

INEO) Iy S [ D95+ Y (V%)

TeT EcE(Q)

The above inequality applied to (6.6) concludes the proof of the reliability estimate of Theorem 6.3. The proof
of the efficiency is a straightforward application of standard local efficiency estimates [33]. (]

6.2. Discontinuous Galerkin finite element methods

The dG formulation associated to (5.3) seeks Wag € Xqg such that for all ®4¢ € Xqa,
Asc(Vaa, Pac) + B(Vac, Pac) — Fac(Pag) =0, (6.7)
where for © = (61, 605,03,04) and ® = (@1, p2, v3,4) € Xaa, and the penalty parameter ogg > 0,
Ag(0,®) := Apy(0,8) + T(0,8) + T 0, (0,), and Fyg(®) := Fi (D) + Fosic (d). (6.8)

Here for 6, ¢ € X4g, -1 <A <1,

Apw (0, ) Zapw 0i, pi) with apy (0 Z/VG Vedz,
TeT
J(0,0) = Zﬂei,m with J7(0,¢) == = > ({Vpwl - ve}p [0le)e = XD {Vowe - ve}p, [0]6)e,
=1 Eec& FEe&
TosalO.8) = 3" T 00 with T 0,9) = > T [ele) e
i=1 Eec& E

4
F () = ZF&’({(%) with Fég(go) =—A Z (9i, Vpw@ - VE)E for 1 <i<4,

i=1 ECE(80)
4
T i,Jo . i,Jo JdG
Fycie (@) = ZFdG (i) with Fy "¢ () := Z T(Qn@E-
i=1 E€£(8Q)

We refer to Table 1 for the discrete spaces, norms and the choices of operators for the dGFEM.
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For ®4¢ € Xqga, the coercivity OédG‘”(I)dG”‘iG < Agc(Pag, Pac) follows from Section 3.4 of [30], for a
sufficiently large value of o4 and hence (2.4) holds. Lemmas 5.8(iv) and 5.9(iii) lead to the boundedness results
stated next.

For x,1,0,® € H'(T), B1(6,%) < [|OllaclI®llac, B2(n. 0, ®) < [mlllac1Ollac 1Pl ac-
Bs(x,1,0, %) < IxllacllnllaclOlllac 1@l ac-
Theorem 6.4 (Discrete inf-sup condition). There exist 6 > 0 and a sufficiently large oqc > 0 such that, for

any T € T(8) and a regular solution ¥ € X N HT*(Q),0 < o < 1 of (5.3), (2.7) holds for V, = Xqc and
(DNy(V)Oac; Pac) = Adac(Oda, Pac) + BL(Oaa, Pac)-

Proof. We verify (A1)—(A4) to apply Theorem 2.1.

Step 1: Verification of (Al)f(A3). Let Oqqa,Pag € Xy with ”l@dG”ldG =1 = |||(I)dGH|dG' Remark 6.1
and Lemmas 5.7(ii), 5.1 lead to [[|¢ — IcCllaq S P*ICI 1o S A%, and establish (A1) with §; < h®.

~

Lemmas 5.8(i) and 5.9(i) with [|©acllye = 1 = [|Paclye imply d2 < h in (A2). Lemmas 5.4 and 5.9
establish (A3).

Step 2: Verification of (A4). Let &, := Ouq, ¢n := Pag € Xag. The definition of Agg(-,-), an algebraic
manipulation and a re-arrangement of terms yield
Adqc(Bac, Pac) — A(J204q, J2Pac) = (Apw(Oaa, Pac — J2Pac) + T (Oaq, Pac))
+ Apw(Bac — S20ac, 2Pac) + T ous (Oac, Pac)
=T+ 15+ T;. (69)

For ©4¢ := (01,02,05,04), Pac := (¢1, 92, p3,01) € Xag,1 < i < 4, an integration by parts and (6.8) for
the components of T} yield

apw(9i7<)01 J2@z)+\7 za(Pl - Z/AH J2<Pz dl’—‘rz {pre VE}Ev[ ']2901] >

TeT Ecg

+ Z (Vowbi - vElE, {0i — J20i}E)E — Z<{va9i VvE}E, [@ilE)E — A Z<{pr%‘ -vg}E, bilE)E.
EcE(Q) Ecé& Ecé&

Since 6; € Pi(7), AG; = 0 on T € 7 in the first term of the above expression. This plus Lemma 5.4(b)
applied to the third term, [Jap;|p = [J20;]p = 0 for all E € £, and a cancellation of terms lead to
apw (0i 05 — Joi) + T (i, 0:) = A Z {Vowpi - VE} 5, [J20i — 03] ) E-
Eec¢&

Combine this with all the components, and apply the Cauchy-Schwarz inequality and Lemma 5.7(ii) to
arrive at

T1 5 19ac — J204ac|lac IPac g -

The Cauchy—Schwarz inequality, Lemmas 5.4(d) and 5.9(i) lead to
Ty := Apw(Odc — 1204c, J2Pac) S |Oac — J20acllac | Pac lac-

The definition of Jy,,(+,¢) in (6.8) and [Jo8;]g = 0 for all E € &, 1 < i < 4 yield Ty, (0iy0:) =
pee F2([0; — J20i]p, [pilp)p- A combination of all the components of J,,, and the Cauchy-Schwarz
inequahty imply
T3 S 1846 = J20dclac I ®Pacllac-
The above displayed estimates for T1, 7%, T3 in (6.9) establishes (A4).
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Consequently, Theorem 2.1 verifies the discrete inf-sup condition with 1 < 8, for a sufficiently small choice
of the maximal mesh-size h, and this completes the proof. O

Theorem 6.5 (A priori error estimate). There exist § > 0 and a sufficiently large cac > 0 such that, for any
T € T(6), the regular solution ¥ € X NHT*(Q),0 < o < 1 of (5.3) and the locally unique discrete solution
Vaa € Xqg to (6.7) satisfy ||V — Vaglqe S h°

Proof. We verify (A5)—(A8), (B1), (B2), and the Lipschitz continuity of the Frechét derivative of
P : Xac — Xjg on Bx,, (Ic¥,2b) in next two steps to apply Theorem 3.1.

Step 1: Verification of (A5)—(A8). Choose 2 := Ic¥ in (A5). Lemmas 5.1 and 5.7(i) reveal |¥ — IcV||;o S
R, 1y and hence 3 S h®. For ®q¢ € Xqg with [|@qg||qq = 1, Lemmas 5.8(i) and 5.9(i) verify 6, S h
in (A6). Lemmas 5.4(d), and 5.9(i) imply (AT). For (A8), set zp, = Nqq,¢r ‘= Pac € Xag. Use the
definition of Aqg(+,-), Fuc(+), add and subtract Apw(M4q, J2Pac), and then re-arrange the terms to treat
the non-homogeneous Dirichlet boundary conditions as

Aac(Mag, Pac) — A(Jingg, J2Pdc) — Fac(®ac) = (Apw(Mag, Pac — J2Pac) + T (Mag: Pac) — Fig(®ac))
s
+ Apw (Mg — Jimags J2Pac) + (Jadc, (Maa> Pac) — Fyg*° ((I)dG)> =Ty +T5 + Tg.

For nyq = (M1, m2,Mm3,M4), Pag = (¥1, 92,3, pa) € X4, an integration by parts for the term apy (-, ), and
then the steps similar to estimate Ty in Theorem 6.4 and the definition of Fjn(-) in (6.8) yield

apw (03,0 — J2pi) + T (ni,0i) — Fig (i) = =X Z({pr% VB Milg)E + A Z (Vpwi * VE, gi) B-
Eec& Ec&(00)

with 1 < i < 4. Therefore, for all x € X and x = g on 912, this leads to

Ty < lix — 77dG|||dG|”<I>dG|”dG'

The estimate T5 := Apw(Nag — J1Maa, J2Pac) S l1Mag — Xllacl®ac|lq¢ follows from Lemmas 5.4(c), 5.4(d)
and 5.9(i). An analogous treatment as that of T3 of Theorem 6.4, and a use of [x]g = 0 for all E € £(Q),
[x]e = g for all E € £(99), in addition lead to

Ts = T 5ac (Mac> Pac) — F&%(@dG) < lmac — XH|dG|H(I)dG|”dG'

A combination of the estimates of Ty, T, Tg completes the proof of (A8).

Step 2: Verification of (B1), (B2). For 0, := Oga,¢n = ®Pag € Xac with [[Oacllye = 1 = [[Pacllyqs
Lemma 5.8(ii) with z, = Ic¥, Lemmas 5.9(i), and 5.1 lead to the desired estimates in (B1) and (B2).

Step 3: Verification of Lipschitz continuity of DZ(:) € L(Xaa, Xjg) in Bx,e (Ic¥,2b). Let  myq,Xaq €
Bx,.(IcP,2b), and O4q, Pac € Xqgg. For this case, Lemmas 5.8(iv) and 5.9(i), the triangle inequalities
analogous to (6.2) in the energy norm, and Lemma 5.1 lead to

(D#(Mac)Oac, Pac) — (DA(Xxac)Oaa, Pac) < Llnac — Xacllacll®acllacl®Pacllac-

Therefore, Theorem 3.2 verifies the existence and local uniqueness of the discrete solution Wqag to (6.7) with
19 — Wagllyq < p := 3 + b+ 7. The estimates d3 < h®, 84 < h, and (3.2) imply b := B ((C3|«/||(1 +
A2) + Cu + Cp)os + 64) < h*. This and b + r < 2b implies ||V — Vgl < A%, and concludes the
O

proof.
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Remark 6.2 (Quasi best approximation result for H?(Q) regularity). There exist 6 > 0 and a sufficiently large
oac > 0 such that, any 7 € T(J), the regular solution ¥ € X N H?(Q), and the discrete solution ¥yg € Xqg to
(6.7) satisfy

v - < i v -0
I = Wacllac S, min 11 = Ouclle:

where the constant in “<” is independent of h.

The proof of this quasi best approximation result follows the methodology utilized in Theorem 3.3 of [23],
and entail modifications to deal with the quadratic non-linear terms that appear in the Euler-Lagrange PDE
(5.2) for ferronematic system. The idea can be extended for the Nitsche’s method. For conforming FEM, a result
of this form has been established up to a data approximation term (see [25], Thm. 3.5). Note that, Maity et al.
[23] deal with the non-linear PDEs associated to the LDG model for NLCs that does not involve any quadratic
non-linear terms in the formulation.

Recall #(-) from (6.3). Given the unique discrete solution to (6.7) with respect to the triangulation 7, the
error estimators read

i)2 _
9= B3| B(Wac) s re (9%)° = hellVVacre] ol + ks llPac) I,  for all E € £(%),

(19%)2 =hp'[Wac — gl forall E € £(09), and ¥ig:= Y v+ > (0%)” + 3 (19%)2_ (6.10)
TeT EcE() Ec&(09)

Theorem 6.6 (A posteriori error estimate). Let U be a reqular solution of (5.3) and g € C°(0Q) with g|g €
HY(E) for all E € £(09). There exist 6, R, Cre1, and Cog > 0 such that, any T € T(8) and the unique solution
Uya to (6.7) with ||V — Wag||qq < R satisfy

Ciac < ||V — Vaclyq < Cre(Yac + data app(g, £(0RQ))).

Here the approzimation error “data app(g,E(0NQ))” for the non-homogeneous Dirichlet boundary data g in the
triangulation T is defined in (5.7).

Proof. We apply Theorem 4.1, and hence it is enough to verify the conditions of this theorem. Set
Bz Ap, NC32) 3= g+ B ).

Verification of local Lipschitz continuity. For n € B¢(V, Rg) with Ry >0, © € X and ® € V, Lemmas 5.8(iii)
and 5.9(i) lead to

1DB(n) = DA, (% vy S lm = Pllag (1 + Ro + [1¥],),
(X:v-)

where the constant in “<” depends on £, ¢, C's, Cp. Therefore, v :=vyac S (1 + Ro + || ¥]|,) proves (4.1).
Verification of (AP). Apply Lemma 5.3 with 1, := W4q, the discrete solution of (6.7), and set ¥y := 9V q,
to arrive at

I19%ac = Yacllac S Y he'll%aclelloe+ D he'll%ac - glly z + (data app(g, £(69))),
EcE(Q) Ec&(09)
where the constants in “<” depends on Cy and oq4¢.

Conclusions of Theorem 4.1. Suppose that ¢ satisfy Theorem 6.5, and if necessary, are chosen smaller such that,
for any 7" € T(d), the unique discrete solution W4q € Xqg to (6.7) satisfies || U — Uqgll|yq < R < min(Ry, 27%)
This applied to Theorem 4.1(i) establishes

1% = Sacllac S || N (2ac)||,,. + (1+ IDF @)l (5,v-))
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X Z (19%)2 + Z (19%)2 + (data app(gé'(@Q)))2
E€E&(Q) EcE(0Q)

Since V is a Hilbert space, there exists a ® € V with [|®]|; = 1 such that
H‘N(qfdg)mw = N(Uag; @) = N(Wag; @ — Isz®) + N(Vag; Iz ). (6.11)

The fact that Isz® = 0 on 912, and the jump and average terms of Aqg(+, ) in the expansion of Ny (V4q; Isz®)
lead to

N(PaciIsz®) =X > ([Pacle AVUsz®)vete)e+ XA Y. (Yac — 8 V(Isz®)vE)s. (6.12)
Eec&(Q) EcE(9)

We follow the approach of applying integration by parts for Apw(Vag, ® — Isz®), and cancellation of terms as
in Step 3 of Theorem 6.3 to attain

~

N(Waq; @ — Isz®) = Apw (Vaa, ® — Isz®) + B(Vaq, ® — Iz ®)
= Z/nT-@)fISZ(I))d:z:qL > e ® - Isz®) g, (6.13)
T

TeT E€E(Q)

with 9y := (B(Vag))|r in T € T, and ng = [VUagVe]g, where E is an edge of T. The Cauchy—Schwarz
inequality, Lemmas 5.7(ii) and 5.2 plus || @], = 1 applied to (6.12), (6.13) lead to the estimate of ||N(¥4c)||y -
in (6.11). The bound

— 2 — 2 2
Z hElHH\deG]E‘ |0,E + Z hE1|||\I/dG - g|||O,E < - qjdGde
E€E(Q) E€£(09Q)

and standard local efficiency estimates conclude the proof of the efficiency estimate. (I

6.3. Nitsche’s method
The Nitsche’s formulation that corresponds to (5.3) seeks ¥y € X¢ such that for all o € X,

An(¥n, Ox) + B(¥n, On) — Fn(Pn) =0, (6.14)
where for © = (61, 603,03,04), = (¢1, P2, ¥3,904) € X,
An(0,®) == A(0,®) + T(0,2) + T,(0,®), and Fx(®) := FJ () + FJ7 (D). (6.15)
Here for 6, p € X, and the unit outward normal v associated to 052,
4
T(©,9) =Y T(0i,:) with T(0,¢) := —(VO - v, 0)a0 — (0, Vo - v) o,
i=1

4
To(0,®) =) Jo(0h, i) with T, (0,0) = > -—(0.¢)p
i1 eBegoQ) P

4
For 1 <i <4, FJ(®):= ZF&’J(%) with Flffj(tp) = —(9i, Vo V)aq,
i=1
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4
i, T : i, T g
B (@) = Y BT (o) with By (9) = D {0 0)e-
i=1 EcE&(0%)

The discrete space is equipped with the mesh-dependent product norm ||| - [||y. The details of the discrete
spaces, norms and the choices of operators are presented in Table 1. For a sufficiently large choice of o, the
inf-sup condition in (2.4) follows from Section 3.4 of [30]. Lemmas 5.8(iv) and 5.9(ii) establish the following
boundedness results in discrete norm for =, 1,0, ® € X,

B1(6,2) < [IOlIxlI®lly: B2(n,©, @) < Il l©llx 1@l Bs(Z, 1,0, @) S =l 1O1lx 8]y

Next we state the results on the discrete inf-sup condition, a priori and a posteriori error estimates for Nitsche’s
method. The proofs apply Theorems 2.1, 3.2, and 4.1, respectively. The verification of the hypotheses to apply
the aforementioned theorems follows analogous to Theorems 6.4, 6.5, and 6.6, respectively. Though the analysis
for Nitsche’s method is simpler due to the conforming discrete space, some of the techniques in the proof for
the dG scheme needs to be blended as the treatment of the boundary conditions are similar to that of the
dG scheme. (See Tab. 1 for details of spaces and operators.) The proof of Theorem 6.7 below is presented in
Appendix D for brevity.

Recall #(+) from (6.3). Given the unique discrete solution (6.14) with respect to the triangulation 7, the
error estimators read

97 = W1 BUN) o7 (95)* = hellVUnvelsllsp for all E € E(R), (6.16)
and (19%)2 = hp'||[¥n — gH|§E for all E € £(0%), and 9% := Z 97 + Z (19%)2 + Z (19%)2.
TeT Ec&() Ec&(09)

Theorem 6.7 (Stability and error control).

(a) (Discrete inf-sup condition). There exist 6 > 0 and a sufficiently large o > 0 such that, for any T € T(8) and
a regular solution ¥ € X NHT*(Q),0 < a <1 of (5.3), (2.7) holds for Vi, = X¢ and (DN, (¥)On, Pn) :=
AN(ON, ®N) + BL(On, On).

(b) (A priori error estimate). There exist § > 0 and a sufficiently large o > 0 such that, for any T € T(4), the
reqular solution ¥ € X NHT*(Q),0 < a <1 of (5.3) and the locally unique discrete solution Uy € X to
(6.14) satisfy |1 — Wyl < h°.

(c) (A posteriori error estimate). Let W be a regular solution of (5.3) with g € C°(0Q) and g|g € H(E) for
all E € £(09). There ezist §, R, Cre1, and Cegg > 0 such that, any T € T(0) and the unique solution ¥y to
(6.14) with ||¥ — x|y < R satisfy

C;-flﬁN < l”‘IJ - \I]NH'N < Crel(ﬁN + data app(ga 5(89)))

Note that the approzimation error “data app(g,E(0R2))” for the non-homogeneous Dirichlet boundary data
g in the triangulation T is defined in (5.7).

7. WEAKLY OVER PENALIZED SYMMETRIC INTERIOR PENALTY METHOD

The mesh dependent norm ||-||p (see Lem. 5.9) for the WOPSIP scheme is not equivalent to ||-||,, and (A4),
(A7), (A8) do not hold for this case. However, the proofs of the discrete inf-sup condition and the a priori
error control hold with minor modifications in the corresponding proofs of the abstract framework, and are
established in Theorems 7.1 and 7.2.

See Table 1 for the discrete spaces and the choices of operators. The discrete space Xp := (Xp)* with
Xp = P (7T) for the WOPSIP method is equipped with || - ||p. The discrete formulation seeks ¥p € Xp such
that for all ®p € Xp,

Ap(¥p,Pp) 4+ Bn(¥p, Pp) — Fp(Pp) =0, (7.1)
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where for Op := (01,602,0s,04), Pp 1= (@1, 92,93, 04) € Xp, 1 <13 < 4,

4
Ap(Op, ®p) 1= Apy (Op, 0p) + T o (Op, Bp) With T, (Op, Bp) 1= Y Tup (0, ;). and for 0,0 € Xp, (7.2)

i=1
e (0:) = > 75 (0%101) (Wl ), Fo(®p) : _ > BT () with
Eece E i=1
4 JTop g
(0= Y oy () (o). (7.3)
Eeg(oQ) B

The coercivity |H<I>p||\% = Ap(®p, Pp) for all &p € Xp follows from the definition of || - ||p. For x,1n,0,® €
H'(T), Lemmas 5.8(iv) and 5.9(iii) lead to

B1(©,®) S [I®llpll®lle, B2(n, ©,2) < lnlllelIOllp I ®llp: Bs(x:m, 0, ®) < lixlplnllp €l 12l

The a priori error estimate, for this case, utilizes the Crouzeix—Raviart interpolation operator and its properties
are stated below.

Lemma 7.1 (Crouzeix—Raviart interpolation [9]). The CR interpolation operator Icr : X — Pi(T) is defined
by Icré(mid(E)) = hy' [z €ds for all E € €. For all § € H'**(Q) with 0 < a <1, it holds that

[erE = Ellg + hlIerE — &l gy S €N 40

Remark 7.1. For { € H'™*(Q) with 0 < o < 1, [¢]g = 0, [,[IcrEeds = hp[lcr€]p(midE) = 0 for all
E € £(Q), and the identity [, Icréds = [, €ds for all B € £(09Q) imply [|€ — Icré|p = [|€ — IcrE||

ha‘f|H1+a(Q

pWN

Theorem 7.1 (Discrete inf-sup condition). There exist § > 0 such that, for any T € T(§) and a regular solution
U e XNHYT(Q),0 < a <1 of (5.3), (2.7) holds for Vi, = Xp and (DN, (¥)Op, Pp) := Ap(Op, Pp) +
BL(@p7 (pp) .

Proof. Let ©p, ®p € Xp with ||Op||p = [|®Pp||p = 1. Remarks 6.1 and 7.1 lead to ||¢ — Icr(||lp S A%, and this
implies 01 < h* in (A1l). Lemmas 5.8(i) and 5.9(iii) lead to d2 < h in (A2). For ® € V, [J2Pplp = 0= [D]g
for all E' € £, the definition of || - || at the first step, and then Lemmas 5.4(d), 5.9(iii) prove (A3) as

2
It = J)®ellp = |(1 = Jo)®pl7 ) + Y hp” (g [®p — @]5)" S @ — 2|7
Eeg

For ©p = (61,02,05,04), Pp = (1, P2, 3, va) € Xp, (7.2), and an algebraic manipulation lead to
Ap(Op, Pp) — A(J2Op, JaPp) = Apw(Op, Pp — J2Pp) + T 51 (Op, Pp) + Apw (Op — J2Op, J2Pp).

Apply integration by parts, and then utilize A(Op|r) = 0 on each T € T to obtain

Tl L= apw(aia<pi - JQ(pz) = Z<{vae VE’}E7 [ JQ‘pz} >E + Z <[pr0i : VE]Ea {% - JQ@z}E>E
Ec€ EcE(Q)
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Employ [Jog:]r = 0 for all E € €, definition of I1%,, the Cauchy—Schwarz inequality, and Lemmas 5.7(ii), 5.4(b)
to obtain

N

7 < (z el (Tont uE}Elni,E) (z by run%[soﬂﬂu;};) < el

Eec€& Eec€&

A combination of all the components lead to Apw(Op, Pp — J2®p) < A||Op||lpl|®r||p. The estimates of the
other two terms in the expansion of Ap(Op,Pp) — A(J2O0p, JoPp) follow the steps in Theorem 6.4, and hence
we skip the details. In this case, we obtain

Ap(Op, @p) — A(J20p, JoPp) < ([|Op — J2Op[lp + Al[Oplp)|Pplp- (7.4)

Observe that the estimate of (A4) above for WOPSIP method contains an extra term, which can be controlled
by the smallness of the term, and hence allow us to apply the abstract Theorem 2.1. This concludes the
proof. O

Theorem 7.2 (A priori error estimate). There exists 6 > 0 such that, for any T € T(9), the regular solution
U e XNHYYQ),0 < a <1 of (5.3) and the locally unique discrete solution Vp € Xp to (7.1) satisfy
IV = Wpllp < A"

Remark 7.2. The proof of Theorem 7.2 follows the proof of abstract Theorem 3.2 with some modifications
in (A7) and (A8). For WOPSIP method, we establish the smallness of A(Pzp, — u,Qepp) term in (3.7) of
Theorem 3.2 instead of verifying (A7). Besides, for (A8), we obtain

T := Ap(np, ®p) — A(1mp, J2®p) — Fp(®p) < ([lne — Xlllp + 2lnellp)l®ellp: 10, Pr € Xp, x € X.

The additional term in the bound of T' for WOPSIP is small, and this ensures that the proof of Theorem 7.2
follows the steps of Theorem 3.2 with minor modifications.

Proof of Theorem 7.2. Remark 7.1 applied for £ := ¥ leads to the choice of §3 < h* in (A5). For Pp € Xp
with ||®p||p = 1, Lemmas 5.8(i) and 5.9(iii) lead to d4 < h in (A6). The Cauchy-Schwarz inequality plus a
triangle inequality [|J1(IcrY) — ¥, < (V1 — Dicr Y|,y + lIcrY — ¥[,,» Lemmas 5.4(c), 5.4(d), 5.9(iii)
and 7.1 imply

pw’

A(NL(Icr W) — W, Jo®p) < (III(Jl = Dler Y|l + [Hor ¥ — lI/Illpw) I 72@p I < P[P llp-

The definitions of Ap(-,-), Fp(-), an addition and subtraction of Apw(np, Jo®p), and a re-grouping of terms
yield

Ap(mp, Pp) — A(J1mp, J2Pp) — Fp(Pp) = Apw(np, Pp — J2Pp) + Apw(np — J17p, J2Pp)
+ (T op (np, Pp) — Fp(Pp)).

We follow the steps as for the estimation of T in Theorem 7.1 to obtain Apw (np, Pp —J2Pp) S hl|nelpllPe|lp-
Lemmas 5.4(c), 5.4(d) and 5.9(iii) with x € X and x = g on 0Q lead to Apw(np — Jimp, J2Pp) S
[lmp — x|lpl|®e||p. For the estimate of the term J o (np, Pp) — Fp(Pp), proceed with the steps utilized for Tg
of Theorem 6.5.

The proofs of (B1), (B2), and the local Lipschitz continuity of DZ(:) on Bx, (Icr¥,2b) utilize Lemma
5.8(ii), (iv) with zj, := Icr ¥, and then apply Lemma 5.9(iii) and Remark 7.1. The rest of the proof adopts the
techniques utilized in Theorem 6.5, and is skipped here. (]
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Recall the definition of #(-) from (6.3). Given the unique discrete solution (7.1) with respect to the triangu-
lation 7, the error estimators read

2 _ 2 _
P = BB )G g (72)" = HE2 T (W — )+ e — gl for all € £(00),
P2 _ 2 _
(79}3) = hE”HV‘IJPVE]Eng + hE2|H%[\I’P]E’ + hEIHH‘I'P]E”hQ)E for all £ € £(Q),

and 03 = > 03+ Y (0%)°+ > (92)”. (7.5)

TeT E€E(Q) EE£(09)

Theorem 7.3 (A posteriori error estimate). Let U be a reqular solution of (5.3) with g € C°(9Q) and g|p €
HY(E) for all E € £(09). There exist 6, R, Crel, and Cogg > 0 such that, any T € T(8) and the unique solution
Up to (7.1) with ||¥ — ¥p||p < R satisfy

C;ffl'l?P S |||\II - l:[JP|||P S C1re1('l9P + data app(gvg(aﬂ)))

Here the approzimation error “data app(g,E(0N))” for the non-homogeneous Dirichlet boundary data g in the
triangulation T is defined in (5.7).

Proof. For n € Bg(V, Ry) with Ry > 0, Lemmas 5.8(iii) and 5.9(iii) lead to [|[D%(n) — D%’(\IMHLO? Vo) S
llm—¥|lp(1 + Ro + [|¥]|;), where the constant in “<” depends on ¢,¢,Cs,Cp and the constant from
Lemma 5.9(iii). This proves the locally Lipschitz continuity of D#(-) at ¥ € X for the choice of v := vp <

~

(1+ Ro+ [|¥],) in (4.1). Next we focus on (AP). Apply Lemma 5.3 with n,, := ¥p, for the discrete solution
of (7.1), and set ¥y := ¥4 Up, to arrive at

Igwe - Telly, S > hp'lll¥elpllop+ D hE'l¥e —gllo  + (data app(g, £(02)))%,

E€E(Q) E€£(09)
_ _ 2 _ 2
IR @Ve — el p)* S > B MR(Welp)[ + Y hR7|Th (s — Te)|
Ec€ EcE(Q) EcE(09)

Therefore, we obtain [|4¥p — Upl[} < Y Bee©) (%)% + > mee(09) (92)% + (data app(g, £(99)))?, where the
constants in “<” depend on Cy and op. Suppose that § satisfies Theorem 7.2, and if necessary, is chosen
smaller such that, for any 7" € T(¢), the unique discrete solution ¥p € Xp to (7.1) satisfies [|¥ — ¥p||p < R <
min(Ry, %) This applied to the abstract residual in Theorem 4.1(i) reveals

_ < I~ N o
I - wellp < | Fwe)|| . + (1+ 1PN @)l (2.3-9)

N

| S0 )+ S0 (9%)” + (data app(g, £(09)))?

Ee&(Q) Ee&(0%)

Since V is a Hilbert space, there exists a ® € V with ||®]|; = 1 such that
H(z\?(\yp)mw — N(Up; @) = N(Up; @ — Isz®) + N(Up; I, ®).

Since [Isz®]g =0 for all E € &, T . (Up, Isz®) = 0, Fp(Isz®) = 0. Therefore, N(Wp; Isz®) = 0. To estimate
the term N(Wp; O — I5z®), follow the technique employed for the first term on the right hand side of (6.11)
with the local terms 1 := (B(¥p))|r in T € T, and g := [VUprg|g for E € £(Q).

Lemma 5.9(iii), [¥]g = 0 for all E € £(Q) and ¥ = g on I imply

> (h Nwelally 5+ h2 el 7) + D2 (5 I — gllf  + hE* (e — g)[") S 1% - el
Ee&(Q) Ec£(0Q)

The above bound and standard local efficiency estimates conclude the proof of the efficiency bound. (]
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TABLE 2. Tangential boundary conditions for solution components @11, Q12, M1, Ms.

Solution z=0 2=1 y=0 y=1
Q1 -1 -1 1 1
Q12 0 0 0 0
M, 0 0 -1 1
M, 1 -1 0 0

8. NUMERICAL EXPERIMENTS
This section reports on two numerical examples for the problem (5.3) that validate the theoretical estimates.

8.1. Benchmark example for ferronematic system on square domain

Consider the benchmark example of dilute suspensions of magnetic nanoparticles in a nematic host within
the square domain © := [0, 1] x [0,1]. The Dirichlet boundary condition g is a Lipschitz continuous function
constructed using trapezoidal shape function and is compatible with the tangent boundary conditions (see
Tab. 2) for the nematic director (n) and the magnetization vector (M) (see [25]). Tangent boundary conditions
means the liquid crystal molecules in contact with the well surfaces are constrained to be in the plane of the
surfaces, and are commonly used for confined NLC systems both experimentally and theoretically. Consequently,
the nematic director/ magnetic field has to be tangent to the square edges. This leads to natural mismatch at the
four vertices of square domain and are described in Table 2. The discontinuities at the vertices are circumvented
by defining the Dirichlet boundary condition g using trapizoidal shape function (7T4(-)) following [13,25] with
the parameter d = 3v/¢, where we choose 0 < ¢ < 1 sufficiently small so that the qualitative solution profiles
are preserved. The boundary condition is given by

z),0,—Ty(x),0) on y=0,

(Ta(
t/d, 0<t<d,
g = (Td(x)vov Td(l'),()) on y= 13 and Td(t) _ 1’ d§ t< 1 —d,
(_Td(y)vovoa Td(y)) on 1':0, (].—t)/d 1_d<t<l1
(—Ti(y),0,0,—Ty(y)) on z=1, ’ - =7

and the parameter “d” is referred as the size of mismatch region. Note that this benchmark example has been
studied extensively for conforming FEM in [13,25]. The discrete solution landscapes, numerical errors and
convergence rates in energy and L2 norms for various values of the parameters ¢, ¢ are discussed therein. In this
paper, we present the results on computational errors and convergence rates for the Nitsche and dG schemes.
Recall the diagonal and rotated solution landscapes for the uncoupled system (¢ = 0) from [25]. The nematic
directors align along the diagonals of the square domain leading to D1, D2 diagonal solutions, whereas for
the stable rotated solutions, the in-plane director n rotates by m radians between a pair of parallel square
edges leading to R1, R2, R3, R4 rotated solutions. The director is the leading eigenvector of the Q-tensor with
the largest positive eigenvalue, and describes the preferred in-plane alignment of the nematic molecules. The
associated ferronematic solutions for positive coupling (¢ > 0) are denoted by (Qs, M), where the suffix s refers
to diagonal or rotated states for the nematic directors. The negative coupling enhances the multistability of the
solutions and leads to two distinct magnetic profiles for each diagonal or rotated nematic stable state. In this
case the ferronematic solutions are denoted by (Qgs, M%), i = 1,2. In the nematic (resp. magnetic) profiles, the
black lines (resp. arrows) represent the nematic director n = (cos 8, sin 8) (resp. magnetic field M), where 6 is the
director angle in the plane, and the color bar represents the value of the scalar order parameter s = \/Q%, + Q%5
(resp. M| = \/M? + M2). Figure 1 (resp. Fig. 2) displays the discrete solutions ¥y := (Qp1,Mp1) and ¥y :=
(Qr4, MRg4) (resp. Ux := (Qp1,Mpy), ¥x = (Qp1,M3,) and Uy := (Qra; ME,), Un := (Qra; MEy)),
respectively for the parameter values ¢ = 0.001, ¢ = 0.25 (resp. ¢ = —0.25). The convergence rates obtained in
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FIGURE 1. Discrete solution profiles ¥y := (Qp1, Mp1) and Uy := (Qr4, Mp4) for £ = 0.001,
¢=0.25. (a) Qp1 and Mp; profile. (b) Qg4 and Mgy profile.

energy and L? norms are O(h) and O(h?), respectively, for both positive (¢ > 0) and negative coupling (¢ < 0).
Numerical errors and order of convergences in energy and L2 norms for the discrete solutions in the Nitsche
and dG schemes are presented in Tables E.1 and E.2. The penalty parameter values have been chosen as 10 for
numerical computations in both the schemes. Similar numerical results and convergence histories hold for the
stable nematic states: D2, R1, R2 and R3.

Adaptive mesh-refinement

This ferronematic example is studied with adaptive mesh refinement for conforming, Nitsche, and dG schemes
in this section. We briefly describe the adaptive algorithm.

Given an initial triangulation 7, run the steps SOLVE, ESTIMATE, MARK and REFINE described below
successively for different levels [ =0,1,2, ...

SOLVE. Compute the solution ¥; := U¢ (resp. ¥; := Uyi and ¥; := ¥y) of the discrete problem (6.1) (resp.
(6.7) and (6.14)) for the triangulation 7;.

. 1
ESTIMATE. Calculate the error indicator Z7; := (192T + ZEeang(Q)(ﬂ?;P 4 ZEeaTﬂ&'(aQ)(ﬂ%)z) 2 for each
element T € 7;. Recall the volume and edge estimators for conforming (resp. dG schemes and Nitsche’s method)
given by (6.5) (resp. (6.10) and (6.16)).

MARK. For the next level of refinement, choose the elements T' € 7; using Dorfler marking [33] such that
0.3 e, 5%,1 <D orer 5%,1 and collect those elements to construct a subset 7 C 7;.

REFINE. Compute the closure of 7 and use newest vertex bisection [32] refinement strategy to construct the
new triangulation 7;4 .

Figures 3a, 3b and 3c, 3d (resp. Figs. 4a, 4b and 4c, 4d) plot the adaptive mesh refinements near the defect
points (four corners) and the domain wall (in magnetic profile) for the discrete solutions ¥¢ := (Qp1, Mp1)
and ¥¢ = (Qpa, Mp4) (resp. ¢ := (Qp1,ML,) and U¢ := (Qra, Mk,)), respectively, for the conforming
scheme in (6.1). A defect or domain wall is a region of low order (small values of |Q| or [M|), and defects are
a consequence of the tangent boundary conditions, and the topologically non-trivial boundary conditions for
M. The domain walls regularise any jumps or discontinuities in the eigenvectors of Q and/or the directions of
M, so that the solution has finite Dirichlet energy. For n € N, the adaptive refinements at the n-th level of
triangulation are denoted by 7,,. The convergence history of the estimator J¢ defined in (6.5) is presented in
Tables E.3 and E.4 for the discrete solutions displayed in Figures 1 and 2. Moreover, to bring out a comparison
between both uniform and adaptive refinements, we present the numerical results for the estimators ¥¢ (resp. ¥y,
Yac, and ¥p defined in (6.16), (6.10), and (7.5)) for both uniform refinements and some selected level of adaptive
refinements with respect to the number of degrees of freedom in Table E.5 (resp. Tabs. E.6, E.7, and E.8) for
those discrete solutions. The notation N in the tables represent the number of mesh points in a triangulation.
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FIGURE 6. Solution profiles for conforming FEM for the parameter values ¢ = 1,¢ = —0.25.
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The number of degrees of freedom in each triangulation is 4 x N for conforming FEM and Nitsche’s method,
and 4 x (3 x number of triangles in 7) for dG and WOPSIP schemes.

Next we focus on two more numerical examples to illustrate the practical performances of the error indicators
in adaptive mesh refinement for conforming, Nitsche, dG, and WOPSIP schemes.

8.2. Example on a L-shaped domain with zero load

Consider the PDE (5.3) in a L-shaped domain, Q := (—1,1) x (—=1,1) \ [0, 1] x [—1, 0] with zero load function
and the Dirichlet boundary condition g = (g1, g2, g3, 94) given by g1 = r2/3sin(20/3), go = r'/?sin(0/2), g3 =
r2/35in(20/3), g4 = '/ sin(0/2) on 9. Figures 5 and 6 display the solution profiles for the parameter values £ =
1, ¢ = +0.25 for conforming FEM. Tables E.9-E.11 present the numerical errors and convergence rates obtained
in energy and L? norms for the approximation of discrete solutions for conforming, Nitsche and dG schemes. The
convergence rates obtained in energy and L? norms are O(hl/ 2) and O(h), respectively. The convergence history
of the estimators for both uniform and adaptive refinements are presented in Tables E.12; E.13, E.14, E.15 for
conforming, Nitsche, dG, and WOPSIP schemes, respectively. The convergence rate of the estimator is sub-
optimal in uniform refinements. The empirical improved convergence rate 0.5 of the estimator is observed in
adaptive refinements.
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FIGURE 7. Adaptive mesh refinements at 19th level for conforming FEM for the parameter
values (a) £ =1,¢=0.25, (b) £ =1,c = —0.25.

8.3. Example on a L-shaped domain

Counsider the PDE (5.3) in a L-shaped domain,  := (—1,1) x (—=1,1)\ [0, 1] x [-1, 0] with Dirichlet boundary
condition, and calculate the load function f := N(¥) for the manufactured solution ¥ := (uq,ug, us, ug) with
up = r2/3sin(20/3), uy = r/?sin(6/2), uz = r>/%sin(20/3), uy = r'/?sin(#/2). In this case, the volume
estimators are modified as 9% := hZ||f — %(\Ilc)|||(2)7T, 9% = hZ||f — %(\IIN)|||§7T, V7 = ha||f — f%’(\IJdg)H%,T,
and U2 = hZ||f — %(\I/p)mgT for conforming, Nitsche, dG, and WOPSIP schemes, respectively, to account
the non-zero load function f. 7Figure 7 displays the adaptive mesh-refinement near the singularity at origin for
¢ = 1 and both positive and negative coupling ¢ = £0.25 for conforming FEM. The theoretically expected
convergence rate 0.25 is obtained in energy norm for uniform refinement for parameter values £ = 1, ¢ = £0.25,
and is calculated with respect to the number of degrees of freedom. This convergence rate is sub-optimal due
to the corner singularity. The adaptive mesh-refinement leads to the empirical optimal convergence rate 0.5.
The numerical results for conforming, Nitsche, dG and WOPSIP schemes are displayed in Appendix E.5 (see
Tab. E.16 for the conforming, Tab. E.17 for the Nitsche, and Tab. E.18 for the dG, and Tab. E.19 for the
WOPSIP schemes).

Remark 8.1 (Comparison among the different discretizations). In dG and WOPSIP discrete schemes, the basis
functions are discontinuous, and consequently leads to high number of degrees of freedom in computations.
However, dG and WOPSIP schemes add flexibility in global assembly, are parallelizable, and also helps in
handling complicated geometries. The over-penalization in the WOPSIP discretization increases the condition
number of the resulting discrete system. An appropriate preconditioner and parallelization are more suitable for
this scheme. In terms of the theoretical order of convergences, all the schemes (conforming, Nitsche, dG, and
WOPSIP) are comparable. The nonconforming schemes are also attractive and will be studied in another work
with details of adaptive convergence.

9. APPLICATION TO LDG MODEL FOR NEMATIC LIQUID CRYSTALS

In this section, the framework in Sections 2—4 is applied to the reduced LDG model for nematic liquid crystals
discussed in [23,24]. In the absence of surface energy and external field, the dimensionless reduced LDG free
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energy [22] is given by

£(0) = /QOV‘I"Q r (- 1)2> dz,

where ¥ = g on 9. Here ¥ := (Q11,Q12) denotes the components of the @ tensor, g : 92 — R? is the given
non-homogeneous Dirichlet boundary condition, and € is a small positive parameter that depends on the elastic
constant, bulk energy parameters and the size of the domain. Recall that we study the model problem in a
polygonal bounded domain 2 with Lipschitz boundary 9f2. The corresponding Euler—Lagrange equation for a
critical point ¥ of the reduced LDG free energy is [22]

AU = 26*2(1 - |\1/|2)x1/ in Qwith U =g on 9Q.

The analysis for this model follows immediately for all the discrete schemes discussed in this article by setting
¢ = 0 and appropriately modifying the spaces, the bilinear form and the nonlinear terms in the ferronematic
model. The modifications are indicated below.

In the abstract theory, choose X = X = (H'(2))%,V := V = (H}(Q))?, and X(g9) .= X == {w e X| w =
g on JN}. The weak formulation of the energy minimizing PDE for the reduced LDG model for NLCs seeks
¥ € X such that

N(T;®) := A(V,®) + B(¥,P) =0 forall ® € V, (9.1)
where B(\Ijv(b) = Bl(qj7®) + B3(\I]7\IJ7\I’5<I))' For all = = (61752)717 = (7717772)76 = (01702)7® = (@17@2) € Xa
the bilinear and quadrilinear forms given by

A(©, ®) / Vb; - V;dz, Bi(O,®) -2 Z/ 0;0; dz,

26’2

Bg(E,T],(“l@) = 3

/Q((E'n)(@'@)Jr(5'@)(n'@)+(n'9)(5~q’))dxo

The boundedness of A : XxX — R, its coercivity in V XV, the boundedness of the bilinear form B; : XxX — R
and the quadrilinear form Bz : X x X x X x X — R are discussed in [23]. Set H!**(Q) := (H'T%(Q2))2. We
approximate the regular solutions ¥ € X N HIT¥(Q), 0 < a < 1, of (9.1). The discrete formulation that
corresponds to (9.1) seeks ¥y, € X, (with Uy = g on 99 for conforming FEM) such that for all &, € V4,

Np(Wp; @p) i= Ap(Vn, 1) + B(Yn, ¥p, @p) — Frp(®pn) =0, (9.2)

where the discrete forms Ay (-, ), and Fj,(-) are defined in Table 3 for each scheme. Here g¢ is the Lagrange Py
interpolation of g € H27*(dQ) with 0 < a < 1. Set C°(99) := (C°(9N))? and H'(E) := (H'(E))2.

Theorem 9.1 (Error estimates).

(i) (A priori). There exist § > 0 (and a sufficiently large oqc > 0 and o > 0 for dGFEM and Nitsche scheme,
resp.) such that, for any T € T(68), the regular solution ¥ € X NH**(Q),0 < a < 1 to (9.1) and the
unique discrete solution Wy, € Xy, to (9.2) satisfy |V — Wp| < h®, where

Ve  for the CFEM and ¥ = g¢ on 09
U4 for the dGFEM;

Uy  for the Nitsche’s method;

Up  for the WOPSIP method.

\I/h =
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TABLE 3. Overview of notation of discrete spaces and discrete forms for LDG model for NLCs.

Notation

— ¥ — Z
Schemes Spaces T For © := (01,02), ® := (91, 2) € (P1(7))
An(©, 3 Fy(®
norm (|-,) 4(©®) h(®)
Xc = P(T)NH (Q), 2
CFEM Ve := Py(T) N H(Q), > llepslls A(©, D) 0
Xp = (Xc)?, Vi = (Vo)? =1
2 2 2
i i, o
dGFEM  Xj, := V= (P(T))? S lleillie > (A (05, 00) + T (04, 03) + Toue (03, 0:)) Z(ng(w) + Fyi7¢ (S@i))
i=1 i=1 i=1
2 2 2 ) )
Nitsche Xp = Vi := (Xc)? Z il Z(a(ﬁi,%) + T (0i,0i) +T5 (0, i) Z(F]if](%‘) +F77 (1))
i=1 i=1 i=1
2 2 2 i
WOPSIP X}, := Vj = (Py(T))? > el > (apw (05, 0:) + Tor (05, 24)) ST (p0)
i=1 i=1 i=1

(i) (A posteriori). Let ¥ be a regular solution to (9.1) with g € C°(9Q) and g|r € HY(E) for all E € £(09).
There exist §, R, Cra1, and Cog > 0 such that any T € T(6), and the unique solution ¥y to (9.2) with
¥ —Wyslly, < R satisfy

Ca0? < | W = Wal%, < CZi (92 + data app(g, £(99))°)

2
where 92 := 93 + 03, with 03 1= Y peq B3l12¢ 2104 ° = 1)l 1 and

Y pee helllV¥ersl gl & for CFEM;
Y pee©) (hEHHV‘I’dGVE]E”%E + h]_51|||[\1’dG]E|”§7E)
92, = + ZEes(aQ) hilm‘I’dG 2— g|||§E B , for dC-}FEM;
ZEEE(Q) hEHHV\I}NVE]EmQE + ZEEE(HQ) h [|¥N — g|||0,E for Nitsche’s method;
S ey (RN vel gl o + s I Wel ol + HE2 NS )
+ 2 Ees(o0) h? | 1% (Wp — g)‘2 +h' | T — g|HgyE for WOPSIP method.

Remark 9.1. The constants C and Cog in Theorem 9.1 will vary for different methods owing to the different
penalty parameters, norm definitions, and the associated local efficiency results (see [24], Lem. 3.8).

The proof of Theorem 9.1 follows analogous to the ferronematic case, and are skipped for brevity. Numerical
results for both a priori and a posteriori error estimates for the LDG model for NLCs are discussed in [23,24].

10. CONCLUSIONS

This paper develops a framework of a priori and a posteriori error analysis for a systems of nonlinear PDEs
with polynomial nonlinearities and inhomogeneous Dirichlet boundary conditions for different FE schemes —
conforming, dG, Nitsche, and WOPSIP schemes. The abstract theory deals with the discrete approximation
of solutions of semilinear elliptic PDEs with nonlinearity in lower-order terms and non-homogeneous Dirichlet
boundary conditions, and works for milder regularity of solutions in H'*%(Q2), 0 < o < 1. This work includes
the system of semilinear elliptic PDEs associated with the nematic and ferronematic model problems in appli-
cations and we expect to extend the results to broader class of PDEs, for instance, the Robin boundary value
problem that appears in weak anchoring LDG minimization problem for NLCs [22], the Q-tensor models in
three dimensions [5], and the coupled nonlinear system of PDEs of nematic Q-tensor and smectic density in
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smectic-A liquid crystals. The application of the general framework studied in this article to LDG theory with
more generic elastic energy density beyond one constant approximation [14] (opposed to the isotropic energy
we studied in Sect. 9) would be an interesting and challenging exercise. The error estimates in weaker Sobolev
norm estimates and adaptive convergence are interesting topics to investigate further.

APPENDIX A. PROOF OF DISCRETE INF-SUP CONDITION
Proof of Theorem 2.1. Given any 0, € Vj, with [0 x, =1, set 0 := Q0. Define
(= (Bp(On,")lv) €V, and := &/~ (B(0,-)|v) € V.
The inf-sup condition in (2.3), @/n = B0, ||| x < Ci|||¢, and a triangle inequality lead to

BlIfllx < |76 + BLI|

ve =[O +n)lly- <[]0 +nlx <Cill[ 110 +nl¢
< Cill (10 = Onll g + 116n + Cllg + lIn = Cllx)- (A1)

The definitions of ¢ and 1, and the boundedness of the operator .7 ! and the bilinear form By | <« establish

In—Cllx = || (B0 — 0n.)Iv)||x < Call& | 16— Onll5- (A2)

For ¢ € V, (A3) implies || — 65| < A1]|6h + (|| 5. This, a triangle inequality, and a combination of (A.1),
(A.2) reveal

1=10nllx, <10 =0Onlg + 110l < (Ar+ Cill 87 (1 + A (1 + Caf| 7)) 16n + <l 5-
The last displayed inequality, equation (2.6) and a triangle inequality imply
B <|0n +Cllg < N0n + InCllg + [1r¢ = Cll5- (A.3)

For given 6, + I;,( € Vj, and for any 0 < 7 < ap, the inf-sup condition (2.4) implies the existence of some
on € Vi, with [lon| 5, =1 and

(Oéh - T)Heh + IhC”Xh S Ah(ah + IhCa (ph) = DNh(u7 0h7 @h) - BL(ehv @h) + Ah(1h<7 gph)v (A4)

where the definition of DNy, (u; -, -) from (2.5) is used in the second step above. Take 7 — 0 and use A((, Qyn) =
B (0r,Qer) in (A.4) to obtain

anl|0n + InCllx, < DNi(u;0n,¢n) + Br(0n, Qen — ¢n) — A, Qon) + An(InC, ¢n)
= DNy (u; 0, on) + BL(0n, Qen — on) + A(QUnC) — ¢, Qon) + (An(InC, ¢n) — A(Q(UrC), Qen)), (A.5)

where A(Q(Ir(), Qer) is added and subtracted in the last step above. The second term on the right hand side
of (A.5) is estimated using (A2). The boundedness of A(:,-), a triangle inequality and (A3) leads to

A(QUAC) = ¢ Qen) < IZNQUKS) — ClIxIQenllx < CEI [ (IQUKS) — InCllg + ¢ — Cllg) 1Qenl 2
< G (M + D2 N1Tn¢ — I lenllx,

The hypothesis (A4) for &, := I, and then (A3) establishes
An(InG, on) — A(QURC), Qen) < CallInC — QU g lenllx, < CaMillin —Cllgllenly, -

A combination of the last two displayed estimates with ||¢p |, =1 and (A1) in (A.5) yields

anllon + InCllx, < DNa(us O, ion) + (Cats + C3(Ay + 17|} 81 + 0.
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The above expression and (A1) applied to (A.3) leads to
anB < DNy (u; 04, 0n) + (ah +Caly + CF (A1 + 1)2||£7H)51 + b2

The above displayed estimate holds for an arbitrary ), € Vj, with [|]| 5, = 1 and so proves the discrete inf-sup
condition for By := (anB — ((an + Caly + C2(Ay + 1)2]|. )81 + 62)). O

APPENDIX B. DEPENDENCY OF CONSTANTS

An overview of the dependencies of constants is presented in Table B.1. The constants from trace inequal-
ities, Sobolev embedding results, enrichment operator estimates, and interpolation estimates are denoted by
Cr,Cgs,Cen, Cr, respectively. The constant C,, is associated with the inequalities in Lemma 5.9(iii).

TABLE B.1. Summary of various constant dependence in ferronematics application.

Methods _ _ Constants

C1 Ca, Cay Cg, Cp Ay Ao

depend on depends on depends on L depends on depends on  depends on
CFEM Ci=1 0 Cs Cs 0 0
dGFEM g4G, CP C C 4G mé’”fb CP ﬁ[\;’“f’ CI? CP C 0dG 0dG, Cen
Nitsche o, Cp oy o A e R o €/ R 0
WOPSIP op, CP, Cw op Cw Cw Cw -

APPENDIX C. PROOF OF LEMMA 5.4

Proof of Lemma 5.4(c). Forn € X, [n]g =0 for all E € £(Q2). This plus Lemma 5.4(a) imply

1
D15 (1o = 01 oy S i ion =l (C.1)

m=0

For an interior edge E C 7T N AT~ with the adjacent triangles 7T and 7, Lemma 5.7(i) and Young’s
inequality lead to

2 2 — 2 2
IJ1en — enlgllo s = > I(Tien —en)lrlo g S D (hT1||J1<Ph—<Ph|\o,T+hT|J1<Ph —@h|H1(T))-
Te{T+,T~} Te{T+,T-}

The definition of |||, and (C.1) completes the proof of (c).

Proof of Lemma 5.4(d). The proof of (d) follows analogous to (c) with [p]g =0 for all E € € for p € V. O

APPENDIX D. PROOF OF THEOREM 6.7

Proof of (a). The proofs of (A1)-(A3) follow analogous to step 1 of Theorem 6.4. Set Oy, Pn € X with
[1Ox]lx = [|®n[lx = 1. The definition of An(-,-), an algebraic manipulation, and a re-arrangement of terms
lead to

An(On, Pn) — A(J20ON, J2PN) = (A(ON, Pn — J2Px) + T (On, PN)) + A(Ox — J2ON, J2PN) + T »(On, Pn).
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We proceed with the techniques as applied to estimate (A4) in Theorem 6.4. Let On := (01,02, 605,04), Pn :=
(©1, 92,93, 04), and a(b;, ;) == [, VO; - Vip;da,1 < i < 4. In this case, for the components of the first term of
the above identity, we obtain a(6;, p; — Jow;) + T (0i, ;) = —(V; - vg,0; — J20;)oq. A combination of all the
components, the Cauchy—Schwarz inequality, and Lemma 5.7(ii) lead to

A(ON, Ox — Jo®x) + T (On, Ox) < On — L2ON]lI 1PN -

Lemmas 5.4(d) and 5.9(ii) yield A(On — J2On, oPn) S [|On — J2On|x[[®n ]l The definition of 7, (-,-) in
(6.15), and Jo#; = 0 for all E € £(0Q), 1 < i < 4, yield J,(0;, i) := ZEef(BQ) é(é)l — J20;, v;) . This and
the Cauchy—Schwarz inequality lead to J »(On, Ox) < [|On — J2On || x| x| N~ Therefore, a combination of the
above estimates completes the proof of (A4). Now, for a sufficiently small choice of the maximal mesh-size h
and a sufficiently large choice of the penalty parameter o, Theorem 2.1 verifies to the discrete inf-sup condition
in Theorem 6.7 with By > 0. This concludes the proof. O

Proof of (b). The existence and uniqueness of the discrete solution WUy applies Theorem 3.1 and so we verify
the required hypotheses. For the proof of the error estimate ||¥ — Ux||y S h®, see Theorem 6.5.

Step 1: Verification of (A5)—(A8). For (A5), choose zp, := Ic¥. Lemmas 5.1 and 5.7(i) imply d3 < h®. Let
op = Ox € X¢ with [|Px]|y = 1. Lemmas 5.8(i) and 5.9(ii) establish (A6) with 64 < h. Since P := id,
(A7) holds for Ax = 0. (A8) involves xp, := 1y, pn := Px € X¢. The definition of Ax(-,-), an addition and
subtraction of A(ny, J2®n), and re-arrangement of terms lead to

AN(nx, Px) — Ay, J2Px) — F(®N) = (A(ny, Px — J2®x) + T (ny, ) — FY (On))
+ (T oy, @x) = B (@)

For ny == (m1,72,m3,M4), ON = (01,02,03,04), Px = (01,2, 93,01) € Xc, and g = (91,92, 93, 94), the
steps as in Ty of Theorem 6.5 lead to

a(i, i — J20i) + T iy i) — Fe (@i) = — (Vi - ve,midoa + (Vi - vE, gi)oa-

Therefore, for all x € X and xx = g, a combination of all the components, the Cauchy—Schwarz inequality
and Lemma 5.7 imply A(ny, O — Ja®x) + T (. &) — B (Bx) < [|x — mllyl|@x]ly. For the bound
T oy, x) — FY7 (®x) < [Inn — XlIxlI @]y, see the steps as in T of Theorem 6.5. This concludes the
proof of (A8).

Step 2: Verification of (B1), (B2) and Lipschitz continuity of D% on Bx.(IcV,2b). We apply Lemma 5.8
(ii) with zp, := Ic¥ and Lemmas 5.9(ii), 5.1 to establish (B1), (B2). For the proof of the Lipschitz continu-
ity, we apply Lemmas 5.8(iv) and 5.9(ii) at the first step, and then the triangle inequalities similar to (6.2)
in the energy norm and conforming interpolation estimate in Lemma 5.1 to obtain

(DB(nn)ON, o) — (DB(xn)On, Pn) < L0y = Xl 1O lx I Pl

The rest of the proof adopts the techniques utilized in Theorem 6.5, and is skipped here. 0

Proof of (¢). Since X}, := X¢ for Nitsche’s method, define N := N. For n € Bx(V,Ry) with Rp > 0,0 € X
and ® € V, Lemmas 5.8(iii) and 5.9(ii) imply [|D#(n) — DB, xv-) S (1 + Fo+ [19]|,) 1Ol 1], and
this proves the locally Lipschitz continuity of the Frechét derivative of £ : X — V* at ¥ € X for the choice of
v =9 S 1+ Ro+ |||, in (4.2). Here the constant in “<” depends on the parameters ¢, ¢, Cs and Cp. To
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establish (AP), apply Lemma 5.3 for the discrete solution 1, := ¥n € X¢ to (6.14) and denote ¥g := G¥y.
The definition of || - ||y and [¥n]g = 0 for all E € £(£2) imply

l9ex —OxllZ < Y hgtlle — Uxll 5 + (data app(g, £(09)))%.
Eec&(09Q)

Suppose that § satisfy Theorem 6.7(b), and if necessary, are chosen smaller such that, for any 7 € T(d), the
unique discrete solution ¥n € X to (6.14) satisfies ||V — Uy < R < min(Ry, 2’YLN) The above displayed
estimate plus the abstract residual in Theorem 4.1(i) with n, := Uy yields

Nl

2
1% = Oxlly S IVl + (1T+IDN@) v ) | | X 02)°] + data app(e, £(00)
Ec&(89)

The estimation of || N (¥x)]||ly,« and the proof of reliability follows Theorem 2.3 from [24] and details are skipped.

Standard local efficiency estimates and (9%)? = 2 pee(09) hp'lle — \I!NH|§E < ||v - \IIN|||2N concludes the
proof. O

APPENDIX E. NUMERICAL RESULTS

E.1. Uniform refinement for ferronematic example

TaBLE E.1. Numerical errors (ex(n) = [|U% — % 'l and erz(n) = [|UF% — % '||..) and
convergence rates for the discrete solutions ¥n = (Qp1,Mp1), Ux = (Qra, Mp4) for ¢ = 0.25
and Ux = (Qp1,M}b,;), Un = (Qra,M},) for ¢ = —0.25 in energy and L? norms for the
Nitsche’s method with ¢ = 0.001.

. c=0.25 c=—-0.25
Solution N h
exn(n) Order ep2(n) Order enx(n) Order ep2(n) Order
289 0.0440 2.2765 — 0.5444E—-1 — 23170 - 0.3828E—1 —
1089 0.0220 1.2103 0.9114 0.1754E—1 1.6336 1.0879 1.0906 0.1161E—1 1.7213
D1 4225 0.0110 0.5926 1.0302 0.5014E—2 1.8070 0.5335 1.0279 0.3175E—2 1.8703
16641 0.0055 0.2916 1.0228 0.1317E—2 1.9276 0.2659 1.0043 0.8182E—3 1.9564
289 0.0440 22720 - 1.6339E-1 — 24431 - 0.4081E—1 —
1089 0.0220 1.1403 0.9944 0.1092E—1 3.9028 1.1600 1.0745 0.1248E—1 1.7088
R4 4225 0.0110 0.5456 1.0635 0.2984E—2 1.8720 0.5704 1.0240 0.3403E—2 1.8748

16641 0.0055 0.2661 1.0353 0.7870E—3 1.9227 0.2845 1.0032 0.8753E—3 1.9592
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TABLE E.2. Numerical errors (eqg(n) = ||¥hs — \Ilgél|||dG and er2(n) = || Uhg — Uig ' lL)

and convergence rates for the discrete solutions Vyg =

Qp1,Mp1), ¥ac = (Q

R4, MPR4)

for

¢ =0.25 and U4c = (Qp1,M}b,;), Yac = (Qra, M},) for ¢ = —0.25 in energy and L? norms
for the dG scheme with ¢ = 0.001.

. c=0.25 c=—-0.25
Solution N h
eac(n) Order epz2(n) Order eqg(n) Order ep2(n) Order
289 0.0440 5.1244 — 0.3848E—1 — 4.3300 — 0.9041E-1 -
D1 1089 0.0220 2.8183 0.8625 0.1278E—1 1.5893 2.2819 0.9241 0.9041E—2 1.7449
4225 0.0110 1.4640 0.9448 0.3781E—2 1.7576 1.1877 0.9420 0.2493E—2 1.8583
16641 0.0055 0.7464 0.9718 0.1009E—2 1.9051 0.6094 0.9626 0.6458E—3 1.9489
289 0.0440 4.8139 - 0.1381E—-1 — 4.4967 — 0.3218E—-1 —
R4 1089 0.0220 2.1603 1.1559 0.8666E—2 3.9945 2.3648 0.9271 0.9729E—-2 1.7259
4225 0.0110 1.1124 0.9574 0.2375E—-2 1.8670 1.1877 0.9420 0.2493E—2 1.8583
16641 0.0055 0.5690 0.9671 0.6324E—3 1.9094 0.6094 0.9626 0.6458E—3 1.9489

E.2. Adaptive refinements for ferronematic example

TABLE E.3. Numerical estimators and convergence rates for adaptive mesh refinements for
the discrete solutions ¥ = (Qp1, Mp1) (left) for ¢ = 0.25 and ¥ = (Qp1, MY,,) (right) for
¢ = —0.25 for conforming FEM with ¢ = 0.001.

N Jo Ordery
289 15.71517 —

412 12.3774 0.67329
507 10.3545 0.86004
741 8.52550 0.51218
1049 6.40026 0.82488
1608 5.43721 0.38176
2543 4.31722 0.50322
3630 3.54920 0.55042
5450 2.95075 0.45440
8455 2.40222 0.46833
12665 1.93712 0.53253
18643  1.59857 0.49684
27747  1.32635 0.46943
41546  1.07577 0.51871

N Jo Ordery
289 14.2137 —

330 12.1805 1.16357
436 10.4048 0.56567
556 8.99144  0.60050
748 7.48446 0.61841
1134 6.24071  0.43675
1609 5.19778  0.52266
2283 4.25981  0.56879
3584 3.49812  0.43681
5327 2.86334  0.50525
7846 2.33756  0.52393
11630 1.94224 0.47071
16988 1.62775 0.46617
25062 1.34114 0.49807
37164 1.09601 0.51231
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TABLE E.4. Numerical estimators and convergence rates for adaptive mesh refinements for
the discrete solutions W = (Qra, Mpg4) (left) for ¢ = 0.25 and V¢ = (Qpa, ML,) (right) for
¢ = —0.25 for conforming FEM with ¢ = 0.001.

N 76 Ordery N le Ordery
289 12.6221 — 289 14.1851 —

357 10.4202 0.90719 334 12.2192 1.03088
432 8.96614  0.78817 449 10.3949  0.54646
608 7.41089 0.55744 565 8.89133 0.67991
959 6.13670  0.41399 753 7.68706  0.50667
1459 4.99236  0.49182 1206 6.31753  0.41658
2146 4.12910  0.49202 1733 5.20412 0.53477
3112 3.46151  0.47450 2432 4.28093  0.57628
4602 2.85567 0.49178 3770 3.53862  0.43442
7069 2.33269  0.47127 5601 2.88776 0.51344
10076 1.94305 0.51564 8324 2.34790  0.52236
14943 1.61033 0.47658 12222 1.95661 0.47464
22706 1.31867 0.47759 18115 1.63035 0.46356
33585 1.08722 0.49302 27061 1.33472 0.49849
48266 0.90404 0.50877 39752 1.09779 0.50817

TABLE E.5. Numerical estimators and convergence rates for uniform and adaptive mesh refine-
ments for the discrete solutions V¢ = (Qp1,Mp1), Y¢ = (Qpra; Mpy) for ¢ = 0.25 and
Ve = (Qp1,Mb,), ¥c = (Qra, Mk,) for ¢ = —0.25 for the conforming FEM with ¢ = 0.001.

c=0.25 c=—0.25
Uniform refinement Adaptive refinement Uniform refinement Adaptive refinement
N Yo Ordery N Jo Ordery N X Ordery N Jo Ordery
289 15.715 — 289 15.715 — 289 14.213 — 289 14.213 —
1089 10.082 0.3345 1049  6.4002 0.6967 1089 8.4595 0.3911 1134  6.2407 0.6020
D1 4225 5.6249 0.4304 3630  3.5492 0.4749 4225 4.5282 0.4609 3584  3.4981 0.5030
16641 2.9401 0.4732 12665 1.9371 0.4845 16641 2.3473 0.4793 11630 1.9422 0.4998
66049 1.4990 0.4886 27747 1.3263 0.4829 66049 1.1996 0.4869 25062 1.3411 0.4823
263169 0.7595 0.4917 41546 1.0757 0.5187 263169 0.6111 0.4878 37164 1.0960 0.5123
289 12.622 — 289 12.622 — 289 14.185 — 289 14.185 —
1089 7.6582 0.3766 959 6.1367 0.6012 1089 8.4288 0.3923 1206 6.3175 0.5661
R4 4225 4.2016 0.4427 4602  2.8556 0.4877 4225 4.5293 0.4580 3770  3.5386 0.5085
16641 2.2004 0.4718 14943 1.6103 0.4864 16641 2.3514 0.4782 12222 1.9566 0.5037
66049 1.1290 0.4840 33585 1.0872 0.4850 66049 1.2023 0.4865 27061 1.3347 0.4812
263169 0.5765 0.4861 48266 0.9040 0.5087 263169 0.6126 0.4877 39752 1.0977 0.5081
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TABLE E.6. Numerical estimators and convergence rates for uniform and adaptive mesh refine-
ments for the discrete solutions Ux = (Qp1,Mp1), Un = (Qpra,Mpyg) for ¢ = 0.25 and
Uy = (Qp1,M},), Un = (Qra, M},) for ¢ = —0.25 for the Nitsche’s method with ¢ = 0.001.
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c=0.25 c=—0.25
Uniform refinement Adaptive refinement Uniform refinement Adaptive refinement
N N Ordery N IN Ordery N N Ordery N IN Ordery
289 10915 — 289 10915 — 289 9.6184 — 289 9.6184 —
1089 7.0153 0.3332 729 5.9246 0.6604 1089 5.8208 0.3785 1219  4.1574 0.5827
D1 4225 3.9318 0.4270 2516  3.0096 0.5467 4225 3.1469 0.4536 5723  1.9362 0.4941
16641  2.0629 0.4705 12477 1.3625 0.4949 16641 1.6401 0.4753 18132 1.1001 0.4902
66049 1.0547 0.4866 41309 0.7564 0.4916 66049 0.8417 0.4839 57563 0.6274 0.4861
263169 0.5351 0.4907 60949 0.6204 0.5092 263169 0.4297 0.4862 83313 0.5217 0.4987
289 8.7141 — 289 8.7141 — 289 10.033 — 289 10.033 —
1089 5.2452 0.3826 910 4.1858 0.6392 1089 6.0375 0.3828 1260  4.4146 0.5575
R4 4225 2.9074 0.4352 4709  1.9513 0.4642 4225 3.2586 0.4548 5640  2.0608 0.5082
16641 1.5340 0.4664 15269 1.1048 0.4835 16641 1.6954 0.4766 18053 1.1574 0.4958
66049 0.7913 0.4802 49341 0.6219 0.4899 66049 0.8687 0.4850 57024 0.6550 0.4949
263169 0.4051 0.4842 72577 0.5153 0.4869 263169 0.4430 0.4872 83978 0.5433 0.4831

TABLE E.7. Numerical estimators and convergence rates for uniform and adaptive mesh refine-
ments for the discrete solutions ¥4g = (Qp1,Mp1), Yac = (Qra, Mp4) for ¢ = 0.25 and
Vae = (Qp1, ML), Yac = (Qra, Mk,) for ¢ = —0.25 for the dG scheme with £ = 0.001

c=0.25 c=—0.25
Uniform refinement Adaptive refinement Uniform refinement Adaptive refinement
N e Ordery N Yaa Ordery N Yaa Ordery N Yaa Ordery
289 12.420 — 289 12.420 — 289 11.886 — 289 11.886 —
1089  8.0460 0.3131 1601  4.5036 0.5661 1098  7.1391 0.3677 1194  5.1362 0.5647
D1 4225 45310 0.4142 12709 1.6336 0.4834 4225  3.8484 0.4457 12080 1.6341 0.4869
16641 2.3837 0.4633 28449 1.1047 0.4831 16641 2.0027 0.4711 38671 0.9221 0.4887
66049 1.2204 0.4829 42776 0.8987 0.5026 66049 1.0267 0.4819 56505 0.7697 0.4743
289 10.428 — 289 10.428 — 289 12.310 — 289 12.957 —
1089  6.4081 0.3512 1276  4.4371 0.5485 1089  7.3704 0.3700 1300 5.1664 0.5846
R4 4225  3.5564 0.4247 9186  1.7360 0.4683 4225  3.9687 0.4465 13192 1.6282 0.4903
16641 1.8752 0.4616 20709 1.1705 0.4816 16641 2.0624 0.4721 28999 1.1045 0.4904
66049 0.9663 0.4782 44204 0.8022 0.4952 66049 1.0560 0.4828 42658 0.9135 0.4888
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TABLE E.8. Numerical estimators and convergence rates for uniform and adaptive mesh refine-
ments for the discrete solutions Up = (Qp1,Mp1), ¥p = (Qpra,Mp4) for ¢ = 0.25 and
Up = (Qp1,Mb,;), ¥p = (Qpra, M},) for ¢ = —0.25 for the WOPSIP scheme with ¢ = 0.001

c=0.25

c=-0.25

Uniform refinement

Adaptive refinement

Uniform refinement

Adaptive refinement

N Up Ordery N Jp Ordery N Up Ordery N Jp Ordery
289 11.571 — 289 11.571 — 289 13.478 — 289 14.398 —
1089 6.5141 0.4144 1062 5.2149 0.5819 1089 7.2071 0.4515 1251 4.8612 0.7086
D1 4225  3.4599 0.4564 3582  2.8733 0.4836 4225 3.8086 0.4601 13530 1.5144 0.4819
16641 1.7824 0.4784 17589 1.2963 0.4945 16641 1.9603 0.4790 28070 1.0553 0.4932
66049 0.9081 0.4864 37329 0.8884 0.4965 66049 0.9973 0.4874 41084 0.8805 0.4714
289 11.105 — 289 11.801 — 289 14.378 — 289 13.874 —
1089  6.6437 0.3705 1492 4.1669 0.6109 1089  7.2762 0.4912 1182  5.0599 0.6869
R4 4225 3.5337 0.4554 7123 1.9445 0.4780 4225 3.8456 0.4599 11959 1.6542 0.4740
16641 1.8215 0.4780 21980 1.1182 0.4866 16641 1.9791 0.4792 35831 0.9522 0.5002
66049 0.9277 0.4866 45086 0.7814 0.4953 66049 1.0066 0.4876 51645 0.7889 0.5117

E.3. Uniform refinements for L-shape domain with zero load

TaBLE E.9. Numerical errors (ec(n) = [|U% — UE ||, and epz(n) = [|¥% — g |..) and
convergence rates for the discrete solutions for the conforming FEM for ¢ = 0.25 and ¢ = —0.25
with ¢ = 1.
h c=0.25 c=—0.25
ec(n) Order epz2(n) Order ec(n) Order epz2(n) Order
0.0440 0.2192 — 0.6763E—2 — 0.2165 — 0.6618E—2 —
0.0220 0.1517 0.5306 0.2957TE—2 1.1933 0.1499 0.5300 0.2901E—-2 1.1897
0.0110 0.1054 0.5257 0.1300E—2 1.1856 0.1042 0.5243 0.1278E—2 1.1822
0.0055 0.0734 0.5215 0.5733E—-3 1.1812 0.0727 0.5199 0.5649E—-3 1.1783
TaBLE E.10. Numerical errors (ex(n) = [|¥% — TR 'y and epz(n) = [|[¥F — U ..) and
convergence rates for the discrete solutions for the Nitsche’s method for ¢ = 0.25 and ¢ = —0.25
with £ = 1.
h c=0.25 c=—0.25
ex(n) Order epz2(n) Order enx(n) Order epz2(n) Order
0.0440 0.1648 — 0.4375E—-2 — 0.1629 — 0.4287E—-2 —
0.0220 0.1138 0.5343 0.1918E—2 1.1895 0.1124 0.5356 0.1884E—2 1.1861
0.0110 0.0789 0.5279 0.8461E—3 1.1808 0.0780 0.5274 0.8331E-—-3 1.1775
0.0055 0.0549 0.5231 0.3743E—3 1.1765 0.0543 0.5219 0.3692E—3 1.1738
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TaBLE E.11. Numerical errors (eac(n) = ||V — Vig ||, and erz2(n) = [¥hq — Uic 2)
and convergence rates for the discrete solutions for the dG scheme for ¢ = 0.25 and ¢ = —0.25
with £ = 1.
h c=0.25 c=—0.25
eic(n) Order epz2(n) Order eqg(n) Order ep2(n) Order
0.0440 0.4272 — 0.6483E—2 — 0.4208 — 0.6416E—2 —
0.0220 0.2944 0.5371 0.2726E—2 1.2499 0.2899 0.5375 0.2695E—2 1.2509
0.0110 0.2031 0.5353 0.1172E—2 1.2167 0.2001  0.5344 0.1160E—2 1.2161
0.0055 0.1405 0.5316 0.5123E—3 1.1949 0.1386 0.5299 0.5073E—3 1.1935

E.4. Adaptive refinements for L-shape domain with zero load

TABLE E.12. Numerical estimators and experimental convergence rates for uniform and adap-

tive mesh refinements for the conforming FEM.

Uniform refinement

Adaptive refinement

Parameter
N Yo Ordery N do Ordery
225 1.7958 — 225 1.7959 —
833 1.2392  0.2834 747 0.5081 1.0522
(=1 3201 0.8566 0.2742 3592 0.2260 0.5159
c=0.25 12545 0.5938 0.2682 11594 0.1247 0.5074
49 665 0.4128 0.2641 24829 0.0851 0.5011
197633 0.2877 0.2612 52259 0.0586 0.5014
225 1.7703 225 1.7703 —
833 1.2220 0.2831 758 0.4967 1.0464
(=1 3201 0.8453 0.2737 3722 0.2187 0.5155
c=—-0.25 12545 0.5865 0.2675 11954 0.1220 0.5001
49 665 0.4083 0.2633 25811 0.0831 0.4989
197633 0.2849 0.2603 54069 0.0570 0.5099
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TABLE E.13. Numerical estimators and experimental convergence rates for uniform and adap-
tive mesh refinements for the Nitsche’s method.

Uniform refinement Adaptive refinement
Parameter
N N Ordery N N Ordery
225 1.4681 — 225 1.4682 -
833 1.0150 0.2662 664 0.5316  0.9388
=1 3201 0.7009 0.2671 3111 0.2423  0.5089

c=0.25 12545 0.4849 0.2656 14720 0.1103 0.5063
49 665 0.3364 0.2636 45643 0.0626 0.5010
197633 0.2341 0.2616 65634 0.0520 0.5063

225 1.4471 - 225 1.4472 -
833 1.0008 0.2660 687 0.5140 0.9273
(=1 3201 0.6913 0.2668 3197 0.2363 0.5053

c=—-0.25 12545 0.4787 0.2651 15154 0.1084 0.5010
49 665 0.3325 0.2628 46770 0.0616 0.5008
197633 0.2316 0.2607 67405 0.0512  0.5080

TABLE E.14. Numerical estimators and experimental convergence rates for uniform and adap-
tive mesh refinements for the dG scheme.

Uniform refinement Adaptive refinement
Parameter
N Yaa Ordery N Yaa Ordery
65 1.5776 - 65 1.5777 -

225 1.1122  0.2521 251 0.6684 0.5543
833 0.7707 0.2645 799 0.3835 0.4614
=1 3201 0.5323 0.2668 4093 0.1722  0.4799
c=0.25 12545 0.3682 0.2658 13434 0.0954 0.4926
49665 0.2554 0.2639 19860 0.0789  0.4836

65 1.5579 - 65 1.5580 -

225 1.0981 0.2523 244 0.6777  0.5468

833 0.7607 0.2647 819 0.3764  0.4670
(=1 3201 0.5254 0.2669 4250 0.1679  0.4817
c=-0.25 12545 0.3636 0.2655 13872 0.0933 0.4914

49665 0.2524 0.2632 20430 0.0771 0.4889
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TABLE E.15. Numerical estimators and experimental convergence rates for uniform and adap-
tive mesh refinements for the WOPSIP scheme.

Uniform refinement

Adaptive refinement

Parameter
N Up Ordery N Up Ordery
65 1.44260 - 65 1.44260 —
225 1.01044 0.2568 224 0.63839 0.5712
=1 833 0.69572  0.2692 707 0.36381 0.4674
c=0.25 3201 0.47830 0.2702 3693 0.16256  0.4780
12545 0.32967 0.2684 11886 0.09062 0.4949
49665 0.22799 0.2660 25249 0.06169 0.5072
65 1.43107 - 65 1.43107 -
225 0.99988  0.2586 200 0.67548 0.5778
(=1 833 0.68683  0.2709 626 0.38909 0.4585
c=—-0.25 3201 0.47156 0.2712 4638 0.14507  0.4833
12545 0.32490 0.2687 15057 0.08091 0.4907
49665 0.22476  0.2658 31644 0.05558 0.5021

E.5. Uniform and adaptive refinements for L-shape domain

TABLE E.16. Numerical errors, estimators and experimental convergence rates for uniform and
adaptive mesh refinements for the conforming FEM.

Uniform refinement

Adaptive refinement

Parameter
N Error Order. Yc¢ Ordery N Error Order. Yc Ordery
225 0.3701 - 1.7078 - 225 0.3701 - 1.7078 -
833 0.2571 0.2782  1.1873 0.2777 1052 0.0744 1.0396  0.3863 0.9635
=1 3201 0.1789 0.2692 0.8261 0.2694 3428 0.0401 0.5229 0.2101 0.5154
c=0.25 12545 0.1247 0.2639 0.5756 0.2644 10969 0.0220 0.5146 0.1166 0.5064
49 665 0.0871 0.2605 0.4019 0.2611 23534 0.0149 0.5083 0.0793 0.5050
197633 0.0610 0.2581  0.2811 0.2587 49550 0.0102 0.5047 0.0546 0.4992
225 0.3701 - 1.7087 - 225 0.3701 - 1.7087 -
833 0.2571 0.2782  1.1875 0.2779 373 0.1346 2.0008 0.6870 1.8026
/=1 3201 0.1789 0.2692  0.8262 0.2695 2249 0.0495 0.5558  0.2588 0.5433
c=—0.25 12545 0.1247 0.2639  0.5757 0.2644 7425 0.0268 0.5127 0.1416 0.5049
49 665 0.0871 0.2605 0.4019 0.2611 23560 0.0149 0.5075 0.0792 0.5021
197633 0.0610 0.2581  0.2811 0.2587 49628 0.0102 0.5051  0.0546  0.4999
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TABLE E.17. Numerical errors, estimators and experimental convergence rates for uniform and

adaptive mesh refinements for the Nitsche’s method.

Uniform refinement

Adaptive refinement

Parameter
N Error Order, Yn Ordery N Error Order, Yn Ordery
225 0.5064 — 1.3861 — 225 0.5064 — 1.3861 —
833 0.3514 0.2791  0.9670 0.2750 960 0.0875 1.2100 0.3968 0.8620
(=1 3201 0.2444 0.2695 0.6731  0.2690 9911 0.0238 0.5568 0.1219 0.5053
c=0.25 12545 0.1705 0.2638 0.4686 0.2650 31417 0.0130 0.5212 0.0682 0.5030
49 665 0.1191  0.2602 0.3267  0.2621 45551 0.0108 0.5130 0.0566  0.4999
197633 0.0834 0.2578 0.2282 0.2597 65703 0.0089 0.5213 0.0471 0.5055
225 0.5065 — 1.3866 — 225 0.5065 — 1.3866 —
833 0.3514 0.2792 0.9671 0.2752 637 0.1111 1.4576  0.4886 1.0021
(=1 3201 0.2445 0.2695 0.6731 0.2691 3130 0.0447 0.5712 0.2176  0.5079
c=-0.25 12545 0.1705 0.2638 0.4686 0.2650 14728 0.0193 0.5408 0.1002 0.5008
49 665 0.1191  0.2602 0.3267 0.2621 45625 0.0107 0.5171 0.0566  0.5046
197633 0.0834 0.2578  0.2282 0.2597 65879 0.0089 0.5180 0.0470 0.5025

TABLE E.18. Numerical errors, estimators and experimental convergence rates for uniform and
adaptive mesh refinements for the dG scheme.

Uniform refinement

Adaptive refinement

Parameter
N Error Order. Yqc Ordery N Error Order. Yqc Ordery
65 1.04883 — 147777 — 65 1.04883 — 147777 —
225 0.72875 0.2626 1.04639 0.2489 343 0.26840 0.7238 0.53138 0.5431
=1 833 0.50594 0.2632  0.73238 0.2573 2587 0.09266 0.5122  0.19608 0.4801
c=0.25 3201 0.35162 0.2624 0.51045 0.2604 5748 0.06128 0.5127  0.13167 0.4937
12545 0.24485 0.2610  0.35554  0.2608 12750 0.04104 0.4987  0.08905 0.4867
49665 0.17087 0.2594  0.24790 0.2601 18577 0.03379 0.5137  0.07361  0.5030
65 1.04942 — 1.47813 — 65 1.04942 — 1.47813 —
225 0.72888 0.2629  1.04656 0.2490 345 0.26756  0.7233  0.52939 0.5434
=1 833 0.50597 0.2633  0.73243 0.2574 2752 0.08959 0.5129  0.18974 0.4810
c=—0.25 3201 0.35163 0.2624 0.51046 0.2604 6098 0.05929 0.5135 0.12740 0.4955
12545 0.24485 0.2610  0.35555  0.2608 13439 0.03981 0.5005 0.08639 0.4881
49665 0.17087 0.2595 0.24791  0.2601 19576 0.03277 0.5133 0.07142  0.5025
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TABLE E.19. Numerical errors, estimators and experimental convergence rates for uniform and
adaptive mesh refinements for the WOPSIP scheme.

Uniform refinement Adaptive refinement
Parameter
N Error Order, Jp Ordery N Error Order, JIp Ordery
65 0.61779 — 1.31475 — 65 0.61779 — 1.31475 —
225 0.38684 0.33769 0.94188 0.24059 279 0.27775 0.47867 0.50107 0.57762
=1 833 0.25108 0.31179 0.65818 0.25852 2128 0.09176  0.52961 0.18357 0.48018

c=0.25 3201 0.16762  0.29147 0.45701 0.26314 4806 0.05996 0.51699 0.12334  0.48323
12545 0.11405 0.27779 0.31717 0.26348 15546 0.03339 0.49461 0.06905 0.49015
49665 0.07854 0.26905 0.22047 0.26234 22729 0.02713 0.54317 0.05710 0.49682

65 0.61736 — 0.93591 — 65 0.61736 — 1.31258 —
225 0.38671 0.33744 0.66851 0.24271 279 0.27787  0.47801 0.50088  0.57685
l = 833 0.25105 0.31165 0.46636 0.25975 2141 0.09146 0.52980 0.18294 0.48021

c=—-0.25 3201 0.16761  0.29141 0.32351 0.26382 4827 0.05963  0.52077 0.12284  0.48497
12545 0.11404 0.27777 0.22440 0.26385 15557 0.03317 0.49739 0.06891  0.49007
49665 0.07854 0.26904 0.15594 0.26254 22735 0.02712 0.52626 0.05703  0.49501
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