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Abstract

Peridynamics is an extended continuum theory which operates with non-local deformation mea-
sures as well as long range internal force/moment interactions. The aim of this paper is to present
and to analyze peridynamic governing equations for elastic curved beams. To this end the strain
energy density is formulated as a function of two non-local deformation measures including the
axial deformation and curvature. Applying the Lagrangian formalism, peridynamic equations of
motion are derived. To analyze curved beams of finite length peridynamic boundary conditions
are required. Examples of boundary conditions including simple support and clamped edge are
presented by introducing a fictitious domain. Solutions to PD equations of motion are presented
for various problems including static analysis of simply supported and clamped arc beams as well
as modal analysis of a slender ring and a simply supported arc beam. To validate peridynamic
formulations, solutions for displacements, natural frequencies and vibration modes are compared
with those by the classical beam theory. A very good agreement between the non-local and the
classical theories is observed for the case of the small horizon sizes which shows the capability of
the derived equations of motion and proposed boundary conditions.
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1. Introduction

During last decades non-local continuum mechanics theories have drawn increasing interest due
to many applications, such as micro- and nanometer scale components, composite materials with
high contrast in material properties and laminates with extremely thin layers. One way to enhance
the classical continuum mechanics (CCM) is to introduce higher order deformation gradients
as arguments of the strain energy density (Bertram, 2023; Cordero et al., 2016). Applying a
variational principle, a family of strain gradient theories according to a maximal order of the
considered deformation gradient can be formulated. In the case of elasticity, Nth-order gradient
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terms lead to a in a system of linear or nonlinear partial differential equations of the 2Nth order
(Eremeyev, 2023). Their properties are well-understood within the general theory of partial
differential equations. Strain gradient theories lead to higher order stress tensors and as a result
require many additional boundary conditions.

Another approach is to introduce non-local integral type strain measures as proposed within
Peridynamics (PD). This type of extended continuum theory operates with long-range internal
forces (Silling, 2016; Silling and Lehoucq, 2010), instead of higher order stress measures. The
deformation gradient, its higher gradients or gradients of internal state variables are not introduced.
Deformation of bond vectors with initially finite length are analyzed in contrast to differential line
elements. The resulting PD equations of motion are of integro-differential type, opposed to
strain gradient theories, where partial differential equations are derived. Properties of PD integral
equations as well as corresponding analytical solutions are analyzed only for few problems.
Thin-walled structures, such as slender beams, plates and shells are obviously three-dimensional
structures and can be analyzed by using three-dimensional solid mechanics. However, the ap-
plication of three-dimensional PD theories to thin-walled structures generally leads to a high
computational effort since many nodes over the thickness direction are required to provide accu-
rate solutions (Naumenko et al., 2022). Furthermore, for relatively thin components, for example
interlayers in laminated photovoltaic panels (ABmus et al., 2016), the PD horizon size may be
comparable with the layer thickness leading to a spurious force interaction between the plies. To
overcome these problems, PD theories for beams, plates and shells are required.

By analogy with CCM, PD theories for thin-walled structures can be developed by formulating
governing equations directly for deformable lines for beams, planes in the case of plates and
surfaces for shells. Alternatively, three-dimensional PD equations can be reduced to one- or two-
dimensional problems applying special assumptions. In Chen (2021) the PD strain energy density
for a straight beam in terms of the non-local curvature is formulated. PD beam elements with
six degrees of freedom at each node is developed in Shen et al. (2021b). Discretized forms of
equations of motion for the axial displacement and the deflection for straight beams are presented
in Shen et al. (2021a). The PD integro-differential equation of motion with respect to unknown
deflection for a straight beam is derived in Yang et al. (2022a). Discretized forms of PD plate and
shell equations are developed in Vazic et al. (2020) applying the Lagrange principle. A linear PD
shell theory with respect to the displacements and small rotations of the base surface is developed
in Chowdhury et al. (2016). Peridynamic models for fibers and membranes are proposed in Silling
and Bobaru (2005). In Naumenko and Eremeyev (2022) a non-linear PD plate theory considering
finite rotations is presented. PD plate points are assumed to behave like rigid bodies and non-local
force and moment interactions are introduced. Governing balance laws are formulated directly
for the plate. On the other hand, in Taylor and Steigmann (2015) a PD plate theory is derived
as a two-dimensional approximation of the three-dimensional bond-based PD via an asymptotic
analysis.

An important issue of a PD theory is the analysis of solutions as they behave by reducing the
horizon size. For elastic solids the solutions should converge to those of CCM as the horizon
size approaches zero. Another aspect is the influence of the type of PD constraints and boundary
conditions on the results. Unlike the CCM, where many analytical solutions for beams, plates,
shells and three-dimensional solids are derived, only few analytical solutions to PD equations are
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available in the literature. Analytical solutions for rods are presented in Mikata (2012); Nishawala
and Ostoja-Starzewski (2017); Silling et al. (2003); Weckner and Abeyaratne (2005). For initially
straight beams with various boundary constraints series solutions to PD equations are given in
Yang et al. (2022b). Governing PD equations for buckling of straight beams are derived in Yang
et al. (2022a). For several types of boundary conditions explicit expressions for the buckling loads
are presented. Analytical solutions of peristatics and peridynamics for three-dimensional infinite
media for an arbitrary body force density, and arbitrary initial conditions are obtained in Mikata
(2019, 2023).

Analytical solutions presented in the literature illustrate the effect of non-locality, in particular the
influence of PD horizon size on the deformation, explicitly. Furthermore, analytical solutions are
useful to validate the numerical methods, such as the PD meshfree method (Silling and Askari,
2005), PD codes, such as Peridigm (Littlewood et al., 2023) and to analyze the convergence of
numerical results (Seleson and Littlewood, 2016).

The aim of this study is to derive the governing equations for initially curved linear-elastic beams
within the PD framework. To this end the strain energy densities corresponding to the axial
extension and the bending of the beam will be formulated in terms of non-local PD deformation
measures. Applying the Lagrangian formalism, novel PD equations of motion for curved beams
will be derived. For the special cases of straight rod and straight beam the obtained equations
will be compared with those available in the literature. Examples of PD boundary conditions
corresponding to the simple support and the clamped edge will be introduced.

For beams with constant curvature, novel closed form analytical solutions to PD equations of
motion for both static and dynamic cases and different types of boundary conditions will be
derived. Furthermore, discretized forms of equations of motion and numerical solutions will be
presented. The results will be validated by comparing the derived solutions against solutions of
the classical beam theory (CBT).

2. Peridynamic beam theory

2.1. Classical equations and assumptions

Figure 1 illustrates a curved beam in a reference configuration. Let s be the arc length coordinate for
a point of the beam centerline and r(s) the corresponding position vector. The following relations
with respect to the basic geometrical parameters of the curved beam can be established, e.g. Green

and Laws (1966)
dr dt 1
t:d_s’ - X =g (1)
where t(s) is the unit tangent vector, n(s) is the unit normal vector, y (s) is the curvature and R(s)
is the radius of curvature of the centerline. For the sake of brevity let us consider plane curves,

such that the binormal vector b = t X n does not depend on s. In this case

dn

& =xt ()

Furthermore, let us analyze the plane bending of the beam. In this case the deformed centerline
belongs to the plane the spanned on the vectors t and n. In the case of small cross-sectional
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Fig. 1. Geometry and coordinates for a curved beam

rotations the displacement vector # can be represented as follows
u(s,z) =u(s) +0(s)zt(s), (3)

where u is the displacement vector of the beam centerline, 6 is the angle of cross-sectional rotation,
and z is the coordinate along the normal direction, as shown in Fig. 1. The displacement vector u
is represented as follows

u(s) = u(s)t(s) + w(s)n(s), 4)

with u being the axial and w the normal displacement, respectively.
Assuming small strains the linear strain tensor € is related to the displacement field by the following

equation
1 1 a(.. a(...)
=2 (vu+wT), V()= t + 5
€ 2( (Vu) (- l+yxz Os nﬁz )
Inserting Eqgs (3) and (4) into Eq. (5) the strain tensor is computed as follows
1
s:et®t+§y(t®n+n®t), (6)
with the following expressions for normal strain € and the transverse shear strain y
1 du do 1 dw
= —+z7—+ , = 0+ —— 7
‘ 1+ xz (ds st )(w) 7 1+)(z( ds )(u) ™
For the shear rigid beams y = 0 is assumed, resulting in
dw 1 [du d>w  du  dy
0=—-——+ yu, = — + +7|-———+)x—+u— 8
ds X E 1+ xz |ds A Z( ds2 " Yds uds)] ®
Considering slender beams, |z|/R < 1 and Eq. (8) simplifies to
u d’w du dy
=—+ +z|-———+x—+u— 9
T Y Z( ds2 " Mds uds) ©)
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For the linear-elastic material behaviour the strain energy per unit length is defined as follows

1
W= E/E.esz, (10)
A

where E is the Young’s modulus and A is the cross-sectional area. With Eq. (9) the strain energy
density (10) takes the following form

EA , EI , du d>w  du dy
W=We+Wy, We=-—¢€", Wp=—«", €=—+xw, Kk=——S+x——+u

e 11
2 2 ds ds? ds ds’ (an

where W, and W, are the strain energy densities with respect to the axial extension and bending,
respectively, and / is the second area moment of the beam cross section.

2.2. Peridynamic equations of motion

Unlike the CCM and the classical beam theory (CBT) where strains are defined in terms of
derivatives with respect to the coordinates, non-local deformation measures are introduced in the
PD framework. The PD deformations can be introduced as work conjugates to the bond force and
moment densities considering the energy balance equation, e.g, Naumenko and Eremeyev (2022);
Silling and Lehoucq (2010). For elastic structures a class of PD theories can be derived assuming
the correspondence of the strain energy density from the CCM as a function of the PD deformation
measures Yang et al. (2022a,b,c).

Let I" be the collection of points of the beam centerline, Fig. 1. Introduce the PD horizon as an
open ball centered at point s with radius of the PD horizon size ¢ defined Vs € I', i.e.

Hy:={s"erl:|s—s| <6} (12)

In PD, the strain energy density of any arbitrary material point s depends upon both the displacement
of itself and the displacement fields within its horizon Hy, i.e.

W(s) =W (u(Hy)) (13)
To formulate the PD strain energy density consider the following Taylor expansions for # and w

w(s") + w(s)

2 =x()w(s) +O0(|ls" = sl) (14)

u(s’) —u(s) = %

(s"=5)+O(Is" =),  x(s)

Adding Eq. (14); with (14),, squaring both sides and integrating over the PD horizon of material
point s, by taking into account (11)4 and ignoring terms of higher order the following equation can
be obtained

s+0 , ) 5+0 ;v
/Is’l—sl (”(S/)_”(S)JFX(S)M(S/_S)) ds/:f(S)Z/ (iv_/_j ds'  (19)
§—0 s
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which gives

s+0
1 1 )+ 2
e(s)? = —/ u(s’) = u(s) + ()W o o) gy (16)
62 ) | —s| 2
s—0
With (16) the PD extension strain energy density is formulated as follows
EAT 1 / 2
We(s) = 221 [ L () —ut) #4020 o) oy any
2 62 ) |8 —s| 2
s—0

It can be shown that for & — 0 the classical extension strain energy density (11), can be recovered
from Eq. (17). To formulate the bending part of the strain energy density consider the following
expansions

2
W(s') = wls) = S (5 =)+ 3 TR = 57+ Ol = 5P,
d
X(9) [1(s) = u()] = X() g (5 = 5) + O(1s" = sIP). (8)
)™ yus) + 015~ s,
where
_
K= ds
By adding Eqgs (18), (18); and (18)3, and integrating over the PD horizon we obtain
S+0
— i u(s’) +u(s) u(s’) —u(s) B w(s’) —w(s) ,
761 = 55 [ [ (M oM ZW g )
s—0

With Egs (19) and (11)3 the PD bending strain energy density is formulated as follows

S+0 2
— 1 El (s") +u(s) (s) —uls) w(s)=-w(s)|  ,
s—0

The PD equations of motion for the beam can be derived by the Lagrangian formalism. Applied to
the considered curved beam it leads to the following Euler-Lagrange equations

doL OL d OL OL
Wi o Y waw aw Y @D

where L =T — U is the Lagrangian. The kinetic energy 7 is defined as follows

!
1

T = 5/ Ai? +w?)ds (22)

0
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in which p is the density and [ is the length of the beam. The potential energy U is

[ [
U= 0/ [We(s) + Wo(s)]d 0/ [p()uls) +q(s)w(s)]ds. 23)

where p(s) and ¢(s) are the distributed axial and lateral loads, respectively.
With Egs (17) and (20) — (23) the following equations of motion are derived

w(s’) + w(s)

paii(s) = EA / 2l -+ o) 2

Eﬁ P_ (%+X()L/¥WmSMn+

(s" - s)} ds’

u(s>+X( 'Z]/Wn,s)dn ds’ + p(s).

452
§—0 §—0 §'=0
5 4
pAi() =55 [ S ) X)) = u)]) o
5=0
s+0
o [ e eeen ) g fas @s)
EIS_S(-SI—(S : 5+0 s'+6
] o /5 PO /5 (. )an | d +q(),
e () _ ) = w(s)
P 01,9) = () D ¢y () ML D),
sv(n,s'>=u(s)—“(’7);“(s')+ (+) (”):;‘,(S') D
n=5)

In particular, by setting y = 0 and g = 0, PD equation of motion for the axially loaded straight rod
follows from Eqs (24) and (25). With s = x, where x is the coordinate along the rod axis, we obtain

PAii =

2EA / u(x’) —u(x) 26)

62 X" — x|
x—0

Solutions to Eq. (26) are presented in Mikata (2012); Silling et al. (2003) among others. With
X =0, p =0and s = x the PD equation of motion for the straight beam under transverse load is
derived from Eqs (24) and (25) as follows

x+6 X+0 x'+6

B W w0 -we |
R [ [ R e

7

xX'=0
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Solutions to Eq. (27) are presented in Yang et al. (2022b).
For curved beams with constant curvature y = 1/R = const the angular coordinate @ can be
introduced such that s = @R. In this case Eqs (24) and (25) reduce to

a+6/R

=20 [ ) ) ) ) )
62 o’ — af 2
el +6/R
(71— ) [u(n) —u(@)] =2 [w(n) —w()]
a+6/R / T b(ta(l_ )2 — dny
EI 1 w5/ g :
Ty / Rla—a)| ok da’+p,
a-6/R N / ({—a) [u(Q) —u(a)] -2 [w({) —w(a)] a
ik (@' = ¢)?
(28)
a+d0/R , ,
pAv't'/:—E i {u(o/)—u(oz)+w(a'—a)}da'
62 o — | 2
ool +0/R

B (n—a) [u(n) —u(@)] -2 [w(n) —w(a)]

. a+5/R 1 ! (@—1)? dn

£l a—6/R da’ +¢

202 ) Rr(a-a) | TR , ,

a-6/R N / (Z—Q)M(é)—u((l)—z[w({)—W((l)]dg
o (¢ -a)?
(29)

2.3. Boundary conditions

Equations of motion (24) and (25) are applicable for material points embedded in the PD influence
domain. For material points adjacent to boundaries whose PD influence domain is defective, inter-
actions with the environment, such as constraints or force/moment interactions must be considered.
To this end a fictitious material region can be introduced. Following the approach presented in
Yang et al. (2022a,b) we set the length of the fictitious region as of the PD horizon size, 26. For
the curved beam the following examples of constraints will be analyzed.

2.3.1. Simple support

Suppose the beam is simply supported at the left end with s = 0. In the case of the fixed support
according to the classical theory the axial displacement, the deflection and the curvature change
must be zero, i.e.

u(0)=0, w(0)=0,
du d*w (30)
xO) o - =0
S s=0 ds s=0
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For the case that the support is movable in the axial direction we have

d
d—” -0, w(0)=0,
S :0
i (31)
- =0
ds? s=0

To formulate the admissible PD boundary conditions let us apply the central difference as follows

du u(As) —u(-As)  d’w w (As) = 2w (0) + w (—As)
b I , ~ (32)
ds|._, 2As ds? | As?
Replacing As by &, € < 26 the Eqgs (30) and (32) yield
W =0, w =0, w6+ o =we+ e

In the case of the fixed support the following antisymmetric condition can be applied for the
function u, as proposed in Yang et al. (2022b)

u(=&) =u(é) (34)

Then for the fixed pin support the PD boundary condition can be formulated as follows

{ M(O) = O’ l/l(—é‘:) = M(f), (35)
w(0) =0, w(=§) =-w(&) +x(0)&u(é)

For the y = 0 the boundary conditions of the straight rod with the fixed end Yang et al. (2022b)
and the straight beam with the simply supported end Yang et al. (2022a) can be recovered. For the
moving support Eqs (31) and (32) provide the following PD boundary conditions

u(=¢) = u(é),
36
{w(m =0, w(-£)=-w(® o
2.3.2. Clamped end
Assume that the cross section s = 0 is clamped. In the classical continuum beam theory
u(0)=0, w(0)=0,

dw
ds

3 ;
( )
s=0

Taking into account the central difference (32) and the antisymmetry condition (34) the following
PD boundary conditions of the clamped edge can be applied

u(0) =0, u(-€) = u(&),
{w<0>=0, w(=&) = w(&) (38)
9
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2.4. Discretized equations of motion

To solve PD equations of motion a mesh-free approach can be applied, as originally proposed in
Silling and Askari (2005). The beam axis is discretized by n nodes with the coordinates sy,
k =1,2,...,n. For the sake of brevity let us formulate the discretized form of Eqgs (24) and (25)
for the case of constant curvature. For the k-th node we obtain

. 2EA W)+ Wk
pAii() = [um U(ky) + X ————E0) k) | As ()
Z |§<1>(k)| ! 2 ’ !

Wiy = Uk W(k) ~ W(k)
T a5t Z 2.lx < -2 (lz) AS (%) (39)
Ot G | F () k) £y
Uiy — UGy W) W)
" Z (i) J _n (112) J AS(l-j) AS(J') P
i/ ‘f(”)(/) f ,'j)(j)
) E()(k) [ W(j) +W(k)
pA () = ugj) = uw)) + X ———5——E0)k) | As(j)
Z 00| 2
EI 2 UGy —UG) W) = Wo)
=N e As(w) (40)
7 S0 | () () (i) ()
l/l(l'k) - u(k) W(ik) - W(k)
_Z p% -2 3 AS(ik) Asjy+q k)
ik &)W f(ik)(k)

where f() is the variable of the k-th node, f(ik) (i =1,2,...n) is the variable of the i-th node
within the horizon of the node k, As ) is the length of the node k and &y k) = x(x) — X(j)-

3. Examples

3.1. Static analysis

In the first example we consider, slender simply supported and clamped arc beams subjected to the
central lateral force F, see Fig. 2. Rectangular cross section with the height 4~ = 0.01 m and the
width b = 0.01 m is assumed. Beams spanned by central angle of /2 and radius of R = 1 m are
chosen. The Young’s modulus E = 200 GPa is specified for both cases.

By neglecting the inertia terms Eqs (39) and (40) are solved numerically. To this end the axis of
the arc beam has been discretized into 101 points. The length of the nodes is As = Rz /200. The
peridynamic horizon is chosen as 6 = 3As. Outside of the each boundary 6 fictitious points were
introduced to specify the constraints. The same problem is solved by ANSYS finite element code
applying BEAM188 elements. A uniform finite element mesh with 100 elements along the axis of
the arc was generated.

Figure 3a illustrates the axial displacement as a function of the angular coordinate « for the
simply supported beam arc. The normal displacement vs the location is illustrated in Fig. 3b.
Displacements vs angular coordinate diagrams for the clamped beam arc are shown in Fig 4. For

10
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Fig. 2. Arc beams under static transverse load. a) Simply supported beam, b) clamped beam

Location «, (rad)

Location «, (rad)

a) b)
103 Simply supported beam Simply supported beam
25 ¢ ‘ ‘ : ‘ ‘ 0.01 ; ; ; ‘ ‘
2r / - \\ —~ - -
~ 4 \ g ’ " o
g 150 / \ E 0005 \ / N
= ! \ - A 4 \
= 1t ! AN = \ / \
- ! b1 \ 7 \
= ! h 5] \ i
Q 05 l; S 0 \ b
E ] N E \ !
~ 5y /
8 ok i ~- 9 \ ),
< N ! — \ /
a \ i o \
S 05¢ \ @' -0.005 - / 1
RZ ‘ 2 \ /
) A i = \ /
= / < \ /
‘o / =) \ )
& 151 / 1 5 001f D 1
\ 4 : :
5l N y FEM solution Z. .’ FEM sollutlon
B St = = = PD solution = = = PD solution
5 ‘ ‘ : : ‘ ‘ ‘ 0.015 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 12 1.4 16 0 0.2 0.4 06 08 1 1.2 1.4 1.6

Fig. 3. Displacements vs axial location for simply supported circular beam arc under static load. a) Axial displacement,
b) normal displacement

the comparison the solutions with the CBT and the finite element method are presented. We
observe that the results based on PD equations are in a very good agreement with those obtained
by the CBT and FEM.

3.2. Modal analysis

3.2.1. Slender ring
Consider a slender ring parameterized with the radian angle coordinate . Suppose the solutions
to Egs (28) and (29) have the following forms

u(a, 1) = Uy(@)e' ', w(a,t) = Wy(a)e', 41)
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a) b)
B Clamped beam Clamped beam
x10
2.5 T T T T 0.01 T T T
| o~ N
2 l' \ — P o~
— AY E ’ N / N,
g 15¢ 4 . E o005- ¢ \ / AN
~ 4 A - ,I \ / \
- 1
= 1r ) \\ = / \ / \
- ~— AY f
I} \ = / \
=} ) ¢ A ! \
Q 05f ‘ AN = 0 \ I} 1
% 1 N\, 1) \ 1
SEEN 1 ~ Q \ /
< N ’ = \ ]
) \ 7 o \
S 05¢ \ @' -0.005 - !
- 7 ot Y 1
el \\ 7 E \ ?
= 7 \ ! < \ /
5> \ / =) \ /
< 151 \ / 1 ‘6 0.01 \ / Bl
> / FEM solution Z. A4 FEM solution
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25 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0.015 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 1.2 1.4 16 0 0.2 0.4 0.6 0.8 1 1.2 1.4 16

Location «, (rad)

Location «, (rad)

Fig. 4. Displacements vs axial location for clamped circular beam under static load. a) Axial displacement, b) normal
displacement

where U, and W,, are unknown functions of the coordinate and w, is the natural frequency. By
substituting Eqs (41) into Eqgs (28) and (29) gives

§/R
AU, (a) ? = 2§2A / {Un (oz+§|;|— Uy (a) W, (0/+§;+Wn (@) san (f)}df
~5/R
§/R
/U[Un(aﬂl) — Uy (@)] =2 [W, (@ +n) - W, (a)]d
5/R n? n
El 1 ~5/R
Tars?) RE| OR %
—6/R +/ (Un(@+E+0) - Up(@+ )] -2[Wy(@+&E+0) - W, (a+§)]d{
{2
I 42)
EA oE & W, (a+&)+ W, (a)
—pAW, (@) w? = = | {[Un (@+&) U, (a)] + — 5 - g} d¢
~5/R
§/R
_/U[Un(a+77)_Un(a)] _Z[Wn(a"'n)_Wn(a)]d
6/R 772 n
El 1 ~5/R
+2_52 R2£2 | OIR dé
-6/R +/€[Un(a+f+év)_Un(a+f)] _2[Wn(a+§+{)_Wn(a+f)]Rd§
4'2
~5/R
43)
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When u(a,t) vibrates at its maximum, w(a,t) is at its minimum, and vice versa. Thus, the
admissible functions can be selected as

Un(a) =a,sinn(a —¢), Wy(a)=>b,cosn(a— ¢) (44)
By plugging Eqs (44) into Eqs (42) and (43) we obtain

/R

2EA -1 El 1 0

an 2 e "R
~5/R

5/R (45)

2EA1—-cos(né/R) EI1 [ &6 / cos (nn) — 1
— + ——=si|n— _
52 n 62 R R n?
~5/R

+b,

dne =0

_2EA 1 —cos (nd/R) sin (n{) Ccos (nf) -1
262 / i /

52 n R ds

2 (46)

an
~5/R ~5/R

5/R 5/R !
EA El —
+b, 552 / €] [cos (n&) + 1] d€ - 5 / %df +pAw, 1 =0

-5/R §/R

which can written into matrix system as
K+ pAw% K> a, 0
2 = a7
K> Ko + pAa)n b, 0

/R

2EA [cos (n€) — 1] EI 1 ,2( 6)
5 | e )

where

K=

-5/R
5/R
2EA 1 —cos (ndé/R EIl [ ¢ cos (nn) — 1
0 n 0* R R Rn
2

dn, (48)
-6/R
5/R 5/R

cos (né) — 1
Kn=—i5 [ lelleose)+11de - | [ UG
—5/R 5/R
For nontrivial solutions of a,, and b,

det[ K]] +pAw% K12 ] _

K> K + pAw? )

The natural frequencies of a ring in PD can be obtained by solving Eq. (49).
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Fig. 5. Natural frequencies vs horizon size

Horizon size &, (m)

For the numerical analysis we set E = 200 GPa, R = 1 m, p = 7850 kg/m3, h=0.01m,5b=0.01
m. Figure 5 illustrates different natural frequencies of the ring as functions of the horizon size.
It is obvious that results of PD and of CCM have a very good agreement when the horizon sizes
are chosen as small. However, PD results deviate from those based on CCM as the horizon size
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Fig. 6. First few modes of vibrations of a free ring (PD horizon size =0.001 m)

increases. This is expected since with an increase of the horizon size, nonlocal characteristics
of PD start to emerge and represent a behaviour different from CCM. For small horizon size,
nonlocal characteristics of PD disappear, and the results converge to those based on the local CCM
theory. Figure 6 illustrates mode shapes computed by PD with the horizon size §=0.001 m. For

the comparison CCM solutions are presented. We observe that PD solutions agree well with the
solutions based on CCM.

3.2.2. Roller simply supported arc beam

For the roller simply supported arc beam shown in the Fig. 7 the solution can be chosen by
replacing n with % and eliminating the phase angle in Eq. (44) such that

U, (a) = a,sin m, W, (@) = b, cos ? (50)
Y
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Fig. 7. Roller simply supported arc beam

Thus, the corresponding eigenvalue formulations become

§/R nné
2EA/0087—1 EI1 o(mné\ .
a - ——=si“|— w
"2 €] 2R \Ry | TP
IR (51)
EA2 §\ EI1 5\ I cosZE 1
tbp -2 1 cos T2 1 B i X / Y 4eb =0
82 nn Ry 02 R \ Ry £
~5/R
EA2 0\ EII o " cos 12 —
an it l-c sﬂ + ——si nre / Y dé
62 nm Ry 52 R \ Ry R&?
-§/R
§/R 2 S§/R
El 1 EA
+by{ —— /— l—cosﬁ dé| - — I€| cos@+1 d§+pAw% =0
52 Rgz y 252 0%
§/R ~5/R
(52)
The natural frequencies can be casted by solving the following equation
K]] + pAw2 K12 ]
det " = 53
[ K> Ky + pAw% (53)
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where
6/R nré
2EA / cos == — 1 EI'1 ,(nné
e €] >R \ Ry
EA2 s\ EIl 5\ 7 cos 1
K2 = K =2 cos B2 ) 4 S i [ / - d¢, (54)
52 nn Ry 02 R \ Ry R&?
—5/R
2
5/R 5/R
El 1 EA
Ky = —— / — |1 - cos@ dé| - — €] COS@ +1|dé
52 R&2 y 262 4
5/R —6/R

For the computations we set E = 200 GPa, R = 1 m, p = 7850 kg/m3, h=0.0lm, b =0.01 m,
v = m/2. Figure 8 shows different natural frequencies of the ring as functions of the horizon size.
Similar to the previous example we observe that natural frequencies depend on the horizon size.
For small values of the horizon size the results based on PD and of CCM agree well. Mode shapes
computed by PD with the horizon size §=0.001 m are presented in Fig, 9. Again, PD solutions
agree well with those based on CCM.

4. Conclusions

In this study, initially curved elastic beams are analyzed within the framework of peridynamics. To
this end the strain energy density is formulated as a function of non-local deformation measures for
the axial deformation and bending. Applying the Lagrangian formalism, PD equations of motion
were derived. In the special case for the straight rod and the straight beam the derived equations
reduce to the equations presented in the literature. PD boundary conditions of simple support and
clamped edge are introduced based on the fictitious domain approach.

Solutions to PD equations of motion are presented for various examples including deformation
analysis of simply supported and clamped arc beams under static load, modal analysis of a slender
ring as well as modal analysis of the simply supported arc beam. The validation of PD formulations
and solutions was demonstrated by comparing the displacements, natural frequencies and vibration
modes against the corresponding results by the classical beam theory. A very good agreement
between the non-local and the classical theories is observed for the case of the small horizon
sizes which shows the capability of the derived PD equations of motion and proposed boundary
conditions.

The presented examples are useful to validate the numerical methods and numerical codes applied
to solve PD equations.
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Fig. 8. Natural frequencies vs horizon size
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