DENSITY ESTIMATION IN RKHS
WITH APPLICATION TO KOROBOV SPACES IN HIGH DIMENSIONS
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Abstract. A kernel method for estimating a probability density function (pdf) from an i.i.d. sample drawn
from such density is presented. Our estimator is a linear combination of kernel functions, the coefficients of which
are determined by a linear equation. An error analysis for the mean integrated squared error is established in a
general reproducing kernel Hilbert space setting. The theory developed is then applied to estimate pdfs belonging
to weighted Korobov spaces, for which a dimension independent convergence rate is established. Under a suitable
smoothness assumption, our method attains a rate arbitrarily close to the optimal rate. Numerical results support
our theory.
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1. Introduction. In this paper, we propose and analyse a kernel-based method to approx-
imate probability density functions on a domain of an arbitrary dimension. Density approxi-
mations have a long history [29, 34]. However, these classical methods typically suffer from the
so-called curse of dimensionality, i.e. their error convergence rates deteriorate in dimension, and
thus their practical use is limited to relatively low-dimensional settings; see for example [29, 34]
for more details. Over the past decade there has been increasing interest in studying random
variables taking values in high-dimensional spaces. For instance, in Uncertainty Quantification
applications one is typically interested to study statistics of the solution of a complex differential
model that contains random components; see for example [3, 7, 24]. Our work is partly inspired
by this type of applications.

Let (2, F,P) be a probability space and (D, B) be a measurable space. Given independent
random variables Yi,..., Yy : © — D that follow an identical distribution defined by a density
f with respect to a measure p on B, we aim to approximate f with a positive definite kernel
K(-,-): D x D — R. In particular, we seek for an approximation of the form

N
(L1) FO) = Y @)K (),
k=1

where N is a positive integer, X := {zy | k = 1,...,N} is a pre-selected point set in D,
and the (random) coefficients ¢1(w),...,en(w) € R, which depend on the sample Y (w) :=
(Y1(w), ..., Ya(w)), are determined by solving a linear equation. More precisely, we denote the
approximate density of the form (1.1) by f X‘J ~;y and construct it as the solution of the following
problem: Find f3; .y € Vv such that

M
Z v(Yy,) forallve Vy,

m=1

S

(12) <f]i\/[,N;Y?’U>L,2L(D) +/\<f]i\/[,N;Y7v>K =
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where A > 0 is a “regularization” parameter, and
Vn = Vn(X) :=span{K (zx,") | k=1,...,N}.

Here, (-, '>Li(D) is the L2-inner product with respect to the measure p on (D, B), and (-, ) is
the inner product of the reproducing kernel Hilbert space (RKHS) N defined by K. The set
of points X := {x;}_, C D determines the approximation space Vy(X), and they should be
chosen carefully. More details will be discussed in Section 2.

The approximation of type (1.2) is a variant of what Hegland et al. proposed in [20], in which
a standard finite element space was considered as the approximation space. As such, the method
proposed in [20] becomes infeasible when the dimension of D is large. Peherstorfer et al. [27]
considered sparse-grid basis functions instead of the standard finite element basis functions in the
method of [20], to deal with larger dimensions, but the approximation error and its dependence
on the dimension is not investigated. Roberts and Bolt [28] considered a method in the same vein

s [27], but without the regularization term. They outline an error analysis, but their claimed

estimates will result in a mean integrated squared error (MISE) decaying as Og(| log M|?? M ~4/%)
with a constant exponentially increasing in d. Another class of density estimators that have been
developed e.g. in [19, 36] is the MAP estimator. The methods in [19, 36] involve minimising a
non-linear functional via Newton’s method, whereas our method only involves solving the linear
equation (1.2). Moreover, the method in [19] is limited to three dimension as the dimension of
the domain of the target density, and in [36] the approximation error is not investigated. In
contrast to these works, as we will see later in Section 4, under suitable smoothness/periodicity
assumptions on the density f we will establish a faster, dimension-independent error decay in
terms of MISE.

To analyse the error of our method, we first derive a general theory in a RKHS setting. Under
the assumption that the target density function is in the RKHS associated with the kernel K,
we will establish an MISE bound. It turns out that the bias can be bounded by an orthogonal
projection error plus a regularization term, while the variance decays at a rate arbitrarily close
to M1 provided that f is sufficiently “smooth”. More precisely, we have

(MISE) < |2n f — f||2Lﬁ(D) +ON+ M),

where Py is the N-orthogonal projection onto Vi, and given that f is in a sufficiently small
RKHS, 7 € (0,1] can be taken arbitrarily small; see Theorem 3.6. Since a large number of
projection error estimates are readily available for various kernels, this estimate will directly
provide estimates on the MISE. For f smooth, the projection error typically decays fast in N.
Hence, in such cases, for the optimal choice of N and A\ depending on the sample size M, the
MISE decays at a rate arbitrarily close to M ~1. Such a rate may be called near-optimal, since,
in view of the lower bound in [5], the rate M1 is optimal.

We will demonstrate the strength of this theory through an example. We will apply the
theory to the so-called Korobov kernel and the corresponding space, which is, roughly speaking,
a Sobolev space with periodicity. Given that the target density is in this space, it turns out
that the bias can be bounded by the interpolation error up to a regularization term, where
the interpolation points are {xk}gzl. Note that the kernel interpolation is optimal among all
approximations that use only the same function values of f, in the sense that it gives the least
possible worst-case error in any norm that is no stronger than the RKHS-norm; see for example
[Theorem 2, 23] for a proof of this optimality result for the same setting as this paper. As
such, the interpolation error can be bounded by the approximation error delivered by other
algorithms that use evaluations at the same set of points {xk}f;’:l. Approximation errors in
Korobov spaces by kernel interpolation have been extensively studied [38, 37, 23]. In this paper,
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following [23], as {z;}2_, we choose the so-called rank-1 lattice points. Moreover, like [23], we
consider target (density) functions with a favourable anisotropy structure by assuming that they
are in a weighted space. By exploiting this structure, we establish convergence-rate estimates
that are independent of the dimension. When the smoothness parameter of the Korobov space is
an even integer, the rate established turns out to be asymptotically minimax up to an arbitrarily
small € > 0. Moreover, the lattice structure gives a circulant matrix for the linear equation,
which makes solving the equation fast. Numerical results support our theory.

Random variables having a periodic density function arise for example as circular observa-
tions. Although they are important in many applications such as biology, geology, and political
science [21, 1, 15, 25], estimating such density function in high dimensional setting remains a
challenge [11]. Moreover, we note that, if the target density is compactly supported and smooth,
then we can always normalize the sample domain and assume a periodic extension. We mention
several other theoretical results, although for methods different from ours, on periodic density
estimations; see for example [10, Chapter 12], [32], and as a special case, compactly supported
density functions [33]. In particular, periodic Sobolev density functions have been considered in
[32] for the one dimensional case, where the author suggests that in many applications it might
be preferable to assume the true density has compact support and to scale the data to the interior
of [0,1]. We note that the paper [32] briefly addresses the multi-dimensional case. Their results
do not exploit the anisotropic structure of the target density function, and the MISE rate proved
there severely suffers from the curse of dimensionality, unlike ours.

In passing, we note that our approximation (1.1) does not, in general, give a non-negative
density function nor does it integrate to 1. We remind the reader that satisfying these conditions
is already an issue in the standard kernel density estimation in one dimension; see for example
[31] for discussions on relaxing these conditions to obtain a MISE convergence rate faster than
O(M~*/5), where M is the sample size.

The rest of the paper is organized as follows. Section 2 introduces the problem setting and
our method. An error analysis in a RKHS setting is presented in Section 3. Then in Section 4
we will apply this theory to the Korobov space setting, and establish a dimension independent
MISE decay rate. Numerical results in Section 5 support our theory, and Section 6 concludes
the paper.

2. Density approximation using kernels.

2.1. Reproducing kernel Hilbert space. Let (D,B,u) be a measure space, and let
(Nk, (, )k, || - ||x) denote the reproducing kernel Hilbert space (RKHS) associated with the
positive definite kernel K: Dx D — R, i.e., K(x,2') = K(a/,x) for all z, 2’ € D, and for any m €
N, t;,tx € R, and z;, 2, € D, j,k =0,...,m, we have E;‘?k:o t;K(z;,z5)ty > 0. This kernel
may possibly be unbounded, but we assume [, /K (z,z)du(x) < co and [, K(z,z)du(z) < co.
The first condition ensures

/ K (2, 2')\du(a’) = / (K (o), K () ldu(a!)
D D

< \/K(x,ac)/D VK (2, 2)du(z') for any 2 € D

so that we have fj‘L Ny € L}L(D), while the second ensures that every g € Nk is p-square
integrable:

/D l9(2) Pdpu(a) < ll% /D 1K () edpu(a) = ll% /D K (, 2)dpu(x) < oo.
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Moreover, throughout this paper we will assume that K admits a representation
o0
(2.1) K(z,2') = Bupe(w)pe(a’) x,2" € D,
=0
with a positive sequence (5;)2, C (0, 00) converging to 0, and a complete orthonormal system

{V/Bewe} of N such that the series is absolutely (point-wise) convergent and that {p,} is an
orthonormal system of Li(D). Then, the inner product for Nx may be represented by

(F, ) = i (f, @Z>L3(D)B<9a<,0[>Li(D)’
£=0 ¢

where we used the notation (u, w)rz2(p) = [p u(z)v(x)dp(x) for the L2 (D)-inner product.

For example, suppose that (D, B) is a Hausdorff topological space with the corresponding
Borel o-algebra, p is strictly positive, i.e. u(O) > 0 for any nonempty open set O C D, and
that K: D x D — R is continuous. Then, the kernel K admits a representation (2.1) with an
absolutely convergent series. Indeed, the condition fD K(z,z)dp(x) < oo ensures that Nk is
compactly embedded into Li(D) [30, Lemma 2.3]. In turn, [30, Lemma 2.2] implies that the
integral operator Ty : L2 (D) — L2 (D) defined by

Tig = /D K(-2)g(x)dp(z), g€ L2(D)

is compact, and thus we can use representatives of the corresponding eigensystem to construct
the representation (2.1) (see [30, Lemma 2.12] and [30, Corollary 3.5]). We defer to [30] for more
general conditions that imply the representation (2.1).

For later use, we introduce the notation

(2.2) (u,w)x = (u,w)r2(p) + Mu,w)x  for u,w € Nk,

where A > 0 is a parameter. The bilinear form (-,-), is an inner product on Nx and || - ||x :=
V{5, ) 5 is equivalent to ||-|| x: for v, w € N we have (v,v)x > AJv||x and |(v,w) x| < (supysq Be+
Mol [|w] -

We also introduce a continuum scale of nested Hilbert spaces related to Nx. For 7 > 0
we denote by N the normed space N = {v € LZ(D) | [jvllxz < oo} with [Jvllar =

(32, ﬂ[T|<v,<pg>Lﬁ(D)|2)1/2, where (8¢)32, C (0,00) is as in (2.1). Note that if 7 > 0 is such
that

(2.3) Zﬁﬁpg(m)Q < oo for all z €D
=0

then the series > ,° (v, @e)rz(pype(x) for v € N is (point-wise) absolutely convergent for any
z € D. In this case, we understand v € N} C Li(D) as the representative of the corresponding
equivalence class in Li(D) specified by this series. Then, we have N} = N.

We denote by (N7 )’ the topological dual space of Nj;. Moreover, we consider the normed
space

Ng™
. = (Tg)e>0 C R such that
= {WNK%R,\IJ<U) = Z\IJ[<804,'U>L‘2L(D) H\IJHNiT < 00 s
£=0 K

where [ ¥ - = (>0, 6;@?)1/2. We will use the following characterisation of (N7 ).
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PROPOSITION 2.1. For 7 € (0,1], the dual space (N};)" equipped with the functional norm is
isometrically isomorphic to N ™.

Proof. First, we show that N7 is a vector subspace of (N%)'. Indeed, for ¥ € N7 and
v € N we have

0 1/2
(2.4) ()| < (Z ﬁZ\P?) ol = 19l llollag < .

so that |7y < ||\Il||NI;T and N7 C (NE). Next, take & € (NL) and v =
Z;’;()(v,cpg),;i(p)w € NJ arbitrarily, where we note that v € N} implies that this series is
convergent in N7. Then, the continuity of ® implies ®(v) = >, () (v, pe)r2(p) € R. To
show ® € N7, we note that for any L € N we have

L L L
< B7IR(en) 2 = Y Bie(ee) @(er) = (3 B @(pe)ee)
£=0 £=0 £=0
< [1@llp) D (pr)pe
K

L 2\ /2
- II@ll(NIQ)/(ZﬁZTW@(WH ) ,
=0

o or 1/2 .
and thus ||<I>||NI;T = (X020 B71@(0)?) 7 < |®[| w7y < oo. Together with (2.4), we conclude
(V&) =Ny and ||| \r-= = [Il(az ), and thus the identity operator is the sought isomorphism.0
K
2.2. The kernel estimator. Let Y7,...,Yy: © — D be independent random variables
that follow the distribution defined by a density f € Nk with respect to , i.e. Y; follows Py (A) =
L4 f( , A € B. We are after an approximation to f of the form f(-) = Zﬁ[:l enK (2, )

with K( ) glven by (2.1), where X = {x1,...,xn} C D is a set of carefully chosen points. The
choice of X is important, since given K (-,-), it determines the approximation space

(2.5) Vn = Vn(X) =span{K(z;,-) |j=1,...,N}.

The starting point of our method is the following ideal minimization problem:

- 1 A
(2.6) I3 := argmin J) (v) := arg min f||1) f||%2(D)—|—f||vH%( .
vEVN vEVN ” 2

This method is not practical as the evaluation of Jx requires full knowledge of the target density
f. Let us rewrite J) as

- 1 1 A
Ja(v) = 5”””%3([)) - <U,f>Li(D) + §||f||2Lﬁ(D) + 5““”%{
1 2
= Ja(v) + §||f||Lﬁ(D)7

with Jy(v) = 2||7)||L2(D) (v, f)rzp)+ 2lv]|%. Then, since 3| f[|2. (p) 18 a constant function in
pt
v, we have

fA = argmin Jy(v) = arg min Jy(v).
veVN veVN
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Now we approximate Jy(v) using the i.i.d. sample Y := (Y7,...,Ya) ~ fdu, which yields

M
1 A 1
fA .y = argmin Jy A (v) = argmin{ v||? | ] [ p—— (Y, }
vy 5= g min e (v)s= angmin 5l ) + G0l = 37 3 oY)

This is the minimization problem we solve, which can be equivalently written as: Find f 1{‘/[ Ny €
Vi such that

M
1
(2.7) (Farny Va = i Z v(Y,,) forallve Vy,
m=1

where (-,-) is as in (2.2); see for example [6, Theorem 6.1-1] for this equivalence. To see that
this problem is well defined, note that Ay : Nx — R defined by

| M
(2.8) Ay () (v) == i Z v(Yn)

is a linear continuous functional on N, hence on Vi, for any w € , since Ay (v is the sum
of point evaluation functionals on the RKHS Ng. Hence, in view of the Riesz representation
theorem, the solution fj‘/f Ny exists and is unique in Viy. The corresponding coefficients ¢ =

(c1,...,c,) " satisfy the linear system
(2.9) Ac=b,

where the matrix A is given by A, = (K (z;,), K(xk, ')>Lﬁ(D) + MK (zj, ), for j,k=1,...,N

and the vector b is given by b; = ﬁ Z%zl K(zj,Ym(w)), for j =1,...,N. Notice that, as we
mentioned before, the solution of (2.7) exists uniquely in Vi, and thus b is in the columns space
of A. Nevertheless, the equation (2.9) may not be uniquely solvable if the functions K(x;,-),
j =1,...,N are linearly dependent. In such a case where A is singular, we take ¢ € RY such
that ¢ € (null(A))+, where the orthogonal complement is taken with respect the Euclidean inner
product.

The resulting mapping b + ¢ is continuous, and since w + b(w) is F/B(RY)-measurable,
where B(RY) is the Borel o-algebra of RY, w + ¢(w) is also F/B(R" )-measurable.

Taking the expectation on both sides of (2.7) leads to

(2.10) (B vorlo)s =B = [ Fg)o)duty) for all v e Vi,

and thus fj‘/fy Ny 18 an estimator such that its expectation is the solution to the variational
problem (2.6), i.e. E[fjt[’N;Y] = fﬁ,

3. General error estimate. We measure the error in terms of the mean integrated squared
error (MISE):

E [ [ 18w ()~ o) auta)

(3.1) = [[E[f3r,nv] — f”%‘i(D) +E[| Ny — ]E[f]i\/I,N;YHI%i(D)]'

In the following, we will analyse the first term (hereafter called the squared bias term) and the
second term (hereafter called the variance term) separately.
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3.1. Bias estimate. To study the bias, we introduce the Nx-orthogonal projection Pyg
of g from N onto Vi and relate the bias with the projection error. If K is a strictly positive
definite kernel, the kernel interpolation #ng € Vy of g € Nk that interpolates g at distinct
Z1,...,2N can be uniquely determined, and it is well known that Yng = Png. Since a large
number of interpolation error estimates are readily available for various kernels, this will directly
provide estimates on the bias. For more details on the kernel interpolation, see for example [35].

Trivially, we have

H]E[fz/\\/f,N;Y] - f||2Li(D) = <E[ff\\4,N;Y] - f7E[f1)\\/[,N;Y] - «@NﬁLﬁ(D)
(3.2) + <E[.f1i\/[,N;Y] = [ Pnf = flrzm),
the second term of which can be bounded as
Elfrrny] — PN - frrz(p)
(33) < SIEL ) = fao) + 3120 f ~ Ao

Bounding the first term is more involved.

LEmMA 3.1. Let {x1,...,xny} C D be arbitrary and let Vi be the corresponding space (2.5).
Then, for the N -orthogonal projection Py : Nxg — Vi, we have

1
<E[fz/\\4,N;Y] - fvE[fJi\/[,N;Y] - ny)Lg(D) < 5/\||f||%<
Proof. From ]E[fj‘J’N;Y] — PN f € Vi, the equation (2.10) implies

<E[f]>\\/I,N;Y]7E[f]i\/[,N;Y] - ny)L,QL(D)
ANE vy = F+ LE e nvy] = P e = (LESnvy] = 2n )iz o),

and thus

<]E[fz/>1,N;Y] - f»E[fJQ,N;Y] - «@NﬁLﬁ(D)
(3.4) + ME[farny] = LHE vy ] — P = =MEElfany] — PNk

Since &y is the Nx-orthogonal projection, we have <E[f1f‘/[,N;Y] — f,E[fj\\LN;Y] - PNk =
IELf3 n.v] — P fll%, and thus the Young’s inequality implies

1 1
(Elf3ny] = LE i ny] = P Frao) + 5 MES vy ] = 2 i < 5211l

This completes the proof. ]
Hence, we obtain an estimate of the squared bias.

PROPOSITION 3.2. Let the assumptions of Lemma 5.1 hold. Then, the solution f]’\\/I,N;Y to
(2.7) satisfies
B[S nv] — f||2Lﬁ(D) <|[|Znf- fHQLg(D) + Al flI%-

By exploiting a stronger smoothness of f, we can establish a bound that is of second order
in A.
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PROPOSITION 3.3. Let {z1,...,on} C D be arbitrary and let Vv be the corresponding
space (2.5). Suppose f € NF.. Then, the solution fjy .y to (2.7) satisfies

IE[f3r, v ] — f”%i(D) <3[|Pnf - f”%i(D) + 8)\2||f||3\/;<~
Proof. From (3.4) we have

E[farny] = HE vy ] — PN ez + ME S vy) — Pn fllk
= _/\<f7E[f]i\4,N;Y] - PNfk
< )\||f||N§||]E[fJ/\\4,N;Y] = PN fllrzp)

1
< 2A2||ij2\[}2( + g”E[fJ@,N;Y] - '@Nf”zLﬁ(D)
1 1
< 2>\2||f\|/2\/}2< + Z”EUJ{\J,N;Y] - fH%i(D) + ZHf - @Nf”QLi(D)'

Thus, (3.2) and (3.3) imply

1 1 1 1
(5= 3) VU waw) = Fla) < (5 + 3)I20F = £z ) + 20205 3z

Now the proof is complete. 0

3.2. Variance estimate. Now we bound the variance E[||f3; x.y — E[fa; N-Y”|%2(D)] in
N N 2
(3.1). Taking the difference of (2.7) and (2.10) yields

(3.5) <f]%/[7N;Y — E[f]f‘/[)N;Y],vh = Ay (v) — F(v) for all v € Vi,

where Ay is defined in (2.8), and we used the notation

(3.6) F(v) = /D o () F () du(y).

Then, we have F' € (Nk)’, and as point-evaluation functionals are continuous on Ny, we also
have Ay € (Nk)'.

If f is smooth and thus accordingly K is taken to be smooth, the corresponding space N
may be smaller than necessary for Ay to be continuous. Namely, in such cases Ay is continuous
on larger spaces N, 7 € (79, 1) for some 75 > 0. We will exploit this observation in the variance
estimate and assess the variance of Ay — F in N 7.

LEMMA 3.4. Suppose that for some 7 € (0,1] we have Ay € N7, and that [ satisfies

(EKr(5), frzpy = [Jp Er(z,2)f(z)dp(z) < oo with K-(z1,22) = 3,2, 87 pe(w1)pe(2).
Then, the equality

2
Ko (0), Dugoy = IFI,
M

EflAy — FI3, ] =

holds, where F is defined in (3.6).
Proof. We have

(37) Ef|Ay — FI%, ] = El|Ay|%,_] - 2E[(Ay, F)yr] + | FI, .
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For the second term, first notice that for any L € N we have

L
]E{ ¢ Ay (pe) Fpe) } L\l/[ Z Zﬁe lpe (Yol [(f, e 2 (p)|
— m=1 ¢
=0 S
MZZB Ef|e(Y, )|]|<f,<P£>Lg(D)|
m=1{¢=
M LO
SO BIVEed (V) PIIS, Pe) iz ()
m=1 ¢=0

I
M~ S\H

BirJ{et ez o) [(f,e0) 2 (D)

~
I

0

L
Zﬂg@p L2%(D) Zﬁg f,WLZ(D)P

=0 £=0

Wm,~>7f>Lﬁ(D>||F||N; < oo,

IA

IN

where in the last equality we used the non-negativity of 377 f, and in view of Proposition 2.1

the slight abuse of notation [|F||\,—- should be unambiguous. Hence, we can use the dominated
K

convergence theorem to conclude

—2E[(Ay, F) -] = —225411*3 [Ay (p0)]Fpr) = =2[|F| -~
£=0

The first term in the right-hand side of (3.7) can be rewritten as

1 M M M
ElAY 3] = 555 3 Elldv,, 3] + 555 E[(3v,,,6v,) "

m=1 m=1 k=1

— w 2
where we used the notation dy,, (v) := v(Y,,) for m = 1,..., M. Hence, we conclude

Ko (- —|1F|2
(K2 (+5+), f)rz(p) ||FHNKr
M ' 0

E[|Ay — F|?,-.] =
1Ay — FI2, ]
We arrive at the variance estimate of our density approximation. The proof is inspired by [2,
Theorem 2].

PROPOSITION 3.5. Suppose that for some T € (0,1] we have Ay € N7, and that f satisfies
(KT(~,~),f>Li(D) < oo with K (x1,22) = ZZO Brpe(x1)pe(x2). Then, for any X € (0,1] we

have
(Ko (), )z (o)
MM '

Ellfarney — Elfar v llIR] <
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Proof. For 7 € (0,1] such that Ay € Ng7, choosing v = f3; n.y — E[f3; n.y] in (3.5) and
taking the expectation on both sides yields

Elll far, v — Elfar v ]lI3)
<ATE[|Ay — F||N1;*>\T/2||f1/\\/1,N;Y - E[ffbf,N-,Y}”Ng]-

For any v € N, from 1/7 € [1,00) we have

T 'r+1 T
Noldg = A" Z oy
=P
0o 1 T 0o 1—7
<AT <Z 7_1<Ua<P€>%ﬁ(D)> ( <U7W>%g(p)>
=0 Py " £=0
T 2(1—71
= Nl I ) < Tl + (@ = 7ll3s o) < ol

and thus
[vllag < AT [v]la

Hence, we obtain

Elllf3r ney — Elfar vy lI3] < AT72E(Ay = Fllp- £ ey — ELf vyl

<KT(" ')a f> 2
oo [ B D050 e T

and thus

<K'r('7'),f> 2
E[Hszw,N;y _E[fﬁ,zv;yﬂli] < . LH(D).

The proof is now complete. 0

3.3. MISE estimate. We summarise the discussions so far as a theorem.

THEOREM 3.6. Let f € Nk be the target density function and let f]f‘/[)N;Y € Vi satisfy (2.7).
Moreover, let Pn: Nk — Vn be the Ni-orthogonal projection. Suppose that for some T €
(0,1] we have Ay € N7, and that [ satisfies (K7(+5), flrzpy < oo with Kr(x1,22) =
oo Brpe(z1)pe(x2). Then, we have the MISE estimate

<KT('5 ')a f>Li(D)

B[ 1var () = @) Pai(e)] <125 = FIy o)+ MM + =557

Suppose furthermore f € N7. Then we also have

B [ 1o () = @) (o)

(Ko () Dz

2 2 2
(3.9) <3P f = fllz o) + 8Nl + —3

3.4. Limiting case N — oo and link with kernel density estimation. In principle,
the projection error in the right hand side of (3.8) and (3.9) is independent of the other two
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terms. Thus, it may be natural to pose the problem in Nk rather than in Vy: Find f;\\/[;y € Nk
such that

M
1
A _
(fary v = M;U(Ym) for all v € Nk.
Then, from
A
<fMYaS0£>L2(D)+6 (farys 02Dy = Zw for £ >0,

Tn 1

the solution is given by a linear combination
1M
A *
Tany = i Z KX (Y, )
m=1

of the kernel K3 (x,2') := Y 2, %w(a&)w(m’), x,x’ € D, which is of the form similar to the
standard kernel density estimation; see for example [29]. Note that we indeed have f 1’\\4;Y € Nk:

from
Be

Be+ A
provided A > 0, for any realization y = (y1,...,ynm) = Y (w) we have

(YD) e, 08} 1) = 5 Pe(Yn )

00 M
Be 11
||f]/>1,y||%{ ZmM Z QOZ ym S YM Z K ym7ym)
m=1

Notice however that fj‘/f;y is not a linear combination of the kernel K, and in general the
kernel K3 cannot be given in a closed form, even if K is. Hence, in practice it is much more
computationally efficient to seek the approximation in V.

The problem posed in Nk in the discussion above can be seen as a limiting case of our finite
dimensional setting with N — oo and a dense subset X = {z,};en of D in the following sense.
Suppose that D is a separable metric space, B is a corresponding Borel o-algebra, and that p is
a o-finite measure on (D, B). Then, the Hilbert space of equivalence classes of square integrable
functions Li(D) is separable; see for example [12, p. 92]. Moreover, assume that the positive
definite kernel K': D x D — R is continuous. Then, there exists a dense subset {g; };jen C D such
that span{{K(g;,-)}jen} = Nk, in particular N is separable as shown in the next proposition.

PROPOSITION 3.7. Under the assumptions above on (D, B, 1), there exists a subset {q;}jen C
D such that span{{K(q;,-)}jen} = Nk, where the closure is taken with respect to the N -norm.

Proof. Since D is assumed to be separable, there exists a subset {¢;};en C D that approx-
imates all © € D. Consider the subset {K(g;,")};en C Nk. Let M := span{{K(g;,")}jen} C
N¥k. Since M is a closed subspace of N, we have Nxg = M @& M+, We will show M+ = {0}.
Indeed, for g € M, we have

0=1(9,K(qj,"))x =g(q;)  forany jeN.

Now, observe that the continuity of the kernel implies that all elements in Nk are (sequentially)
continuous on D. Therefore, we have g(x) = 0 for all z € D. Hence, M+ = {0}. 0
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4. Application to densities in weighted Korobov spaces. In this section, we will
apply the theory established in Section 3 to the case where the kernel defines the so-called
Korobov space. Throughout this section, we assume that the density function f is defined on
the d-dimensional unit hypercube [0, 1] C R?, and that the density is with respect to the uniform
measure. This choice of reference measure is due to the definition of the Korobov space, whose
norm is based on the standard L2-inner product with respect to the uniform measure. Since in
this section D = [0,1]? is a subset of R?, we will use the bold symbol z to denote a point in
[0, 1]4.

Let a smoothness parameter & > 1 be given. For non-negative parameters v = {7y, }ucn,
which we call weights, we consider the Korobov kernel

(41) Kgor(m7m/) = Z r(h7 7)7162ﬂ1h(m7m,)7 m? m/ e [07 1]d7
heZd

where h -  denotes the Euclidean inner product h - = = E;l:l hjx;, and

(h.7) {1’ it h=(0,...,0)
r ? = - «@ . ,
! 7Su;p(h) [Lsuppeny 1hs1" 5 if b #(0,...,0)

with supph := {1 < j < d | h; # 0}. We take vy := 1, so that the norm of a constant function
in the corresponding reproducing kernel Hilbert space matches its L? norm. We denote the
corresponding reproducing kernel Hilbert space by Nyor o, which consists of 1-periodic functions
on R with a suitable smoothness governed by the parameter o« > 1. This kernel can be rewritten
as
Kr(@ ') =1+ Z Y KX (a2, 2!,
0#uC{1,...,d}

with

2mih(w;—x}) >, cos(2mh(x; — %))
kor Iy I | E € _ J J
Kao (wu7$u> - J ‘h|a - H 2 ha :
j€u \hezZ\{0} 1

JjEU h=

For a > 1, the kernel KX is well defined for all z,&’ € [0,1]? and satisfies
SUPg o/ [0,1] Kkor(z,2') < 0o, and with

(0,7 La(po 1ja) = / v(x)e " da,
[0,1]4

the corresponding norm is given by

1/2
Iollione = (Z r(h,v>|<v,e2ﬂlh'->m([o,1]d>|2) 7

heZa

where the series is absolutely convergent.
If o is an even integer, the expression of the kernel and the norm simplifies. First, the
reproducing kernel KX°(x, z’) is related to the Bernoulli polynomials B,: for a even, we have

(71)%+1Oé! eQﬂ'ihz

Pl = e T

for any z € [0,1],
heZ\{0}

so that

) [ul
ke@a) =14 Y o pgeg) ITBat -,

JEU
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where {x} denotes the fractional part of z. Moreover, the norm || - ||kor,o can be rewritten as

the norm in an “unanchored” weighted Sobolev space of dominating mixed smoothness of order
a2,

[0]lor,a

|
= Z (QW)aIuIFYu [0,1]1u]

uC{1,...,d}

2
dx,,

ox/2 )
— |v(z)dz -
/[0,1]d—lu (jH o7z )@ dz

cu J

where x,, denotes the components of  with indices that belong to the subset u, and «_,, denotes
the components that do not belong to u, and |u| denotes the cardinality of u. See for example
[26] for more details on weighted Korobov spaces.

We note that if the weights 7, are of the product form, i.e.

Yy = nyj for some positive v;, for j=1,...,d,
JjEuU

then the kernel KX°7(-,-) can be written as the product of kernels:

La,y; x]7 J

d
(42) Kkor 33 33 H kor )

" !
e27nh(1: z')

with Ki‘f’;ﬁj (x,2") =14 ZheZ\{O} T
Under this setting, the equation (2.7) is equivalent to the following: Find f3 y.y =
ZN, enK (2, ) such that

n=1

kor .’Bk, (w))

M:

<f]i\/I,N;Ya K5 (o, ))r2(jo,14) + >‘fM Ny (Tk)

m=1

for k=1,..., N. The linear system for ¢ = (cy,...,c,)" is given by (2.9), which can be written
in a closed form for a even. Indeed, we have

(e (5, ), K™ () 120,110y = K™ (a5, @)
with

(43) Rt (@,al) = 3 r(h, ) 2@,
hezd

which can be written in a closed form with Bs,,.
As the point set {a:k}fcvzl, we will consider the so-called rank-1 lattice points. A rank-1
lattice point set {xj}5_, is given by

kz
(4.4) mk{N} fork=1,...,N,

where z € {1,..., N}%, and the braces around the vector of length d indicate that each component
of the vector is to be replaced by its fractional part. Because of the lattice structure of these
points, the left-hand side of the equation (2.9) but with KX°' in place of K becomes a circulant
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matrix, and thus the equation can be solved fast using the Fast Fourier Transform. See [23,
Section 2.2] for an analogous argument.

As stated in Proposition 3.2, the squared bias can be bounded by the Nior o-orthogonal
projection error to the space spanned by N functions KX'(xg,-), k = 1,...,N. Under the
setting of this section, the projection is given by the kernel interpolation. Notice that, given NV,
the integer vector z completely determines the lattice points (4.4), and thus the corresponding
kernel interpolant. In [23], the present authors and co-authors obtained the following result on
the choice of z and the resulting interpolation error, which we re-state here in our context.

PROPOSITION 4.1. Given d > 1, a > 1, weights (v )ucn with 79 = 1, and prime N, a
generating vector z can be constructed by a greedy algorithm called the component-by-component
construction [S, 9] so that the L?-approzimation error of the kernel interpolant S f of the
density f € Nior,a using z satisfies

H*ij - f”Lz([O,l]d) < Coéﬁ,dHfHkor,a fOT every S (07 %)7

1
Na/4=3
. = o —468
with Coz,é,d = Ca,é,d((’Yu)ucN) ::(Euc{l,...,d} maX(|u|7 1)’Yu 0 [QC(m)]‘ul)a . Here,
C(x) == D00, k™", & > 1, denotes the Riemann zeta function. The constant Cq 54 depends
on § but can be bounded independently of d provided that the weights satisfy

(4.5) S max(fuf, 1) 35 [2(=25)]M < oo,

uCN
Ju|<oo

We now apply the variance estimate, Proposition 3.5. Let N|"

kor,o Pe the normed subspace of
L?(]0,1]%) defined by

Toro = {0 € L2([0,1]%) | [[v]lxr

kor,« kor, o

< oo},

with [Jvllar = (Y peza r(h,'y)7|<v,62””">L2([0,1]d)|2)1/2 < 00, and let N7 be the vector

kor, o or,o

space of continuous linear functionals on NkTor,a. Note that, following an argument analogous to
the proof of Proposition 2.1, for ® € N7 = (N . ) we have

kor,a kor,a

= ( Z T(hm)—f@(eQWih_)‘Q)

hezd

1/2
[Pl o= :

kor,

To be able to invoke Proposition 3.5, we first derive a lower bound for 7 such that Ay is in
k_o:,oc'
PROPOSITION 4.2. Let o > 1 and 7 € (0,1] be given. Then, the point evaluation functional
62(v) = v() satisfies 0o € Nigy , for all x € [0,1]% if and only if T > L.

or,a

Proof. For v e N, we have

|02 (v)| =

2mwih-- 2mih-x
E (v,e >L2([O,1]d)e
hezd

< (Z r(h,y)”)m(z r(h,v)TKv,ez“ih">L2([o,1Jd>|2)

hezd hezZd

= (X r(hm)_r)l/2||”||N;m,aa

heZd

1/2
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but for ar > 1 the first factor is bounded:

Jul
ST =14 Y 71(2 |h1> < o0,

hezd P#uC{1,...,d} hezZ\{0}

and thus if 7 > é, then 0, € NI, for any z € [0,1]¢. Suppose now 7 < é If 5, is continuous

on NkTor,w then from Riesz representation theorem there exists @, € NkTor,a such that

v(x) = Z r(h, ) (@, €™ 12((0,1)4) (U, €27R) [2((0.170) for any v € N,
hezd

where we let (v, e27h=) 51 110y 1= f[o 14 v(y)e?™ " ¥dy. Choosing v(x) = eQ”ii"m, h € 74 yields

e2rihr r(ﬁ,fy)T@)m62”"">L2([0’1]d) , and thus 1 = ’I"(il,')/)27—|<‘I)w,€27riﬂ'_>L2([0’1]d)|2. Hence,

we obtain

S rh )T =)0 r(h ) (e, €2 2,010

hezd hezd
From &, € J\f{or’w the right hand side is convergent, whereas for 7aw < 1 the left hand side is
divergent, a contradiction. Hence, 0, is not continuous on N, . O

Indeed, for ar > 1 the space Ny, , is a reproducing kernel Hilbert space. To see this, let

K (@, @) = Z r(h, )~ 2Tk (@=a)
hezd

=14+ > viKar(ze ),
0#uC{1,...,d}

where
2mih(z;—z’)
kor € ’
Ky (xy, @) = H< > |h|‘”>
jeu \hez\{0}
If ar > 1, the series is uniformly absolutely-convergent and thus the kernel is continuous on
[0,1]% if a7 < 1, then the series Kq.,(0,0) is divergent. Hence, K % (x, ') is a reproducing
kernel if and only if a7 > 1.
We conclude this section with the following estimates.

THEOREM 4.3. Let > 1. Fiz 6 € (0,2) and 7 € (1,1] arbitrarily. Let the weights (yu)ucn
satisfy vp = 1. Then, for f € Nxor,a we have

B[ 1@~ @) ]

1 1f 120,11
§ Ca,éy‘f',d(”.fnior,a]\m/g_% + )‘”f”lz(or,a + # )

where the constant Cy 5r.q = Ca,é,r,d((’Yu)ucN) > 0 depends on «, 6, T but can be bounded

independently of d provided that (4.5) holds. Moreover, if f is in the RKHS (N7 .|l - <)

associated with the kernel (4.3), then the bound improves to
B[ IR (@) - f(e)dal
[0,1)¢

~ 1 Ilf1l L2 (0,174
< Ooz,é,T,d(|f||12<or,a]\m/2_25 + NG T # ;
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where the constant C~'a,5md = éa,gyT,d((%)ucN) > 0 depends on «, 6, T but can be bounded inde-
pendently of d provided that the weights corresponding to the kernel (4.3) satisfy the summability
condition analogous to (4.5).

Proof. From (3.8) in Theorem 3.6, Proposition 4.1 implies

B[ 1Bir(e) — f@)dal

1 (K& () ez onay
2 2 TN ) >
f”kor,a No/2—25 + /\”fHkor,oz + MMT ’

<C3s

for any 6 € (0, %) and 7 € (£, 1], where we note that
<K§?;(',')vf>L2([o,1]d) < 1 £l 220,19 Z r(h,y)"" < 0.
heZd
The proof for the second claim follows from an analogous argument using (3.9). |

Given that the density is sufficiently smooth, we obtain the MISE convergence rate arbitrarily
1
close to M~*/(1+3) independently of the dimension d.

COROLLARY 4.4. Let a > 1. Fiz § € (0,%) and e € (0,1 — é] arbitrarily. Suppose that
weights (y)ucn satisfy y9 = 1. Then, for f € Niora, choosing \* = M~Y(+a+e N+ —
O(MY(5(+9+5-5(0+5+)) gnd r* = L+ € in Theorem 4.3 yields

_ 14,
[ flfor o M1/ O,

B[ 1Ry (@)~ f@)Pde] < Cua

Moreover, if f is in the RKHS (N~ , Il ) associated with the kernel (4.3), then by choosing

kor,a’
TH=1 42 X = M~Y@+3+20)  gnd N* = O(Ml/(%(l'*‘e”l_%(l“‘ﬁ*‘e))) in Theorem 4.3, we
have a rate asymptotically faster in «

E{/[o o (@) = F@)Pde] < Cosall i, MO,

kor,«

The constant Cy 5.4 = Ca,d,d((’Yu)ucN) > 0 can be bounded independently of d provided that (4.5)
holds.

It turns out that the rate established above is almost minimax when « is an even integer. For
simplicity, let us consider the equal weights v, = 1 for all u C {1,...,d}. For general weights,
the following inequality still holds true, up to a constant depending on (Vu)ucqi,...,d}-

Indeed, from the classical asymptotic minimax rate for the Korobov spaces Nyorq1 for
d =1 and « even, (see [13, Example 1], also [14], where we note that the definition of « in [13]
is different from ours by a factor of 2), for M sufficiently large we have

f f€Nkor,a,1
Hf“kor,a,lfl

CoM~HO+5) <inf  sup E[/[ ]'fm_f(”j)ﬂdx
0,1

<inf sup E / |f(33) - f(ac)ﬂ de
f f€Nkor,a [0,1]4
[[ fllkor,a <1

< s B[] (@) - f@)F]de < Capadt O,
fENkor,a [0,1]d
Hf”kor,m <1
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where the infimum is taken over all possible estimates f = f (Y1,...,Yn). Here, the first inequal-
ity follows from [13, Example 1], in the second inequality we used that f € Nyor,qa,1 can be seen
as a function f € Nior,o on [0,1]? depending only on one variable with || f|lkor.a,1 = ||f|lkor.a for

a/2 € N with equal weights, and the last inequality is from Corollary 4.4. Hence, we conclude
that the rate O(M~Y(+5+9) as in Corollary 4.4 is asymptotically minimax up to ¢ > 0 for
f € Nioro. Similarly, for f € N | the rate O(M~Y1+32)) is asymptotically minimax, at
least for « integer.

5. Numerical results. We consider the density function

d

(5.1) r) = TL(1+ 5eBatw). we a1

J=1

with respect to the uniform measure. Notice that, from B, > —1 on [0, 1] and fol By(t)dt =0
the function f is indeed a density function. The dimensions we consider are d = 6 and d = 15.

We generate samples Y, ~ [ f(y)dy using the Acceptance-Rejection method; see for exam-
ple [16, Section 2.2]. The generating vector for the lattice points are obtained by the component-
by-component algorithm in [8]. The experiments were implemented in Julia 1.6.0 [4]. We ap-
proximate the MISE by

18 1 100
~ 52 T Do D o (e +20}) = ({0 + PP
k=1 n=1¢=1
where ,, n = 1,..., N are the lattice points used to determine the approximation space, p,,

¢=1,...,100 are a set of Sobol’ points generated by the Julia function SobolSeq [22], and the
braces around the vector of length d indicate that each component of the vector is to be replaced
by its fractional part. This choice of evaluation points admits a fast evaluation; see [23] for
more details. The number S of Monte Carlo replications Y(l), e Y %) is chosen such that the
estimated confidence interval is smaller than the estimated MISE at least by a factor of 10. As
a kernel, we consider the Korobov kernel with product weights v, = [[,¢, ]% as in (4.2), with
a € {2,4}. Observe that f as in (5.1) satisfies f € Nyor,o With o € (1,4].

Fig. 1 shows a decay of MISE for N = 5,7,11, with various values of A between 0.8 and 0.01
for d = 6. Firstly, we report that increasing N beyond N = 11 did not help decreasing the error.
We interpret this as the projection error in Theorem 4.3 being negligible, and we focus, therefore,
on the other two error terms in Theorem 4.3. For the sample size M large (M = 10°,10°), we
observe that the error decreases as A\ becomes smaller. This supports Theorem 4.3, where the
term O(1/(MA7T)), 7 € (1/a, 1) with large M would be negligible, and the term O(\) would be
dominant. For smaller values of M, from Theorem 4.3 we expect that the term O(1/(MA7)) is
dominant relative to O(A), and that as M increases the MISE decays. This is precisely what we
observe in Fig. 1. We also see that the values of « affect the decay in M only up to a constant,
which again indicates the validity of our theory. We report a similar behaviour of the error for
d =15 in Fig. 2, which further supports our theory.

Next, we will see the behaviour of MISE for even smaller values of A\. Figs. 3 and 4 show a
decay of MISE for various values of A between 0.1 and 0.0001 with N = 11 and varying sample
size M. Like in the previous case, we observe that the MISE decays in M with rate M ~! until
it reaches a plateau. However, unlike in the previous case, we see that even on the plateau the
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Fi1G. 1. Plot of MISE with d = 6, o =2 (left), 4 (right) , and A = 0.8,...,0.01 with varying sample size M
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-3
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102 103 10* 10 102 10° 10* 10
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Fi1c. 2. Plot of MISE with d =15, a = 2 (left), 4 (right), and A = 0.8, ...,0.01 with varying sample size M

error may be larger for smaller A\. To understand this observation, we next see the behaviour of
the MISE in A, with other parameters being fixed.

Figs. 5 and 6 show MISE with N = 11 and M = 10, with A= 0.7, k=0,...,70 ford =6
and 15.

Ford =6 and a = 2, from A = 1 to A = 0.7° ~ 0.04, we see the MISE decays almost
quadratically in A; see the graphs on the left in Fig. 5. Then, the MISE increases as \ be-
comes small until it reaches a plateau. Although the rate of this increase in the regime of
A= 0.7~ 0.03,...,0.7%5 ~ 0.001 is faster than the rate A~'/¢ that is anticipated by Theo-
rem 4.3, asymptotically the observed rate of increase is better than this theoretical rate. This
observation may suggest that our theoretical rate is not sharp, but it is consistent with our theory.
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(right), and A = 0.1,...,0.0001 with varying sample size M.
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F1G. 4. Plot of MISE for d =15, a =2 (left), 4 (right), and A = 0.1,...,0.0001 with varying sample size M.

For oo = 4 we observe a similar behaviour in the graphs on the right in Fig. 5: the MISE decays,
and then increases until it reaches a plateau. This observation again supports Theorem 4.3. For
d = 15, we observe similar results, which further supports our theory; see Fig. 6.
Finally, we show in Figs. 7 and 8 the error decay for A = \(M, «) depending on M and « as

in Corollary 4.4. For o« = 2, we let \ = 1000M_1+i/a7 and for o = 4 we let A = 5000M 1+}/a7
with M = 10¥, k = 3,...,7. In both Figs., we observe that the MISE decays with rate essentially

1 .
M 117« which supports our theory.

6. Conclusions. In this paper, we considered a kernel method to approximate probabil-
ity density functions. A major contribution of this paper is to have established a dimension-
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d=6,a=2 N=11, M =10* d=6,a=4, N=11, M =10*

\,

2
MISE

v

FIG. 5. Plot of MISE for d =6, a =2 (left),4 (right), N =11, and M = 10* with A = 0.7% k= 0,...,70.

independent error convergence rate. To show this, we first developed a theory in a general
RKHS setting. We then applied this theory to the Korobov-space setting, in which we estab-
lished a dimension-independent error decay rate. Therein, the implied constant is also dimension
independent under suitable assumptions on the underlying weights. By choosing parameters suit-
ably, we obtained the rate in terms of the MISE arbitrarily close to 1 in the sample size, given
that the target density is in the weighted Korobov space of arbitrary order. For the Korobov
spaces whose order is an even integer, the rate obtained is asymptotically minimax. Numerical
results supported the theory.

In closing, we discuss some possible future directions. An important point in the kernel
density literature concerns the choice of the bandwidth (see for instance [18, 17] for robust
adaptive selection, independent on the smoothness of the underlying density) In the present
setting, our kernel is polynomial and not necessarily localised, so the problem of bandwidth
selection does not really apply to our case. On the other hand, our results assume that the
target density is in the RKHS corresponding to the kernel we use. Thus, a relevant question is
how one should choose the weights in the kernel, as well as the regularization parameter A\, when
the regularity class of the target density is not known. This topic is left for future work.

Another important point to discuss is the periodicity assumption. The full error estimates
with respect to the sample size M as in Corollary 4.4 presented in this paper is limited to
the weighted Korobov space setting, in which the target density is assumed to admit a smooth
periodic extension. Needless to say, there is scope for further work to generalise our error
bounds. In this regard, we stress that the results we established in Section 3 are general and
applicable to many other kernel functions. As we demonstrated in Section 4, to obtain precise
estimates as in Corollary 4.4 for such kernels, it suffices to obtain a kernel interpolation estimate.
Moreover, in view of the optimality of kernel interpolation, it suffices to obtain a sampling-based
approximation that gives a small error in the corresponding reproducing kernel Hilbert space.
In turn, this paper provides further motivations on fully discrete approximation methods.
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