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Abstract The flight-structural dynamics of a high-aspect-ratio wing challenge the flight control

design. This paper develops a reduced model of coupled dynamics with stability consideration.

The structural dynamics are formulated with dihedrals, and the central loads drive the deformation.

The control-oriented model with essential coupled dynamics is formulated. Modal sensitivity anal-

ysis and input–output pairing are performed to identify the control structure. Besides, an example

of flight control design is provided to discuss the necessity of considering structural dynamics in

controller design. Analytical coupled flight dynamics provide a system-theoretic approach for sta-

bility and facilitate model-based control techniques. Simulation results reveal the characteristics of

flight-structural coupled dynamics and demonstrate that the influence of flexible modes should be

considered in control design, especially in lateral dynamics.
� 2022 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is

an open access article under theCCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

High-aspect-ratio wings are born of the trends in aerospace
design to increase the global aerodynamic efficiency and

reduce the structural weight to a minimum.1 However, the fail-
ure in the flight of some research prototypes of High-Aspect-
Ratio Wings (HARW) has shown that traditional methods
are inadequate to fulfil the design of future aerial platforms.2

For HARW, the flap bending mode, the chord bending mode,
and the torsion mode may couple and result in significant

structural nonlinearities.1,3 van Schoor and von Flotow
demonstrated that the critical issue is to include aircraft struc-
tural dynamics when analyzing aircraft flight dynamics of

HARW.4

The flight dynamics of the deformed aircraft are signifi-
cantly different from a rigid aircraft. The pair of complex-

conjugate short-period roots merge to become two real roots,
and the phugoid mode goes unstable when the HARW is suf-
ficiently deformed.5–7 The finite state two-dimensional strip

theory was adopted to capture the unsteady aerodynamics.8,9

The strain-based approach was introduced for HARW to for-
mulate the nonlinear structural dynamics.10 Frequencies of
rigid-body motion and classic vibration tend to be close due

to the considerable flexibility and the small pitching inertia.11

Hence, it is essential to address the effects of nonlinearities
on the aeroelastic behaviour of HARW.
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HARW features very low frequencies of the natural struc-
tural vibration modes, and becomes more susceptible to higher
deflection under the same operating conditions.1 Besides, the

states of flexible dynamics can be merely measured. Therefore,
the flight-dynamic behaviour of such flexible aircraft contains
the coupling of structural dynamics, rigid-body dynamics, and

unsteady aerodynamics, which results in a high-order system.12

Issues in the flight control of HARW mainly include aeroe-
lastic control for gust load alleviation and trajectory control

for path following.13–15 Many model-based control methods
have been investigated,16,17 such asH1 control,18 and dynamic
inversion control19 Trajectory control of HARW requires an
integrated controller that handles flexible and rigid-body

motion. The design of guidance and control systems for
HARW requires the control engineer to deal with strong cou-
pling between structural and aerodynamic effects.20

Control designs tailored explicitly to flexible aircraft are
first proposed by Gregory, where output feedback dynamic
inversion techniques were modified with a pre-filter to improve

the performance of the controller.21 Raghavan and Patil pre-
sented dynamic inversion control laws where the robustness
of the control designs was tested by introducing uncertainty

in the mass of the aircraft.22 A model-predictive control system
is built with a quasi-steady linearized internal model.19 Stabil-
ity is significantly improved when geometrically nonlinear
effects are included in the internal model of the controller. It

has been demonstrated that plants with large condition num-
bers or relative gains are inherently sensitive to modelling
uncertainties and potentially tricky to control.23

For model-based control methods, the control design is
typically based on a mathematical model of the plant. The
model order reduction is made by approximating a zero shear

and zero extension.24 Robust linear control combined with
balanced truncation model-reduction methodologies was
investigated for gust rejection.25 Adaptive output-feedback

control with closed-loop reference models was proposed for
HARW considering model uncertainties and actuator anoma-
lies using the balanced realization method.26 The Proper
Orthogonal Decomposition (POD) was used to obtain a low-

dimensional Ordinary Differential Equation (ODE) system.27

Above all, practical and high-fidelity model-reduction methods
play an essential role in the controller design process of

HARW. The model reduction simplifies the difficulty of con-
trol system design in mathematics rather than physics. Hence,
the primary features of dynamics can be hardly captured.

The lagging of control design is likely to cause the scheme
to fail because the dynamic coupling characteristics of the sys-
tem are ignored. Control-Oriented Modelling (COM) was first
introduced into the design process of a hypersonic vehicle to

obtain the required performance.28 The aim of control-
oriented modelling toward developing a formulation of the
reduced dynamics better suited for designing model-based con-

trollers and assessing the theoretical properties of open-loop
and closed-loop systems.29 The necessity has been widely rec-
ognized, and several stability issues have been addressed and

validated based on COM.30,31 In addition, the modelling
efforts required to complete a nonlinear design offer insight
into the structure of a plant that is lost by taking a simple Jaco-

bian linearization. To approximate the rigid-body dynamics,
Gibson et al. propose a simplified design method.32 They used
fewer states to describe the influence of structure on rigid-body
longitudinal dynamics, which takes the first step of control-
oriented modelling for HARW. The high-fidelity models of

HARW mainly focus on modelling structural dynamics with
geometric nonlinearity, precisely predicting the behaviour with
large deformation and discussing the flight coupling dynamics

from a mechanical point of view. However, the model data for
stability analysis and flight control cannot be obtained effi-
ciently, such as stability and control derivatives.

In this paper, we aim to make the first step toward devel-
oping a formulation of the reduced dynamics better suited for
designing model-based controllers and assessing the theoreti-
cal properties of open-loop and closed-loop systems. Given

the successful application of control-oriented modelling in
hypersonic vehicle design, we propose a control-oriented sim-
plified model of HARW. The structural dynamics are

replaced by the dynamics of dihedral angles between wings.
The main contributions of this paper are summarized as fol-
lows. The control-oriented model of HARW is extended to

transverse lateral motion. Reduced coupling dynamics are
analytically formulated while remaining critical characteris-
tics. The flight control structure for HARW is identified

based on flight-structural coupled dynamics. Derivatives of
stability and control are provided to reveal the dynamic beha-
viour further.

The structure of this paper is as follows: Section 2 intro-

duces the control-oriented model of HARW; Section 3 pre-
sents some characteristics of HARW using modal sensitivity
analysis and Relative Gain Array (RGA); Section 4 conducts

simulation studies to test the proposed model and verify, and
Section 5 concludes the paper.

2. Nonlinear flight dynamics with coupled structural dynamics

The First-Principle Model (FPM) of HARW is driven based
on Newton’s second theorem. To incorporate the structure

dynamics, we assume that the inertia properties are dynami-
cally dependent on the configuration, and the coupling inertial
force is non-negligible. The first bending mode of the wing is

approximated by the motion of dihedral angle at joints,
whereas the higher-order mode of flexible dynamic is
negligible.

The basic geometry of the vehicle model is illustrated in

Fig. 1, which incorporates three rigid wings with elastic con-
nections adjoining them. Each wing has a propeller, an aileron,
and an elevator attached at the end of the boom. Let m denote

the system’s total mass, and mi denotes the mass of the i-th
wing. The centre of gravity is denoted as C, and the centre
of gravity of the i-th wing is denoted as ci. The structural

dynamics are characterized by the dynamics of dihedral angles
(g1, g3) of the joints. V denotes the velocity and P denotes the
position.

Different motion parameters can describe the movement of

the aircraft. Generally speaking, the dynamic equations of air-
craft are derived from the body coordinate system. However,
the calculations of aerodynamic forces and moments require

information on the aerodynamic angle. For this reason, to
make the model closed, the flight velocity V, the angle of
attack a and the sideslip angle b are chosen to be the states

rather than the components of VB = [u, v, w]T.



Fig. 1 Schematic diagram of configuration and frames.
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2.1. Nonlinear flight dynamics of rigid motion

Equations of motion for HARW are comprised of transla-
tional dynamics of the center of gravity, and rotational dynam-
ics about the center of gravity, which are given by

mSV V; a; bð Þ _xV ¼ FB �mx� TB
A a; bð ÞVA

� �
IBC _xB ¼ MB � xB � IBCx

B
� �� d

dt
IBCx

B

_P
i ¼ Ti

B /; h;wð ÞTB
A a; bð ÞVA

_H ¼ Sx /; hð ÞxB

8>>>><
>>>>:

ð1Þ

where, xB = [p, q, r]T is the vector form of angular velocity,
where p, q, and r denote roll angle rate, pitch angle rate and
yaw angle rate correspondingly. H= [/, h, w]T denotes the

array of attitude angles, where /, h, w are the roll angle, pitch
angle and yaw angle. VA = [V,0,0]T denotes components of

velocity in aerodynamic frame, IBC is the inertial matrix about

point C, FB andMB are force and moment components defined

in body frame. TB
A a; bð Þ is the coordinate transformation

matrix from aerodynamic frame to body frame, where a and

b are the angle of attack and angle of sideslip. Ti
B /; h;wð Þ is

the coordinate transformation matrix from body frame to iner-
tial frame. SV(V, a, b) and Sx(/, h) are state transition matri-
ces of linear velocity and angle velocity, respectively.
2.2. Flexible dynamics of dihedral angles

Two additional degrees of freedom from structural dynamics

of dihedral angles are integrated into the six-DOF rigid
motion. The structural dynamics considered in this paper are
restricted in the transverse plane. Equations of motion of the

k-th dihedral angle are formulated as

MB
j;k

� �
x
¼ d

dt
HB

j;k

� �
x
þ jc _gk þ jsgk; k ¼ 1; 3 ð2Þ

where, MB
j;k is the moment from the k-th wing about the k-th

joint, HB
j;k is the angular momentum of k-th wing about the

k-th joint, (*)x denotes the x-component of a vector, jc and
js are damping coefficient and spring constant for the joint.
The local angular momentum about the k-th joint in the
body frame is expressed as:

HB
j;k ¼ IBj;kx

B
j;k þmk rBk

� �� VB
k ð3Þ

where, rBk are components of vector rk in body frame, and the

local angle velocity of the k-th wing xB
j;k is composed of the

motion of rigid body x and the dynamics of joint _gk, which
is given by

xB
j;k ¼ xB þ _gk; 0; 0½ �T ð4Þ
The local velocity of the k-th wing is denoted as Vk, compo-

nents of which in body frame are obtained by

VB
k ¼ VB þ d

dt
�cBk
� �þ xB � �cBk

� � ð5Þ

where cBk is the relative displacement from the CG of the k-th

wing to the CG of the system in B-frame as shown in Fig. 2.
Time derivation of the local angle momentum about the joint
is obtained as.

d

dt
HB

j;k ¼ IBj;k _x
B
j;k þ

d

dt
IBj;kx

B
j;k þmk rBk

� �� _VB
k þmk _rBk

� �
� VB

k ð6Þ
Substitute Eq. (6) to Eq. (2), the scaler form of structural

equations of dihedral angles are formulated as.

Ij€g1‘ ¼ MB
j;1

� �
x
� jc � m1s

2
v cos g1 þ w sin g1ð Þ� �

_g1

�jsg1 � m1s
2

_v1 sin g1 � _w1 cos g1ð Þ � Ij _p

Ij€g3 ¼ MB
j;3

� �
x
� jc þ m3s

2
v cos g3 þ w sin g3ð Þ� �

_g3

�jsg3 � m3s
2

_v3 sin g3 � _w3 cos g3ð Þ � Ij _p

8>>>>>><
>>>>>>:

ð7Þ

where Ij ¼ Ibx þms2=4.

2.3. Mass and inertial matrix

Assume that the mass of bilateral wings is the same

m
� ¼ m1 ¼ m3, and the mass of elevators is negligible. The

mass of central wing is integrated with the load mass and

expressed as m2 ¼ km m
�
, (km � 1). The inertial tensor of



Fig. 2 Illustration of applied moments.
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the k-th wing is defined as Ic,k, which can be represented in

different frames:

Ic;k ¼ ebk
� 	T

Ibkc;ke
bk ¼ eB

� 	T

IBc;ke
B ð8Þ

where, ebk are the base vectors of the local body frame, eB are

the base vectors of the body frame, Ibkc;k is the inertial matrix in

local body frame, IBc;k ¼ TB
bkI

bk
c;kT

bk
B is the inertial matrix in body

frame, and TB
bk is the coordinate transformation matrix from

local body frame to body frame.

The inertial matrix of the k-th wing about C in B-frame is
then calculated as

IBC;k ¼ IBc;k þmk cBk ; c
B
k


 �
I� cBk � cBk

� � ð9Þ
where, I is the identity matrix, <�> is the inner product, � is

the Kronecker product, and cBk is components of vector ck in

body frame. The inertial matrix about center of gravity C of

HARW in body frame is expressed as

IBC km; g1; g3ð Þ ¼
X3

k¼1

IBC;k ð10Þ

The quasi-steady assumption of inertia properties is invalid

when considering the structure dynamics of dihedral angles.
The time derivative of the inertial matrix is dominated by
the dynamic of dihedral angles and represented as

d

dt
IBC ¼ @

@g1
IBC km; g1; g3ð Þ _g1 þ

@

@g3
IBC km; g1; g3ð Þ _g3 ð11Þ
2.4. Forces and moments

The force acting on the HARW is composed of gravitational

force Fg, propulsive force FT, and aerodynamic force Fa,
whereas the moment is composed of propulsive moment MT

and aerodynamic moment Ma. The total force and moment

acting on the HARW defined in the body frame are calculated
as

FB ¼ FB
a þ FB

T þ FB
g

MB ¼ MB
a þMB

T

(
ð12Þ
Besides, the hinge moment about the joint in body frame is

calculated by

MB
j;k ¼ rBk � FB

g;k þ FB
a;k

� �
ð13Þ

where rBk , F
B
g;k and FB

a;k are components in body frame of the

gravitational force and aerodynamic force of the k-th wing.
The schematic illustration for definition of moments is shown

in Fig. 2.
Let Ti, i= 1,2,3 be the thrust provided by each propeller.

The symmetrical thrust strategy is adopted for the longitudinal

channel, whereas the antisymmetrical thrust strategy is for the
lateral channel. Let Td denotes the deviation of thrust, and we
assume that T3 = T2 + Td, T1 = T2 � Td. Therefore, compo-

nents of thrust in the body frame are expressed as

FB
T ¼ 3 T2 0 0½ �T.
The moment provided by propellers is given by.

MB
T ¼

X3

k¼1

�cBk � TB
k ¼

0

sin g1 � sin g3
� cos g1 þ cos g3

2
64

3
75 s km � 1ð Þ
2 2þ kmð ÞT2

þ
0

� sin g1 � sin g3
2þ cos g1 þ cos g3

2
64

3
75 s

2
Td

ð14Þ
If the mass of the centre-wing equals the mass of the side-

wing, that is k = 1, then the thrust provided by the central
propeller will not generate any moment. Otherwise, T2 will

generate an additional moment due to asymmetrical
deformation.

The aerodynamic forces are calculated in the local aerody-

namic frame. Forces defined with respect to the center of grav-
ity of the vehicle in the wind axis frame are denoted.

FB
a ¼ FB

w þ FB
t ð15Þ

where, FB
w and FB

t are the driven force from the three wing sec-

tions and the three tail sections respectively.
Given that the aerodynamic forces are driven by the local

angle of attack, the velocity is transformed into the local body

frame.
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Vbk
k ¼ Tbk

B gkð ÞVB
k ¼ ubk; v

b
k;w

b
k

� �T ð16Þ
The side force for straight wings in subsonic flight is

assumed to be zero. Besides, there are no vertical fins and rud-
ders. Therefore, the local pressure-driven forces defined in the

local aerodynamic frame are expressed as

Fak
w;k ¼

�Dw;k

0

�Lw;k

2
64

3
75;Fak

t;k ¼
�Dt;k

0

�Lt;k

2
64

3
75; k ¼ 1; 2; 3 ð17Þ

where, the local lift and drag on the wing and tail sections are

defined as

Lw;k ¼ q
�
iSwCLw;k;CLw;k ¼ CL;aak þ CL;dda;k

Lt;k ¼ q
�
iStCLt;k;CLt;k ¼ CL;a ak þ de;kð Þ

Dw;k ¼ q
�
iSwCDw;k;CDw;k ¼ CD;0 þ jDC

2
Lw;k

Dt;k ¼ q
�
iStCDt;k;CDt;k ¼ CD;0 þ jDC

2
Lt;k

8>>>><
>>>>:

ð18Þ

where, q
�
i is the local dynamic pressure, da,k is the aileron

deflection angle, and de,k is the elevator deflection angle for
k = 1,2,3.

The aerodynamic moment on HARW is expressed as.
MB
a ¼

X3

k¼1

TB
bk gkð ÞMb

k þ lBw;k � FB
w;k þ lBt;k � FB

t;k

h i
ð19Þ

where, lBw;k and lBt;k denote the components of the vectors that

point form C to the quarter cord of the wing and the tail,

respectively (see Fig. 2).
The roll moment and yaw moment in the local body frame

are neglected due to the flat wing assumption. Hence, the aero-
dynamic moment defined in the local body frame is expressed

as.

Mb
k ¼ 0;Mk; 0½ �T ð20Þ

where, the pitch moment is calculated by.

Mk ¼ qkcwSwCm;k;Cm;k ¼ Cm;0 þ Cm;dda;k ð21Þ
Fig. 3 Framework for the nonlinear c
where cw is the cord length of the wing.

Finally, the hinge moment at the j-th joint is defined as.

MB
j;k ¼ rBk � FB

g;k þ dBw;k � FB
w;k þ dBt;k � FB

t;k ð22Þ
where, dBw;k and dBt;k are components of the displacement from

the joint to the center of pressure of wing and tail, respectively

(see Fig. 2). The x-components of hinge moment at joints are
given by.
MB
j;1

� �
x
¼ s

2
FB
w;1

� �
z
þ FB

t;1

� �
z
þm1g cos h cos/

h i
� cos g1 � s

2
FB
w;1

� �
y
þ FB

t;1

� �
y
þm1g cos h sin/

� 
sin g1

MB
j;3

� �
x
¼ � s

2
FB
w;3

� �
z
þ FB

t;3

� �
z
þm3g cos h cos/

h i
� cos g3 þ s

2
FB
w;3

� �
y
þ FB

t;3

� �
y
þm3g cos h sin/

� 
sin g3

8>>>>>>>>>><
>>>>>>>>>>:

ð23Þ
The coupling of flight dynamics is reflected in two aspects.

First, the attitude dynamics Eq. (1) is coupled with flexible
mode via the varying inertia properties. Second, the nonlinear
flight dynamics of HARW consist of nonlinear flight dynamics

of rigid motion and flight dynamics of dihedral angles.
Fig. 3 shows the framework for the nonlinear coupled flight

dynamics of HARW. The thrust, aerodynamic, and inertia are
related to flexible states g and _g; whereas, the flexible equations
are affected by rigid body state V, a, b and _p. Coupled nonlin-
ear aeroelasticity of HARW is complicated and contains many
states, making it unsuitable for control synthesis. Hence, a

reduced model for the control system becomes quite essential.

3. Nonlinear coupled flight dynamics

The preceding section provides the modelling issues for
HARW. Next, three linearized models at the trim condition
with different loads are considered, namely HARW with an

empty load, half load, and full load, to reveal the complex
oupled flight dynamics of HARW.
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interaction between rigid body dynamics and flexible dynam-
ics. The results are given by modal sensitivity and Relative
Gain Array (RGA) analysis.

3.1. Input/output selection based on RGA

The pairing of inputs and outputs affects the performance,

complexity, and costs of the control system. Generally, the
condition number and the RGA are measures to quantify
the degree of directionality and the level of interactions in

MIMO systems. The RGA of a transfer matrix, defined in
the frequency domain, is a simple and effective screening
approach for selecting inputs and outputs to avoid the combi-

natorial problem and a good indicator of sensitivity to uncer-
tainty in the input channels. Compared with the condition
number, the primary advantage of RGA is scaling indepen-
dence on inputs and outputs.

The RGA of a non-singular square transfer function matrix
G (jx) is defined as

KG jxð Þ ¼ G jxð Þ 	 G jxð Þ�T ð24Þ
where ⨀ is the Hadamard product of matrices. The sum-norm
of RGA is very close to the minimized condition number,

which indicates that plants with large RGA elements are
always ill-conditioned. The definition of the RGA may be gen-
eralized to non-square matrices by using the pseudo inverse to

identify the extra inputs and outputs.
Theorem (RGA and input–output projections)33: The i-th

row sum of the RGA is equal to the square of the i-th output

projection, and the j-th column sum of the RGA is equal to the
square of the j-th input projection.Pm

j¼1kij ¼ keTi Urk22Pl
i¼1kij ¼ keTj Vrk22

(
ð25Þ

where, Ur and Vr are the matrices of singular value decompo-
sition of G= UrRrVr

H.

The theorem provides a practical approach to screening
invalid input for interested/selected output. For decentralized
control, we prefer the pairing of inputs and output where the

RGA number at crossover frequencies is close to 0.

3.2. Flight control structure

This paper selects the control outputs as V, h in the longitudi-
nal channel and b, / in the lateral/directional channel. More-
over, we consider the flexibility to reveal the coupling of flight

and structural dynamics. Hence, there are two extra inputs in
the flight control of HARW.

The pairing of inputs and outputs is challenging to identify
since there are no dominant elements and few negligible ele-

ments in the column sum of the RGA-matrix, as shown in
Table 1 Column sum of elements in RGA-matrix with physical inp

Outputs da2 de2 da1 de

V & h 0.34 0.38 0.25 0.3

b & / 0 0 0.46 0.2

g & _g 0.56 0.06 0.60 0.0
Table 1. Therefore, we modify the inputs by combining flap
deflections from physical insight with the following expression.

dse ¼ 1
3

P3
i¼1dei dac ¼ da2

dase ¼ 1
2
de3 � de1ð Þ dda1 ¼ da1 � da2

dde ¼ de2 � de1 þ de3ð Þ dda3 ¼ da3 � da2

8><
>: ð26Þ

where, dse denotes the symmetrical deflection of all three eleva-

tors, dase denotes the asymmetrical deflection of bilateral eleva-

tors, dde denotes the difference deflection between central

elevator and bilateral elevators, dac denotes the deflection of

central aileron, dda1 denotes the difference deflection between

1-st aileron and central aileron, dda3 denotes the difference

deflection between 3-rd aileron and central aileron. Illustration

of the modified control inputs is presented in Fig. 4.
The column sums of RGA-matrix with all candidate mod-

ified inputs are listed in Table 2. The dominated elements are

highlighted in bold. Items with zero-sum for the output are
assumed not to affect the output, which is negligible. For

example, dse input plays an important role in V & h; on the

other hand, dase and ddT have no effect in V & h, but other non-
zero items cannot be neglected by only using RGA-matrix.

Table 3 lists the maximum RGA-number of MIMO with
specified outputs at a steady state. The result shows that the

interaction of velocity control and FPA control recedes with
more extensive deformation, whereas lateral/directional con-
trol interaction intensifies. For output V & h, the RGA num-

ber of both dT & dse and dT & dca are almost the same, so the

frequency domain characteristics is analyzed to determine the
pairing.

Plants with significant RGA elements around the crossover
frequency are fundamentally difficult to control.34 Significant
RGA elements mean even a tiny difference in the control input

can lead to a big difference in the output. In particular, plants
with significant RGA elements cannot utilize decouplers or
other inverse-based controllers. Inputs corresponding to col-
uts.

1 da3 de3 dT ddT

3 0.25 0.33 0.11 0

3 0.46 0.23 0 0.62

5 0.60 0.05 0 0.08

Fig. 4 Illustration of modified control inputs.



Table 3 Maximum RGA-number with different pairing of inputs and outputs.

Outputs Inputs Maximum RGA-number (dB)

No load Half load Full load

V & h dT & dse 249.6 52.8 5.8

dca & dse 3903.7 674.9 18.2

dT & dca 247.1 51.2 5.3

b & / ddT & dase 16.2 30.9 143.4

g1&g3 dda1 & dda3 57.2 27.9 10.1

Table 2 Column sum of elements in RGA-matrix with modified inputs.

Outputs da2 de2 da1 de1 da3 de3 dT ddT

V & h 1.00 0 0.01 0.80 0.08 0.08 0.03 0

b & / 0 0.63 0 0 0.44 0.44 0 0.48

g & _g 0.01 0.04 0.14 0 0.87 0.87 0 0.08
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umns in RGA where the sum of the elements is much smaller
than one can be negligible.

Furthermore, the RGA-number provides a measure of two-
way interaction for the square MIMO, which is the sum-norm
of the difference between the RGA-matrix and the identity

matrix.

cRGA ¼ k K Gð Þ � I ksum ð27Þ
The RGA characteristics of HARW with full load are

shown in Fig. 5. It is better to choose dT & dse as control input
for V & h, because the maximum RGA-number and RGA-
element are lower for the most frequency.

It should be noted that to realize the control of the struc-

ture, the HARW needs more control surfaces than the conven-
tional aircraft. For the model in this paper, after RGA-number
and RGA-element analysis, a reasonable way is to control the

rolling with the differential elevator on both sides and the
structure with ailerons. The ailerons of conventional aircraft
are often used to control roll and sideslip. For the structure
Fig. 5 RGA characteristics o
control of large flexible aircraft, piezoelectric materials are
proposed in the literature, which is a promising approach.

Fig. 6 shows the frequency-varying diagonal element in
RGA for lateral and flexible channels. RGA-element in the lat-
eral channel is greater than 10, implying that the inverse-based

controller is not robust to diagonal input uncertainty. Besides,
the inverse polarity of the diagonal element within the fre-
quency of interest indicates an RHP-zero.

3.3. Formulation of COM

The control-oriented model for HARW comprises two parts:
simplification of flight dynamics and formulation of the ana-

lytical form of the mechanical model. The first part is generally
divided into longitudinal and lateral dynamics with uniform
formulations based on reasonable assumptions. However, the

second part is closely related to the subject of interest. Hence,
in this section, we focus on the formulation of the mechanical
property of HARW with the Curve-Fitting Model (CFM). The
f HARW with full loads.



Fig. 6 Diagonal element in RGA-matrix.

Fig. 7 Trimmed AoA and dihedral angle with nodal mass at

center.
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central mass drives the deformation of HARW. We assume
that the mass of the central node remains constant. Therefore,
two CFM are formulated for HARW with empty and full

loads to investigate the coupled flight dynamics.
Two principles are considered in the formulation of CFM.

First, the prediction of CFM is allowed to have numerical

inaccuracy but has to ensure polarity robustness. Second,
terms in CFM prefer simplification with physical significance
rather than complicated forms. Hereto, we present the formu-

lation of mechanical CFM, including aerodynamic force coef-
ficient, aerodynamic moment coefficient, and hinge moment
coefficient, as follows.

The aerodynamic force coefficients are formulated as.

CL ¼C0
LþCa

LaþC
_gs
L _gsþC

dse
L d

s
eþC

dca
L d

c
aþC

dda
L dda1þdda3
� �

CD ¼C0
DþjDC

2
LþC

_gasp
D _gaspþCp2

D p
2

CY ¼Cb
YbþC

gas
Y gasþC

pgs
Y pgsþC

gs _gas
Y gs _gasþC

dda
Y dda3�dda1
� �þC

dase
Y dase

8>><
>>:

ð28Þ
where, gs = g3 � g1 and gas = g3 � g1 represent the symmetry
and asymmetry change of structural dihedral angle,

respectively.
The aerodynamic moment coefficients are formulated as.

Cl ¼ Cb
l bþ Cp

l pþ C
_gas
l _gas þ C

dase
l dase þ C

dda
l dda3 � dda1
� �

Cm ¼ C0
m þ Ca

maþ C _gs
m _gs þ Cdse

m d
s
e þ Cdca

m d
c
a þ Cdda

m dda1 þ dda3
� �

Cn ¼ Cb
nbþ Cap

n pþ Ca _gas
n _gas

� �
aþ Cr

nrþ Cadase
n adase

8>><
>>:

ð29Þ
The hinge moment coefficients are formulated as.

Chi ¼ C0
hi þ Ca

hiaþ Cb
hibþ Cp

hipþ C
_gi
hi _gi þ C

dca
hi d

c
a þ C

ddai
hi d

d
ai

þ C
dase
hi d

as
e þ C

dde
hi d

d
e þ C

dse
hid

s
e ð30Þ

All coefficients in these CFM are presented in the Appendix

A for HARW with Empty Load (EL) and Full Load (FL).

4. Numerical simulations

4.1. Trim characteristics analysis

To verify the results, we refer to the early research results in
Ref. 34, and compare the trimmed character and dynamic sta-
bility. The trim analysis is carried out to illustrate that the
reduced HARW model can capture the typical flight dynamics
characteristic observed in the higher fidelity models. Fig. 7

shows the structural deformation and the flight angle of attack
as a function of the aircraft’s payload weight, where the red
dotted line represents the reference value in Ref. 34. The addi-

tional load at the centre makes the deformation significant,
leading to a decrease in the effective lift area but a significant
lift to balance the weight. As a result, the trim angle of attack

increases. The simulated results in this paper are consistent
with those in the literature, both numerically and regularly.

Fig. 8 illustrates the variation of modal frequencies xn and
damping ratios f as the deformed dihedral angle goes large.

Unstable phugoid mode with large deformation is observed
in the simulation, which is consistent with published research.
Besides, the frequency of the phugoid mode increases while the

damping decreases as the deformation goes large. The short-
period mode shows a drastic change in HARW. The root
rushes with added deformation, and the pair of complex-

conjugate short-period roots merge to become two real roots.
The HARW does not show a classical short-period mode in its
deformed state when loaded sufficiently.

The variation of the lateral modes is mainly reflected in the
modal frequencies. However, the stability of DRM decreases
at large deformation. The frequency of FOM increases and
decreases with dihedral increasing, and the damping increases

simultaneously. The FDM presents overdamping phe-
nomenon. However, one of the eigenvalues becomes closer to



Fig. 8 Variation of modal frequencies and damping ratios with

aggravation of deformation.

Fig. 9 Responses on structural asymmetric disturbance.
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the imaginary axis with dihedral increasing, which means a
prolonged decay in the response of HARW of large
deformation.

4.2. Open-loop simulations

Lateral and structural responses are mainly analyzed in this

section. The case studies are presented at full, half, and empty
loads. Case 1 is excited with an antisymmetric initial dihedral
disturbance to generate both longitudinal and lateral motion,

where there is a 2� deviation for g1 and a 4� deviation for g3.
Case 2 is excited with an asymmetric step elevator input for lat-
eral motion.

4.2.1. Disturbance of asymmetric deformation

For Case 1, Fig. 9 shows the variation of states in 20 s. For the
exact structure perturbation, the smaller the load, the larger

the response amplitude of the transverse and lateral states.
On the contrary, the amplitude of longitudinal state response
increases. That is to say, the load increase will increase the lat-
eral inertia and decrease the longitudinal inertia. The longitu-

dinal dynamics diverge around 15 s with full loads. The
sideslip angle mainly manifests as the DRM, and the frequency
increases with the deformation. The structure and lateral

motion coupling are mainly manifested in yaw angular rate.
The results of response analysis are consistent with those of
modal analysis. The difference in dihedral angle motion grows

as load increases. The system goes from stable to divergent at
the same time. It can be speculated that a significant difference
in structure motion aggravates the divergence of the system.

Asymmetric movement of the structure leads to lateral move-
ment of the HARW, which requires asymmetric deflection of
the rudder surface for control.

4.2.2. Differential deflection of elevators

Case 2 addresses the asymmetric loading. Results for this case
are shown in Fig. 10. The differential elevator input influences

little on the longitudinal motion even at the beginning of the
full loads case, consistent with previous input–output pairing
results. The frequency of sideslip oscillation increases with
the increase of deformation, the yaw angular rate attenuates

slowly, and the angular roll rate is affected by elastic motion
and exhibits oscillation and damping characteristics simultane-
ously. The time-domain response verifies the modal analysis
results. Besides, the displacement response with a full load in
the y-direction is opposite with empty and half load case, indi-

cating that the deformation strongly influences the effect of
control input.

To show the flight process more intuitively, we present the

3D simulation of nonlinear dynamics of HARW with static
stability and unstable cases in Fig. 11.

4.3. Close-loop simulations

The control inputs are thrust, centre elevator, and outer eleva-
tors, while the other control surfaces are fixed at trim. The goal

is to stabilize the system to trim perturbations in dihedral
angles in the initial condition. The LQG (Linear-Quadratic-
Gaussian) regulator is used for controller design. First of all,
the control-oriented model is linearized at the trim point.

Then, the linearized model is decoupled from the longitudinal,
lateral and flexible motion.

The LQG method minimizes the cost function with statisti-

cal assumption of input and output disturbances.
_x ¼ Axþ Buþ w

y ¼ Cxþ v

(
ð31Þ



Fig. 10 Responses on differential deflection of elevators with

different loads.

Fig. 12 Historical trajectories of deviation of pitch angle in

closed-loop simulation for HARW with empty load.

Fig. 13 Historical trajectories of deviation of pitch angle in

closed-loop simulation for HARW with full load.
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where, w, v are the input and output white noises with covari-
ance QWV. The cost function in LQG is formulated as the

expectation of the objective similar to those in LQR.

J ¼ E lims!1
1

s

Z s

0

xT uT½ �QXU

x

u

� 
þ xiQixi

� 	
dt

� �
ð32Þ

where xi is the integral of the tracking error, QXU and Qi are

the controller parameters.
Two degrees of freedom of LQG controllers are designed

for both longitudinal and lateral motions subject to the specific
controller parameters QXU, QWV and Qi. Studies are composed

of longitudinal control and lateral control. In this paper, we
focus on the attitude control of HARW, that is, the inner loop
controller design.

4.3.1. Longitudinal dynamics control

For longitudinal controller design, flexibility may be neglect-
able under small deformation, as shown in Fig. 12. Neverthe-

less, if not considered under large deformation, the coupling of
rigid body motion and structural movement will deteriorate
the control effect, and the rigid body state vibrates for a very
Fig. 11 3D simulation of nonlinear dynam
long time under the influence of structure states in Fig. 13.
Besides, deviation of the longitudinal state causes slight lateral

motion.

4.3.2. Lateral attitude control

The responses of deviation of roll angle of empty and full load

with different controllers are given in Fig. 14 and Fig. 15. For
lateral controller design, flexibility needs to be considered both
under small deformation and large deformation. The lateral

controller without flexibility diverges because of the model
uncertainties. The settling time is long for HARW, and the
coupling between lateral and structural motion is more sub-

stantial than between longitudinal and structural motion.
Besides, large longitudinal motion will be generated both in
ic of HARW with different deformation.
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Fig. 14 and Fig. 15. Therefore, lateral stability is more critical
for HARW.

Although ailerons can control the dihedral angle, we found

that the performance of the controller improves with the dihe-
dral angle controlled. However, the difficulty of control imple-
mentation increases essentially. For the HARW model in this

paper, it is better not to actively control the structural motion.
4.3.3. Steady control with gust disturbance

The large deformation makes HARW unstable. When dis-

turbed by a gust, the aircraft will diverge. Significant changes
in structure can cause the aircraft to break down. The Dryden
and Von Karman gust models are the classical approaches to
Fig. 15 Historical trajectories of deviation of roll angle in

closed-loop simulation for HARW with full load.

Fig. 16 Examples of von

Fig. 14 Historical trajectories of deviation of roll angle in

closed-loop simulation for HARW with empty load.
describing atmosphere turbulence using the Power Spectral
Density (PSD) functions. The gust generated is then trans-
formed into velocity, AOA and AOS disturbance to fit the pro-

posed model. The transformed gust turbulence is shown below
in Fig. 16.

Fig. 17 shows the controlled states and inputs response with

the gust turbulence for the 40 s. The LQG controller consider-
ing flexible states can stabilize the system effectively. Besides,
trajectory control is necessary when encountering gust

disturbance.

5. Conclusions

(1) A Control-Oriented Model (COM) of six-DOF dynam-

ics for a High-Aspect-Ratio Wing (HARW) is developed
in this paper. Compared with the flight dynamics charac-
teristics observed in the higher fidelity model of HARW,

the COM captures the critical characteristics, including
the unstable phugoid, the merge of a pair of complex-
conjugate short-period to two real roots. What’s more,

other features are obtained based on the COM.
(2) The loss of lift due to the unsteady effects of dihedral

angles mainly accounts for the non-minimum phase
behaviour in flight path angle tracking, which introduces

a single positive real transmission zero with the given
control input.
Karmen gust profile.

Fig. 17 Responses with gust excitation.
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(3) The interaction for longitudinal channel input is weak-

ened, whereas lateral channel input is raised as the
deformation goes large. The damping of the short-
period mode is driven by the moment of inertia. The lon-

gitudinal and lateral modes of HARW can be physically
decoupled under specific flight conditions.

(4) The COM must be further modified with experimental
or high-precision theoretical models in future studies.

The robust control approach will be attempted because
the model is sensitive to uncertainties.
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Table A1 Coefficients of CFM for CL.

Load Coefficients

C0
L

Ca
L C

_gs
L

EL 0.02 19.85 �1.4

FL 0.00 17.14 �2.4

Table A3 Coefficients of CFM for CY.

Load Coefficients

Cb
Y

C
gas
Y C

pgs
Y

EL �0.57 0.54 �13.7

FL �3.16 0.24 �11.4

Table A4 Coefficients of CFM for Cl.

Load Coefficients

Cb
l

C
p
l

EL �21.19 �275.30

FL �58.98 �215.64

Table A2 Coefficients of CFM for CD.

Load Coefficients

C0
D

jD

EL 0.10 0.02

FL 0.12 0.02

Table A5 Coefficients of CFM for Cm.

Load Coefficients

C0
m

Ca
m C _gs

m

EL 0.07 �7.44 0.55

FL 0.04 �6.62 1.49
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Appendix A.

See Table A1–A7
C
dse
L C

dca
L C

dda
L

9 1.18 3.07 1.02

1 1.11 2.80 0.92

C
gs _gas
Y C

dda
Y

C
dase
Y

1 �3.44 0.15 0.13

5 �2.87 0.49 0.38

C
_gas
l C

dase
l C

dda
l

�70.46 8.31 9.92

�55.01 7.00 9.12

C
_gasp
D C

p2

D

�14.57 �30.37

�13.19 �24.77

Cdse
m Cdca

m Cdda
m

�3.81 �1.21 �0.44

�3.52 �1.20 �0.41



Table A6 Coefficients of CFM for Cn.

Load Coefficients

Cb
n

Cap
n Ca _gas

n
Cr

n Cadase
n

EL �2.03 �296.23 �72.69 �4.10 �3.59

FL �3.06 �184.14 �52.39 �3.46 �8.79

Table A7 Coefficients of CFM for Chi.

Load Coefficients

C0
hi

Ca
hi Cb

hi
C

p
hi C

_gi
hi C

dca
hi C

ddai
hi

C
dase
hi C

dde
hi

C
dse
hi

EL ±4.77 
82.48 �13.65 �172.32 �65.28 
13.17 
12.32 4.84 
0.87 
3.73

FL ±4.41 
73.62 �42.67 �148.29 �64.66 
13.01 
12.26 4.8 
1.07 
4.05
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