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Abstract. We consider items with observable at inspections degradation. Following an inspection, 
a decision is made whether to replace an item or to continue operation. When degradation is 
relatively small, it is cost-beneficial to continue operation and postpone the preventive 
maintenance. The innovative, probabilistically justified replacement policy defines the  
postponement in this case. It is based on comparison of the observed degradation with the specially 
defined reference values. Degradation is modeled by the increasing stochastic process, specifically 
by the Poisson counting process and by the homogeneous gamma process. Detailed illustrative 
numerical examples describing the main steps of the developed original methodology are provided. 
They also show that the proposed policy can result in a significant cost reduction and increase in 
the replacement times.   
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threshold. 

Notations 
L lifetime of an item 

( )F t distribution function (cdf) 
( )F t Survival function 

( )r t failure rate 

rC cost of replacement 

fC cost of failure 
( )c T long-run cost rate 

1( )c T improved long-run cost rate 

T mean duration of a cycle 
*T optimal black-box replacement time 
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*
1T                          improved optimal black-box replacement time 
                           rate of the Poisson process 

,                        parameters of the gamma process 

tW                          stochastic process of degradation 
( )wF t                      distribution function for threshold w 

( *, )ig T w                 ( *)
iw

i

F T
w



 

( | *)wF t T                 survival function of the remaining lifetime at T* 

iw                             observed degradation at T* 

fw                             maximal degradation at T* for replacement postponement  
*

fwT                            new replacement time (postponed) 
*( )

f fw wc T                    long-run cost rate when all cycles are conditional 

*( *, )
f fw wc T T              long-run cost rate when not all cycles are conditional 

 

1. Introduction 

Defining optimal maintenance schedule and replacement policy is one of the most important 
practical and theoretical problems in modern reliability engineering. First studies of preventive 
maintenance go back to the ground-breaking paper by Barlow and Hunter (1960).  Since that time, 
there were thousands of various published papers on the subject and a number of surveys and 
books entirely devoted to this topic (Nakagawa (2005), Gertsbakh (2005), Wang and Pham (2006), 
Alaswad and  Xiang (2017) and Wang (2002) to name a few). In our paper, for convenience, we 
will call the approach developed in Barlow and Hunter (1960) and subsequent papers, where the 
lifetimes of items are described by ‘sudden failures’ and degradation is unobserved, the classical 
approach (see also, e.g., Finkelstein et al (2016), Hamidi et al (2016), Badia et al (2002), 
Finkelstein and Gertsbakh (2016)). Some other worth mentioning in our opinion approaches in 
maintenance modeling can be found in recent papers by Guo and Liang (2022), Pedersen and Vatn 
(2022), Zhang et al (2021), Wang and Miao (2021), Tambi and Kulkarni (2022) among others. 
     It is well-known that along with sudden failures there are gradual failures of items often caused 
by internal degradation. These failures are usually modeled as the first passage times for the 
appropriate stochastic processes. When deterioration is observable, additional information on the 
items’ states is available and can be used in optimal preventive maintenance (PM) decisions (thus, 
condition-based). See, e.g., some relevant references on condition-based maintenance: Jardine et 
al (2006), Castanier et al (2003) Grall et al (2003), Liao et al (2006), Cha et al (2017, 2018), Liao 
et al (2006), Castro et al (2015), Wang et al. (2021a, 2021b)  among others. However, the approach 
developed in our study is different from those reported in the literature on condition-based 
maintenance, as we use information on degradation obtained only at inspections and then develop 
original methodology for obtaining the optimal time for the replacement. 

Improving classical optimal age-replacement policies for degrading items



3 
 

    Thus, on observing degradation at inspection at the predetermined time, a decision is made 
whether to replace an item immediately or to continue operation. Obviously, when degradation is 
relatively small, it can be cost-beneficial to postpone replacement. Motivated by this general 
reasoning, we propose a new replacement policy that suggests this postponement in the 
probabilistically justified way. There are three main steps that describe our methodology:  

1. In accordance with the classical replacement model (Barlow and Hunter (1960), Nakagawa 
(2005)), we obtain the optimal (black box scenario) replacement time for an item that does 
not take into account the values of degradation that could be observed at inspections. 

2. For the inspections executed at the black-box optimal replacement times, we obtain in the 
innovative way the maximal level of degradation that justifies possible postponement of 
an actual replacement when the observed degradation is smaller than this value. 

3. If the deterioration observed at the black-box optimal replacement time is smaller than the 
defined level, then replacement is postponed and is executed at the optimally obtained new 
time. Otherwise, the replacement is executed immediately after inspection 

     The developed approach for optimal replacement postponement has some connection with that, 
discussed in our recent paper (Cha and Finkelstein (2020)) on a different topic of life extension 
(LE). In the current study, the settting, methodology and analytical justifications are different, 
whereas observing degradation and making decisions based on that is common. However, the latter 
is a fairly general concept.  For some qualitative methodology used in the LE applications see, 
e.g., Ochella et al (2022).  
     As follows from the foregoing description, the starting point in our model is obtaining the black-
box optimal time of replacement in accordance with the classical approach. However, at some 
instances, due to logistics, failure of inspection equipment and other reasons, the necessary 
inspection with observation of degradation cannot be executed or not relied on at that time. For 
instance, this can happen when the qualified personnel and the sophisticated diagnostic equipment 
that are not always available are needed. In this case, a replacement is carried out at the black-box 
optimal time, which is a convenient and well-justified in practice ‘back-up’ option.  
     On the other hand, when inspection can be executed, the decision to postpone the replacement 
or not is taken in accordance with the policy proposed in this paper. This combination is one of 
the advantages of our model compared with the trivariate optimization in Finkelstein et al (2020), 
where the policy ‘fails’ when inspection cannot be executed, as there is no reasonable alternatives 
in this case.  In the aforementioned paper, the ‘joint’ optimization of the time of inspection, time 
of replacement and of the degradation threshold (the latter will be also a part of our model) is 
performed. The other important distinction from existing approaches is that our model can work 
also ‘cycle by cycle’ with decisions on postponement based on the specific realizations of 
degradation at inspections. Analytical justifications of the possible superiority of this policy over 
that described in Finkelstein et al (2020) should be explored in the future research, as the latter 
also employs the interval-based and not the realization-based approach for the observed 
degradation.     
     As a specific stochastic process for modeling deterioration, we consider the gamma process, 
which is widely used in reliability modeling of degrading items due to its clear meaning and 
mathematical tractability (see, e.g., Cinlar (1980), Pan and Balakrishnan (2011), Liao et al (2006), 
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Cha and Finkelstein (2018)). An excellent survey on applications of gamma processes in 
maintenance modeling can be found in van Noortwijk (2009). For mostly methodological, 
illustrative purposes, we also use the homogeneous Poisson counting process that describes our 
approach in a simpler, more tractable and speaking for itself way. 
    Operation and maintenance of numerous engineering systems comply with assumptions of the 
proposed modeling. As a real-world example we can think about the gyro-based marine 
navigational equipment and assume that the gyro unit replacements are scheduled in a black-box 
scenario optimal way. The inspection measures degradation (which is an increasing in time error 
in longitude or/and latitude) using the reference device that can work only during very short 
relatively rare intervals of time providing accurate values of navigational parameters (inspection 
in our terms). Degradation of a gyro is monotone and can be modeled by the gamma process. If 
this degradation is relatively small (this is defined in what follows), then the next replacement can 
be postponed. This, as it will be shown, decreases the overall maintenance costs as the gyro unit 
can be quite expensive and also can decrease the number of spare gyro units that are used for 
replacements.  Optimal replacements of some offshore equipment can be also modeled in the 
proposed way when the inspections are fairly cheap and simple and can be performed on cite, 
whereas the replacements are performed by the maintenance crew ‘ordered’ as a result of this 
inspection (this, of course, implies relatively short time that is needed for the maintenance crew to 
prepare and reach the cite.   
     The paper is organized as follows. Some necessary results needed for further discussion are 
given in Section 2. Section 3 describes the relevant failure models. The optimal policy is discussed 
in Section 4, whereas illustrative examples are given in Section 5. Finally, the concluding remarks 
are formulated in Section 6.  

2. Preliminaries 

Let   ( )F t ,  ( )F t , and ( )r t  denote the Cdf, the survival function and the failure rate describing 
the lifetime L  of a degrading item (i.e., with the failure mode due to degradation), respectively. 
Assume that degradation is manifested by the increasing ( )r t . Let an item be incepted into 
operation at t=0.  To reduce the consequences of sudden failures, the preventive replacement by 
as good as new item is performed at time T.  In the classical age replacement model (Barlow and 
Hunter (1960), we have the following well-known relationship for the expected long-run cost rate 
to be minimized 

( ) ( )
( ) r f

T

C F T C F T
c T



+
=  ,                                                    (1) 

where, rC  is the cost of preventive replacement and f rC C  is the cost of failure that usually 
includes the cost of replacement and other consequences due to a sudden failure (e.g., operational 

delays), and 
0

( )
T

T F x dx =  . Note that, for the stochastically ‘better’ system: 1( ) ( ), 0F t F t t  , 

we have:  
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1 1
1

,1

( ) ( )
( ) ( )r f

T

C F T C F T
c T c T



+
=  ,                                                 (2) 

where ,1T  corresponds to the Cdf 1( )F t . Denote by *T  and *
1T  the optimal PM times minimizing 

( )c T  and 1( )c T , respectively. Then, according to Nakagawa (2005), Finkelstein et al (2020), 

( *) ( ) ( *)f rc T C C T= − , 

* *
1 1 1 1( ) ( ) ( )f rc T C C T= − , 

where, the failure rate 1( )t  is also assumed to be increasing. It can be also easily shown that in 
this case: 

*
1 1( ) ( *)c T c T ; *

1 1( ) ( *)T T  .                                      (3) 

However, (3), in general, does not mean that  
*

1 *T T .                                                         (4) 

     We will call the ‘classical scenario’ described above the black-box scenario, as the degradation 
processes in the items are not specified, whereas degradation is manifested by the increasing failure 
rates.  
     Assume now that the observable monotonically increasing, homogeneous deterioration process

0{ , 0}, 0tW t W = , with independent increments describes deterioration of an item.  A failure 
occurs when the process reaches the deterministic level w. Then, the lifetime of a system, L can be 
described by the following survival function 

  ( ) ( ) ( )w tP L t F t P W w  =  .                                                 (5) 

We assume that  ( )P L t  is an absolutely continuous distribution with respect to t  for each fixed 
w . Denote the corresponding Cdf by ( ) 1 ( ) ( )w w tF t F t P W w= − =   and the marginal density by 

( , ) ( )wf t w F t
t


=


.  The Cdf of the remaining lifetime upon reaching deterioration 0 iw w   at 

inspection is, due to homogeneity, ( )
iw wF t−

. In fact, ( )wF t  and ( )F t  describe the same random 
variable L, whereas the former one employs, according to the assumption, the additional 
information on the degradational process. In what follows, we will employ only ( )wF t , whereas 

( )F t  was introduced for the general setting and the ‘connection’ with existing literature.  

     For illustration of our findings, we will consider two processes of deterioration. The Poisson 
process, as the simpler one, is used mostly for methodological purposes, whereas the gamma 
process is already often used for modeling deterioration in practice. 

a. Poisson process. Let degradation in the item be modelled by the homogeneous Poisson process 
with rate  . Let N  be the integer failure threshold, 1,2,...N =  Then (5) turns into  
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1

0

( )( ) exp{ }
!

iN

N
i

tF t t
i



−

=

= −  ,                                                 (6) 

whereas the corresponding failure rate, which is monotonically increasing to  ,  is given by 
1

1

0

( , )
( )( 1)!

!

N N

kN

k

tr t N
tN

k





−

−

=

=

− 

.                                                (7) 

Moreover, importantly 

( , ) ( , ), , 0r t m r t n m n t   ,                                                  (8) 

whereas, (0, ) 0, 1; (0,1)r N N r =  = . 

     The remaining lifetime on observing n N  events is described by the Cdf 
1

0

( )( ) 1 exp{ }
!

iN n

N n
i

tF t t
i



− −

−

=

= − −  .                                            (9) 

Therefore, the corresponding failure rate is also increasing in n for each 0t  . 

b. Gamma process of degradation. For the homogeneous gamma process with parameters 
0, 0   , the lifetime to reach the threshold w is described by the following survival function 

(see, e.g., van Noortwijk (2009)) 
( , )( ) 1

( )w
t wF t

t
 




= −


,                                                     (10) 

where 1

0
( ) exp{ }aa z z dz


− = − ; 1( , ) exp{ }a

x
a x z z dz


− = − ,   

Then the remaining lifetime is defined by 

( , ( ))( ) 1
( )w w

t w wF t
t

 


−

 −
= −


.                                               (11) 

It is shown in Liao et al. (2006) that the failure rate that corresponds to (10), ( , )t w  is an 
increasing function.  

Remark 1. In what follows, we assume that degradational failures are self-announced. This is the 
case in many practical situations.  However, it should be noted that when this is not the case, the 
general classical approach described by Equations (1)-(4) is not applicable and so does our model 
to be developed. 

3. The degradation-based failure models 

If an item that was incepted into operation at 0t =  is operable at time 0t  , there is obviously, 
some ‘resource’ (that can be loosely understood as remaining lifetime) left. However, for the 
described black-box scenario and due to increasing with time risk of failure, it is not cost-wise 
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beneficial to continue operation after the optimal time *T , as follows from the corresponding 
minimization of ( )c T  problem. On the other hand, if the degradation observed at inspection at 
optimal *T  is relatively small, there can be substantial resource left, or in other words, the risk of 
failure is not ‘critical’. Then it seems natural to postpone replacement to some new optimal value 

*
1 *T T  with *

1 1( ) ( *)c T c T (see (3)). Note that, in the black-box scenario of comparing optimal 
PM for two items described in the previous section, as mentioned, (4) was not necessarily true, 
whereas for the model to be described further, it will be the case.  After this general description, 
we proceed with a more formal reasoning.   
     Denote the random value of degradation observed at *T   by * [0, )TW w . Then the remaining 

lifetime distribution for realization *T iW w w=   is ( )
iw wF t−

, whereas the black-box remaining 
lifetime is described by the survival function  

           ( *)( | *)
( *)

w
w

w

F t TF t T
F T

+
=  .                                                           (12) 

 On the other hand, for our specific model of deterioration, the same relationship can be written in 
a different way as  

0

( *, )( | *) ( )
( *) i

w
i

w w w i
w

g T wF t T F t dw
F T −=  ,                                                (13) 

where ( *, ) ( *)
ii w

i

g T w F T
w


=


 .  

     Denote by fw w  some deterministic level of degradation to be defined. We want to compare 

(12)-(13) with ( )
iw wF t−

. The reason for this comparison is as follows: the remaining 
resource/lifetime (13), is such that it is not optimal to continue operation of an item and the 
preventive replacement should be executed at *T . This is due to the fact that  *T  was obtained 
as an optimal time of replacement minimizing the long-run cost rate (1). However, if the remaining 
resource/lifetime is stochastically larger (see Shaked and Shantikumar (2007)) than defined in (13), 
it is reasonable to assume that this resource can be utilized and the optimal PM can be postponed 
to some new optimal time. 
    As the family of ( )

iw wF t−
 is ordered, i.e., for ,1 ,2i iw w  

,2 ,1
( ) ( ), 0

i iw w w wF t F t t− −  ,                                                  (14) 

  fw   could be found as the maximal value of iw  such that if  ,i fw w  then  

( | *)wF t T  ( )
iw wF t−

,                                                     (15) 

which means that the remaining lifetime after observing degradation i fw w  at *T  is 
stochastically larger than that in the black-box scenario.  It is obvious for our setting with ordered 
lifetimes that fw w  exists. This will be also illustrated graphically in our examples. 
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     Let , ( | *)
fw wF t T  denote the conditional survival function (for our failure model) for the 

remaining lifetime on condition that the degradation process is in [0, )fw  at *T , i.e.,  

,
0

( *, )( | *) ( )
( *)

f

f i

f

w
i

w w w w i
w

g T wF t T F t dw
F T −=   .                                        (16) 

As follows from our previous considerations while defining fw   

, ( | *) ( | *), 0
fw w wF t T F t T t  . 

or, equivalently, from (13) and (16): 

0 0

( *, ) ( *, )( ) ( )
( *) ( *)

f

i i

f

w w
i i

w w i w w i
ww

g T w g T wF t dw F t dw
F T F T− −                           (17) 

    Denote now by , ( , *)
fw wF t T  the Cdf of a random variable that is defined as follows. It is the 

event (failure) if the process reaches w in [0,T*)  or reaches w in [ *, )T   conditioned on 
0 i fw w   at *T . Thus, the corresponding piece-wise survival function is 

,

0

0

( ), 0 *

( , *) ( *, )( *) ( *) , *
( *)

( ), 0 *

( *) ( *, ) ( *) , *
( *)

f

f

i

f

f

i

f

w
w

w w i
w w w i

w

w
w

w
i w w i

w

F t t T

F t T g T wF T F t T dw t T
F T

F t t T

F T g T w F t T dw t T
F T

−

−

  


= 
− 



  


= 
− 







                              (18) 

whereas for the initial ‘unconditioned setting’ when 0 iw w   at *T  and using (13), we have  

0

0

( ), 0 *
( , *) ( *, )( *) ( *) , *

( *)

( ), 0 *

( *, ) ( *) , *

i

i

w
w

w i
w w w i

w

w
w

i w w i

F t t T
F t T g T wF T F t T dw t T

F T

F t t T

g T w F t T dw t T

−

−

  


= 
− 



  


= 
− 







                                  (19) 

Thus, comparing (18) and (19), it follows from (17) that 

, ( , *) ( , *), 0
fw w wF t T F t T t  .                                                    (20) 

      In the previous section, under the assumption that one item is stochastically larger than the 
other, i.e.,  1( ) ( )F T F T  and according to the black-box scenario, relationship (3) was obtained, 
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which did not necessarily lead to relationship (4) (the postponement of optimal replacement). In 
our current, specific case, we also have the comparison (20), but distinct from the general black-
box case, the survival functions are now the same in 0 *t T   in (18) and (19). Denote the failure 
rate that corresponds to , ( , *)

fw wF t T  by , ( , *)
fw wr t T  and the failure rate that corresponds to 

( , *)wF t T , by ( )wr T . It is clear that  

,

,

( , *) ( ),0 *

( , *) ( ), *
f

f

w w w

w w w

r t T r t t T

r t T r t t T

=  

 
                                           (21) 

with a jump ( )wr t - , ( , *)
fw wr t T  at *T  . 

4. Optimal PM policy 

In the previous section, the conditional lifetime distribution (18) was derived. Assume first, that 
all cycles are conditional, i.e., described by (18) meaning that degradation on all cycles is 
0 i fw w   at *T .   Then the expected long run cost rate can be defined in a traditional way. 
Thus, 

, ,

,

( , *) ( , *)
( ) f f f f

f f

f

r w w w f w w w
w w

T w

C F T T C F T T
c T



+
= ,                               (23) 

where    

, ,
0

( , *)
wf

f f

T

T w w wF t T dt =   

and 
fwT  denotes the variable replacement time. We also assume that the inspection cost is 

negligible compared with other costs involved. From (2)-(3), (5) and (20), it follows that the 
optimal  *

fwT  (that should be obtained as in the classical model by minimizing (23)) exists and 

that  
*( ) ( *)

f fw wc T c T ,                                                   (24) 

whereas for optimal times, distinct from our reasoning while discussing (3)-(4), we have now  
* *

fwT T  .                                                        (25) 

This follows from the general reasoning and the specific form of the survival function (18). Indeed,  
when 0

fwT → , ( )
f fw wc T →  and then decreases exactly as ( )c T in (1) for 0 *T T  .Thus 

*
fwT  can be only larger than *T , due to our specific setting. 

In accordance with the foregoing discussion, we are ready to provide now the sequence of 
operations that should be executed while implementing the corresponding replacement policy. 

1. Obtain the black box *T  by minimizing (1), 
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2.  Obtain fw   as the maximal value of iw  such that if  ,i fw w  (15) holds, 

3. If an item fails in [0, *)T , replace it, 

4. If the observed at *T  degradation [0, )i fw w , obtain *
fwT  by minimizing  (23) and replace 

at this time. 

5. If the observed at *T  degradation [ , )i fw w w , replace at  *T  . 

6. Repeat 1-6 after replacement…. 

Remark 2. As follows from our reasoning, the derivative ( )
f fw wc T  is not continuous at *T  as 

well as the corresponding failure rate. Therefore, minimization of (23) cannot be performed in the 
same analytical manner as in classic optimal replacement modeling (Barlow and Hunter (1960), 
Nakagawa (2006)). However, as discussed, the optimal solution of the minimization problem 
exists and it is larger than T*, whereas the specific values of interest can be obtained numerically.  

Remark 3. It may happen that the degradation at the optimally obtained *
fwT  is still relatively 

small and, consequently, an item still has some sufficient remaining lifetime/resource. In this case, 
the proposed procedure can be adjusted, for the second postponement however, it is rather 
cumbersome (e.g., the new value of fw  should be obtained). Note that,  in practice, due to gradual 
deterioration, one step is usually sufficient for obtaining the well pronounced postponement, 
whereas the next steps result on average with a non-significant postponements. See also similar 
reasoning for lifetime extension in Cha and Finkelstein (2020).  

     Thus, for all realizations of cycles (recall that the cycle is a duration between two consecutive 
replacements) with [0, )i fw w at T*, we can decrease the cost rate by postponing T* to *

fwT .      

However, there are other realizations of cycles with [ , )i fw w w  at T* with the corresponding 
lifetimes that are stochastically smaller (see Shaked and Shantikumar (2007)) than those defined 
by (19). Therefore, the optimal time of replacement for these realizations should be ‘theoretically’ 
smaller than T*, but distinct from the previous case, when the replacement can be postponed, we 
cannot decrease it now, as T* was predetermined as the black box-one and the inspection is 
performed accordingly. Thus, by postponing replacement on relevant realizations of cycles we 
improve the expected long-run cost rate that corresponds to * , *

fwT T , which have been already 

obtained in the defined optimal way. Thus, the minimum of the expected long-run cost-rate 
function for the defined above replacement policy is obviously achieved at these values.  

     In the following, we use notation defined for relationships (5) and (13). We will derive now the 
expected long-run cost rate for the described policy. For this some relevant probabilities should be 
defined. We have four events that describe the cycle in our model: 

Event 1. An item fails before *T  and is replaced at the failure time. The corresponding probability 
of this event is  
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*
*( ) ( ) ( *, )T i i

w

P W w P L T g T w dw


 =  =  . 

The conditional Cdf and the pdf of the failure time of an item for 0 *t T   in this case are 

*
*

( )( | )
( )

w

w

F tP L t L T
F T

  = ;       
*

*

( , ) ( , )
( ) ( )w T

f t w f t w
F T P W w

=


,    0 *t T   

accordingly. 

Event 2. An item continues to operate after *T (thus, its degradation at *T  is smaller than fw ), 

but fails before *
fwT . 

Probability of this event is  

 

*

0

( *, ) ( *, )
f

f

i

w

w i i
w w

g T T u g T w dudw


−

= −  , 

where homogeneity and the independent increments property of the degradation process were used. 
The conditional Cdf of the failure time in this case is defined as 

**( | , )
w f

T f T
P L t W w W w    

*

*

*
*

*

( , )
( | , )

( , )wf
wf

T f t
t T f T

T f T

P W w W w
P W w W w W w

P W w W w
 

=    =
 

 

*

*

*

0

*

( ) ( , )

( , )

f

w f

w

t i i iT

T f T

P W W w w g T w dw

P W w W w

−  −

=
 



*

* *

0

*

( ) ( , )

( , )

f

i

w f

w

w w i i

T f T

F t T g T w dw

P W w W w

− −

=
 


, * *

fwT t T   

Thus, by taking derivative with respect to t, the conditional pdf is  

*

* *

0

*

( , ) ( , )

( , )

f

w f

w

i i i

T f T

f t T w w g T w dw

P W w W w

− −

 


, * *

fwT t T  . 

Event 3. An item is preventively replaced at *T  meaning that its degradation at *T  is in [ , ).fw w
Probability of this event is  

*
*( ) ( , )

f

w

f T
w

P w W w g T u du  =  . 

* ** *
0

( , ) ( ) ( *, )
f

w wf f

w

T f T i i iT T
P W w W w P W W w w g T w dw  = −  −
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Event 4. An item is preventively replaced at *
fwT . Probability of this event is 

*
* *

0 0

( , ) ( *, ) ( *, )
f i

w ff

w w w

T f T w i iP W w W w g T T u g T w dudw
−

  = −   

In accordance with the derived relationships, the expected cost on a cycle is given by  

*

0

* *

0 0

( *, * ) ( *, ) ( *, ) ( *, )

( , ) ( *, ) ( *, )

f

f f

i

f i

f

f

w

w f i i w i i
w w w

w w ww

r w i i
w

C T T C g T w dw g T T u g T w dudw

C g T u du g T T u g T w dudw

 

−

−

 
= + − 

 
 

 
 + + −
 
 

  

  

                   (26) 

     Denote now by Z  the random duration of a cycle that corresponds to the considered events. Its 
expected value is 

*, * [ ]
wfT T E Z   

* ** * * *[ | ] ( ) [ | , ] ( , )
w wf f

T T T f T fT T
E Z W w P W w E Z W w W w P W w W w=   +      

* * * * * *[ | ] ( ) [ | , ] ( , )
w wf ff T f T T f T T f TE Z w W w P w W w E Z W w W w P W w W w+     +     , 

where, in accordance with our reasoning and the proposed policy, 
*

*

0
*

( , )
[ | ]

( )

T

T
T

t f t w dt
E Z W w

P W w
 =




, 

*

*

*

*

* *

0
*

*

( , ) ( , )
[ | , ]

( , )

w f f

w f
w f

T w

i i i
T

T f T
T f T

t f t T w w g T w dw dt
E Z W w W w

P W w W w

− −

  =
 

 
 

*
*[ | ]f TE Z w W w T  = ,     *

* *[ | , ]
w ffT f T wE Z W w W w T  = . 

Therefore, finally 
**

*

* *
*, *

0 0

( , ) ( , ) ( , )
wf f

w f

T wT

T T i i i
T

t f t w dt t f t T w w g T w dw dt = + − −    

* * * *

0 0

( , ) ( *, ) ( *, )
f i

f f

f

w w ww

w w i i
w

T g T u du T g T T u dug T w dw
−

+ + −   .            (27) 
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     Thus, employing the renewal reward theorem (Ross (1996)), as in classical model, for the 
expected long-run cost rate, and plugging in the obtained relationships, we get  

*

*
*

*,

( *, )
( *, ) f

f f

w f

w
w w

T T

C T T
c T T


=                                                      (28) 

Note, that distinct from (1) and (23), we are not optimizing this function now, as the variables are 
fixed as **,

fwT T  in the described above optimal way. This, as stated in the Introduction, is distinct 

from Finkelstein et al (2020), where the ’joint’ optimization of the time of inspection, time of 
replacement and of the degradation threshold is performed. However, the optimal policy in 
Finkelstein et al (2020) fails when inspections are not available at the optimally obtained time T*, 
whereas in our model, there is an alternative to replace at T* without inspection. 

Remark 4. What happens, if we want to make our decisions on PM postponement based not on 
the interval for random degradation [0, )fw , but on the ‘exact value’ of the observed degradation 
(realization), [0, )i fw w ? In this case, the survival function in (18) turns to  

,

( ), 0 *
( , *)

( *) ( *), *
i

w
w w

w w w

F t t T
F t T

F T F t T t T−

  
= 

− 

                                       (29) 

      Based on this relationship, we can proceed in a way similar to what was described in our paper 
obtaining the optimal  * *

iwT T  for each [0, )i fw w  that decreases with increase of 

[0, ).fw w Then (26)-(28) should be adjusted accordingly via the corresponding mixing with 
respect to the degradation distribution at T*. As in this case, we are using the more specific 
information for obtaining the possible postponement of a replacement, the corresponding long-run 
cost rate should be smaller than that defined by (28), whereas practical benefits may be 
questionable.  In any case, this topic needs further study.  

5. Numerical illustrations and discussion 

a. Poisson process degradation. We consider this case as supplementary due its better 
mathematical and intuitive tractability, whereas the gamma process case to follow has a more 
practical value as it is well-known that it is widely used for modelling degradation of real systems. 

     Let the threshold w N= =10. Then (6) reads: 
9

10
0

( )( ) exp{ }
!

i

i

tF t t
i



=

= −  . 
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Fig.1. The expected black box long-run cost rate as a function of T, 1, 5r fC C= = . 

Table1. Values of optimal *T and ( *)c T , 1, 5r fC C= = . 

λ 2 3.5 5 
T* 2.76 1.58 1.10 
C(T*) 0.44 0.78 1.11 

 
     As a starting point and for further comparison, the classical expected black box long-run cost 
rate (1) is plotted in Fig.1 for different values of the rate  . We see the pronounced minimums. 
Moreover, as expected, when degradation is increasing (  is increasing), the optimal PM time is 
decreasing, whereas optimal cost rate is increasing. 
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Fig.2. Survival curves, showing that 4fw = for 1, 5r fC C= = , λ=5. 

 
Fig.3. The expected (postponed) long-run cost rate as a function of 

fwT , 1, 5r fC C= = , 4fw = . 

Table 2. Values of optimal *
fwT , *( ),

f fw wc T *( *, )
f fw wc T T , 1, 5r fC C= = , 4fw = . 

λ 2 3.5 5 
Twf* 4.30 2.45 1.72 
Cwf(Twf*) 0.31 0.55 0.79 
Cwf(T*,Twf*) 0.41 0.71 1.02 
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     Fig.2 describes obtaining fw  from (15). It is the maximal value of the observed at *T

degradation for which inequality (15) still holds. The bold curve plots ( | *)wF t T , whereas other 
curves plot  ( )

iw wF t−
 for different values of 0,1,2,.....9iw = . It can be seen from the graph and was 

verified by the corresponding numerical values that 4fw = . This was done for the rate λ=5. For 
other considered values of the rate of the Poisson process ( 2,3 = ), the result is the same. Fig. 3 
plots the curves that describe the expected long-run cost rate (23) when all cycles are conditional 
meaning that degradation at *T  is smaller than 4fw = . Comparing the values in Table 2 (with 
the corresponding values in Table 1), we see that relationship (24) ( *( ) ( *)

f fw wc T c T ) holds and 
the decrease in the expected long-run cost rate is substantial. For instance, for the case  5 = , we 
have ( *) 1.11c T = , whereas *( ) 0.79.

f fw wc T =  When not all cycles are conditional (which is the case 
for the real-life operation of the repairable item) with other cycles exhibiting degradation at *T  
larger than 4fw = , the obtained in accordance with our methodology minimal expected long-run 
cost *( *, )

f fw wc T T  defined in (28) is also reasonably smaller (1.02). It should be noted also that, as 
can be seen from Fig.3, the cost rates have discontinuities in their derivatives. This follows from 
the observation that the survival function (18), obviously, has a discontinuity in its derivative at 

*t T= . The latter leads to the jump in the corresponding failure rate, as was already mentioned.  

b. Gamma process of degradation. We follow the same steps and omit similar to the Poisson case 
explanations. Fig.4 plots the classical curve (1). We vary parameter   as the one that defines the 
rate of the process, whereas parameter    that responsible for the size of the jumps is fixed.  

 
Fig.4. The expected black box long-run cost rate as a function of T, 1, 5, 1, 12r fC C w = = = = . 

 

Table3. Values of optimal *T and ( *)c T , 1, 5, 1, 12r fC C w = = = = . 
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Α 2 2.5 3 
T* 3.66 2.93 2.44 
C(T*) 0.34 0.43 0.51 

 
Fig.5. Survival curves, showing that 0.4fw = for 1, 5, 1, 2, 12r fC C w  = = = = =  

 
Fig.6. The expected (postponed) long-run cost rate as a function of 

fwT , 

1, 5, 1, 2, 12r fC C w  = = = = = , 0.4fw = . 

Table 4. Optimal *
fwT , *( ),

f fw wc T *( *, )
f fw wc T T , 1, 5, 1, 2, 12r fC C w  = = = = = , 0.4fw = . 
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Α 2 2.5 3 
Twf* 5.47 4.38 3.65 
Cwf(Twf*) 0.25 0.31 0.38 
Cwf(T*,Twf*) 0.31 0.39  0.47 

 

It follows from Fig. 5 that 0.4fw =  when 2 = . Numerical experiments for 3.5;5 =  show the 
same value of  fw .  Thus, the conditional cycles should have the observed at *T  value of 
degradation less than 0.4  for the failure threshold defined as 1w = . The cost-wise effect of the 
proposed policy, as compared with a classical one, is also noticeable comparing tables 3 and 4. 
Also optimal replacement time is significantly larger, which can be very convenient in practice.  It 
will be more pronounced, if 0.5fw   ( 5fw   in the Poisson case). However, it is not formally 
clear how this level is depends on parameters of the degradation processes. This needs further 
study.  
 

6. Concluding remarks 

The described innovative approach improves the classical optimal replacement modeling by 
considering the value of degradation at the obtained optimal PM time *T . If [0, )i fw w , the PM 
can be postponed to the predetermined time * *

fwT T  with the smaller long-run cost rate. 

    The proposed policy assumes availability of inspections at the predetermined (in accordance 
with the classical, non-degradation-wise) policy.  However, at some instances, due to logistics, 
failure of inspection equipment and other reasons, the necessary inspection with observation of 
degradation cannot be executed or not relied on at that time. In this case, a replacement is carried 
out at the black-box optimal time, which is a convenient and well-justified in practice ‘back-up’ 
option.    
     Our decisions are based on observing degradation in the obtained interval. Therefore, the 
postponement will be the same for all realization  [0, )i fw w . Remark 3 defines the possibility 
of considering the postponement for each realization. This suggestion has pros and contras, which 
should be explored in the future research. Another possible direction for further studies of this 
model is considering the case when the failure threshold is random. 
     We are considering degrading items when degradation is observed only at inspections. An 
important assumption/limitation that the stochastic process of degradation is monotonically 
increasing. A generalization to the non-monotonically increasing process (e.g., Wiener process) 
can be considered in the future research. 
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