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1. Introduction

Ultrasonic non-destructive evaluation (NDE) is an important technique for assessing the structural integrity of
industrial infrastructure. It involves sending mechanical waves through the object of interest and analysing the resulting
scattered field to determine if there exists any embedded defects [1]. It is common practice when performing NDE on an
unknown material to assume homogeneous material properties [2]. However, this is a physically unrealistic assumption in
many materials of interest (for example austenitic steel) [3]. Wavelength size structures exist in many industrial materials
which can lead to significant multiple scattering and the medium not being well characterised using homogenisation [2].
Waves propagating through such heterogeneous media experience scattering that attenuates the coherent input wave
and transfers energy to small incoherent fluctuations [4]. A deterministic approach to studying horizontally polarised
shear waves was reported in [5] where the symmetry axis of rotation was out of plane (where an austenitic steel weld

* Corresponding author.
E-mail address: alistair@bosonmail.com (A.S. Ferguson).

https://doi.org/10.1016/j.wavemoti.2023.103138
0165-2125/© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/
licenses/by/4.0/).


https://doi.org/10.1016/j.wavemoti.2023.103138
https://www.elsevier.com/locate/wamot
http://www.elsevier.com/locate/wamot
http://crossmark.crossref.org/dialog/?doi=10.1016/j.wavemoti.2023.103138&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:alistair@bosonmail.com
https://doi.org/10.1016/j.wavemoti.2023.103138
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

A.S. Ferguson, AJ. Mulholland, KM.M. Tant et al. Wave Motion 120 (2023) 103138

was analysed) but with no consideration for random fluctuations in the wave amplitude produced by scattering from
interactions with the internal material microstructure.

Recent studies using numerical simulations have outlined the effects of internal material microstructures on beam
propagation. When the size of the internal grain microstructure is commensurate with the wavelength, amplitude
fluctuations can be observed in the transmitted and repeated waveforms [6]. If these factors are ignored, deterministic
models of wave propagation can give a poor representation of the transmitted and reflected waves and this in turn can
negatively affect our ability to reliably detect and resolve flaws. Understanding such phenomena is key to developing
NDE imaging methods based on the incoherent waves (coda waves) that result from ultrasonic wave propagation in
such materials. Elastic wave propagation in anisotropic solids is also important in medical imaging [7] and in migration
problems in geophysics [8] where time reversal techniques are of interest.

In this paper, we wish to study length scale regimes where the received wave is complex, exhibiting many fluctuations
over a long time period caused by its convoluted journey through the heterogeneous layered medium. The random
medium is embedded between two homogeneous half spaces with a unit wave impinging at x3 = 0. In this case,
the input wave (which is a horizontally polarised shear wave) is so affected by its interactions with the medium that
a homogenisation approach is inappropriate. This can occur when the propagation distance L is much larger than the
wavelength (A3) of propagation which in turn is much larger than the layer sizes [ (L >> A3 > [) and the fluctuations in
the material are large (o0 ~ 1); the so called strongly heterogeneous regime [9]. It can also occur in the regime where
L3 > A3 ~ land o < 1, which is the so called weakly heterogeneous regime and it is this latter case that will be examined
in this paper.

The decay of a coherent wave has been studied in the literature for general acoustic and elastic systems. Articles
[9-11] consider acoustic systems in one dimension and more recently [4,12] considered elastic media, where the latter
addressed three-dimensional random media in a different scaling regime than is presented in this paper. In each case,
stochastic differential equations (SDE'’s) arise due to the modelling assumptions for the random fluctuations in the material
properties [13]. Each of these studies examined a wave travelling in a medium whose properties only varied in the
direction of propagation, leading to a system of stochastic differential equations satisfied by a propagator matrix with
certain symmetry properties. This paper uses a similar approach to consider a shear wave propagating in an elastic
medium with random fluctuations in the material microstructure. As far as the authors are aware, this is the first time
that the direction of wave propagation has been incorporated into this methodology for elastodynamic waves. Current
NDE practice involves the use of an array of transmitting/receiving elements so that the direction and focus of the emitted
wave can be adjusted [14], and so understanding how this change in wave direction interacts with a layered medium is
therefore of significant interest. The effect that the localisation length and the direction of the monochromatic shear wave
has on the attenuation of the transmitted wave, is studied.

The paper can be summarised as follows. Section 2 introduces the governing elastodynamic equations where the wave
parameterisation is chosen and the resulting evolution equations are derived. Section 3 introduces the stochastic process
governing the fluctuations in the material parameters in the form of a randomly varying slowness surface angle. We
also non-dimensionalise the equations in this Section and formulate a random forward-backward wave mode equation.
Section 4 introduces the weakly heterogeneous scaling regime which is appropriate for the study of ultrasonic waves in
the non-destructive testing of austenitic steel welds. A diffusion approximation is used to derive a tractable system of
SDE”s which is solved to obtain a Fokker-Planck equation for the probability density function of the transmitted energy
in Section 4.4. Sections 4.4 and 4.5 follow closely the analysis presented in [9] (Ch. 7). Section 5 contains some numerical
results showing the dependency of the mean and standard deviation of the power transmission coefficient for ultrasonic
wave propagation in austenitic steel.

2. Governing equations

We are interested in studying waves in a host medium composed of just one anisotropic material. The media is
partitioned into layers and the orientation of the material varies from one layer to the next. Since the material is
anisotropic, this variation in orientation affects the speed at which the incident wave travels through each region and
hence the wave experiences a change in mechanical impedance and therefore a spatially heterogeneous medium. This local
variation in wave speed can be described using a slowness curve which can be derived analytically from the Christoffel
equation [15]. The governing elastic wave equation can be written

3

0°U; oT;
o arzl =5 axlk’ i=1,2,3, ult,x):RT xR = R3, 1y(t,x): RT x R? — R3*3, (1)
k

k=1

where the displacement vector is denoted u = (u;(t, x), ux(t, X), us(t, x)), p is the density of the material (assumed
to be constant) and 7 is the material stress tensor. The material is contained in x3 € [0, L], where L is the width
of the media. Denoting s = (s1, S2, S3) the symmetry axis vector in two dimensions (the (xi, x) plane) defined by
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s = [cos O(x3), sinH(x3), 0]7, the stiffness tensor can be written [16] as
Cijt =(A — 2N)8;8 + N (8ucdji + 5i15j1<)

+ (F — A+ 2N) (81-1»5,{5, + (Sk[S,‘Sj)

+ (S — N) (8iksjst + Susjsk + Sjesist + 8jisisk)

+ (A4 C — 2F — 4S)sisjsS1. (2)
Note that A = (33, C = Cy1, F = Ci3, N = C44, S = Cgg when 6 = 0, so the stiffness matrix has the form in [17]
when the symmetry axis points in the x; direction. The stiffness tensor for a transversely isotropic medium has five
independent components denoted (in Voigt notation) Cyq, C33, Ci3, Ces and Cy4. This form assumes that the anisotropy
is spatially varying only in the x3 direction as in [9]. However, in [9], s lies in the (xq, x3) plane but here it lies in the
(x1, x2) plane, making an angle 6(x3) with the x; axis as shown in Fig. 1. We restrict attention to the case of a shear wave
with the displacement vector remaining in the x, direction when the wave propagates through the random medium. It is

important to note that the displacement vector remains in the x, plane when the wave propagates through the random
medium. The elastic tensor relates the symmetric strain and stress tensors via Hooke’s law

3
T = Z Cijki€ki» (3)

k,I=1

where the symmetric strain tensor is given by

1 Buk 31.11
en==-(—+—1. 4
“ 2<8x1+3xk> “)
Consider a horizontally polarised shear wave [5] with displacement vector
(w)y = (0, uz(x1, x3), 0), (5)

whereby the medium vibrates in a direction perpendicular to the (x;, x3) plane. The velocity in the x, direction is defined
as

§=— =t (6)

The wave direction is then in the (x;, x3) plane. Using this parameterisation (and moving to Voigt notation for convenience)
Eq. (3) becomes

T21,c = Ce6&,1, (7)

T30 = C44§ 3, (8)
where

Cos(X3) = S + (A + C — 2F — 4S) cos? (6(x3)) sin® (0(x3)), (9)

Caa(x3) = N + (S — N)sin? (8(x3)). (10)
The elastic wave Eq. (1) can then be rewritten as

P& = Ta11 + T323. (11)

At time t = 0, a source term excites the medium at x3 = 0, and radiation conditions demand that the amplitude of the
propagating wave tends to zero as x — =+oo. Using positive sign convention, we take Fourier transforms in time and
space (in the x; direction with respect to a wavenumber «) of the stress and velocity equations; in this time-harmonic
domain the stress and velocity are denoted by 7 and & respectively. Define the temporal Fourier transform of a function
f(t, x1,x3) by

Flw,x1.x) = / F(t %1 x)edt, (12)

where w is the angular frequency. Define the spatial Fourier transform with respect to a wavenumber « in the x; direction
by

Flor ) = f Flo. 11, 1) dxy. (13)

Egs. (11), (7) and (8) become
— piwk(w, k1, X3) = —ik1T21(w, k1, %3) + T32.3(, K1, X3), (14)
— iwty (o, k1, X3) = —ikiCesE (@, K1, X3), (15)
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Fig. 1. For each value of x3 € [0, 3] C R, the material is anisotropic in the (xi, x,) plane. The degree of anisotropy is dictated by the material’s
slowness surface and 6(x3) describes its rotation in the (xi, xo) plane. The direction of wave propagation is fixed and lies in the (xq, x3) plane. In
each layer (shown by the dashed lines) the material properties are constant. At x3 = 0 we show an elastic shear wave with wavelength A incident
on a randomly layered material with layer size I and slab length L. The small arrows indicate the local crystal orientation 6(x3) (the symmetry axis
vector and hence 6, lie in the (x, x,) plane) of the anisotropic material in each layer. Upon exiting the material the transmitted wave has very little
energy in the coherent wave and has a long coda wave.

— iwts(w, k1, X3) = Caaé 3(w, k1, X3). (16)

These can be rewritten in matrix form (the subscript 32 is dropped for notational convenience) to obtain a system of
velocity and stress evolution equations

A

9 |:‘§(a), /q,)g)] = |: 0 —ia] |:§(a), Kl’x3):|, é(w, K1, X3), T(w, k1,%3) 1 R > R, (17)

oxs | (o, k1, x3) —ig 0 |[|%(w, Kk, x3)

where the boundary conditions are the radiation conditions whereby é — 0 asx3 - oo and T — 0 as x3 — +o00, and
a wave is initiated by imposing an initial stress 7, and velocity &, at x3 = 0. Furthermore

o= (18)
Caq
and
2 2
pPwW” — K{Ce6
B = 1766 (19)
1)
where we assume that 8 > 0 and set { = /Ba. For typical stiffness matrix values the spatially varying stiffness coefficient
given by Eq. (9) is positive. So, if the incident wave is such that the phase velocity in the x; direction (w/x) exceeds the
spatially varying velocity /cgs(x3)/p in the x3 direction then the wave-field will satisfy this condition throughout the
domain.

3. Randomly layered anisotropic medium

The stochastic model we employ to describe the heterogeneities gives rise to fluctuations which build up behind the
pulse, producing a distorted coda wave exiting the material. We assume that the material is Markovian, the polycrystalline
orientations from one layer to the next are independent and the layer sizes are independent from one layer to another;
see [18] for an example. The heterogeneous nature of these materials is complex and to enable analytical headway this
simplified model to describe the material fluctuations is used.

As the angle 6 varies in the (x, x2) plane, the stress tensor components of the material are given by Egs. (9) and (10).
We will assume that the angle 6(x3) varies randomly over the interval x3 € [0, L] according to

0(x3) =6 +om(xs/l), x3€l0,L]. (20)
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where 6 ~ 1 is the mean angle, m(x3/) is a stationary stochastic process (an ergodic Markov process on a compact state
space, see Section 6.1.5 in [9]) with mean zero. The random process m(x3/l) takes values in R, on an interval which is
closed and bounded (typically m is drawn from a uniform distribution in the interval [—1,1]). Here [ is a typical layer
size inside the material and o is a dimensionless and small parameter (0 < o < 1) which controls the amplitude of the
random fluctuations. To assist in the analysis that follows, we linearise this dependency of the material properties with
respect to the random process m(x3/1). As such, the range of validity of the analysis is restricted to the regime where the
governing equations are approximately linear with respect to m(xs/I); given the dependency on 6 in Egs. (21) and (22)
this will be centred on 6 = 7 /8. A Taylor expansion at first order (in o) gives us

Co6 = E66(1 + (pm(x3/l)>, (21)
where Cgs = S + 0 cos? 0 sin?6, o = A+ C — 2F —4S and ¢ = o0 sin(20) cos (26)/Ces. Similarly
Caq4 = E44<] + ﬁm(x3/l)>, (22)
where ¢4 = N + (S — N)sin? 6 and © = (S — N)sin(20)/C44. Eq. (18) is now
o = a(l—9m(x3/1)), (23)
where & = w/C44 and ¥ = —o I, where
N — S)sin (26
= ( _)sm( 9). (24)
Caq
Eq. (19) can then be written
B = B(1+ gm(xs/l)), (25)
where g = (Klzfee — pw?)/w and ¢ = (Esegolclz)/(/clziss — pw?) = o I'y where
205sin (26 20
Fﬁ:/qgsm( )cos ( ). (26)

<K12566 - ,00)2>

Inserting (23) and (25) into the stress-velocity evolution (17) gives

i |:§(a), K1,X3):| — |: 0 _10_5(1 - ﬁm(x3/l))i| |:§((1), Kl,Xg):| (27)
i T ’

3x3 | T(, k1, X3) B(1+ cm(x3/1)) 0 (@, k1, X3)

where &(w, k1, x3) : RT x RT xR — R and #(w, k1, X3) : Rt x Rt xR — R. The incident velocity and stress are prescribed
at x3 = 0 and the boundary conditions are in the form of radiation conditions such that the stress and velocity tend to
zero as x3 tends to +o0.

3.1. The dimensionless elastic wave equations

To put the system of governing equations (27) in a dimensionless form, we choose the dimensionless variables

B o2l ad &= (28)
L3 3

where L3 is a typical propagation distance in x5 and c3 is the mean wave speed in the x5 direction. We can interpret X3
as a ratio of distances in the propagation direction, @ as a ratio of the propagation distance to the typical wavelength in
the propagation direction and «; as a ratio of propagation distance per wavelength in the x; direction. We define two
dimensionless parameters ¢ and @ in order to capture the length scale differences in the problem via

ek 1, L—3:l and @ = &, (29)

l g2

where ¢ is (0 < ¢ <« 1) in the weakly heterogeneous regime (see [9] where the same analysis is followed but for the
acoustic wave case). These relations can be combined to give

[
e= |-, and w= 2L (30)
L3 C3

From Eq. (27) the non-dimensional stress and velocity equations read

0 1E] 0 —i(@/Caa)(1 — Om(Rs/e2))] [E (31)
0% [T~ |Lid((R?/@*)Ees — 1)(1 + sm(Xs/e?) 0 o



A.S. Ferguson, AJ. Mulholland, KM.M. Tant et al. Wave Motion 120 (2023) 103138

where C44 = Casa/(pc3) and Cgs = Cos/(pC2). Let us define v via
121 = v, (32)

where
K L
U:g:7K13 :ﬂ, (33)
o (Lyw/c3) k3
is the ratio of wave numbers in the (x;, x3) directions. As such, v is related to the direction of wave propagation in the
(x1, x3) plane. Hence, Eq. (31) becomes
i %((z)v ’{]»{3) :lg ~
x; | T(w, K1, X3) e |da(1+ o Tpm(xs/e?)) 0
where dy = —1/C44, dy = v?Cg6 — 1 and Eqgs. (26) and (33) give

v20 sin (26) cos (20)

(@, K1, X3)

0 di(1+ oram(f«s/ez))} [g(@, G, xs)] (34)
T

e . 35
’ V2G5 — pC2 (35)

Letting

E(w, k1, %3) = 8w, K1, X3)e™ VIS | b, iy, x3)e /BN (36)
and

flonan ) = \/MG(Q}’ K1, X3)e'™/EVEDBNS _ gy ey, X3)e*"w/€«/mx3>’ (37)
(dropping tildes) Eq. (34) becomes (4, b are right and left-going wave moves respectively)

o a4 99 ks /e?) Vdido(Ty + I) VAidy(Iy — I)e 2% Vhidxs] [ o8

dax3 b 2e Jdydy(Iy — Ip)e s Vhidxs —JOG(T + Ty) 1k

a system of scaled dimensionless wave-mode evolution equations, where a(w, K1,X3) RT x RY* x R - R and
b(w, k1,x3) : Rt x Rt x R — R. The initial copditions are that a(w, k1, x3) and b(w, k1, X3) are prescribed at x3 = 0
and the radiation conditions are such that a and b tend to zero as x3 tends to F-oo.

4. The weakly heterogeneous regime

The weakly heterogeneous regime is a high frequency regime (wavelength X5 is small relative to the slab length Ls, but
commensurate with the microscopic layer length I) where the amplitude of the fluctuations in the medium properties is
weak. The strength of the random fluctuations in Eq. (20) is controlled by o where 0 < o « 1. The propagation distance
is large so that significant multiple scattering occurs. For certain manufactured layered materials (such as a CFRP or an
additively manufactured polycrystalline metals) there is a need to detect flaws using ultrasound waves. There is a trade-off
between the resolution that can be achieved and the depth of penetration of the ultrasound wave due to the multiple
scattering of the wave by the layered structure. These materials typical adhere to the weakly heterogeneous scaling regime
studied in this paper. The ratio of wavenumbers (captured by the parameter v) and the frequency of the ultrasound
wave dictate the depth of wave penetration and the wavelength dictates the spatial resolution of the ultrasound imaging
algorithm. The model presented here (via the localisation length) can be used by ultrasound engineers to decide on the
optimal frequency of operation/design of the ultrasound sensor for a particular non-destructive testing application. This
regime corresponds to L3 > A3 ~ [, 0 < 0 < 1, where A3 is the wavelength in the x3 direction. From Eq. (29)

L3 a)L3 ) w

1 — = = — = —, 39
< A3 2mcs 2 2me (39)

and from Eq. (30)

l wl wlz 1 T ., wWE
A3 2mcs 2mcs L 2me 2
Eq. (40) implies (with 0 < ¢ « 1) that
1
o~ -, (41)
&

and so Eq. (39) holds and since 0 < o <« 1 then we set 0 = ¢. Recall from Eq. (32) that we have normalised our
random and dimensionless linear system, enabling us to apply a diffusion approximation (following Theorem 6.5, Section
6.5.2 [9]). Whilst the diffusion approximation theory can deal with more general cases, the linearisation (which is justified
in this setting) enables more analytical headway to be made. Eqs. (29) and (41) imply that & ~ 2. These parameter

6
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choices ensure that the material fluctuation amplitude o, is small, the layer size [ is much smaller than the propagation
distance L3, the system is in a high frequency regime L3 > A3, and the propagation distance is large enough so the wave
experiences significant scattering L ~ Ljc (Ljoc is the localisation length [9] which is given explicitly later in Eq. (80)). In
this scaling regime the evolution Eq. (38) reads

d at 1 X3 X3 at
x [Bf] = z"(?’ ’”(?2)) [Es] ’ (42)

where

9x3

X3 (%3 im(xs/e2) | 8,  —8e

1
826 &2 —81

@S(w, k1,X3) : RT x RT x R — R and Eg(w, k1,X3) : RT x RT x R — R. The initial conditions are such that at a® and
b¢ are prescribed at x3 = 0 and the radiation conditions demand that a¢ and b® tend to zero as x3 tends to £oco. Here
81 = Ad1dy(Iy+1), 62 = /d1dr(I, —T'g) and ¢ = 24/d;d. To allow the use of Theorem 6.5, Section 6.5.2 [9], we require
that the random fluctuations have the form m(x3) = B(Y(x3)), where Y is a homogeneous in x3 Markov process with values
in the compact space [0, 7 /2] € R. We also assume that this process is strongly ergodic (the Markov process can traverse
any part of the state space with a positive probability starting from anywhere in finite time), its infinitesimal generator
satisfies the Fredholm alternative [4], and the real bounded function g satisfies the centring condition E[B(Y(0))] = O.
Eq. (42) can be recast into an initial value problem associated with a propagator equation. That is

a(w,x3)] . @ (w, 0)
|:I;£(CL), XB):I =P (0), X3) |:I35(a), 0)] , (44)
where the propagator matrix
3 _ XE(CL),X_?,) F(a), X3)
P (w, x3) = [%S(w,x3) Xg(wvx3)i|’ (45)

is formed from solutions of Eq. (42) with initial condition P*(w, x3 = 0) = I, that is x*(w, 0) = 1 and »*(w, 0) = 0. The
determinant of the propagator matrix is the conserved quantity |x?|® — |»¢|> = 1.

4.1. Diffusion approximation theorem

To proceed we now apply the diffusion-approximation theorem in its linear form [9] to obtain the asymptotic
distribution of the propagator matrix P®. Use of the limit theorem shows that P® converges in distribution to P which
is the solution of a stochastic differential equation. We write Eq. (44) using the propagator formulation (taking partial
derivates in x3 of Eq. (44) and substituting Eq. (42) to obtain the random matrix equation)

A xs) = ]H(’“ m(x3>)Pg(w,x3). (46)
dx3 € g2

Splitting this into its real and imaginary parts gives

dpP¢ i X
I (w,x3) = £m<€—;>81 o3P (w, X3)
3
1 X3 . ¢X3
- Zm(ﬁ)gz sm<8—2>01P‘9(a),x3)
1
+ Z—m(x—z)(Sz cos<¢—};3>o'2P8(w, X3), (47)
e \e¢ e

where o1, 0, 03 are the Pauli spin matrices, defined as

O']:|:(1) é:|,62:|:? Bi:|,0'3:|:g) —01j| (48)

The right hand side of Eq. (47) can be written as
13
— D _gVm(z), 1) hyP, (49)
p=1

where © = x3/¢%, hy = i8103/2, hy = —8,01/2, h3 = 80,/2 and gV(m,7) = m, g®(m,7) = msin(é7),
g®(m, t) = mcos(¢t). Recall that ¢ (defined below Eq. (43)) is independent of w and is a function of p, c3, 6, v and
the five independent stiffness tensor coefficients in Eq. (2). To use the diffusion approximation theorem (Theorem 6.4

7
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in [9]), we need the correlation integral matrix C = (Cpq)p,¢=1,2,3- This can be computed using the covariance of the
random process m (see Section 6.7.1 in [9]). The correlation matrix C can be written

7(0) 0 0
c=| 0 3Y(P)  —37%(e) |, (50)
0 37Y%(¢)  17(4)
where

T(p)=2 /OO E|:m(0)m(x3)] cos(¢px3) dxs, (51)

0
TH(9) = Z/OOIE[m(O)m(x3)] sin(¢xs) dxs. (52)

0

The quantity Y(¢) is a non-negative real number, and is proportional to the power spectral density of the stationary
random process m (the Fourier cosine transform of the autocorrelation function at frequency zero; we refer to Section
6.3.6 in [9]). The symmetric (S) and anti-symmetric (AS) elements can be assembled in separate matrices as

rQo) 0 0 0 0 0
¢c=| 0 ire o |, F=]|0 0 —37%(¢) | . (53)
0 0 37(¢) 0 ;T%¢) 0

Now the diffusion approximation (Theorem 6.4 in [9]) can be used to show that P*(w, x3) converges in distribution to
P(w, x3) and satisfies the Stratonovich stochastic differential equation

3

dP(w, x3) = > BP(w, X3) 0 dWi(x3) Z Chyh,P(w, X3)dxs, (54)
I=1 p q=1

where (o) denotes the Stratonovich integral. Note here that

3
b= "6ph,, G =(C})">, (55)

and W(x3) are independent standard Brownian motions. Eq. (47) can be expanded to give

d[x(w,xg %(w”‘ﬂ:m] [1 o][x(w,m x(w,xﬁ}odwﬂ,@)

}f(a),X3) Y(wr)@) 0 - %(a)v X3) X((l), X3)

-n[9 o[4 o awaten
[(1) ] [X(CU X3 EECU’ X3)} o dW3(X3)
] (

(w,%3) X
1
i [O

x(w,x3)  *(w, X3)

[ o, x3) Ko, )@)} axs. (56)
where A; = 814/7(0)/2, A, = 8,/T(9)/(24/2) and A; = 8317%5(¢)/8, with initial conditions x(w,x; = 0) = 1 and
x(w,x3 =0)=0.

w, X3 ?a),x3)

) x(
(@,%3) ¥(w,X3)

4.2. Parameterising solution on a hyperbola

We follow a similar treatment to that in [9] (chapter 7) and parameterise the entries of the propagator matrix via

w(X .

X(CU, X3) = cosh <¥>el¢w(x3)7 (57)
w(X .

x(w, x3) = sinh (%)eli%(mww(xw’ -

where y,,(x3) € [0, 00), ¢u(X3), Yu(X3) € R, and y,(x3 = 0) = ¢,(x3 = 0) = ¥,(x3 = 0) = 0. Eq. (56) can be converted
to Itd form by calculating the modified drift [13] to give

dyw = —2A; (cos(z//w)dwz - SlIl(I//‘w)dW_v,) + 2 _dxs, (59)
tan h(y )
d, = _ 2 (cos(l/fw)dW3 + sin () dW2> — 2A1dW + 243 dxs, (60)
tanh (y,,)
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and
do, = —A, tanh(yw/2)<sin(1//w)dW2 + cos (yfw)dw3> + A1dW; — Az dxs. (61)
This system can be reduced further by introducing two (auxiliary) random processes via
X3 . T
Wil _ / cos(y,)  sin(v) |, [wa] (62)
5 o LSin(¥e) —cos(¥) | | Wa|
so that the system (59) to (61) can be transformed to give
Do Aq —Ajtanh(y,/2) 0 7 [dW; —As3
d| v, | =|-2A1 2Ay/tanh(y,) 0 dWy | + 2As3 dxs. (63)
Yo 0 0 2A; ] LdWs 2A2/tanh (y,,)

The infinitesimal generator [9] of the Markov process (v, ¢», ¥.) can be calculated as

c — o 2 D PRI
Yo b0 Vo — 2 8)/(3 tanh(J/w) ayw

1 92 tanh(y,/2) 92 2 92
+A§|: tanh® (y,/2)— — 2 (o/2) + - 2:|
2 092 tanh(y,) 0¢,0¥, tanh’(y,) V3

+A2132 5 a2 +232
2092 T9¢.0v., Y2

+ A [28 3] (64)
o, 090 ]
The radial process y,, (so focusing on the amplitude in transformations (57) and (58)) has infinitesimal generator
82r 02 1 0
g, =2r@ o 1 9 (65)
4 \dy; tanh(y,) 0y

The boundary conditions for Eq. (44) are prescribed by d(w, x3 = 0) = 1, B(w, x3 =1L)=0, and B(a), X3 = L) = 0 which
translates into a unit wave travelling from the left and no left-going wave from the right at x3 = L. The reflection and
transmission coefficients are given by R, (w, L) = b(w, 0) and T,, = d(w, L). Using Eq. (44), we have the system

a0, )] [T.m)] 1
[E(w,L)]—[ 0 ]—P(“”L) [Rw(L)]' (66)
That is
_ x(w, L) _ 1
Rw(w,L)_—Y(w’L), and Tw(w,L)_y(wi). (67)

4.3. Deriving localisation length from transmission coefficient

Proposition 1. The random process y,, satisfies
1

L
= - a2
cosh(r(L)/2) exp Az/o tanh (y,(x3)/2)dWs(x3) — AsL. (68)

Proof. We define the power transmission coefficient (using Eqgs. (57) and (67)) to be

(L) = |T,(o, L)|* = cosh™ <y‘*’?(”> (69)
which describes the amplitude of the energy transmitted through the medium. Using Eq. (68) we can write

7(x3) = exp —2A; f L tanh (y,,(x3)/2)dWs(x3) — 2A3L. (70)
Integrating Eq. (61) we oljtain

8u0) = Awi(t) — 4 [ tanh (7, (85)/2)0Wa(x) — AsL 1)
so that we may write

expip,(L) = expiAW1(L) — iA; /L tanh (y,(x3)/2)dWy(x3) — iAsL. (72)

0

9
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Since d(cosh (y,/2)"!) = —1/2(tanh (y,/2)/ cosh (y.,/2)) o dy,, then Eq. (63) gives

1 (tanh(y,/2) 2A2
"2 <m> ° <2A2dws * md"3>' (73)

Multiplying both sides by cosh (y,,/2), introducing Z(x3) for brevity and integrating with respect to x3 (from 0 to L) we
obtain

d(cosh(y,/2)") =

L
Z(L) = In(cosh (yu(1)/2)") = —A, / tanh (7, (x3)/2) o dWs(x3)
0

_R /L tanh (v, (xs)/2) )
o tanh(yu(x3))
Since tanh? (y,/2) = 1 — cosh™2 (y,/2) = 1 — 1, = 1 — €%, then

L 1 A2 [l
Z(L) = —A2/ (1 — e22<X3>> o dWs(x3) — 32/ (2 - eZZ<X3>>dx3. (75)
0 0

where we have used the identity tanh (y,/2)/tanh(y,) = 1/2(1 + tanh (y,/2)?) = 1/2(2 — 1,,) = 1/2(2 — e***3)), We
convert Eq. (75) into It6 form to obtain

(74)

L
Z(L) = —A, / (1 — €22%3))3 dWs(x3) — AZL. (76)
0
Taking exponentials of both sides (and using Eq. (74)) we can then obtain Eq. (68) which completes the proof. O

Proposition 2. The natural logarithm of the transmission coefficient converges almost surely (when L — o0) as

1 1 1
lim —In(t)= ——, where Ly =—. 77
oo L ( ) Lioc loc 2A§ ( )
Proof. From Eq. (70), since y,(L) — oo as L — oo we can write (almost surely) for large L
2Ws(L) L
(L) ~ exp —2A%L — 2A,W5(L) = exp — -, (78)
2 ~/Lioc Lioc
where L. = 1/(2A3). Since W5(L)/L — 0 almost surely as L — oo, then
In 1
im 2 _ 1 (79)
L-oo L Lioc
The non-dimensionalised localisation length is written as
~ L 1 4 4
Lioc(v, G, p, 0(x3)) = — = = (80)

Ly 2821y  827(p)  82(v, cyt, P)T (v, Cjsts P, 0(x3))

where 7(¢) = T(¢)/Ls is the non-dimensional correlation integral. This non-dimensional parameter Lioc controls the rate
of the decay of energy through the random slab. O

4.4. Fokker-Planck equation for the power transmission coefficient

Proposition 3. The moments of the power transmission coefficient can be written as

__L__ (% 27psinh _ L
E["(L)] = e 4LIOC(V)/ we Llloc(")K(")(M)dM, (81)
0 cosh” (urr)
where
n711 1 2
K™(u) = 5<M2+ <j— E) ) KM(p) = 1. (82)
=17
Proof.

From Egs. (65) and (69) the infinitesimal generator of the power transmission coefficient can be written (dropping
tildes) as

1/, ? L9
L= — (21 -1)— — 22 ). 83
Loc (t e T (83)

10
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Introducing the transformation n = (2 — t)/7, which takes values in [1, co), the infinitesimal generator is given by

1 0 ad
Ly=—— (nz—l)*) (84)
" Lioc 07 ( on
The operator £, is self adjoint and hence, the Fokker-Planck equation for the probability density function of n(x3 = L) is
ap 10/, ap
—(L,n)=—— —1)—(L, n), 1, 85
oL n) I an<" >8n( n, n> (85)

with initial condition p(L = 0, n) = §(n — 1), where § denotes the Dirac delta function. This can be solved analytically by
the use of the Mehler-Fock transform [9,19] to give the probability density function (PDF) of the process n(L)

o 1\ L
p(L,n) = / wtanh (um)P_1,; (n)exp —(uz + 7> —du, (86)
0 2 4 Lloc
where P_ 1 +iu(7’) is the Legendre function of the first kind. Equipped with the probability density function for the

power transmission coefficient, the moments of the power transmission coefficient are (we refer to [9] and in particular
proposition 7.3 and Section 7.6.1) then given by Eqgs. (81) and (82) which completes the proof. O

The SDE approach used in this study allows for analytical comment to be made about the probability distribution of
the transmission amplitude via its moments. Of particular interest is the second moment as this captures the uncertainty
in the estimate of the transmission coefficient amplitude. If this is large then it suggests that a homogenisation approach
is not appropriate as each different realisation of the heterogeneous material will give a very different transmitted wave
amplitude. Conversely, when it is a narrow probability density function, that is when the second moment is small due
to self-averaging, and this would suggest that homogenisation could be used. One can see in Fig. 4 that for say v = 0.5
then for a large enough propagation distance the second moment is small enough for a homogenisation approach to be
applicable. This ability to measure the uncertainty in the ultrasonic nondestructive testing of such materials is of practical
interest to engineers who may wish to design the inspection of a component to reduce uncertainty.

4.5. Moments of the power reflection coefficient

A similar calculation can be performed for the reflection coefficient (as defined in Eq. (67)). Using Eqgs. (57) and (58)
then

Ro(. L) = — tanh (y,(L))/2¢" Vo720, (87)
the reflected energy is defined as
Ro(, L)* = tanh? (y,,(L)/2) = R, (88)

say. Using the chain rule, the infinitesimal generator (see Section 6.6.3 in [9] for details) for the power reflection coefficient
R reads

Lh= - R(1 R)28—2+(1 R)zi (89)
7 Lioe IR? aR |
Using v = (14 R)/(1 —R) and R = (v — 1)/(v + 1), the infinitesimal generator is then
1 0 ) a
Ly=—— —-1)—, 90
= av[(” )av} (90)

which is self-adjoint. The Fokker-Planck equation for the probability density function of the power reflection coefficient
p(L, v) then reads

ap 10 , _ap
—(Lv)=——|(* - 1)—=(L)|, 1, 91
bV =15 [(v )5, v)] v > (91)

with initial condition p(L = 0, v) = §(v — 1), where § denotes the Dirac delta function. Note that this is the same form
of Fokker-Planck equation as seen in Eq. (85) in the analysis of the power transmission coefficient. Using the solution
for the probability density function of the power transmission coefficient (Eq. (86)) the moments of the power reflection

coefficient are given by
® /v —1\"
L, v)dv. 92
(v - 1) p(L,v)dv (92)
Starting with the first moment (n = 1) we obtain

®/lv—1 o 2 ° 2
IE[R(L)]:/; (v+1>p(L,v)dv:/; (1—v_i_l>p(L,v)dv:1—fl <1+v>p(L,v)dv. (93)

1
E[R(L)] =/ R'(L)p(L, R)dR=/
0

1
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Table 1
Table of material constants for a CFRP obtained from IHI corporation (private communication) with geometry [17].

Elastic material constants (in GPa)(ML™'T~2 x 109)

Cn C33 Caq Ces Ci3 Density (p) (kg m~3)
CFRP 146.53 12.25 2.55 4.00 6.67 1550

The second integral term is precisely the integral we solved in the transmission case. Thus Eq. (81) gives E[R(L)] =
1 — E[z(L)], and so E[z(L)] + E[R(L)] = 1, and energy is conserved. Now moving to the second moment (n = 2) we
obtain

E R2 L (17 )2p L d - (1 I —— zp L v dU
= p L v dU + b 2p L v dU - 2 p L v dU
/‘; ( ' ) /‘1 (1 U) ( ’ ), /] (1 l) ( ' )

=14+ E[tX(L)] — 2E[¢(L)]. (94)
Note that standard deviation of the reflected energy
Std[R(L)] = v/E[RX(L)] — E[R(L) = v/1 + E[z2(L)] — 2E[r(L)] — (1 — E[z(L)])
= VE[3(L)] - E[x()}? = Std[z(L)], (95)
is equal to the standard deviation of the transmitted energy.

5. Numerical results
5.1. Numerical calculation of correlation integrals

For illustrative purposes, we simulate a material in order to show how the correlation matrix components (51) and
(52) can be computed via quadrature. The symmetric correlation integral 7°(¢) may be written in discretised form as
N ,R K ; ;
(myY(m;y i
Tu(g) = 2 ;(z 3 TIITY cos (g s, (96)

i= r=1 j=l

where (m{)f is the orientation of the anisotropic material in realisation j, along ray r and at arc length position (x3). These
orientations are drawn from a uniform distribution over [—1, 1]. The mean layer size | = A3 is chosen accordingly so that
we are in the weakly heterogeneous regime L3 >> A3 ~ I. We assume that the layer sizes

X1, Xa = X1, oo X — Xno1, .. ), (97)
constitute a sequence of independent random variables following an exponential distribution with rate 1/I
P[Xn —Xp1 < X3] =1- eix3/l. (98)

This ensures that the layer lengths are constructed according to an exponential distribution and therefore form a Markov
process [9]. Since we are working in a scaled non-dimensional framework, our propagation distance is denoted by L and
I = 1. Typical values of the correlation integrals are of order one. Note that T'(¢) is a non-negative real number (which
is expected) since it is proportional to the power spectral density of the random process m [13].

Carbon fibre reinforced polymers (CFRP’s) are a common class of materials in the engineering world and have material
properties that align with our model; specifically the heterogeneous and locally anisotropic nature of layered CFRP’s. For
our study a frequency of f = 1MHz (& ~ ¢~2) and a mean wave speed of c; = 2000 m s~ ! were used together with the
elastic constants in Table 1.

We analyse the mean power transmission coefficient given by Eq. (81) as a function of key parameters, including the
propagation distance L through the material and v = «1/«3 which controls the direction of the wave through the layered
medium. The decrease in L, (see Eq. (80)) as the wavefront direction v increases is shown in Fig. 2. Increasing the
wavenumber in the x; direction and keeping the wavenumber in the x5 direction fixed, increases the angle of incidence
of the wave and leads to a longer travel distance through the layers corresponding to greater multiple scattering through
each layer. This change in the localisation length (L) affects the decay rate of the mean power transmission coefficient
E[z(L, v)] (Eq. (81)) as shown in Fig. 3. An increase in the ratio of wave numbers (directivity of the wave) causes greater
energy decay with the depth of wave penetration into the material L.

We also see the effect of changing the wave direction (v) on the standard deviation of the power transmission
coefficient. Fig. 4 shows the narrowing of the peak of the standard deviation of the power transmission coefficient as
v increases and the self-averaging of the wave for large propagation distance L.

12
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Lloc
1.0

035 0.40 0.45 0.50 055V

Fig. 2. Non-dimensional localisation length L. (given by Eq. (80)) as a function of the wave directivity parameter v (Eq. (33)). The material properties
are given in Table 1.

E[z(L,v)]
1.0

L . . . L . . . e, o L L

0.0 0.2 0.4 0.6 0.8 1.0Z

Fig. 3. Plots of the mean of the power transmission coefficient (see Eq. (81)) as the non-dimensionalised penetration depth L varies for different
values of the wave directivity parameter v (Eq. (33)). The material properties are given in Table 1.

6. Conclusion

A model of a monochromatic horizontally polarised shear wave propagating through a randomly layered heterogeneous
medium composed of a locally anisotropic material has been constructed. A suitable scaling regime was studied whereby
the microstructure produced a transmitted wave which had an attenuated, coherent wave front followed by an incoherent
coda wave. We modelled the random fluctuations present within the anisotropic material via a local rotation of the
corresponding slowness surface as a function of the wave propagation direction (x3). We obtained a system of stochastic
differential equations which we solved in order to access the statistical properties of the energy transmitted and reflected
through this layered random medium.

A horizontally polarised shear wave parameterisation u = (0, uy(x1, x3), 0) was chosen and the transmitted energy
(attenuation) of the amplitude of the coherent wave then depended on the direction of the wave vector in the (x1, x3)
plane. This variation in the wave attenuation on the direction of propagation (v = «7/k3) has relevance to the use of
ultrasonic arrays for medical imaging and nondestructive testing applications [ 14,20]. We have also derived an expression

13
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std[z(L, )]

0.30 ¢

0.0 0.2 0.4 0.6 0.8 1.0 [,

Fig. 4. Plots of the standard deviation of the power transmission coefficient (Eq. (81)) as the non-dimensionalised wave propagation depth L varies
for different values of the wave directivity parameter v (Eq. (33)). The material properties are given in Table 1.

for the localisation length, which depends on correlation integrals which can be numerically evaluated for specific material
microstructures. It was found that the wave direction had a significant effect on the depth of penetration of the wave as
characterised by the localisation length L. For example, a 20% change in the wave direction could lead to a threefold
reduction in the amplitude of the transmitted coherent wave. The work presented here could be used by experimentalists
to decide on an appropriate frequency of ultrasonic wave to emit for a given material microstructure and required depth
of wave penetration.
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