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We explore the implications of a transverse density gradient on the performance of an underdense plasma
lens and nonlinear plasma-based accelerator. Transverse density gradients are unavoidable in plasma
sources formed in the outflow of standard gas jets, which are used heavily in plasma accelerator
communities. These density gradients lead to longitudinal variations in the transverse wakefields, which
can transversely deflect an electron beam within the blowout wake. We present a theoretical model of the
fields within the plasma blowout cavity based on empirical analysis of 3D particle-in-cell (PIC)
simulations. Using this model, the transverse beam dynamics may be studied analytically, allowing for
an estimation of the net kick of a witness electron bunch from an underdense plasma lens and for density
uniformity tolerance studies in plasma accelerators and plasma lenses. This model is compared to PIC
simulations with a single electron bunch and constant density profile, and to PIC simulations with two
bunches and a thin, underdense plasma lens density profile with density ramps.
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I. INTRODUCTION

As the demand for higher energies and smaller spot sizes
in electron accelerators has increased, interest has grown
in novel accelerator technologies with greater focusing
strength than conventional quadrupole magnets. One such
example is the plasma lens, which is capable of focusing
electron beams with field strengths orders of magnitude
larger than conventional focusing magnets [1,2]. The
general idea of a plasma-based focusing optic is well
known and variations on the concept have been proposed
and studied, such as the active plasma lens [3,4] and the
overdense passive plasma lens [5–7]. Here, we focus on the

underdense passive plasma lens, which can deliver strong,
axisymmetric, linear focusing [8–10].
We consider an underdense passive plasma lens imple-

mented by laser ionization of a gas jet outflow, such as in
Refs. [11–13]. A femtosecond laser pulse is capable of
ionizing a region of plasma localized within the outflow of
a gas jet [14]. If the laser focus is much smaller than the
gas outflow volume, the shape of the plasma lens will be
characterized by the laser parameters and focusing optics.
Within this region of ionized gas, for a typical gas jet
outflow, the density profile would exhibit some degree of
nonuniformity. A sketch of the hypothetical experimental
layout we are considering is presented in Fig. 1. Transverse
density gradients have been explored previously in the
linear plasma wake regime as a pathway to a plasma-based
undulator [15], but in this study, we concentrate on the
nonlinear blowout regime.
An electron beam in the blowout wake of such a plasma

lens will have a longitudinally varying deflection along the
gas jet outflow axis that scales with the magnitude of the
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plasma density gradient. Though there may be useful ways
to exploit this behavior, in general, it is likely to produce
uncorrectable aberrations in the focusing of the electron
beam. It is therefore important to be able to model and
understand this behavior in order to sufficiently mitigate it
when designing a plasma lens.
A typical density profile for a gas jet outflow can be

described by a steep exponential or Lorentzian axial
descent and a more gradual Gaussian or flattop profile
in the outward radial dimension [16,17]. Here, using typical
spatial coordinates for an electron beam propagating in
the z direction, we assume the gas flow is directed vertically
in the y direction and diffuses radially outward in the
x-z plane. If we consider a gas number density of
5 × 1016 cm−3 just above the nozzle, the corresponding
plasma wavelength is 149 μm, which sets the transverse
scale of the plasma wake. In comparison, Ref. [16]
measured the characteristic length scale of gas jet density
variation to be larger than 550 μm in the vertical, outflow
axis. The radial, Gaussian length scale is also larger than
the plasma wavelength, and for a plasma centered within
the gas jet outflow, the density gradient in this x-z plane is
negligible. While this gas jet profile was measured in a
high-density gas jet, gas jet outflows at lower densities can
be measured using the technique described in Ref. [18].
Thus, the vertical, axial density profile can be approximated
as varying linearly across the wake and the radial density
profile can be assumed constant across the wake.
We quantify the transverse density gradient with the

dimensionless parameter

g≡
�
∂n
∂y

�
c

ωpen0
; ð1Þ

where c=ωpe is the plasma skin depth, n0 is unperturbed
plasma number density at the height of the blowout center

(defined as the drive beam axis) y ¼ 0, and ∂n=∂y is the
density gradient at y ¼ 0 and is considered to be explicitly
constant for the remainder of this work. Equation (1)
quantifies the relative change in plasma density across
the plasma skin depth.
For sufficiently small gradients where g ≪ 1, we assume

that the effects of the nonuniform plasma density are
perturbative and the shape of the blowout wake retains
its circular transverse cross section. We will revisit the
region of validity for this assumption later in Sec. II. The
density profile of the ion column is then given by

npðyÞ ¼ n0 þ
�
∂n
∂y

�
y ð2Þ

over a circular cross section of blowout radius R,
x2 þ y2 < R2. In this paper, we assume ∂n=∂y < 0 to
reflect a typical experimental setup where the gas jet is
located below the electron beamline, yielding higher
density at lower values of y.
The organization of this paper is as follows: In Sec. II,

we perform particle-in-cell (PIC) simulations with and
without a linear plasma density gradient to observe the
difference in collective effects of the plasma wake.
Section III derives a semiempirical model for the pertur-
bations resulting from the density gradient: additional terms
in the ion column’s wakefield, the transverse drifting of
the blowout wake’s centroid, and the density gradient in
the electron sheath. Section IV compares two-bunch PIC
simulations of a plasma lens and linear density gradient
with the observed vertical deflection and longitudinal
variation from models in Sec. III. Section V calculates
the transverse variation of the longitudinal wakefields
due to the longitudinal variation of the transverse wake-
fields. Overall conclusions and future studies are discussed
in Sec. VI.

II. NUMERICAL PIC SIMULATIONS

We begin our analysis by running several 3D PIC
simulations of the wake formation in a plasma with a
density gradient using a single, relativistic electron driver
bunch. These are compared to identical simulations with
no density gradient to find a semiempirical model that
describes the effect of the linear transverse density gradient.
The PIC simulation software we use is VSim [19], and the
different simulation parameters used are summarized in
Table I. Common to all simulations, the drive beam
emittance is ϵN ¼ 3.2 mmmrad, the drive beam energy
is E ¼ 10 GeV, and the energy spread of the drive beam is
Gaussian with σδ ¼ 1%. The drive beam bunch length and
transverse size were sufficient to drive a nonlinear blowout
wake in all cases (see Table I for exact values used). In
these simulations, a moving window follows the drive
beam as it propagates 5 mm in the plasma until the blowout
wake stops evolving and reaches a steady state.

x z

y

Gas Density
ContoursElectron Beam

Plasma

Gas Jet
Nozzle

FIG. 1. Sketch of gas jet, plasma (red region), and electron
beam (dashed blue) layout. Gas jet outflow (dashed green) is
upwards in the y direction with an exponential density function.
The outflow in the radial, x-z plane has a smoother Gaussian
profile. The preformed plasma is ionized within a smaller region
of this gas jet outflow by a laser propagating in the x direction
(not shown). The electron beam propagates left to right in the
z direction.
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A quantitative analysis of the simulations is given later in
Sec. III. In this section, we introduce two qualitative effects
apparent from analyzing the plasma electron density and
blowout sheath along the vertical (plasma density gradient)
direction, shown in Fig. 2. The longitudinal coordinate
along the drive beam axis ξ is given by ξ ¼ ct − z. First, we
note that the simulations show the wake sheath trajectories
in regions of plasma with higher (lower) density than n0
behave as if the plasma skin depth is smaller (larger), as
expected. The sheath in the lower density region will be
longer and have a wider blowout radius than the sheath in
the higher density region. While the cross-sectional shape
of the rear of the wake is significantly altered by this
dynamic, the bulk of the wake remains relatively circular.
We can approximate longitudinal slices along the bulk of
the blowout as having a circular transverse cross section
with the center offset toward the lower density region. The
magnitude of this offset grows along the length of the wake
and, as a result, modifies the wakefield along the electron
drive beam axis.
Second, a closer look at the blowout electron sheath

reveals a linear, vertical density and axial current gradient
with a separate magnitude than that of the unperturbed
neutral plasma (Fig. 3). Here, as in Ref. [20], we consider
the combined contribution of the electron charge density
and axial (with respect to drive beam propagation axis)
current as the full electron sheath profile:

nsh ¼ −ðρ − Jz=cÞ=e: ð3Þ

The result of this nonaxisymmetric electron sheath
distribution contributes to the vertical component of the
transverse wakefield within the blowout wake. However,
toward the rear of the wake, the vertical sheath dependence

becomes much steeper than in the center of the wake and, in
cases with a higher plasma density gradient, the sheath
profile can develop a quadratic or exponential form.

III. ANALYTIC AND EMPIRICAL MODELING

The most significant contribution to the transverse
wakefield within the nonlinear blowout wake comes from
the stationary, positively charged ions. While the transverse
wakefield due to a uniform density ion column is linear
and axisymmetric, the presence of the linear ion density
gradient breaks this symmetry. To reach an analytic
solution for the wakefield from an ion column described
by Eq. (2), we first assume that the blowout itself is circular
with radius Rp. The simulations presented in Sec. II show
that this is a valid assumption everywhere except the rear-
most region of the wake.
Under the assumption that the ion column is circular for

a given longitudinal slice, we find a solution to the 2D
Poisson-like equation [20] which gives the following form
for the potential:

ψ ¼ −πen0fx2 þ ½y − 2ȲðξÞ�2g − 1

2
πe

∂n
∂y

ðy3 þ x2yÞ: ð4Þ

Here, e is the fundamental electric charge and

ȲðξÞ ¼ 1

4

RðξÞ2
n0

∂n
∂y

ð5Þ

is the “center of charge” for an ion column with a
linear gradient in charge density. Because the blowout
radius RðξÞ has a longitudinal dependence, the transverse
wakefields will correspondingly have a longitudinal

TABLE I. Single-bunch simulation parameters and results. The top subtable lists the relevant wake dimensions for the zero-gradient
cases and the input parameters across all simulations of the same density. The bottom su-table lists the measured values of wake
dimensions and perturbative magnitudes from simulations with a nonzero density gradient. Measured values are defined later in the text.
All simulations have appropriate simulation size and grid scales, and drive beam parameters are chosen to produce blowout wakes in
different densities. Simulation parameters constant across all runs are listed in the text.

n0 (cm−3) Rmax (μm) ξmax (μm) Qdrive (nC) σz;drive (μm) σr;drive (μm) dx; dy; dz (μm) Lx; Ly (μm) Lz (μm)

1 × 1016 91.91 160.4 2 32.0 7.2 1.23 400 498
2 × 1016 76.15 112.2 2 20.8 7.2 1.20 400 352
1 × 1017 48.83 68.0 2.5 15.6 5.9 0.5 190 191

n0 (cm−3) ∂n=∂y (cm−4) g Rþ (μm) R− (μm) α h∂n=∂yish (cm−4) hEsh=R2
piðV=m3Þ

1 × 1016 4 × 1017 0.212 98.27 86.95 0.0346 1.17 × 1018 � 1.43 × 1017 6.25 × 1016 � 1.03 × 1016

2 × 1016 2.5 × 1015 0.0005 76.171 76.137 0.000104 1.63 × 1015 � 1.88 × 1015 3.83 × 1014 � 1.48 × 1014

2 × 1016 2.5 × 1016 0.005 76.24 76.07 0.00103 7.42 × 1016 � 2.05 × 1016 4.43 × 1015 � 4.60 × 1014

2 × 1016 2 × 1017 0.038 77.09 75.02 0.00793 5.85 × 1017 � 6.79 × 1016 3.62 × 1016 � 3.24 × 1015

2 × 1016 8 × 1017 0.150 80.42 72.58 0.0309 2.40 × 1018 � 2.63 × 1017 1.38 × 1017 � 1.26 × 1016

1 × 1017 2 × 1018 0.034 49.57 47.94 0.00994 7.93 × 1018 � 1.37 × 1018 3.76 × 1017 � 3.87 × 1016

1 × 1017 4 × 1018 0.067 50.49 47.21 0.0198 1.60 × 1019 � 2.69 × 1018 7.45 × 1017 � 7.42 × 1016
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variation. We look at the effects of this longitudinal
variation later in this section.
Using Eq. (4), the transverse wakefields from the ions are

calculated as Wx;y ¼ −∇x;yψ :

Wx ¼ 2πen0xþ πe
∂n
∂y

ðxyÞ ð6Þ

and

Wy ¼ 2πen0½y − 2ȲðξÞ� þ 1

2
πe

∂n
∂y

ð3y2 þ x2Þ: ð7Þ

There are two notable features in Eqs. (4)–(7): first, the
−2Ȳ term in Eq. (7) indicates a transverse offset of the

center of the linear focusing term toward the higher density
side of the ion column. The second feature is the sextupole-
like rightmost term in Eq. (4). The x − y plane has the same
y3 dependence that produces a y2-dependent focusing force
of a sextupole magnet [21]. Interestingly, when compared
to a sextupole magnet, the plasma lens is significantly
less sensitive to beam centroid misalignment in the
perpendicular x axis, but just as sensitive in the y axis.
This feature, along with the compact size and high degree
of tunability of the underdense plasma lens, may make it an
attractive alternative to sextupole magnets for correcting
higher order features in electron beams. However, it could
prove difficult to access these fields since the strength of the
sextupole fields is tied to the strength of the ion column’s
coincident focusing fields, as well as the vertical offset of
the blowout center.
The effect of the fields expressed in Eqs. (6) and (7)

contributes most significantly to the transverse field inside
the blowout wake, but there remain two outstanding

FIG. 2. PIC simulation of a nonlinear blowout wake driven by a
single electron bunch with plasma density n0 ¼ 2 × 1016 cm−3
and a linear, vertical density gradient of g ¼ 0.150. Subplot
(a) shows a slice in the longitudinal-vertical plane, with the drive
beam propagating toward the right. The colorbar represents the
plasma electron density, and the drive beam is plotted with an
arbitrary colorbar. The ions are assumed to form a stationary
background with a number density given by Eq. (2). The three
dashed lines mark the longitudinal positions that are examined in
subplot (b), which plots the blowout wake’s transverse cross
section. The solid lines are the wake boundary from the
simulation and the dashed lines are circular fits to the boundary.
The dotted lines mark the wake’s vertical center in each of the
three circular fits. The black dashed line marks y ¼ 0. The wake’s
centroid shifts upwards toward lower densities near the rear of the
blowout while the cross section becomes less circular.

FIG. 3. Sum of plasma electron density and axial current (solid
black) along y at x ¼ 0. Subplots (a) and (b) are at longitudinal
positions ξ ¼ 112.2 μm and ξ ¼ 201.0 μm, respectively. The
density and gradient in this simulation are n0 ¼ 2 × 1016 cm−3
and g ¼ 0.150. The initial plasma density before the arrival of the
beam is shown in blue, which is also the density of the stationary
ions. The projection of the electron sheath’s peak for all x onto the
y axis is shown by the gray circles, which represent the wake
boundary for a given longitudinal slice. Linear fits to the peak
sheath density across y are shown in solid red. In subplot (b),
toward the back of the wake, the sheath density profile is not
modeled perfectly by a linear function, and a sample quadratic fit
is shown in dashed green.
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features that lead to perturbations of the transverse wake-
field: the vertical shifting of the blowout wake’s centroid
and the asymmetric electron sheath density and current
profiles. These effects are far more difficult to describe
analytically, so we have adopted simulation-based empiri-
cal methods to predict their effects.
First, we model the vertical drifting of the geometric

wake center. This drift is due to the relatively weaker
(stronger) restorative force on the plasma electrons from
the ion column on the lower (higher) density side of the
plasma. The imbalance causes the sheath to close more
slowly (quickly) on the lower (higher) density side, shifting
the transverse geometric center of each longitudinal slice of
the blowout wake more to the lower density side from the
front to the rear. In subplot (a) of Fig. 4, the sheath profiles
of the lower and higher density sides of the wake are plotted
and labeled as “greater” and “lesser,” respectively. For the
bulk of the wake, the geometric center drift is close to a
linear function with respect to the longitudinal position
within the blowout wake (Fig. 4).
We start by defining Rþ and R− as the maximum radius

of the greater and lesser sheaths, respectively. An empirical
model that agrees well with the simulations in Sec. II is that
Rþ and R− are given by

R� ≈ Rmax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

���� ∂n
∂y

����Rmax

n0
A

s
; A≡ 0.311; ð8Þ

where Rmax is the maximum blowout radius in a uniform
plasma density n0 and A is an empirical constant. The
square root dependence is motivated by the scaling of the
wake size with plasma wavelength [20]. Assuming
the offset of the geometric wake center is 0 at the front,
grows linearly, and is ðRþ − R−Þ=2 at the location of Rmax;
the wake center is given by

ycðξÞ ≈ −sgn
�
∂n
∂y

� ðRþ − R−Þ
2ξmax

ξ≡ −αξ ð9Þ

where ξmax is the longitudinal position of Rmax and the
scalar α is the slope of this vertical offset shift. Equation (9)
is designed to have the opposite sign of ∂n=∂y. As shown in
Fig. 5, the empirical constant A is found by fitting this
model to the measured center offset growth across all of the
simulations (Table I) in the longitudinal region

1

2
ξmax < ξ <

3

2
ξmax ð10Þ

where the growth is linear, as demonstrated in Fig. 4.
This offset of the wake center modifies our previous

equations slightly, assuming that we want to keep the origin
anchored to the drive beam axis. The y coordinate must
now be expressed as y − ycðξÞ, giving the following
expressions for the transverse wakefields inside the wake:

Wx ¼ 2πencðξÞxþ πe
∂n
∂y

ðx½y − ycðξÞ�Þ ð11Þ

and

Wy ¼ 2πencðξÞ½y − ycðξÞ − 2ȲðξÞ�

þ 1

2
πe

∂n
∂y

ð3½y − ycðξÞ�2 þ x2Þ; ð12Þ

FIG. 4. Longitudinal evolution of the blowout wake’s geometry
and its sheath. In subplot (a), the greater and lesser curves refer to
the sheath trajectories in the lower and higher density regions,
respectively. In (b), the wake’s centroid from a circular fit is
plotted against the empirical model from Eq. (9). The model
accurately predicts the wake’s vertical offset everywhere except
in the rear of the wake.

FIG. 5. Comparison of vertical offset growth along ξ observed
in simulations (dots) with the theoretical prediction of Eqs. (8)
and (9) (dashed lines). The simulations are grouped according to
central density n0, as Rmax and ξmax both depend on n0.
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with the density at the geometric center of a given
longitudinal slice given by

ncðξÞ ¼ n0 þ
�
∂n
∂y

�
ycðξÞ: ð13Þ

Next, we investigate the vertical gradient of the electron
sheath’s peak density. Here we combine the contributions
of the electron sheath’s density and axial current using nsh.
Figure 3(a) shows that the peak of this combined electron
sheath density and axial current has a linear dependence
along the y dimension in the central region of the wake.
This feature appears consistently in all the simulations in
Sec. II, except at the rear of the wake. Here we use a simple
model of the electron sheath as a hollow tube of charge with
a density profile given by

nshðx; yÞ ¼ n0;sh þ
�
∂n
∂y

�
sh
y; ð14Þ

where n0;sh is the combined sheath density and current at
y ¼ 0 and ð∂n=∂yÞsh is the gradient of the combined sheath
density and current. This sheath profile is defined over the
region

RðξÞ2 < x2 þ ½y − ycðξÞ�2 < ½RðξÞ þ LshðξÞ�2; ð15Þ

where RðξÞ is the local wake radius and LshðξÞ is the sheath
thickness, which we approximate as

LshðξÞ ≈ CRðξÞ; C≡ 0.0904 ð16Þ

with C as an empirical constant. The transverse wakefield
within such a structure is fairly uniform, especially near the
center, so we approximate the sheath’s transverse wakefield
everywhere as equivalent to the value at the center of this
simplified charge distribution:

Wy;shðξÞ ≈ −2πeCR2ðξÞ
��

∂n
∂y

�
i
−
�
∂n
∂y

�
sh

�
: ð17Þ

Here, ð∂n=∂yÞi is the density gradient of the ions from
Eq. (2). In addition to the longitudinally varying wake
radius RðξÞ present in the other terms, Eq. (17) relies on
empirical models for Lsh and ð∂n=∂yÞsh. In the simulations
performed in Sec. II, the sheath density gradient is fairly
uniform over the bulk of the wake. We take the average
linear fit of the sheath gradient over the longitudinal
region ð1=2Þξmax < ξ < ð3=2Þξmax and fit a linear relation
using the ion density gradient to find

�
∂n
∂y

�
sh
≈ B

�
∂n
∂y

�
i
; B≡ 3.19 ð18Þ

with empirical constant B.

We make the assumption here that the transverse wake-
fields within the blowout are entirely defined by the
contributions from the ion column and from the combined
sheath density and current asymmetry. Therefore, after
calculating the analytic wakefields from the ions using
Eq. (12), we assume the difference between Eq. (12) and
the wakefields in simulation is entirely from the sheath
contribution of Eq. (17). The empirical constants B and C
are found first by taking the representative average of
ð∂n=∂yÞsh and Wy;sh=RðξÞ2 in the region ð1=2Þξmax < ξ <
ð3=2Þξmax for all simulations in Table I. To account
for numerical noise in the simulation, ð∂n=∂yÞsh and
Wy;sh=RðξÞ2 are smoothed using an 11-cell moving average
algorithm. Figure 6 shows an example where the average
ð∂n=∂yÞsh and Wy;sh=RðξÞ2 were calculated for a simu-
lation with n0 ¼ 2 × 1016 cm−3 and g ¼ 0.150. It is worth
noting in Fig. 6 that Wy;sh=RðξÞ2 still has longitudinal
variation. This suggests that the sheath model in Eqs. (14)
and (16) is too simplified, and perhaps a more rigorous

FIG. 6. Sheath density gradient (a) and sheath wakefield
(b) plotted (blue) along the longitudinal length of the plasma
wake with n0 ¼ 2 × 1016 cm−3 and g ¼ 0.150. The sheath
density gradient and sheath wakefield curves are smoothed using
an 11-cell moving average algorithm to suppress the effects of
simulation noise. The horizontal red lines represent the average
value in the interval ð1=2Þξmax < ξ < ð3=2Þξmax and the vertical
red lines are twice the standard deviation. The dashed green lines
represent the empirical models of Eqs. (18) (a) and (17) (b),
which utilize the mean of the selected average values (red lines)
taken from all of the simulations. After 150 μm, the model fails to
accurately predict the density and field of the sheath.
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model that includes longitudinal evolution of the sheath’s
shape, gradient, and thickness can describe the wakefields
more accurately. The averages of ð∂n=∂yÞsh and
Wy;sh=RðξÞ2 are then plotted in Fig. 7, where the empirical
constants B and C are found by fitting Eqs. (18) and (17)
across all simulations in Table I on a logarithmic scale.
Including the sheath contribution, the vertical wakefield

becomes

Wy ¼ 2πen0ðξÞ½y − ycðξÞ − 2ȲðξÞ�

þ 1

2
πe

∂n
∂y

ð3½y − ycðξÞ�2 þ x2Þ þWy;shðξÞ: ð19Þ

The total transverse wakefields from Eqs. (11) and (19) are
plotted in Fig. 8 at the middle of the wake ξ ¼ ξmax, where
RðξmaxÞ ¼ Rmax. The wakefields from the simulation in
Fig. 8 are calculated using the total transverse electric,
 E⊥;full, and magnetic,  B⊥;full, fields present in the simu-

lation,  W⊥ ¼  E⊥;full − c  B⊥;full × ξ̂ [20]. The transverse
wakefield equations include several terms with longitudinal
variation and the implication of this variation is discussed
in the following section.
Toward the rear of the wake, the sheath density gradient

becomes much steeper than what the model predicts, and in
cases with a large plasma density gradient g, the vertical

sheath density profile becomes more quadratic or expo-
nential. For such a density profile, the corresponding
wakefield is no longer constant and a slight asymmetric
focusing/defocusing perturbation develops. This, along
with the limited region where the vertical offset drift is
linear, as seen in Fig. 4, may add difficulty in applying this
model to PWFA applications, where often the location of a
witness beam for optimal acceleration and loading is in the
rear of the wake.

IV. LONGITUDINAL VARIATION
OF TRANSVERSE WAKEFIELDS

To demonstrate the effectiveness of the preceding model,
we consider the vertical deflection of a trailing witness
bunch in an underdense, passive plasma lens, similar to that
described in [10] but with a linear plasma density gradient.
For such a lens, the witness bunch will have a longitudi-
nally dependent vertical deflection predicted by Eq. (19).
We perform another set of PIC simulations with both an
electron drive bunch and a trailing witness bunch at various
longitudinal separation distances. The central plasma den-
sity and density gradient are set at n0 ¼ 2 × 1016 cm−3 and
∂n=∂y ¼ 8 × 1017 cm−4, with g ¼ 0.150. The normalized
gradient used here is larger than for a typical gas jet profile,
but it is useful for a more pronounced demonstration of this
theory. Cases with a smaller normalized gradient will have
a smaller effect on the deflection, but the dependence of the
deflection angle on the longitudinal position will be similar.
In addition to the inclusion of a witness bunch, a realistic

model of the longitudinal plasma density profile is used,
given by

npðx; y; ξÞ ¼ n0

�
1

2
þ 1

2
tanh

�
ξþ a
b

��

×

�
1

2
−
1

2
tanh

�
ξ − a
b

���
1þ ð∂n=∂yÞ

n0
y

�
;

ð20Þ

where a ¼ 150 μm is the half width at half maximum
(HWHM) and b ¼ 20 μm determines the ramp steepness.
This results in a plasma density profile with a flattop region
of about 200 μm in length and density ramps with a full
width of about 100 μm.
The drive beam, plasma, and grid size parameters in

these two-bunch simulations are all equivalent to those
used in the corresponding single-bunch simulations from
Table I. The witness beam parameters are as follows:
energy γLmec2 ¼ 10 GeV, Gaussian energy spread
σδ ¼ 0.1%, longitudinal bunch length σz ¼ 6.0 μm, trans-
verse bunch size σr ¼ 6.0 μm, normalized emittance
ϵN ¼ 3.1 mmmrad, and charge Q ¼ 0.5 nC.

The vertical deflection angle of the witness beam for
each drive-witness separation distance is plotted in Fig. 9.
We compare the deflection measured in the two-bunch PIC

FIG. 7. Comparison between the empirical models of Eqs. (18)
and (17) (dashed blue) with the averages taken for the sheath
density gradient (a) and sheath wakefield (b) in the region
ð1=2Þξmax < ξ < ð3=2Þξmax across all simulations in Table I
(dots). Error bars are the standard deviation of these quantities
within this region.
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simulations with the deflection predicted by Eq. (19) using
RðξÞ and ξmax from the zero gradient, steady-state simu-
lation at n0 ¼ 2 × 1016 cm−3. The deflection angle is
calculated with respect to the drive beam axis in the
longitudinal-vertical plane as

θdef ¼
−eLlens

γLmec2
Wyjy¼0 ð21Þ

with e the elementary charge, me the electron mass, and
Llens ¼ 300 μm, the effective plasma lens thickness [10].
The deflection calculated from the electromagnetic fields of
the single-bunch, long-propagation simulation from Sec. II
with the same density and gradient is also plotted, assuming
no density ramps. Here we consider this single-bunch
simulation to be effectively steady state, as the wake
has stopped evolving after 5 mm of propagation distance.

The agreement between these plots is good throughout
most of the wake, but we can make a few important
observations from the discrepancies between them.
First, the difference between the empirical model and

the steady-state fields arises from the breakdown of the
assumptions in the empirical model toward the rear of the
wake. With the high-density sheath approaching the drive
beam axis more rapidly than the low density sheath, the
blowout wake cross section begins to resemble more of a
heart shape than a circle. We can interpret from Fig. 4 that
this departure from a roughly circular cross section takes
place beyond 200 μm behind the drive beam, at which
point the model will no longer accurately reflect the fields
of the ion column. However, in Fig. 9, the results diverge
well before 200 μm, indicating this is not the primary
source of error. Rather, in Fig. 6, we can see that the model
for the sheath’s wakefield is only valid in the center of the

FIG. 8. Transverse electromagnetic fields along the principle axes from a simulation with a central density np ¼ 2 × 1016 cm−3 and a
normalized transverse gradient g ¼ 0.150. (solid blue) and from the model derived in this work (dashed red). Subplot (a) shows a linear
dependence on x for the horizontal focusing force; (b) shows zero variation of the horizontal focusing force along the y axis; (c) shows
the vertical deflection and the small, nonlinear dependence on x of the vertical focusing force; and (d) shows the significant nonlinear
dependence on y of the vertical focusing force.
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wake and diverges around ξ ¼ 150 μm because the density
gradient of the electron sheath becomes much steeper than
the model predicts.
Second, the difference between the single-bunch steady-

state fields and the results of the two-bunch simulations is
due to the longitudinal density profile used in the latter.
With this density profile, the beams do not propagate long
enough through the flattop region of the plasma to reach a
steady-state plasma wake. The density ramps also contrib-
ute to these nonsteady-state conditions. We see significant
variation in the instantaneous transverse wakefield that
appears to oscillate about the expected steady-state trans-
verse wakefield for the short duration of the plasma lens.
Furthermore, it is possible that the transverse wakefield
of the witness beam itself has enough of an effect on the
sheath of the blowout that the rear of the witness beam is
affected.
We here make a general observation from Eq. (19) that a

witness beam located toward the middle or front of the
wake will tend to experience an ion-dominated deflection
toward the direction of the gas jet nozzle, while a witness
beam near the rear of the wake will experience a sheath-
dominated deflection away from the gas jet. This trend is
clearly observable in Fig. 9.

V. TRANSVERSE VARIATION
OF LONGITUDINAL WAKEFIELDS

Since there is a longitudinal variation of the transverse
focusing fields in the blowout wake, the Panofsky-Wenzel
theorem predicts a corresponding transverse variation of
the longitudinal accelerating fields [22,23]. This is indeed

what we observe in simulations as shown in Fig, 10, and
we can calculate the slope of Wz using Eqs. (11) and (19)
and solving

∂Wz

∂x
¼ −

∂Wx

∂ξ

∂Wz

∂y
¼ −

∂Wy

∂ξ
: ð22Þ

We find the following expression for the longitudinal
wakefield:

Wz ¼
1

2
πeα

∂n
∂y

ðx2 − y2Þ þΩlinyþWz;0ðξÞ; ð23Þ

where α is defined from Eq. (9) and Wz;0ðξÞ is the
longitudinal wakefield along the drive beam axis, and
Ωlin is defined

Ωlin ≡ πe

�
α2

∂n
∂y

ξ − 2n0α − α

�
∂n
∂y

�
2 R2ðξÞ

n0

þ 2RðξÞ ∂n
∂y

∂RðξÞ
∂ξ

�
1 −

α

n0

∂n
∂y

ξ

�

þ 4CRðξÞð1 − BÞ ∂n
∂y

∂RðξÞ
∂ξ

�
: ð24Þ

FIG. 9. The longitudinal variation of the net deflection angle
(left axis) from an underdense plasma lens with FWHM ¼
300 μm, n0 ¼ 2 × 1016 cm−3, and g ¼ 0.150 for a witness beam
behind and on the same axis of a drive beam. Solid red is the
prediction from the empirical model in Eq. (19), solid blue is the
prediction from the steady-state simulation of the same gradient
and not including density ramps, and the black dots are taken
from two-bunch simulations in a short plasma lens density
profile. The maximum blowout radius in these simulations occurs
at a distance ξmax ¼ 112.2 μm behind the drive beam.

FIG. 10. Transverse variation of the longitudinal wakefield at
various longitudinal positions in the blowout wake behind the
drive beam. For example, the light green curve is 16.2 μm behind
the center of the drive beam, and the dark blue curve is 208.2 μm
behind the drive beam, close to the rear of the wake. Dashed lines
of the corresponding color represent the calculated slope using
Eqs. (23) and (24). The slope of this curve at the center of the
wake (ξ ¼ 112.2 μm) matches the analytic solution of Eq. (25)
(dashed black).
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The main contributions to a nonflat longitudinal wakefield
are found in Eq. (24). In particular, the largest terms are the
quantities 2n0α and 2RðξÞð∂n=∂yÞð∂RðξÞ=∂ξÞ. If we con-
sider the middle of the wake (ξ ¼ ξmax), the longitudinal
evolution of the wake radius drops out of Eq. (24) and we
find a much simpler expression:

Ωlin;mid ¼ πeα

�
α
∂n
∂y

ξmax − 2n0 −
�
∂n
∂y

�
2 R2

max

n0

�
Ωlin;mid ≈ −2πeαn0: ð25Þ

Equation (23) agrees well with observations in the front
of the wake. As with the vertical transverse wakefield, the
longitudinal wakefield plots in Fig. 10 agree less with
Eq. (23) toward the rear of the wake. We also note that the
position in the wake that corresponds to a flat longitudinal
wakefield is in the front half of the wake between 60 and
90 μm, approximately where the slope of the transverse
wakefield would be zero in Fig. 9.
There is no point along the drive beam axis where both

the transverse field is zero and the longitudinal field is
uniform. However, these conditions can be satisfied at a
transverse offset position in the wake. In this case, one
would solve Eq. (24) to find ξ where the longitudinal
wakefield slope is zero, then solve Eq. (19) to find the
needed vertical offset from the drive beam axis to achieve
zero deflection. This solution would be in the front half of
the wake with a slight decelerating field, sufficient for a
plasma lens. But in the context of a plasma accelerator that
requires an accelerating field, it would be impossible to find
a longitudinal position inside the wake with a transversely
uniform accelerating field.

VI. DISCUSSION

In this paper, we investigated the effects of a linear
density gradient on the field structure in a nonlinear plasma
wake using PIC simulations to form a combined analytic
and empirical model. The linear density gradient is a good
approximation for the plasma profile produced in a gas
jet outflow, as the length scales of the plasma wake are
typically small compared to the characteristic length scales
of the gas outflow. The variation of the fields in the plasma
wake with respect to the uniform density case arises from
the transverse density gradient of the ions and the sheath
electrons, as well as the longitudinally drifting transverse
center of the wake. This drifting of the wake’s center is
similar to what was seen when using an elongated, tilted
drive beam [24]. A theoretical model of the field structure
was derived based on an analytic approach supplemented
with empirical models based on observations from PIC
simulations.
The model presented here does not have an unlimited

range of applicability. There are two constraints in

particular that one should consider. First, the density
gradient must be linear or very close to linear. This
condition will likely be satisfied in the outflow of a typical
gas jet so long as the blowout radius is small compared to
the characteristic length scale of the gas jet’s exponential
density profile. Second, the plasma density must not fall to
zero within the blowout radius, otherwise, the wake would
deform into a noncircular shape early in the blowout. This
implies that the normalized density gradient radius must
satisfy the condition gRmaxωpe=c < 0.5.
We applied this model to predict the net deflection of a

witness beam in a two-bunch simulation propagating
through a 400-μm thick plasma lens with a realistic density
profile and an exaggerated density gradient compared to a
realistic gas jet. The model worked well when the witness
beam was located within the bulk of the plasma wake,
diverging from the simulation results only when approach-
ing the rear of the wake where our assumption of a circular
cross section and a constant, linear sheath density gradient
break down. Within the region ð1=2Þξmax < ξ < ð3=2Þξmax
where the electron sheath model was empirically obtained,
the model agrees very well. Additional factors that limited
the accuracy of this model were the density ramps and an
overall length that was too short to allow a steady state to
be reached.
The net deflection of the witness beam depends on its

longitudinal location within the wake, and shifts from an
ion-driven deflection toward the higher density side when
near the front of the wake to a sheath-driven deflection
toward the lower density side when near the rear of the
wake. This model allows for the prediction of the correct
position of the witness beam to prevent a net transverse
deflection despite the presence of the transverse density
gradient. Alternatively, one could design a plasma lens with
a longitudinally varying central density n0 that results in
nonzero deflections throughout the plasma but a net-zero
deflection overall.
In addition, this model describes the transverse depend-

ence of the longitudinal wakefield in the wake. For a thin
plasma lens, this is likely to be a negligible effect. However,
this model applies equally well to a plasma wakefield
accelerator operating in the nonlinear blowout regime, and
in this context, the longitudinal field variation could be of
great consequence. This model can predict the magnitude
of this effect, which may be of critical importance when
designing a plasma-based accelerator in an elongated gas
jet that aims to preserve beam quality (e.g., emittance and
energy spread), such as presented in Refs. [25,26].

While the primary focus of this study is electron beam-
driven nonlinear blowout wakes, many of the same con-
clusions can be drawn for a high-intensity laser-driven
wakes. An important caveat, however, is that the front
of the laser driver will experience a transverse deflection
due to the transverse gradient of the plasma refractive
index [27]. Meanwhile, the behavior of an electron beam
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driver would be somewhat more complex. The tail of the
beam inside the blowout would oscillate about the center of
the ion column’s focusing force. This may, in turn, lead to
an average drift of the wake center over time as the head of
the beam erodes. The dynamics of the head of the beam,
however, are difficult to model and predict with certainty
without parameter-specific simulations.
It is worth noting that the effects of the transverse density

gradient on the performance of a thin, underdense plasma
lens may not always be of negative value. A particular
asymmetric density profile can be designed as to make a
plasma kicker, similar to what is discussed in Refs. [28,29].
A plasma kicker with a large normalized density gradient
might find use as a compact replacement for a dipole magnet
when integrating or separating drive and witness bunches in
a multistage, plasma-based linear accelerator [30]. Under the
correct conditions, it could even potentially be used as a
compact alternative to a sextupole magnet for correcting
beam aberrations with a more forgiving beam alignment
tolerance. One could even design a plasma-based beam
streaker that is capable of deflecting the head and tail of an
electron beam at different angles, as evidenced in Fig. 9.
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