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Abstract
This Review examines methods to model Josephson devices such as arrays of superconducting
quantum interference devices (SQUIDs) and rows within two-dimensional superconducting
quantum interference filters or SQIFs. The emphasis is on high temperature superconducting
(HTS) devices, though the techniques apply for any operating temperature. The methods use
freely-available and proven software to first extract all self and mutual inductances of the
thin-film device, and then to incorporate these data, plus junction models and thermal noise
sources into an equivalent circuit for Josephson simulation. The inductance extraction stage also
estimates the effective areas of each loop in a structure and also the variation of inductance as
temperature changes, due to the varying penetration depth. The final post-processing stage can
yield current–voltage, voltage-field and field spectral density responses. The Review also
touches briefly on the simulation of a simple model for a terahertz single-junction HTS mixer
and also looks at the behaviour of typical hysteretic and non-hysteric HTS RF SQUIDs.
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1. Introduction

This Review sets out some methods for modelling high trans-
ition temperature (HTS or high-Tc) superconducting devices
with wide-ranging applications, such as SQUID arrays and
parts of SQIFs. A single SQUID or superconducting quantum
interference device has one loop and two junctions. A SQUID
array has N identical loops in parallel and N+ 1 junctions. A
SQIF or superconducting quantum interference filter is sim-
ilar to a SQUID array, but differs in one key aspect: its loops
have a controlled and random spread of areas. This results in
a voltage-field or V(B) response which has one, sharp min-
imum, unlike SQUIDs which have multiple periodic minima.
For overviews and details of SQUIDs and SQIFs see [1–4].
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The emphasis in this Review is on single-layer HTS devices
but all the methods are applicable to LTS or low-Tc as well.
Section 2 briefly reviews the basic properties of Josephson
junctions, including a junction model, connections of junc-
tions in a closed loop, thermal noise and the underlying
equations describing junction dynamics. The overall flow of
modelling and simulation is set out in section 3; it has two
main stages—deriving the inductances of all parts of a thin-
film device (inductance extraction) and Josephson simulation.
Section 4 focuses on inductance extraction, the effective areas
Aeff of structures and the temperature dependence of induct-
ance. Section 5 outlines the various software packages avail-
able for Josephson simulation. Post-processing of the data
is covered in section 6 to produce current–voltage or I−V
curves, the response to magnetic field V(B) and also power
spectral density (PSD) data. In some cases the extraction pack-
age FastHenry can be used and examples of these are set
out in section 7, with simulation results and comparison with
fabricated SQUID arrays. Other devices need extraction by
3D-MLSI; this is covered in section 8. Section 9 discusses the
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unique form of the I−V curve for long arrays and SQIF rows.
Single-junction microwave mixers are outlined in sections 10
and 11 deals with RF SQUIDs. The final section touches
briefly on an alternative Josephson simulation method based
on electronic analogues. The Appendices cover other induct-
ance extraction programs, a collection of analytical expres-
sions for self inductance, Verilog-A junction models and an
example using the partial element equivalent circuit concept.

2. Josephson junctions

These are usually made from two thin films of superconductor
coupled weakly through a small localised barrier, weak link
or bridge. For multi-layer LTS junctions this is frequently a
native insulating oxide, but HTS junctions are normally pat-
terned from a single film and the barrier is an intrinsic region
of weakly-superconducting material, such as in a step-edge,
bi-crystal or ramp junction. See for example [5, 6] for prac-
tical details of such junctions.

If the coupling through the junction is sufficiently weak the
superconducting wave-functions either side of it overlap and
quantum tunnelling of electron pairs allows a supercurrent I
to flow without voltage across the junction, up to some critical
current Icj. It can be shown [7, 8] that

I= Icj sinϕ (1)

where ϕ is the difference of the superconducting phases across
the junction. Equation (1) describes the DC Josephson effect
and for I< Icj the junction is in the zero-voltage or static state.
For I> Icj a time-varying voltage V(t) appears across the junc-
tion, related to the phase difference ϕ:

dϕ
dt

=
2π
Φ0

V(t). (2)

This is the AC Josephson effect. The flux quantum is Φ0 =
h/2e, where h is Planck’s constant and e the electron charge.
Integration with respect to time gives a voltage average:

ϕ(t) =
2π
Φ0

ˆ t

0
V(t ′)dt ′ =

2πV(t)
Φ0

t (3)

so the phase evolves steadily with time. Substituting
equation (3) in equation (1) the current oscillates as

I= Icj sin(2πft) (4)

where the frequencyf= V(t)/Φ0 ≡ 0.484GHzµV−1. So the
Josephson junction in its dynamic state with I> Icj may have
V(t) oscillating in the GHz or THz range, but what is meas-
ured in the laboratory for analogue Josephson devices is almost
always the time-average V(t).

2.1. The RCSJ model for a single junction

There are two additional conduction paths in parallel with the
Josephson current equation (1): a resistive current through a

Figure 1. The RSCJ model of a single junction, as defined by (5). J
denotes the junction.

parallel shunt Rj and a displacement current through the junc-
tion capacitance Cj. The total junction current I is then

I= Icj sinϕ+
V
Rj

+Cj
dV
dt

(5)

= Icj sinϕ+
Φ0

2πRj

dϕ
dt

+
CjΦ0

2πRj

d2ϕ
dt2

. (6)

This is the RCSJ or Resistively- and Capacitively-Shunted
Junction model. Φ0 is the flux quantum. For analogue devices
that operate at voltages much less than the superconducting
gap voltage, Rj can usually be safely assumed to be linear.
More generally, the sub-gap resistive channel is non-linear,
and a more complex model may be needed [9, 10]. The RCSJ
can be represented by the equivalent circuit in figure 1.

A junction may have a hysteretic current–voltage (I−V)
curve: for I< Icj, the junction can be in one of two states, with
V = 0 orV ̸= 0 (see section 2.1.1 in [1]). For analogue applica-
tions such hysteresis is generally undesirable and is suppressed
by choosing the shunt resistance Rj so that the Stewart–
McCumber parameter βC = (2πIcjRj

2Cj)/Φ0 < 1 [11, 12].
For LTS junctions Rj would be added by patterning a sep-

arate normal-metal layer at the fabrication stage. But for most
HTS junctions the material forming the junction creates a
built-in shunt, for example the upper edge of a step-edge
junction [13]. For these the shunt and normal resistances are
assumed equal and we will use Rnj (measured for I>> Icj) as
the parallel resistance in (1). Most HTS junctions are intrins-
ically non-hysteretic and generally have βc ≪ 1.

2.2. Junctions in a loop

In a closed loop of superconductor there is an extra con-
straint: the single-valued nature of the wave-function requires
the phase change around the loop to be modulo 2π. For a loop
which has for example two junctions this leads to [14, 15]

ϕ1 −ϕ2 = 2πΦL/Φ0 (7)

where ϕ1 and ϕ2 are the junction phase differences and ΦL is
the total magnetic flux within the loop. A 2-junction loop like
this is the classic DC SQUID [16]. A key parameter for a loop
of inductance L is the modulation parameter β = 2LIcj/Φ0. It
is relevant for not only single-loop two-junction devices like
the DC SQUID, but also for loops within SQUID arrays and
SQIFs.
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Figure 2. Simulated noise-rounded I−V curves for
Γ=0.32,0.16,0.08,0.04,0.02 and 0 (lower to upper). Icj=10µA,
Rnj=10Ω, Cj=18 fF. Γ=0.32 corresponds to T≈ 77K.

2.3. Thermal noise

HTS Josephson devices operate from around 40 to 77 K
and two significant effects due to thermal fluctuations must
be considered. The shunt resistors generate Nyquist noise
that can be modelled by current-noise sources in parallel
with each Rnj, with spectral density SI = 4kBT/Rnj, where
T is absolute temperature and kB is Boltzmann’s constant.
For a single junction this causes noise-rounding of the junc-
tion’s I−V curve [17]. The degree of rounding is set by
the parameter Γ = (2πkBT)/(IcjΦ0), which compares thermal
energy to Josephson coupling energy. Figure 2 shows sim-
ulations for a range of Γ values. The rounded I−V curves
for a single junction with zero capacitance can also be
calculated [17, 18].

In addition, for a DC SQUID with inductance L, its mag-
netic energy for one flux quantum, Φ2

0/2L, must be much
greater than kBT. One convention [5, 19] is to define a thermal
inductance Lth as (Φ2

0)/(4πkBT) = 320pH at T= 77K; altern-
atively, in [20–22] Lth is defined as (Φ2

0)/(4π
2kBT) = 102pH

at T= 77K. Either way, this adds the constraint L≪ Lth and so
it is clear that inductances in HTS SQUIDs and other devices
at 77 K should be much less than ≈ 100pH.

The parameters Γ and Lth are important for the noise-
rounding of the I−V curves of SQUID arrays and SQIF rows,
as covered later in sections 8.1 and 8.2.

2.4. Special features of a Josephson junction

Circuits containing Josephson junctions have unique features
that set them apart from those with just passive elements
and semiconductor devices. Each junction is described by
a second-order non-linear differential equation equation (5).
This means that in almost all cases numerical methods or
custom software packages are needed to find solutions for
V(t). The exception is a single junction with Cj = 0, when
equations (2) and (5) can be integrated and then V(t) has a
parabolic dependence on current:

V(t) = IcjRnj

√
(I/Ic)2 − 1 (8)

which for T = 0 is the Γ = 0 I−V curve in figure 2.

There is also the concept of superconducting phase and its
connection with flux in closed loops, as given in equation (7).
And it is essential to be aware of the timescale: a current I> Icj
will create oscillations with nano- or pico-second periods, as
set by equation (4).

2.5. Solving equations for multi-junction devices

The devices to be considered later generally have n junctions
in parallel, to form an array of (n+ 1) equal-area loops, or a
SQIF with a random spread of loop areas. We use Icj and Ica as
junction and array critical currents, so Ica = nIcj and similarly
Rna = Rnj/n. The fabrication process aims to make junctions
all with the same Icj and Rnj values, though it is straightfor-
ward to introduce some statistical spread in these parameters
to represent real fabricated devices.

The ab initio approach is to use equations (2) and (5) for
each junction, plus the constraint on flux and phase differences
in equation (7) for closed loops, plus the usual Kirchhoff’s
rules for voltages around loops and currents at nodes, add in
uncorrelated current-noise sources for each Rnj and solve the
resulting set of ordinary differential equations (ODE’s) by an
appropriate method. This can be by custom code, or MatLab
or Octave are alternatives.

There is a large body of work in the literature on solving
these equations for DC SQUIDs including the effects of noise,
starting with the seminal work by Tesche and Clarke for the
first Nb LTS SQUIDs [15, 23]. The methods have been exten-
ded to HTS SQUIDs, allowing for the greater levels of thermal
noise, see for example [5, 19, 21, 22, 24].

For devices like SQUID arrays and SQIFs it is still pos-
sible in principle to solve a set of ODE’s [25]. But for multi-
loop, multi-junction devices, possibly with a designed spread
of loop inductances and a random spread of Icj and Rnj,
this becomes increasingly more difficult. It is also import-
ant to include mutual inductance. For SQIFs it is necessary
to determine the effective area, to get the true response to an
external magnetic field, and the self-field created by bias cur-
rents flowing through the structure can also be significant. This
is where it becomes useful or indeed essential to turn to pack-
ages that can extract all inductances for the actual physical lay-
out and feed these into custom Josephson modelling software.
This Review follows this route.

3. The overall modelling flow

Figure 3 outlines the procedures described in the sections to
follow. From design data for the device (geometry, film thick-
ness, value of the penetration depth λ at the chosen operating
temperature) a text file is created and input to an inductance
extractor, section 4, which outputs an inductance matrix L. At
the inductance extraction stage the effective areas of individual
loops in a SQUID array or SQIF can be estimated.

The values of self and mutual inductances from L are
merged computationally with text specifying the Josephson
junctions, current sources and other information for Joseph-
son simulation (section 5). The latter will usually step through
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Figure 3. The complete inductance extraction and simulation
process using JSIM.

a nested range of control parameters, such as Ib, T and a
field-generating current to create an applied magnetic field B.
Parallel processing greatly reduces the computational time for
this stage. The simulation output will be a noisy time-varying
voltage V(t) and this data is post-processed (section 6) to give
I−V curves and the V(B) response. There is also the option
to take the PSD to find the field spectral density SB for arrays
and SQIFs, or the frequency spectrum for single-junction mix-
ers. Extracting a PSD generally requires a longer run of time-
domain data than is needed for I−V curves or V(B).

4. Inductance extraction

We will discuss in detail two freely-available packages
for inductance extraction: FastHenry and 3D-MLSI. Some
other specialised techniques will also be mentioned briefly.
This Review will focus primarily on relatively simple HTS
devices such as single-junction mixers, SQUIDs, SQUID
arrays and parts of SQIFs. These are single-layer structures
with no groundplane, which simplifies inductance extraction
(though 3D-MLSI can include groundplanes if required, as can
FastHenry to a limited extent).

4.1. FastHenry

FastHenry was developed originally to find the frequency-
dependent impedances of normal-metal tracks and wires
in interconnections in chip and board-level semiconductor
circuitry [26, 27]. It decomposes a thin-film structure into an
interconnected network of Ns straight segments with rectan-
gular cross sections. Each segment, i.e. a thin-film track of
thickness d, width w and length ℓ is then discretized into thin
filaments, as in figure 4. There are nhinc filaments across
the width and nwinc through the thickness. The discretisation
is finer at surfaces, as this is where high-frequency currents
would flow for normal metals, controlled by the skin depth.
By default a filament differs in thickness or width from its
outer neighbour by a factor of two which can be changed using
the rh and rw parameters. There is a concise introduction to
FastHenry with examples in its User’s Guide [28].

The FastHenry code was extended by Whiteley [29] to
allow for superconducting films using a two-fluid model for
supercurrent flow. Note that this model does include kinetic
inductance (see comments in [30]). Specifying a non-zero λ

Figure 4. FastHenry segment discretisation. In this example
nwinc = 5 and nhinc = 3. Connections shown as dots at the ends
of the 15 filaments are connected to nodes N1 and N2, marked as
For clarity only a few connections are shown and the nodes are
actually located at the centres of the end faces of the segment.

for a segment causes it to be analysed as a superconductor,
or λ can be set as a global default and then all conductors are
superconducting. The degree of discretisation needed depends
on the values of d and w compared to λ, see section 4.1.1.

The ends of all filaments in a segment are joined electric-
ally to its two nodes (or ports) and current flows between these
nodes—N1 andN2 in figure 4. FastHenry determines the par-
tial self impedance of each segment in the network and their
mutual impedance to each of the other segments. So it gener-
ates an Ns ×Ns impedance matrix for a collection of Ns 2-port
segments or tracks. For an all-superconducting structure the
real parts of the impedances are zero and if the frequency is
set to (1/2π) Hz the magnitudes of the imaginary parts are the
inductances.

FastHenry and the manner in which it is used is based
on the concept of partial element equivalent circuits or PEEC
[27, 31]. We will return to this in more detail in section 7.

The inherent rectilinear nature of FastHenry imposes con-
straints and limitations on the types of thin-film geometries
that yield accurate and dependable extracted inductances using
it. It is important to be aware of these. Essentially, there are
two issues: segment or track lengths ideally need to be much
longer than the track width, and corners can be a problem.
Some trivial comparisons will illustrate these points.

Firstly, the loop in figure 5 has all track widths substan-
tially less than the loop dimensions. It is a continuous struc-
ture defined by nodes 1–5. FastHenry gives L15 = 36.6pH
between the external ports 1 and 5, for a 0.22µm film with
λ= 0.3nm. This is within 1% of values found by other induct-
ance extraction methods.

On the other hand, the loop structure in figure 6(a) is much
more difficult to specify realistically in FastHenry. Other
techniques we will look at later estimate its true inductance
as L= 18pH. Figures 6(b)–(d) illustrate the problem: all these
have the same inner dimensions, but because its tracks are
broad and short, there are several simplistic ways to try to con-
nect their corners. The values of L are either over- or under-
estimates, because the current paths at corners are not phys-
ically realistic. Remember also that the ends of the filament
bundles in each segment are all joined to a common node at
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Figure 5. Simple FastHenry representation of a loop with 2µm
wide tracks. The loops in the small arrays that will be considered
later in section 7.1 have the same dimensions. Nodes N1 and N5 are
the external connections.

Figure 6. (a) Loop geometry. (b) A simple FastHenry
representation. The four strips share four nodes In (c) and
(d) each track has its own pair of nodes, and nodes like N3 and N4
are made ‘equivalent’, shown as red links, so for example current
flows out of N3 and into N4 via an inductance-less path.
Inductances from FastHenry, using λ= 300nm and a film
thickness of 220 nm are (b) 25.3 pH (c) 13.5 pH and (d) 15.1 pH.

one point in space, so current diverges unrealistically from
each node into the body of the segment. This difficulty can be
overcome partially by sub-dividing broad tracks at corners and
elsewhere into an interconnected mesh of small FastHenry
segments, as first proposed in [32].

Fourie et al have taken this concept very much further with
their InductEx program [30, 33, 34]. This started life as front-
end to FastHenry, taking data from GDS II files specifying
the layout and then sub-dividing it into a mesh of rectangular
sub-segments, with sizes, interconnections and discretisation
to match the expected current flow in the structure.

Complex structures like this can run exceedingly slowly
through FastHenry and the Stellenbosch project has evolved,
firstly to make changes to the FastHenry code to allow for
multi-port networks and to increase its speed for structures
with many inductors (so-called Fast FastHenry or FFH)
[35, 36]. Subsequently the segmentation shape was changed
from rectangular to tetrahedral, [36, 37] which deals much
better with real 3D structures that the original FastHenry
could handle. This work is targeted mainly at low-Tc Nb mul-
tilayer digital devices for commercial applications [38–41]
which is outside the remit of this Review. InductEx is avail-
able commercially [42]. In this Review we restrict our use of
FastHenry without any add-ons, for situations where its lim-
itations are not an issue.

Figure 7. Changing the number of filaments for a track 1000µm
long, 50µm wide and 200 nm thick, with λ= 90nm. A wide track
width and a small λ have been chosen for this example.

4.1.1. Discretisation errors. FastHenry adjusts the filament
density to be highest at surfaces and edges where the current
density is greatest. It leaves the user to choose the actual num-
ber of filaments, set by statements like nhinc = 5 and nwinc
= 7. Too few filaments results in inductance errors; an excess-
ive number needlessly slows down the calculation and may
even exceed the memory available. So what values to choose?

If λ is comparable with the film thickness d, then the cur-
rent density does not vary greatly through the film thickness
and setting nhinc to no more than 3 or 5 will give adequate
accuracy. But the width w of a segment may be much greater
than λ and many more filaments are needed across the width.
It is always useful to first run simple tests for a range of val-
ues of nhinc and nwinc for a representative segment. Figure 7
shows this for a single segment, where it is clear the inductance
only attains its limiting value for this example for nwinc≈15.
Yet as expected there is very little dependence on the value of
nhinc.

4.1.2. Inductance matrix asymmetry. For a set of Ns sep-
arate segments FastHenry generates an Ns ×Ns impedance
matrix. The imaginary parts of the diagonal elements are the
self terms like L11, L22, . . . and those like L12, L13, . . . are the
mutuals. Sometimes these off-diagonal terms are inconsist-
ent, for example L12 ̸= L21. Ideally they should be equal. The
error is usually small and can be further reduced by increas-
ing the multi-pole expansion order from the default value of 2,
with only a very slight increase in computing time. A perfectly
symmetric matrix should result from switching to a different
method of matrix manipulation within FastHenry using -s
ludecomp, though this can run more slowly.

4.2. 3D-MLSI

This program is due to Mikhail Khapaev and colleagues at
Moscow State University [43–46]. It uses a text file to spe-
cify the thin-film structure, which can be multi-layered in x–y
planes. All films are treated as superconductors, so unlike
FastHenry, it generates an inductance matrix rather than an
impedance matrix. It has several other features, such as visu-
alisation of current flow and the inclusion of external fields. It
is freely available as a set of 32-bit Windows binaries with a
short user manual [47].
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Figure 8. 3D-MLSI for the figure 6(a) structure. (a) The FEM mesh,
(b) closed-loop model, (c) and (d) split-loop model. (c) Depicts the
current streamline and field solution for the part of the current that
flows around the upper half (the lower half looks the same) and
(d) is for the flow between the terminals at the upper and lower
edges. In (c) and (d) the gaps have been enlarged for clarity (These
gaps also have terminals, which would connect to Josephson
junctions in the complete simulation model.).

3D-MLSI uses a finite element method (FEM) with a tri-
angular mesh and so can cope very effectively with corners
and irregular structures. It generates a finer mesh automatic-
ally where current density will be higher, at edges and corners.
Thin-film areas are specified by the x–y co-ordinates of ver-
tices. Boundaries between vertices can be straight lines or arcs.
Currents to create flux and extract inductances can be fed into
and out of terminals, which can be all or part of a straight
boundary. Current flow through each terminal is uniform and
perpendicular to its length. An area can have N holes and, if
it has no terminals, the structure is treated as a set of N loops
and the self and mutual inductances associated with current
flow around and between the holes are calculated as an N×N
inductance matrix.

Figure 8 depicts 3D-MLSI for the structure in figure 6(a).
Figure 8(a) is the FEM mesh treating it as a closed struc-
ture with one hole. Figure 8(b) shows the current streamlines
around this hole and the self-field generated. This configura-
tion has no external terminals. In figures 8(c) and (d) the same
loop has been split, with terminals added at the top and bot-
tom. These split-loop and closed-loop 3D-MLSI models have
been used to simulate arrays and SQIFs with broad electrodes
[48–50]; this is covered in section 8.1.

Some enhancements have been made more recently to
3D-MLSI to include internal current sources [51]. This is
mainly relevant to multi-layer rapid single flux quantum or
RSFQ devices and is not addressed in this Review.

4.3. Other inductance extraction and calculation methods

Some of these are outlined in appendix A.

Figure 9. Simulated generation of field Bz though the plane of an
array by a current I in a long track.

4.4. Magnetic field response

One of the key objectives of the processes described in the
Review is to simulate the response of any device to a uniform
magnetic field, usually the voltage-field or V(B) response.
It can be generated by an extra track or coil in the layout
(not present in the physical device) that creates a field with
adequate uniformity.

Figure 9 shows the concept. Here a single long wire creates
field Bz = αI, with α a constant. The wire length ℓ and spacing
r need to be several times the largest dimension of the device. It
is straightforward to derive α at the centre of the device and to
assess and control its variation over the device using Biot and
Savart. A pair of longwires improves uniformity, or better still,
a rectangular Helmholtz coil can be used [52]. This creates a
volume of near-uniform field that covers the device footprint
and also extends above and below its plane, which is needed
for devices with significant flux focussing [53].

4.5. Effective areas

Loops with narrow tracks like figure 5, which may be part of
SQUID arrays or small SQIFs, each have an effective area Aeff

very nearly equal to the area defined by lines along the centres
of the tracks, since an external field will diverge almost sym-
metrically around a narrow track. But for structures with broad
tracks like figure 6(a), this is not so. Due to flux focussing Aeff

lies somewhere between the area Ah of the central hole and the
area Ap defined by the outer edges or perimeter. To assess the
true field response of devices with loops like this, Aeff needs to
be known. It can be found easily at the inductance extraction
stage (figure 3) from the mutual inductance Mf between the
loop and the field-generating inductor:

Aeff =
Φ

Bz
=
MfI
Bz

=
Mf

α
(9)

whereΦ is the flux induced by I in the loop. Empirically it has
been found that

Aeff = γA

√
AhAp (10)

where γA is a geometry-dependent factor, of the order of unity.
For square Nb washer-style SQUIDs Ketchen et al [53] found
γ= 1. More recently Drung [54] looked at square, round and
polygonal SQUIDs (though not rectangular ones) and also
found γ≈ 1.
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Figure 10. (a) SEM of part of a SQUID with step-edge junctions
2µm wide. (b) The SQUID model. Injected current I flows through
the coupled part shown in blue, which has inductance Lco. The red
dashed line indicates the step edge.

We will return later to the issue of Aeff and values of γA for
specific examples.

4.6. Temperature dependence of inductance

Accurate simulation and pre-fabrication design need the
inductances of all parts of a device to be well-known at the
planned operating temperature T. These depend on T due to
changes in the penetration depth λ(T). There are two induct-
ance contributions: geometric Lgeo and kinetic Lk. Lgeo arises
from internal and external magnetic energy. It depends on the
geometry of the structure and has a weak dependence on λ(T).
Lk comes from the inertia of superconducting electron pairs
and has a strong dependence on λ(T). For a single isolated
line Lk ≈ (µ0λ

2)/wt per unit length [55], where µ0 is the mag-
netic permeability and w and t are its width and thickness. For
more complex structures it is challenging to calculate Lk accur-
ately and for these 3D-MLSI can be used to extract the total
inductance Lgeo +Lk at some temperature T, providing λ(T) is
known. Note that λ is a user-defined parameter for 3D-MLSI
(and also for FastHenry) but its temperature variation is not
an in-built function for either extractor.

There has been a number of measurements of λ at a fixed
temperature [56, 57] by directly measuring the inductance of
part of a SQUID loop using current injection. Very recent
measurements [58] to find λ(77) and λ(T) for 50< T< 79K
have been made on SQUIDs like figure 10:

These are the type used in directly-coupled magnetometers
[59] but here no magnetometer loop is present. A current I
is injected through the blue part of the loop and from the
flux change measured by the SQUID itself its partial induct-
ance Lc is found. Five different sets of SQUIDs were used at
77 K. Each set had differing values of w1 and s. One set had
t= 220nm and the other four sets were 133 nm thick. Each set
had four SQUIDs with different lengths ℓ1, which enabled the
inductance per unit length L0 to be found for each set. 3D-MLSI
was then used to extract L0 for the blue structure in figure 10(b)
over a range of λ values. By comparing these with the meas-
ured L0λ(77)was determined to be 391nm averaged across all
five sets, independent of t.

But it is also desirable to know λ(T) over the range attain-
able by small cryocoolers, as these are being increasingly used
to cool devices below 77 K to enhance performance. The lack
of published data for λ(T) prompted Keenan et al [58] to make
cryocooler measurements of Lco(T) on three different SQUIDs

Figure 11. (a) Measured inductance Lco as a function of temperature
T for SQUIDs with three values of ℓ1: 125µm; 100µm; ▽ and

75µm. (b) Lco extracted by 3D-MLSI, varying λ for the same
SQUIDs; solid lines are cubic fits.

Figure 12. λ(T) derived from the data shown in figures 11(a) and
(b) for the same three SQUIDs. Data markers are the same as those
in figure 11. The solid line is a fit to (11) with Tc = 86.5K.

with ℓ1 = 125, 100 and 75µm and s= w1 = 4µm, from 50 to
78 K. Figure 11(a) shows the significant change in Lco.
Lco was then extracted by 3D-MLSI, stepping λ from 200

to 500 nm, figure 11(b). This data was merged with the exper-
imental values of Lco(T) to create a dataset for λ(T). This is
reasonably expected (e.g. [60]) to have the form

λ(T) = λ(0)
[
1− (T/Tc)

P
]−1/2

(11)

and figure 12 shows a good fit to equation (11), with λ(0) =
217nm and P= 3.36.

The changing λ(T) also changes Aeff, figure 13. The
changes are modest, but can be significant around 77 K,
where temperature fluctuations in liquid nitrogen can poten-
tially add noise when operated in a magnetic field, due to Aeff

fluctuations [61]. The effect is more pronounced in loops with
broad tracks like figure 6(a).

5. Josephson simulation packages

5.1. WRspice

The history of WRspice can be traced back to the original
Berkeley SPICE (simulation program for integrated circuit
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Figure 13. The fractional change in Aeff(T): 0.6 for the loop
in figure 6(a); 0.6 for the loop in figure 5.

engineering) developed in the early 1970s for semiconductor
circuit simulation. This evolved in the early 1980s into
SPICE2. Around then the Berkeley Cryoelectronics Group
developed JSPICE, by adding Josephson junctions to SPICE2.
[62] SPICE2 and hence JSPICE had some limitations, and
a much improved and widely-accepted version, SPICE3,
appeared in 1989. Whiteley [63] added Josephson junctions
soon after to make his custom version, JSPICE3. Whiteley
subsequently developed a successor to JSPICE3, as part of a
package of tools called XicTools for schematic capture and
mask design. The circuit simulator in this package is WRspice
and until recently it was a commercial licensed product,
but it is now available free-of-charge for a wide range of
platforms [29].

WRspice is a powerful and versatile simulator, with built-in
graphics display for output, and a wide range of functionality
that can be included in the input circuit file, for example loops
with variable substitution, or post-processing operations like
averaging, Fourier transforms, etc. For all of its capabilities
see the WRspice User’s Guide [29].

5.2. JSIM

JSIM also originated in Berkeley, in 1989, but not directly
from the SPICE source code tree. Instead it was developed
for a specific project by Fang et al [64, 65] and uses a dif-
ferent numerical method that was much faster than the SPICE
code at that time. It is intended just for superconductor sim-
ulation and has a limited range of component models: the
usual passive components, including a transmission line, DC,
AC and piecewise voltage and current sources and a junction
model. It does only transient analysis. The circuit file syntax
and the junctionmodel are almost exactly the same as those for
WRspice, though data output formats differ. Despite its age it
remains a popular simulator, though it has no graphical inter-
face and no post-processing capabilities; users must add those.
For many circuits it is still faster than WRspice, especially for
ones where all nodes are in the voltage state. For the verymany
comparisons this author has made for simulations of analogue
devices at 77 K, it gives identical results to WRspice.

In the 1990’s Satchell added thermal noise sources to the
original JSIM code [66], which can be added by a script as

current sources in parallel with the Rnj’s for each junction,
making it an ideal simulator for HTS devices.

5.3. JoSIM

JoSIM is a recent and ongoing development by Delport et al
[67] that aims to replace JSIM and to give greater simulation
speeds for circuits with large numbers of junctions. It uses the
same SPICE-like syntax as JSIM. Linux andWindows version
are available [68]. From [67] it appears that the speed advant-
age of JoSIM over JSIM is modest for circuits with less than
a few hundred junctions. It is designed to be expandable and
customisable—planned additions include noise sources and a
Werthamer [9] junction model.

5.4. JOINUS

JOINUS (Josephson InterfaceUtility Software) [69] is a recent
graphical front-end that uses either JSIM, JoSIM or WRspice
to simulate analogue or digital circuits and to plot results
graphically. The motivation and emphasis is to support the
future development of complex digital circuity with large junc-
tion counts [40].

5.5. PSCAN2

This program [70] is a dedicated superconductor simulator
with a strong emphasis on the design of LTS RSFQ circuits. It
has evolved from earlier versions (PSCAN [71] and PSCAN96
[72]) developed by Polonsky et al. It makes extensive use of
Python modules for both the main program and the graphical
interface. Modules can also be used for post-processing, for
example to generate I−V curves. Unlike WRspice and JSIM,
it includes a Werthamer [9] model. PSCAN2 does not have
noise sources built in, which is a drawback for HTS device
modelling, though it appears it is possible for the user to add
noise sources externally, with some effort [73, 74]. It seems
not to be widely used, perhaps due to the large number of
Python modules and the limited documentation.

5.6. PySQIF

This is a recent Python-based front-end and post-processing
package [75] that uses WRspice at its core. Its developers
target it mainly at Bi-SQUID simulation but is applicable to
any Josephson device. Bi-SQUIDs were introduced by Kornev
et al [76] and potentially can linearize the voltage response of
a SQUID to applied flux.

5.7. Verilog-A models

Some commercial simulators have features that are highly
attractive for Josephson circuit simulation, but are intended
for semiconductor simulation only and do not have a built-in
Josephson junctionmodel. Amodel can be added to some such
simulators by a Verilog-A file. This is an industry-standard
approach [77]. A simple Verilog-A file for a junction is at
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Figure 14. Transient simulation by Qucs of a single junction.

[29, 78] has a more complex one, intended for analogue and
digital devices. Appendix C has more technical details.

An example is the use of the advanced development system
(ADS) from Keysight Technologies [79]. This powerful pack-
age can be used to design RF andmicrowave thin-film devices,
and it has been used very effectively to model HTS Joseph-
son mixers, [80, 81] by adding the Verilog-A model from [78].
This model can also be added to the shareware simulator Qucs
[82]; figure 14 shows a simple example. Qucs also has some
modest microwave design capabilities. Other semiconductor
simulators with Verilog-A capabilities include the full licensed
versions of SIMetrix [83] and TINA [84].

It is also possible to replicate the Verilog model in any
SPICE-like simulator, without recourse to Verilog, since
equations (1), (2) and (5) can be simulated using a voltage-
dependent current source. An example is in [85], page 108.

5.8. Adding noise sources to JSIM and WRspice

WRspice and JSIM add noise internally in somewhat different
manners. For both, a noise current source is added in parallel

with each junction shunt resistor, so for example a noise source
iR1 is added to a resistor R1.

WRspice uses its internal gauss function to define a noise
source in the header of the circuit file, [86, 87]:

*@ define noise(r,t,dt,n)\
gauss(sqrt(2*boltz*t/(r*dt)), 0, dt, n)

where r is the resistance and t is the temperature. dt is the so-
called lattice time increment—the inherent bandwidth is one
half of 1/dt, as per Nyquist; n is the interpolation method, 0
or 1. [86] Then for example if R1 is 5.0Ω and is connected
between nodes 7 and 0, noise is then added like so:

R1 7 0 5.0
iR1 7 0 noise(5.0, 77, 0.5p, 0)

JSIM has an internally-defined noise source [66] and uses this
code

R1 7 0 5.00
iR1 7 0 NOISE(29.2pA 0.0p 1.0ps)

where the 29.2pA is the noise current per root Hz at 77 K,
for the resistance in the preceding line and the 1.0ps is similar
to WRspice’s lattice time increment. Scripts are available for
JSIM to add noise sources to all resistors, except those named
like Rz. . ., where the ‘z’ indicates that noise should not be
added—for example one of a network of resistors for distrib-
uting bias current uniformly to a SQIF row as will be seen later
in figure 19(a).

Owing to the way in which noise is added to JSIM, at high
temperatures a statistically rare noise transient can cause its
solving routines to fail to track correctly across one timestep,
causing JSIM to trap the error and halt. Such events are very
rare and can be detected easily and the simulation re-run.
There is a detailed technical comparison in [87] about noise
in WRspice and JSIM.

6. Post-processing

6.1. Inductance

FastHenry generates an impedance matrix Zc.mat, with all
the real parts of its elements zero. The routine MakeLcircuit
supplied with FastHenry can be used to extract partial induct-
ances and coupling coefficients, plus a code snippet suitable
for JSIM or WRspice. It has been modified by this author to
create a better form of JSIM code and also to output an induct-
ance matrix L that can be imported into Matlab [88] or Octave
[89] and manipulated as needed. 3D-MLSI generates an out-
put file containing a pure inductance matrix L which can be
processed in a similar way.

6.2. Time averages

The simulators output a time-varying voltage V(t) for devices
in the voltage state, but I−V (current–voltage) and V(B)
(voltage-field) plots need the time-average V(t), taken by
repetitively running JSIM or WRspice for each of a sequence
of I or B points. At T = 0 it is straightforward to extract V(t)
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from the phase ϕ using equations (3) and (4), but, with noise
added and especially at 77 K, it is better to simply compute
V(t) from a sequence of V(t) values. For both WRspice and
JSIM a typical transient analysis statement to do this is

.tran 1ps 21ns 1ns

with data sampled every 1 ps, from 1 ns to 21 ns to generate
2000 data points. This example includes an initial delay of
1 ns, so that data is not output for the 1 ns this particular circuit
takes to settle. It is wise to look also at the standard deviation
in the average to ensure that enough points are being sampled.

6.3. Data smoothing

V(B) plots for SQUIDs and SQIFs simulated at 77 K can still
be noisy even after taking long averages of V(t). To derive
dV/dB the V(B) data first needs to be smoothed in a manner
that does not corrupt its underlying features. O’Haver [90] has
a number of useful Matlab/Octave routines for taking moving-
averages along noisy data plots and forming the differential
from the smoothed data.

6.4. Fourier transforms

Procedures such as getting output spectra from Josephsonmix-
ers or the voltage or field spectral densities SV and SB for
SQUIDs and SQIFs need the Fourier transform of V(t) or its
PSD. TheMatlab/Octave pwelch function is useful for the lat-
ter, but care needs to be taken with normalising its output, to
allow for the chosen fast fourier transform (FFT) window, and
also the coherent-gain and noise-gain factors, as usefully dis-
cussed in [91].

7. FastHenry models for some small SQUID arrays
and SQIFs

First, a general point: self and mutual inductances are defined
by closed loops, with ports connected to current sources that
generate self and mutual flux. These currents and their fluxes
define the inductances; these are entirely a function of the geo-
metry of the parts of the structure—sizes, thicknesses, spa-
cings, current density distribution (controlled by λ(T)), etc
‘It is important to observe that the inductance of a piece of
wire not forming a closed loop has no meaning.’ ([31], from
Weber).

But a structure like a small SQUID array or SQIF can be
broken into parts using the PEEC concept [31] in a way that
allows junctions and current biases to be incorporated sub-
sequently in a physically-valid manner. FastHenry extracts
the partial inductance of all Ns 2-port segments and generates
an Ns ×Ns inductance matrix L; section 7.1 expands on this.
The elements Lij with i= j are the partial self inductances and
the off-diagonals with i ̸= j are mutual inductances.

The Lij are then assembled into a simulation circuit as a set
of self inductances Li = Lii (1< i< N) and coupling coeffi-
cients kij = Lij/

√
LiiLjj. Then junctions, plus sources for bias

current and magnetic field are added, and the code is fed to
JSIM or WRspice. The procedure must connect all partial self
inductances into closed loops. The order in which parts are

Figure 15. Small arrays with step-edge junctions along the centre
line. Each loop is 20µm× 6µm on the inside and the tracks are
2µm wide. These are similar to the arrays in [92], but with
equal-area loops.

wired together must be consistent between the physical layout
and the circuit file (the notation for inductors is a useful aid).
Mutual inductance must be treated as a signed quantity, since
both FastHenry and 3D-MLSI do this, so the kij are signed
(unlike treatments by others that arbitrarily declare M to be
always positive).

7.1. Small SQUID arrays—equal-area loops

Figure 15 shows two small, narrow-track arrays from a set fab-
ricated by CSIRO.

FastHenry will generate realistic models of arrays like
this, since the 2µm track width is small compared to the loop
dimensions. As an example figure 15(a) is broken down into
six inductors, as in figure 16 (plus a seventh, not shown, a long
distant strip that generates an approximately-uniform field).
FastHenry generates a 7× 7 inductance matrix from which
the JSIM file is created, see appendix D. This can then be run
through JSIM and post-processed to create e.g. the V(B) plot
in figure 17.

This simulation can be compared for verification with the
theoretical analysis by Oppenländer et al [3] of arrays like this
with n junctions (or n− 1 loops), who were restricted to the
limit β → 0 (so they included no mutual coupling between
loops). They derived the voltage as a function of the flux ΦL

in one loop:

v=
V
IcjRj

=

√√√√√√J2n −

 sin
(
π nΦL

Φ0

)
nsin

(
πΦL
Φ0

)
2

(12)

where Jn = I/(nIcj). Their analytical result for n= 4 and β= 0
very closely matches the β=0.035 simulation in figure 17—
so close that they are indistinguishable. For larger values of
β the subsidiary minima in the simulated V(B) plot disappear,
some asymmetry appears and the plot shifts from B= 0; this
is due to the inclusion of mutual inductance in the simulation
model and also the off-centre bias feed. This simulation was
for T = 0 to allow comparison with equation (12) from [3]; all
other simulations presented in this Review are for T= 77K.

From the main period B0 in figure 17 the simulated Aeff =
B0/Φ0 = 176.3µm2. The expected value for this narrow-
track loop is 22× 8= 176µm2 (see section 4.5) and the
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Figure 16. A PEEC model of the 4-junction array in figure 15(a),
shown in exploded form for clarity. The partial inductances
extracted from FastHenry are wired into closed loops, either
directly or via junctions as shown, by connections within the JSIM
input file. The red dashed lines define the connection order for the
parts of the three loops. Spatially co-located segment terminal nodes
are (N11, N22, N41), (N14, N32, N21), (N31, N52, N61) and (N42,
N51, N64). The bias current Ib is fed in at node N31 and out at N42,
i.e. directly above and below junction J3. The true feed points are
slightly to the left of these, as in figure 15(a). The effect is
negligible.

Figure 17. Simulated V(B) curves at T = 0 for the figure 15(a) array,
for β = 0.035,0.071,0.18 and 0.35,
The field B was generated in this model by a Helmholtz coil.

experimentally-measured period for the figure 15(a) device
gave ≈180µm2. The agreement between these data is there-
fore excellent.

7.2. Small arrays of loops of unequal area

The methods established to use FastHenry and JSIM for
small arrays with narrow tracks can be extended to any type
and size of array, with any bias connection points, like the two
small test arrays with loops of unequal areas in [92], shown in
figure 18.

As expected their V(B) plots show a range of superim-
posed periods. There are too few loops and insufficient random

Figure 18. Two small arrays with loops of unequal area. The hole
widths for (a) are 3, 4, 5, and 6µm and for (b) they are 2, 3, 5, 6, 7
and 8µm. Track widths are 2µm. V(B) curves in (c) and (d) are for
arrays (a) and (b) respectively. Simulation was at T= 77K.

variation in loop areas to show true SQIF responses. Four-
ier analysis (not reported here) identifies periods in B cor-
responding to the area of each loop. The largest modulation
amplitude comes from the smallest loop in each array, as this
has the smallest β. All of this has been explored more fully
elsewhere [50].

8. Models that require 3D-MLSI

One of the key remits of the procedures reported in this Review
was to model and attempt to understand the experimentally-
observed behaviour of large SQIF arrays [93].

In their entirety these large 2D arrays are beyond the capab-
ility of inductance extraction by 3D-MLSI. Part of the issue is
that the horizontal rows in these are interconnected vertically
by broad tracks or bus-bars. Some insight was gained by first
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Figure 19. (a) In this 3D-MLSI closed-loop model there are five
loops with five self-inductance current paths around them (only one
is shown) and no terminals. (b) Its JSIM circuit. Bias current Ib is
fed in via six equal noiseless resistors.

looking at small 1D arrays with broad busbars, and then mov-
ing to a 1D SQIF with 49 loops—one row of the 20 000 junc-
tion SQIF array in [93]. These simpler structures can be ana-
lysed with 3D-MLSI.

8.1. Small 1D arrays

8.1.1. A closed-loop 3D-MLSImodel. This is the simplest,
like the five-loopN= 5 example in figure 19(a). Themodel has
no terminals and so is not a true 2-port device and does not
fully model a real device. 3D-MLSI extracts the self induct-
ances Li of each closed loop and all the mutual inductances
between them. Note that L1 and L5 are found to be larger
than the other loop inductances, their Aeff are smaller and their
mutual coupling to their sole nearest neighbour is less. These
end effects are due to the different current flow around end
loops and their coupling to Bz, as figure 19(a) shows and are
common to all arrays and 1D SQIF rows with more than a few
loops.

Its equivalent circuit for Josephson simulation, figure 19(b),
has L1 to L5 in a series chain. Bias is fed via a set of resist-
ors to stop it creating unrealistic flux. The resistors are noise-
less. This is flood, or uniform or homogeneous current bias. It
seems likely that bias current does flow in and out uniformly

like this in most rows within a 2D SQIF array. Note that some
of the earliest designs of SQIF [94] had built-in thin-film res-
istors to achieve uniform bias just like this.

This closed-loop model is extendable. Arrays and SQIF
rows with broad electrodes with more than 20 or so loops
cannot be modelled in one piece with 3D-MLSI, due to
the program’s memory limitation. However, longer ones can
be broken up into overlapping sections, in a manner that
accurately preserves mutual coupling and excludes the end
effects associated with each sub-section. More details are
in appendix E. Each of these are separately processed by
3D-MLSI and then an inductance matrix and equivalent simu-
lation circuit can be assembled for the complete structure. As
noted, this will only work correctly for SQIF rows with a uni-
form bias-current feed. It has been used to analyse such rows
with N= 49, as shown later in section 8.2.

8.1.2. A split-loop model. SQUID arrays with 3< N< 30
analysed using the closed-loop model show V(B) responses
with periods that closely match experiment, but some extra
structure seen in the measured data is not reproduced. These
arrays have bias terminals, like figure 20(a) and to model
a real device the effects of bias current must be included.
This needs split-loop models, figure 20(b). The equivalent cir-
cuit is then like figure 20(c), which will correctly include all
flux created by bias currents. The non-physical resistors in
figure 19(b) are no longer needed and it is now a true two-port
device.

The split-loop model is not extendable, unlike the closed-
loop model. This sets a limit to the largest array that 3D-MLSI
can model: SQUID arrays and SQIF rows with up to about
N= 25 are feasible. 3D-MLSI can only process larger ones
with a coarser FEM mesh, which introduces unacceptable
errors. Figure 21 shows the layout for an N= 20 SQUID array
and some streamlines with realistic bias connections, fed by
central tracks 8µmwide. This model does not include any part
of the bias tracks themselves; this has been explored [50] but
is not reported here.

Figure 22 compares simulation and experiment for this
array. The main periods are closely equal and some of the sub-
sidiary peaks between the main ones are reproduced qualitat-
ively. This extra structure disappears if the bias current is fed
uniformly (like figure 19) showing it is due to the flux from
the bias currents to each junction.

8.2. Large SQIFs

The methods outlined above have been used to simulate 1D
SQIF arrays with n= 49, representing a row in the 2D arrays
labelled A2 and A3 in [93]. A3 has extra-broad busbars, as
figure 23 shows. The closed loop model, with uniform bias,
has to be used and the arrays are split into fifteen overlapping
sub-sections (see section 8.1.1). This generous overlap ensures
that end effects of the sub-sections are avoided and that all
neighbouring mutual inductances are preserved. Each section
runs through 3D-MLSI with an adequately-fine FEM mesh.
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Figure 20. (a) The device (b) the 3D-MLSI model has gaps with
terminals (shown as black bars with their thickness exaggerated for
clarity) where junctions will be added. It has two more terminals for
bias current (which could be placed anywhere around the edges,
with any width). This example shows bias current flow solely
through an end junction. (c) JSIM simulation circuit.

Figure 21. Split-loop 3D-MLSI model, for an N= 20 array.
Streamlines are from the top 8µm-wide terminal to junctions 1, 7
and 11. Streamlines to other junctions are similar. Each streamline
represents 1/(n) of Ib, if all Rnj values are identical.

Figure 24 shows (a) the V(B) response for an A2 row
with the characteristic SQIF ‘anti-peak’ and (b) its derivat-
ive dV/dB. A SQIF acting as a small-signal field detector
would normally be biased by choosing B and Ib to maxim-
ise dV/dB. This maximum is related to β = 2LIcj/Φ0, where
the average loop inductance L= 50.4pH for the A2 structure.

Figure 22. (a) Measured and (b) simulated V(B) plots for the
20-loop array in figure 21.

Figure 23. Layout of 1D SQIF rows from 2D arrays, (a) A2 and (b)
A3 from [93]. Step-edge junctions are on the red line.

So β is controlled at the design and fabrication stages by
L and Icj. Then, Ib needs to be chosen to maximise the
maximum value of dV/dB, which has been done for the
eight plots in figure 24(b). Figure 25 shows the simulated
dependences of V(B) and dV/dB on Ib for an A3 SQIF row
which has L= 16pH. dV/dB attains its maximum value for
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Figure 24. 1D A2 SQIF row at 77 K [93]. (a) Its simulated V(B)
curve, showing the characteristic anti-peak, for four values of Icj:

corresponding to
β=0.49,0.98,1.95 and 3.90 respectively. (b) dV/dB for this device.

Ib ≈ 0.8Ica—well below Ica. This is related to the characteristic
noise rounding of I−V curves for SQIF rows with many loop
and junctions, which will be discussed briefly in section 9.

9. Noise rounding of I–V curves in long arrays

Simulation has shown that long SQUID arrays and 1D SQIF
arrays both have a characteristic form of their noise-rounded
I−V curves. This reaches a limiting shape as the loop num-
ber N increases beyond about six at T= 77K. In addition the
degree of rounding becomes more pronounced as the aver-
age loop inductance increases. This is associated with the
parameter Lth mentioned in section 2.3. This is a significant
effect, as the shape of the I−V strongly influences the value
of array bias current that gives the maximum V(B) modula-
tion. Figure 26 illustrates the key points for an array with
1< N< 31. The noise rounding is less than for just one junc-
tion of the type used in the array, as expected, but is more

Figure 25. Simulations of a 49-loop 1-D A3 SQIF row [93] at 77 K,
for a range of array bias currents Ib, normalised to the array critical
current Ica. Icj = 10µA, Ica = 500µA, Rnj = 5.25Ω.

severe than one single junction with a critical current equal
to that of the whole array. Figure 27 shows a similar view of
the I−V curves for a SQIF row with 25 junctions.

10. Single-junction mixers

The basic properties of single-junction HTS mixers, such as
those made recently by CSIRO [80, 81, 95–107] can be mod-
elled with JSIM or WRspice. [108] figure 28 shows a basic cir-
cuit for mixer simulation. Current sources provide DC bias and
RF and LO drive. Figure 29 shows a typical output spectrum.
The drawback with this simple model is the lack of isolation
between the RF, LO and IF ports, and as a result, all mixing
products appear with the IF output. In real devices, matched
microwave filters on each port provide isolation between input,
LO and output, but in JSIM or WRspice models it is virtually
impossible to replicate such filters. Real devices are also driven
by 50Ω voltage sources, rather than current sources and there
is usually a 50Ω IF termination.

Given these limitations, modelling of HTS mixers has
beneficially moved to using the ADS microwave modelling
package and a Verilog-A junction model, as discussed in
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Figure 26. Array I−V curves as a function of junction number n,
with current scaled by n. Nj = 1 with the highest noise
rounding, as expected. Nj = 2. Other superimposed solid
curves are for 4, 6, 11, 21 and 31 junctions. L= 17.6pH,
Icj = 20µA, Rnj = 10Ω, T= 77K. The dashed curves are for a
single large junction equivalent to either 11 or 31
junctions (Icj = 220 or 620µA, respectively), in the limit L→ 0.

Figure 27. Analysis of I−V curves simulated for a 25-junction
SQIF row with Icj = 10µA, Rnj = 18.7Ω and T= 77K. single
junction with I scaled by 25 times; single junction,
Icj = 250µA, Rnj = 0.748Ω; 25 junction SQIF row.

Figure 28. JSIM mixer model. The junction has a DC current
source for bias Ib. AC current sources IRF and ILO provide RF and
LO inputs.

section 5.7. This work has been developed by Zhang and col-
leagues at CSIRO [80, 81, 106].

Figure 29. A typical spectrum at 40 K, for fRF = 10.4GHz and
fLO = 8GHz. Mixing of harmonics of fRF and fLO generates the extra
peaks, in addition to fIF = 2.4GHz.

Figure 30. An ideal RF SQUID model. The DC flux Φ to be
measured is created from source Im, with Mm = κm

√
LmL.

11. RF SQUIDs

Either JSIM or WRspice can be used very effectively to
model radio-frequency SQUIDs with an equivalent circuit like
figure 30. The SQUID has inductance L, plus a single junction
J with critical current Ic, a shunt resistance Rj and capacitance
Cj. If βL = (2πLIc)/Φ0 > 1 the SQUID is hysteretic or dissip-
ative, otherwise it is non-hysteretic. It is coupled inductively to
a tank circuit formed from Lt andCt resonant atω0 ≈ 1/

√
LtCt.

The mutual inductance M= k
√
LLt with coupling coefficient

k. The tank circuit has some resistive loss represented by Rt

and a quality factor Q≈ ω0Lt/Rt. Current noise sources are
added to both Rj and Rt. The tank circuit usually has a high Q
and is weakly coupled to the SQUID (k≪ 1), to maintain the
optimum condition k2Q≈ 1. The root mean square or RMS
output voltage is Vt.

It is driven by a sinusoidal RF current with amplitude Irf at
frequencyω. The best flux response is very oftenwhen the tank
circuit is slightly off-tune, so that ω ̸= ω0. There may be no
response when ω = ω0 The de-tuning factor δ can be defined
[109] as δ = 2Q(ω−ω0)ω0.

RF SQUID theory is not trivial and has been treated by sev-
eral authors [5, 110–112] and others, with a good overview in
[5]. Analytical expressions for the tank circuit RF voltage Vt

as a function of RF current drive Irf (i.e. I−V curves) for RF
SQUIDs have been derived independently by Hansma [109],
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Figure 31. Vt(Irf) plots for a 3GHz RF SQUID at 40 K.
. The de-tuning parameter δ = 1

which gives the best response. Insets show Vt(Φ) for Irf giving
maximum modulation. Voltages and currents are rms amplitudes.

Chescha [113] and others, and were reviewed by Kleiner et al
[114]. Simulation provides an alternative to this theoretical
approach. As an example, figure 31 shows Vt(Irf) and Vt(Φ)
plots for both a hysteretic and a non-hysteretic 3GHz RF
SQUID at 40 K simulated using JSIM.

12. Simulation using electronic analogues

In the early days of Josephson technology many authors
described electronic analogues of junctions to study their
properties. These use room-temperature circuitry to mimic
equation (5), with the Josephson frequency equation (4)
reduced to typically 1 kHz/volt in the analogue. This makes the
junction voltage V(t) readily observable by ordinary laborat-
ory instruments. [115] collates most of the past papers, which
are mainly for single-junction analogues, though DC SQUIDs
[116, 117] are possible with extra circuitry for loop phase
coherence equation (7). Pairs of coupled junctions have also
been reported [118].

Electronic analogues are clearly not viable for multi-
loop multi-junction devices, but for some situations they still
have some merit, potentially for example for single-junction
mixers. Simulation is in real time, and the effects of changing

temperature, bias or drive frequency are instantly apparent, at
the ‘turn of a knob’. This can also make them a useful teaching
and demonstration tool. With the current availability of low-
cost digital modules for synthesis, signal-processing and fil-
tering, it is perhaps worth re-visiting this field.

13. Summary

This Review has shown that freely-available software for
inductance extraction and simulation can model fully a vari-
ety of thin-film superconducting devices containing Josephson
junctions. A quite complex devicemade up from narrow tracks
(with track widths much less than all other dimensions, like
figure 15) can use FastHenry to extract all self and mutual
inductances of its parts with adequate accuracy. But a device
with wide tracks or broad areas of superconductor such as
figure 20(a) needs 3D-MLSI to extract its inductances. The
effective areas of loops within a device can be also found as
part of the inductance extraction process.

The inductive components of the device can then be
combined with junction models, passive components, noise
sources (to represent Nyquist noise at the chosen temperat-
ure) and voltage or current sources in the form of an equi-
valent circuit. This is then fed to either of two Josephson
simulators—JSIM or WRspice. Both generate results that are
distinguishable. In the voltage state JSIM generally runs faster
than WRspice.

Simulations generate a time-varying voltage that needs to
be averaged for most analogue devices by post-simulation to
create current–voltage characteristics or the variation of ter-
minal voltage with applied field.

Data availability statement

The data that support the findings of this study are available
upon reasonable request from the author.

Appendix A. Other inductance extraction
procedures

A.1. Induct

This program implements methods developed by Chang [119]
for the inductance of two or more superconducting strips of
rectangular cross-section and infinite length. It can be used
to extract the inductance per unit length of coplanar strip-
lines, as are often used as interconnections or as part of so-
called ‘linear’ HTS DC SQUIDs. It is available as source code
from [29].

There must be one conductor or more to act as a return
path for current. Like FastHenry the method divides conduct-
ors into filaments and includes kinetic inductance. Extensive
comparisons with FastHenry agree well. Each conductor’s
cross-section is specified by one or more lines in a text input
file. Each line has 12 parameters, which in order are: con-
ductor number, (x, y) lower left, (x, y) upper right, penetra-
tion depth, x-divisions, y-divisions, x-ratio, y-ratio, x-type, and
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y-type. One or more of the conductors must have a number
⩾100 to act as the ‘ground’ conductor; these must come first.
x ratio, y ratio are similar to the rw and rh parameters
for FastHenry. For example, a value of 2 makes adjacent fil-
aments differ in width or height by a factor of 2. x type, and y
type control the organisation of filaments and can be selected
tomatch the expected current distributions; type 0 corresponds
to the scheme used by FastHenry.

This is a simple example for two parallel co-planar strips
4µm wide and 0.22µm thick, with their facing edges 4µm
apart and λ= 0.3µm:

100 0 0 4 0.22 0.30 13 9 2 2 0 0
1 8 0 12 0.22 0.30 13 9 2 2 0 0

The result for this example is 1.08 pH/µm.

A.2. L-meter

There are references in the literature to this package, much
used for inductance extraction for multilayer LTS RSFQ
circuits [120]. But it can only be used for structures with a
groundplane, so it is not useful for most single-layer HTS
devices. The code is available from [121].

Appendix B. Analytical inductance expressions

Formulas rather than inductance extraction can be used for
some structures. Some examples are given here.

B.1. Co-planar striplines

Co-planar striplines as shown in figure B1 are commonly used
to form so-called linear SQUIDs (e.g. [57, 58, 122]) and also
as low-inductance interconnects between parts of single-layer
devices.

In [123] it is shown that, for unit length, the kinetic induct-
ance Lk and the internal magnetic inductance Lm of a single,
isolated strip of width w and thickness d are given by

Lk =
µ0λ

4w

[
coth

(
d
2λ

)
+

(
d
2λ

)
cosec2

(
d
2λ

)]
(B.1)

and

Lm =
µ0λ

4w

[
coth

(
d
2λ

)
−
(
d
2λ

)
cosec2

(
d
2λ

)]
. (B.2)

This analysis has no restrictions on the relative sizes of w, d
and λ.

These free-space expressions can be applied to co-planar
lines, providing they are not too close (otherwise the current
density distribution across the width of each strip will differ
significantly from the case for one isolated strip).

An estimate of the total inductance per unit length is then

Ltot = µ0

[
λ

w
coth

(
d
2λ

)
+

K(k)
K(k ′)

]
. (B.3)

The second term approximates the inductance contribution
from the external magnetic field, using the expression for

Figure B1. Thin-film co-planar lines.

Figure B2. Co-planar stripline inductance estimates for lines like
figure B1 with w= 4µm as a function of s. equation (B.3);
data averaged from FastHenry, 3D-MLSI and induct, which differ
by no more than 0.2%. End effects for FastHenry and 3D-MLSI
have been eliminated to yield true extractions of L0 for
infinitely-long lines.

Figure B3. Cross-section of a thin-film annulus.

normal-metal coplanar lines at high frequencies where the
skin depth is small in comparison with the line dimensions
[124]. K(k) is the complete elliptic integral of the first kind,
k= s/(s+ 2w) and k ′ =

√
1− k2.

A test of the validity of equation (B.3) is shown in figure B2,
which also includes data derived by FastHenry, 3D-MLSI and
induct. The latter three all agree well with each other. As
expected, for small s the accuracy of equation (B.3) worsens
to about 2.5% less than the FastHenry value for s= 1µm.
Nonetheless equation (B.3) is an acceptable estimate for many
situations.

B.2. Planar circular loops

Circular loops or annuli feature in a range of thin-film devices,
for example for SQUIDs and circular flux sensing loops. A
formula for the inductance L1 of a thin-film annulus, like
figure B3, is proposed in [125, 126]:
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Figure B4. An example comparison of equation (B.4) with
extraction by 3D-MLSI, , for d= 0.22µm, w= 10µm and
λ= 0.4µm.

L1 = µ0R

[
loge

(
8R
w

)
− (2− loge 4)

]
. (B.4)

Its derivation has two limitations: (a) it assumes λ << w,
so the current is localised at edges of the circular track and
so there is no contribution included to the inductance from
internal magnetic energy. Ifw<< R this error should be small.
(b) It does not include kinetic inductance. For these reasons
λ and d do not appear in equation (B.4), which is of course
unrealistic. The kinetic inductance per unit lengthwill be given
by (B.1) so an estimate of the total annulus inductance is

L=L1 + 2πRLk. (B.5)

Formula (B.5) can be tested against inductance extraction.
It is difficult to extract annular inductance accurately with
FastHenry, but 3D-MLSI can deal with a closed annulus,
formed from a circular disk plus a concentric hole. Figure B4
is one example showing good agreement between (B.5) and
3D-MLSI extraction. The agreement holds for a range of annuli
with differing dimensions.

B.3. Adapting normal-metal formulas

Various formulas abound in the literature for the self
and mutual inductances of normal-metal structures,
e.g. [127–129] and others. With care some of these for-
mulas can be used to a limited extent for superconducting
thin-film equivalents [130], especially when given for normal-
metal structures in the high-frequency limit, which makes an
approximate equivalence to a superconductor with small λ.
But an extra term usuallymust be added for kinetic inductance.

Appendix C. Verilog-A

A Verilog-A file derived from [78] is listed below.
// Copyright 2012 Accellera Systems Initiative
// Licensed under the Apache License, Version 2.0
// (the "License"); you may not use this file
// except in compliance with the License at:
// http://www.apache.org/licenses/LICENSE-2.0

// Minor changes by CMP 17/10/14.

// Added "constants.vams", so can use pi, h and
// e values. Removed localparam statement---not
// supported by admsXml.
// hbar/(2*e) = h/(4*pi*e) = 0.329108e-15, this
// is now defined, so that it does not appear as
// a user parameter. Added "info" & "unit" data.

// Merged orig low & high Tc models into a one;
// increased ranges of values for cj, rj and i0.

// Re-arranged branch contributions, and minor
// change to ddt contributions to be consistent
// with admsXml.

ìnclude "disciplines.vams"
ìnclude "constants.vams"

d̀efine attr(txt) (*txt*)

module josephson_junction (p1, p2, p3, p4);
inout p1, p2, p3, p4;
electrical p1, p2, p3, p4;
parameter real cj = 0.1p from [0.01p:1p]

àttr(info = "junction capacitance" unit = "F");
parameter real rj = 10 from (0.1:50)

àttr(info = "junction resistance" unit = "ohm");
parameter real i0 = 10u from (1u:2000u)

àttr(info = "critical current" unit = "A");
real c1;
analog begin
@(initial_step) begin

c1 = P̀_H/(4.0*̀M_PI*̀P_Q);

end
I(p1,p2) <+ ddt(cj * V(p1,p2));
I(p1,p2) <+ V(p1,p2) / rj;
I(p1,p2) <+ i0 * sin(V(p3,p4));
I(p3,p4) <+ ddt(c1*V(p3,p4));
I(p3,p4) <+ -V(p1,p2);
end

endmodule

A form of the Josephson equations (1), (2) and (5) can
be identified in the ‘analog begin’ block. Because supercon-
ducting phase is not an electrical variable, is represented as a
voltage (1 V≡ 1 rad) and it appears at an extra terminal p3, see
figure 14. Current noise in the junction shunt can be added by
omitting the parameter rj in the Verilog-A file and adding a
shunt resistor and enabling thermal current noise in the sim-
ulator for that resistor. Note also that simulations are for the
time-domain only.

Appendix D. PEEC example: a three-loop array

The PEEC method for small arrays and SQIFs with narrow
tracks can be illustrated using the 3-loop array in figure 16
as an example. This is split into six tracks plus an extra dis-
tant track used to generate a field (and to estimate the effective
areas, section 4.5). FastHenry generates a 7× 7 inductance
matrix L=
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27.67 −4.58 −0.77 −0.77 2.71 −1.55 0.53
−4.58 18.11 0.00 0.00 −4.58 2.71 0.00
−0.77 −0.00 5.06 −0.29 0.00 −0.77 −0.27
−0.77 −0.00 −0.29 5.06 0.00 −0.77 −0.26
2.71 −4.58 0.00 0.00 18.11 −4.58 0.00

−1.55 2.72 −0.77 −0.77 −4.58 27.66 0.53
0.49 0.00 −0.24 −0.24 0.00 0.49 466.4

.

(D.1)

The individual loop self inductances can be extracted from
the inductance matrix:

Lloop1 =
2∑
i=1

2∑
j=1

Lij = 36.62pH

Lloop2 =
5∑
i=2

5∑
j=2

Lij = 36.61pH

Lloop3 =
6∑
i=5

6∑
j=5

Lij = 36.62pH

all of which equal the inductance of a single isolated loop of
the same dimensions.

The elements Lij with i= j are partial self inductances and
the off-diagonals with i ̸= j are mutuals, with coupling coeffi-
cients kij = Lij/

√
LiiLjj.

The elements Li7 or L7j in this example are the mutual
inductances to the field-generator (self inductance L77), in this
case a single track with a calculated α= 0.002895TA−1. The
mutual inductances between each loop and this track are

Mloop1 =
2∑
j=1

L7j = 0.49pH

Mloop2 =
5∑
j=2

L7j = −0.48pH

Mloop3 =
6∑
j=5

L7j = 0.49pH.

The effective area Aeff of each loop is then

Aeff =Mloopn/α≈ 175µm2.

The Lii and kij can be extracted from L using the
MakeLcircuit program supplied with the FastHenry code,
though this author uses a customised version of that. This gen-
erates code for JSIM:

L_1 1 2 27.6647p
L_2 3 4 18.1092p
L_3 5 6 5.0616p
L_4 7 8 5.0616p
L_5 9 10 18.1092p
L_6 11 12 27.6647p
L_track 13 14 466.437p

K_2_1~L_2~L_1 -0.204581
K_3_1~L_3~L_1 -0.06491
K_4_1~L_4~L_1 -0.06491
K_4_3~L_4~L_3 -0.0569496
K_5_1~L_5~L_1 0.121295
K_5_2~L_5~L_2 -0.252712
K_6_1~L_6~L_1 -0.0558763
K_6_2~L_6~L_2 0.121295
K_6_3~L_6~L_3 -0.0649108
K_6_4~L_6~L_4 -0.0649108
K_6_5~L_6~L_5 -0.204581
K_track_1~L_track L_1 0.00449969
K_track_3~L_track L_3 -0.00529398
K_track_4~L_track L_4 -0.00523683
K_track_6~L_track L_6 0.00449061.

The inductances must be re-numbered and junctions added,
to match the true device layout. The procedures (a) writing the
text input for FastHenry, (b) running FastHenry, (c) extract-
ing inductances and k values from L and (d) assembling these
into a circuit file for JSIM or WRspice are tedious and error-
prone for all but the simplest structures. Instead, it is auto-
mated by a custom C program which reads a simple parameter
file specifying all key features of the array or SQIF layout, plus
junction properties and runs procedures (1)–(4) in sequence,
with a wealth of error checks. There are options to feed bias
current at any user-defined single point (as in figure 16), or to
feed current through a comb of noiseless resistors, that ensures
a uniform or ‘flood’ feed of bias, as was done for some of the
first Nb SQIFs [131] to avoid self-field effects.

Appendix E. 3D-MLSI models for long SQIF rows

Long SQUID arrays (like figure 20 but with N> 30) or SQIF
rows, as in the A2 andA3 20k arrays in figure 23, with 49 loops
and broad bus-bars, cannot be easily modelled by 3D-MLSI,
owing to unavoidable memory and speed constraints. Altern-
ative approaches are needed. The 1D row is split into m smal-
ler sections and inductance matrices Lm are separately extrac-
ted by 3D-MLSI for each. These are then merged into a single
sparse matrix Lwhich is used to get the inductances and coup-
lings needed for JSIM.

Each of the m sections must be small enough to allow a
reasonable value of the parameter ah to be used. ah sets the
FEM mesh size and if too big the 3D-MLSI solutions are inac-
curate. If it is unnecessarily too small, the mesh is too fine and
memory limits may be exceeded.

The complete row has to be split into overlapping sections,
to avoid unwanted end effects (section 8.1 and figure 19).
The exampleUltiMaker-Cura-5.2.2-linux-modern.AppImage
to follow attempts to explain this for a 49-loop SQUID array
or 1D SQIF row. It is split into m= 15 parts, each contain-
ing seven loops. A structure of this size will run through
3D-MLSI with ah= 1.0µm, a value that gives acceptable res-
ults. 3D-MLSI is run in parallel across 15 CPU cores on the 15
parts to generate a set of inductance matrices L1–L15. The pro-
cedure only needs to be run once, unless the layout or 3D-MLSI
parameters are changed
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Figure E1. Constructing L from L1 to L15 to avoid unwanted end-effects. For simplicity, loops are shown with all the same sizes. The
number within each loop is the index n for the loop number in the complete array, 1⩽ n⩽ 49.

A single inductance matrix L is then assembled from the
individual matrices L1–L15 in the following manner, which
preserves end effects at the two ends of the whole array, but
avoids artificial end effects for the other 13 parts. Figure E1
depicts this procedure.

The columns in each Lm contain the self inductance for a
loop, and its mutual inductance to its seven nearest neighbours
(mutuals beyond the nearest and next-nearest neighbours are
negligible). The first five columns of L1 are copied into L, cor-
responding to loops 1–5 in the complete row. Columns 6 and
7 in L1 are not used, to avoid end effects. Similarly, the last
five columns in L15 are copied into L, but columns 1 and 2 in
L15 are discarded. For the remaining L2–L14, only the central
columns 3, 4 and 5 are copied into L; the first two and last two
columns are discarded, again to avoid end effects. This creates
a square matrix of size 5+ 5+(3× 13) = 49 in L.

There may appear to be a lot of duplication in this method:
the structure may seem over-fragmented, and many loops have
their inductance extracted twice. But this process ensures all
the Ln are in the correct location for 3D-MLSI to calculate an
accurate value of self inductance: L1 and L49 are end loops,
and they are treated as such; L2–L48 are taken from locations
in parts 1–15 where they are not at either end of the sub-part.
The process also correctly preserves nearest and next-nearest
neighbour mutual inductances without end-effect errors.

Finally, cells in Lm for the mutual coupling to the field-
generating strip are transcribed into L, again not using ones
that would have end-effect errors. The resulting 50× 50 sparse
matrix contains self inductances Ln, plus mutual inductances
Mn,n+1 and Mn,n+2 between nearest and next-nearest neigh-
bours respectively, and Mf,n, the mutual coupling between
loop n and the field-generating strip. The self inductance of
this strip, Lf, is copied from L1(7,7) into L(50,50) (it has the
same value in all the Lm).

L can now be processed by matrix software to get sets of
self inductances L1–L49 and coupling coefficients kn,n+1 and
kn,n+2 where

Mn,n+1 = kn,n+1

√
LnLn+1 (E.1)

Mn,n+2 = kn,n+2

√
LnLn+2. (E.2)

Optionally, the kn,n+1 and kn,n+2 can be omitted, to explore the
effects of mutual coupling. The coupling coefficients kn,f for

the coupling of each loop to the field-generating inductance Lf

are also included, where

Mn,f = kn
√
LnLf. (E.3)
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