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A B S T R A C T

Pests and diseases are an existential threat to trees in forests and woodlands. There is, therefore, a pressing
need to use ecological and bioeconomic models to inform forest managers on control and mitigation strategies.
For example, the incidence of Dothistroma needle blight in the UK has increased rapidly since the 1990s,
and it is a significant threat to the productivity of commercial forestry. Climatic changes are expected to
exacerbate this problem further. Control of the disease in the UK primarily focuses on good stand management
through pre-commercial thinning; similar practices are widely used in commercial forests worldwide. Forest
managers would benefit from evidence on the effectiveness of this precautionary strategy (in comparison to
its alternatives) to reduce disease impacts and increase the value extracted from timber. In this paper, we
develop a bioeconomic model to determine the economically optimal harvesting regime – in terms of thinning
and rotation – of an even-aged plantation under the risk of an invading pest. We extend a Schaefer–Faustmann
model to include a compartmental epidemiological system that governs timber growth and disease spread. We
analyse a set of management regimes, including the timing of the final clear-felling of the forest and the
timing and level of earlier thinning. Thus, in our approach, forest managers decide whether and when to thin
and must balance (i) harvesting before infection destroys the timber’s value and (ii) exploiting the forest’s
density-dependent growth. We use a sensitivity analysis with respect to the disease spread and impact on
the tree dynamics to demonstrate that, in the presence of disease, thinning can significantly improve the net
present value of the plantation if applied correctly. Furthermore, if thinning reduces the transmission rate
significantly, the priority is to protect the final harvest, and rotations extend while the thinning time shortens.
Our study provides a framework to help design appropriate forest management strategies in the presence of
disease.
1. Introduction

Outbreaks of invasive pests and pathogens disrupt forest services
and cause significant ecological, economic, and social losses (Roberts
et al., 2020; Boyd et al., 2013). The incidence of such outbreaks
worldwide has grown with the globalisation of trade and climatic
changes (Ramsfield et al., 2016) — a trend expected to continue (Stur-
rock et al., 2011). In the last few decades, the arrival and estab-
lishment of Chalara ash dieback (Hymenoscyphus fraxineus), European
spruce bark beetle (Ips typographus) and Dothistroma needle blight
(Dothistroma septosporum) has stressed UK forests (Marzano et al., 2017;
Forestry Commission, 2012; Freer-Smith and Webber, 2017). These
pests could devastate the flow of woodland ecosystem services, which
contribute £3.3 billion to the UK economy annually (Office for National
Statistics, 2020). In this paper, we consider a commercial forest where
the manager is interested in minimising economic losses due to disease
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in terms of the timber benefit. We investigate how the optimal harvest-
ing strategy – in terms of thinning and rotation – changes under the
risk of an invading pest.

For some diseases, the focus is on arrival prevention in the UK,
and for others, it is on early detection, eradication or containment
to prevent economic impacts and loss of valued habitats and land-
scapes (Marzano et al., 2017). In many cases, eradication of pests or
pathogens after their detection, through measures such as widespread
clear-felling or chemical treatment, is not an option (Roberts et al.,
2020; Klapwijk et al., 2016; Potter and Urquhart, 2017). Management
options revolve around mitigation to reduce disease impacts, and sec-
ondary infection pathways (Roberts et al., 2020). Silvicultural practices
such as diseased tree removal, changing species after rotation, pruning,
coppicing, and thinning are deployed (Roberts et al., 2020). In this
vailable online 31 March 2023
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paper, we consider thinning and clear-felling as the two options for the
plantation, after which the land lays bare.

In established stands, thinning is the primary method of influencing
the growth and development of trees (Kerr and Haufe, 2011). Leaving
forests unthinned would lead to the premature mortality of trees due
to competition for light and other resources (Matthews et al., 2016).
Whereas, thinning frees up growing space and reduces this competition
among closely spaced stems, accelerating the growth of the remain-
ing trees (Forestry Commission, 2015). This allows forest managers
to achieve target merchantable products (in terms of tree diameters
and stand uniformity) and increases the value of timber extracted at
rotation (Zeide, 2001).

Thinning a stand can manipulate environmental conditions to di-
minish secondary infection pathways (Roberts et al., 2020), and can
also increase the resilience of the remaining trees to diseases (reducing
the stress on trees, leading to healthier and stronger trees less suscepti-
ble to diseases) (Boyle et al., 2016). In the UK, control of Dothistroma
Needle Blight focuses on good stand management and ‘‘learning to live
with the disease’’ (Bulman et al., 2016; Quine et al., 2014). This in-
cludes thinning to improve airflow and make conditions less conducive
to fungus development (Forest Research, 2022a). Thinning increases
the distance between trees (reducing tree density) and reduces the
effectiveness of rain-splashed spores (Bulman et al., 2016). After a
chemical treatment in response to spruce budworm outbreak, thinning
may be used to increase tree and stand resistance to the pest through
increased foliage production (Bauce and Fuentealba, 2013). Similarly,
thinning acts as a preventative tactic for bark beetles by improving tree
vigour (Hlásny et al., 2019).

Ecological and bioeconomic models that explore thinning as a forest
management strategy are largely based on the classic Faustmann model
(Martin Faustmann, 1849) (Samuelson, 1976). The Faustmann model
is a net present value (NPV) framework that determines the optimal
rotation age for an even-aged stand under the assumption of periodi-
cal regeneration and rotation. One approach that explores a thinning
strategy operates at the tree level and determines individual tree har-
vesting times within a forest (Coordes, 2014). In another approach,
Clark and De Pree (1979) let the growth of the total timber stock in
the Faustmann model react to annual harvests, becoming a Schaefer–
Faustmann model. They analysed this model with optimal control to
show that optimal annual thinning follows a bang–bang strategy (Clark
and De Pree, 1979). Halbritter and Deegen (2015) build on this and
perform a deterministic analysis of the combined optimal planting den-
sity, thinning and rotation for an even-aged stand. Similarly, Tahvonen
(2016) adapts (Clark and De Pree, 1979) to investigate the conditions
under which continuous cover production forestry is optimal in place
of rotation forestry.

The Faustmann model has also been extended to consider dis-
ease risk. Reed (1984) first explored the impact of natural distur-
bances on optimal forest management (rotation length and net present
value). He adapted the infinite rotation Faustmann formula to in-
clude the risk of catastrophic loss from wildfires with a homogeneous
Poisson distribution. However, as Macpherson et al. (2016, 2017a,b)
argue, tree diseases exhibit key differences compared to other natu-
ral disturbances like storms or wildfires, and models should account
for these. In particular, disease progresses at a slower speed. While
it can progress at variable time scales, the likely units are years.
Further, the symptoms (cryptic infection) can result in the disease
remaining undetected for long periods. Lastly, the long-term persis-
tence of many pathogens following their invasion is often irreversible.
Given these differences, Macpherson et al. (2016, 2017a,b) link a
single rotation NPV framework/Faustmann model to a deterministic
susceptible-infected compartmental model, to estimate pest/pathogen
density impact on impact timber revenue. They investigate the effect
of disease on the optimal rotation length (with Macpherson et al.,
2017a and without Macpherson et al., 2016 the inclusion of non-
2

timber benefits attributed to the forest) and the optimal mix of planted
species (Macpherson et al., 2017b). An et al. (2019) recently adapted
the Macpherson framework and used a structural damage function (a
generalised linear model with probit link function, from Cobourn et al.,
2011) to capture disease dynamics and their impact. They find the
optimal rotation age when pest damage depends on their density and
climatic variables, and predict Pine Wilt disease’s damage rate and
economic impact under different disease conditions, climate scenarios,
and interventions.

Models that build on the Faustmann Model to integrate disease
(or natural disasters) and thinning capture some of the interactions
between tree growth, thinning, and outbreak progression/risk. Halbrit-
ter et al. (2020) accompany a Schaefer–Faustmann model (Halbritter
and Deegen, 2015) with an age and density-dependent hazard function
to represent the arrival of catastrophic natural risks (fire, storms,
pests). Using optimal control theory, they analytically explore the
optimal annual thinning regime and rotation length under different
risks, interest rates, and timber prices. Petucco and Andrés-Domenech
(2018) extend the Faustmann model by adding a fixed thinning regime
and considering the combined impact of storms and a defoliator pest
(Pine Processionary Moth). Their timber growth model accounts for the
number of trees, their heights, and the basal area. These factors are
impacted in unique ways by windstorms (modelled as random Poisson
events) and the annual pest density (given by a sinusoidal statistical
model). Thinning has no effect on the frequency or severity of any
of the risks. Although Petucco et al. do not optimise thinning, they
investigate how these disturbances change the optimal rotation length
and the land’s expectation value. Staupendahl and Möhring (2011)
model an even-aged spruce stand with fixed pre-commercial thinning
intervals, and estimate the optimal rotation length and annuity under
risk (under the assumption of infinite rotations). They use an exogenous
age-dependent survival function (Weibull distribution) to model the
area of forest remaining after damage from ‘‘natural risks’’ (storms or
pests) and perform a sensitivity analysis to different risk distributions.

In this paper, we develop a bioeconomic model to determine eco-
nomically optimal harvesting regimes – in terms of thinning and ro-
tation – of an even-aged plantation under the risk of an invading
pest. We extend a Schaefer–Faustmann model (Tahvonen, 2016) to
include a compartmental epidemiological system that governs timber
production and disease spread/dynamics. Using a dynamic compart-
mental model of disease separates our approach from previous bioe-
conomic studies that considered thinning and disease (Halbritter et al.,
2020; Petucco and Andrés-Domenech, 2018; Staupendahl and Möhring,
2011), while expanding the Macpherson et al. framework (Macpherson
et al., 2016, 2017a,b) to include thinning. The compartmental model
can represent diseases that are unique from catastrophic events in their
speed of progression, symptoms, and management response when de-
tected (Macpherson et al., 2016). Furthermore, it allows for interactions
between thinning, tree growth and disease progression. We consider
thinning’s effect on both forest growth and disease spread: it increases
growth by reducing the forest volume and thus reducing competition
between trees; it reduces pest or pathogen spread by increasing the
space and airflow between trees and tree resilience e.g., with Doth-
istroma septosporum (Roberts et al., 2020). Thinning and rotation thus
effect both forest growth and disease dynamics. We provide insight
into the system dynamics and sensitivity to key parameters (controlling
infection spread rate secondary and severity/impact). Furthermore, we
optimise the thinning timing and intensity during the rotation (un-
like (Petucco and Andrés-Domenech, 2018; Staupendahl and Möhring,
2011)), and explore the optimal strategy — particularly the role of
thinning.

This paper is structured as follows. In Section 2 we detail the
general economic model and the underlying epidemiological system.
The results corresponding to our model are given in Section 3, and

discussed in Section 4. We give our concluding remarks in Section 5.
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Table 1
Parameter definitions, alongside their base case values.

Parameter Description Base case value𝑎

ECOLOGICAL
𝑇𝐹 Rotation length/clear-felling time (years) 88.74𝑏

𝑇1 Thinning time (years) 60.40𝑐

𝛾 Proportion of trees thinned/thinning intensity 0.74𝑑

𝑡 Time (years)
𝑔(𝑡) Age-dependent growth increment 0.13𝑒−0.01𝑡

𝐾 Carrying capacity of plot 378
EPIDEMIOLOGICAL
𝑥(𝑡) Susceptible (uninfected) timber volume (𝑚3)
𝑦(𝑡) Infected timber volume (𝑚3)
𝐵(𝑡) Transmission rate (𝑚−3ℎ𝑎−1𝑡−1) Eq. (3)
𝛽 Initial transmission rate (𝑚−3ℎ𝑎−1𝑡−1) 0.004
𝑃 Primary infection rate (ℎ𝑎−1𝑡−1) 0.0003
𝜀 Growth of infected timber relative to uninfected timber 1
𝛿 Impact of thinning on transmission rate 0
ECONOMIC
𝐽 Net Present Value, NPV (£ℎ𝑎−1) 3.34
𝑝1 Price of uninfected thinned timber (£𝑚−3) 30.87
𝑝2 Price of uninfected clear-felled timber (£𝑚−3) 30.87
𝑟 Discount rate 0.03
𝑊𝑝 Establishment cost (£ℎ𝑎−1) 1000
𝜌 Revenue from a unit of infected timber relative to uninfected timber 1

The base case values (a) represent a model without disease (𝜀 = 𝜌 = 1). The management variables (b) (c) (d) are the
corresponding optimal strategy in a thinning and rotation regime (solving Eq. (7) for the base case values) — the ‘‘disease-
free’’ strategy. The age-dependent growth increment, 𝑔(𝑡), was adapted from the numerical example in Tahvonen (2016). The
establishment cost 𝑊𝑝 comes from the same source. The timber prices 𝑝1, 𝑝2 are assumed equal and were taken from the
Coniferous Standing Sales UK Price Index (Braby, 2022).
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. Model framework

We build on a Schaefer–Faustmann model (Tahvonen, 2016) to
etermine the economically optimal harvesting regime – in terms of
hinning and rotation – of an even-aged plantation under the risk of
n invading pest. The model depends on a compartmental system that
overns timber production and disease dynamics. Disease impact on
he stands value is included by scaling the revenue obtained from the
imber of infected trees or the growth of infected trees. Our timber
roduction model is age and density-dependent, and operates at the
tand volume level. It captures thinning reduces the volume of the
orest, thinning resulting in increased tree growth (by lowering com-
etition between trees), and thinning can reduce the spread of a pest
r pathogen.

In the first subsection, we introduce this ecological system govern-
ng timber production and disease dynamics. In the following subsec-
ion, we derive the maximisation problems to optimise management
egimes for the plot. All relevant parameter definitions for the applied
odel are in Table 1.

.1. Forest dynamics — the compartmental timber production model

We now develop the two-state compartmental model of forest dy-
amics. We use Dothistroma needle blight, a foliar disease caused by
he fungal pathogen Dothistroma septosporum (Mullett et al., 2016), as
n example to build the model. However, the assumptions we make are
eneric enough to represent other tree diseases with similar effects.

We compartmentalise timber on a hectare of even-aged monoculture
nto two states of infection (𝑁 = 2), infected with Dothistroma needle
light or not. We let 𝑥(𝑡) ≥ 0 and 𝑦(𝑡) ≥ 0 be the susceptible and infected
tand volumes (𝑚3ℎ𝑎−1). Initially bare land is purchased and susceptible
rees planted, with 𝑥(0) = 1 and 𝑦(0) = 0. The following (Susceptible-
3

Infected) system governs the evolution of timber volumes in each state, n
𝑑𝑥
𝑑𝑡

= 𝑔(𝑡)𝑥
(

1 −
(𝑥 + 𝑦)
𝐾

)

− ℎ(𝑡)𝑥 − (𝑃 + 𝐵(𝑡)𝑦) 𝑥

𝑑𝑦
𝑑𝑡

= 𝜀𝑔(𝑡)𝑦
(

1 −
(𝑥 + 𝑦)
𝐾

)

− ℎ(𝑡)𝑦 + (𝑃 + 𝐵(𝑡)𝑦) 𝑥.
(1)

e assume generally that the annual growth increment for timber
n each state is the product of an age-dependent function 𝑔(𝑡) and a
ensity/volume-dependent function as in Clark and De Pree (1979),
albritter and Deegen (2015) and Tahvonen (2016). Furthermore, the

nfected timber growth increment is multiplied by a constant 𝜀 to
epresent reduced growth from infection. The age-dependent function,
(𝑡), is positive and decreasing with time, representing the growth
otential of a stand decreasing with age. The density-dependent growth
unction is a concave down quadratic with respect to the total forest
olume (Halbritter and Deegen, 2015; Tahvonen, 2016). When com-
etition (timber volume) is high, tree growth is limited, and reducing
ensity can increase growth (Forestry Commission, 2015).

Specifically, we assume susceptible timber grows annually at a
ate of 𝑔(𝑡)(1 − 𝑥+𝑦

𝐾 ), which we adapted from the numerical example
in Tahvonen (2016) modelling the growth of Norway Spruce. Norway
Spruce is susceptible to Dothistroma needle blight (DNB), but the sus-
ceptibility is low and requires high infection pressure (Forest Research,
2022b). The carrying capacity of the plot is 𝐾 (𝑚3). We assume infected
timber grows at the same rate as susceptible if 𝜀 = 1 and at a scaled
rate if 0 < 𝜀 < 1. Furthermore, if 𝜀 = 1, the total annual growth of
all timber equals the age-dependent effect 𝑔(𝑡) multiplied by a total
ensity/volume-dependent effect (𝑥 + 𝑦)

(

1 − 𝑥+𝑦
𝐾

)

, similarly to Clark
and De Pree (1979), Tahvonen (2016) and Halbritter and Deegen
(2015). We selected the functions 𝑔(𝑡) and (1− 𝑥+𝑦

𝐾 ) so growth represents
lantation forestry. They result in logistic growth which tends to zero
ndependently of stand density. After a clear-felling the volume does
ot grow back, but after a thinning it recovers. This represents the
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remaining trees after thinning (which reduces forest density) experi-
encing increased growth, resulting in larger diameters (Mäkinen and
Isomäki, 2004).

Susceptible timber becomes infected with primary infection rate 𝑃 .
his represents external infection pressure, such as long range dispersal
f spores in clouds or mist, or by movement of infected planting
tock (Scottish Forestry). Within a forest containing infection, spread
ccurs primarily during periods of damp weather, which is conducive
o fungal spore production. Spores are spread between trees by rain
plashes and wind (Scottish Forestry; Mullett et al., 2016). Forest
esearch states that in the UK, control of the disease typically involves
lanting resistant species after rotation, and good stand management.
n particular, this includes thinning in accordance with good silvicul-
ural practice, to improve air flow and make conditions less conducive
o fungus development (Forest Research, 2022a). Thinning also in-
reases the distance between trees and, thus, reduces the effectiveness
f rain-splashed spores (Bulman et al., 2016). Therefore, we assume
hat thinning removes a proportion of trees indiscriminately of their
nfection state. This assumption is reasonable for other diseases for
hich detection of infection is costly/difficult or the trees exhibit few
utward signs of the disease until the later stages of infection. We
enote the proportion of timber volume harvested per hectare per year
𝑚3ℎ𝑎−1𝑡−1) by ℎ(𝑡), with

(𝑡) =

⎧

⎪

⎨

⎪

⎩

𝛾, 𝑡 = 𝑇1
1, 𝑡 = 𝑇𝐹
0, otherwise.

(2)

e assume that a single thinning occurs (instead of annual (Tahvonen,
016)) at time 𝑇1 ≥ 0 and 𝛾 ∈ [0, 1) of the total timber volume is
emoved, indiscriminate of its infection state. After 𝑇𝐹 years, the plot
s clear-felled (𝑥𝑖(𝑡) = 0 for 𝑡 > 𝑇𝐹 ) and lays bare.

We also assume that the transmission (secondary infection) rate,
(𝑡), which controls the spread of disease within the forest, is a step

unction,

(𝑡) =

{

𝛽, 𝑡 ≤ 𝑇1
𝛽𝑒−𝛿𝛾 , 𝑡 > 𝑇1.

(3)

he transmission rate is initially 𝛽. Thinning at 𝑡 = 𝑇1 can reduce the
ransmission rate, with the strength of this thinning effect determined
y the factor 𝛿 ≥ 0. If there is an effect (𝛿 > 0), its impact increases with
he proportion of trees thinned (𝛾). We assume a density-dependent
ransmission term (Kleczkowski et al., 2019) in Eq. (1), and therefore
ncreased total forest volume (and therefore density in our model)
esults in increased spread within the forest.

.2. Economic model

We now develop the single rotation Schaefer–Faustmann model
or the even-aged forest, where the NPV includes the establishment
ost, and the benefits from harvesting the timber. Initially, a hectare-
ized plot is purchased and susceptible trees are planted, amounting
o 𝑊𝑝 (£’s) in establishment costs. Thinning at 𝑇1 and clear-felling
t 𝑇𝐹 produces the timber benefits 𝐻𝑇1 (𝛾, 𝑇1) and 𝐻𝑇𝐹 (𝛾, 𝑇1, 𝑇𝐹 ), both
easured in £’s. After clear-felling, the land lays bare (𝑥(𝑡) = 𝑦(𝑡) = 0

or 𝑡 > 𝑇𝐹 ). We discount the revenue from harvesting at the rate 𝑟.
herefore, the NPV of the plot (the objective function) is

̂(𝐬) = −𝑊𝑝 +𝐻𝑇1 (𝛾, 𝑇1)𝑒
−𝑟𝑇1 +𝐻𝑇𝐹 (𝛾, 𝑇1, 𝑇𝐹 )𝑒

−𝑟𝑇𝐹 , (4)

here 𝐬 =
(

𝛾, 𝑇1, 𝑇𝐹
)

.
Let 𝑝1 and 𝑝2 be the constant prices (£’s per 𝑚3) for thinned and

lear-felled susceptible timber, respectively. Assume 𝑝1 ≤ 𝑝2: thinned
imber is generally not as mature and therefore valuable as when clear-
elled. Following the approach by Macpherson et al. (2016, 2017b),
e assume that the disease causes a reduction in the value of timber

e.g., through reduced quality or yield). In particular, DNB causes
4

𝑝

efoliation of the needles of an infected tree. This gradually weakens
he tree, significantly reducing timber yields and eventually causing
ortality (Forest Research, 2022a). Therefore, we let 𝜌 be the revenue

rom a unit of infected timber relative to susceptible timber, where
≤ 𝜌 ≤ 1.

We write the benefit from harvested timber in the each state as the
roduct of the price per 𝑚3 of standing timber, the volume of timber
roduced, and if timber is infected, then also the scaling parameter 𝜌.
herefore, the total timber benefit from thinning at 𝑇1 is

𝑇1 (𝛾, 𝑇1) = 𝑝1ℎ(𝑇1)𝑥(𝑇1) + 𝑝1ℎ(𝑇1)𝜌𝑦(𝑇1) (5)
= 𝑝1𝛾

{

𝑥(𝑇1) + 𝜌𝑦(𝑇1)
}

,

nd the total timber benefit at the rotation time, 𝑇𝐹 , is

𝑇𝐹 (𝛾, 𝑇1, 𝑇𝐹 ) = 𝑝2ℎ(𝑇𝐹 )𝑥(𝑇𝐹 ) + 𝑝2ℎ(𝑇𝐹 )𝜌𝑦(𝑇𝐹 ) (6)
= 𝑝2

{

𝑥(𝑇𝐹 ) + 𝜌𝑦(𝑇𝐹 )
}

.

Where Eq. (6) is a function of thinning proportion (𝛾) and time
𝑇1) because the volumes at rotation, 𝑥(𝑇𝐹 ) and 𝑦(𝑇𝐹 ), depend on these
ariables.

The forest manager’s task is to maximise the NPV of the stand over
single rotation. We investigate two different management regimes.

he first is thinning and rotation, where a single thinning occurs before
lear-felling. There are three control variables; the thinning time (𝑇1),
hinning proportion (𝛾), and rotation length (𝑇𝐹 ). Their optimal values
hat maximise the objective function Eq. (4) are given by
∗
𝑡𝑟 = arg max

𝐬
𝐽 (𝐬), where 𝐬 =

(

𝛾, 𝑇1, 𝑇𝐹
)

subject to 𝛾 ∈ [0, 1)

𝑇𝐹 ≥ 𝑇1 ≥ 0

(7)

The second management regime is rotation only, a Faustmann
odel. The maximisation problem is choosing the rotation length that
aximises the NPV, as explored by Macpherson et al. (2016). The

ptimal strategy is
∗
𝑟 = arg max

𝑇𝐹≥0
𝐽 (𝐬), where 𝐬 =

(

0, 0, 𝑇𝐹
)

(8)

We solved the optimisations problems Eqs. (7) and (8) numerically
n R using the Optim package and the L-BFGS-B algorithm. For Eq. (7)
e ran the algorithm with three different start points and chose the
est solution.

. Results

We compare the optimal management strategies without disease in
ection 3.1. In Section 3.2 we introduce disease, and in its first two
ubsections, we let susceptible and infected timber growth be the same
𝜀 = 1), and assume that thinning does not effect transmission (𝛿 = 0).
e first compare optimal management strategies for the case with

o revenue from infected timber (𝜌 = 0) in Section 3.2.1. Sensitivity
nalysis of the revenue from a unit of infected timber relative to
usceptible (i.e., 𝜌 > 0) is undertaken in Section 3.2.2. Finally, we
ntroduce and investigate the impact of the thinning effect (𝛿 > 0) and
he reduction in infected timber growth (𝜀 < 1) on the optimal strategy,
ection 3.2.3.

To guide our intuition for these future sections, we will first find
he optimal rotation length that maximises the NPV Eq. (4), assuming
hat the thinning proportion (𝛾) and time (𝑇1) are fixed. We derive the
irst order condition by differentiating Eq. (4) with respect to 𝑇𝐹 ,

𝜕𝐽
𝜕𝑇𝐹

= 𝑝2
{

𝑥′(𝑇𝐹 ) + 𝜌𝑦′(𝑇𝐹 )
}

𝑒−𝑟𝑇𝐹 − 𝑟𝑝2
{

𝑥(𝑇𝐹 ) + 𝜌𝑦(𝑇𝐹 )
}

𝑒−𝑟𝑇𝐹 . (9)

Setting Eq. (9) equal to zero and rearranging gives the optimal
otation length condition

𝑥′(𝑇 ) + 𝜌𝑝 𝑦′(𝑇 ) = 𝑟𝑝
{

𝑥(𝑇 ) + 𝜌𝑦(𝑇 )
}

. (10)
2 𝐹 2 𝐹 2 𝐹 𝐹
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The optimal rotation length, 𝑇𝐹 , which satisfies the above is the
point when the rate of return of timber production equals the op-
portunity cost (rate of return of clear-felling and storing cash in the
bank). We can show the rotation length 𝑇𝐹 that satisfies this condition,
Eq. (10), is a maximum by plotting the NPV as a function of 𝑇𝐹 .
Furthermore, by substitution of 𝑥′(𝑇𝐹 ) and 𝑦′(𝑇𝐹 ) from Eq. (1) into
Eq. (10) and rearranging we can simplify the condition further to
(

𝑥 + 𝜌𝜀𝑦
𝑥 + 𝜌𝑦

)

𝑔(𝑇𝐹 )
(

1 −
(𝑥 + 𝑦)
𝐾

)

= 𝑟 + (1 − 𝜌)

(
(

𝑃 + 𝐵(𝑇𝐹 )𝑦
)

𝑥
𝑥 + 𝜌𝑦

)

(11)

where we have used the shorthand 𝑥 = 𝑥(𝑇𝐹 ) and 𝑦 = 𝑦(𝑇𝐹 ).
We conclude that the NPV is maximised (w.r.t rotation length) when

the rate of increase in the forest’s clear-felled timber value from an
additional year of growth equals the discount rate plus the loss in clear-
felled timber value from the spread of infection. This formulation shows
that the impact of introducing disease on rotation length is effectively
to increase the discount rate. It also highlights the trade-off between
waiting for trees to grow and infection spreading further.

Similarly, we will now find the optimal thinning time that max-
imises the NPV, Eq. (4), assuming that the thinning proportion (𝛾) and
rotation time (𝑇𝐹 ) are fixed. We derive the first order condition by
differentiating Eq. (4) with respect to 𝑇1,

𝜕𝐽
𝜕𝑇1

= 𝑝1𝛾
{

𝑥′(𝑇1) + 𝜌𝑦′(𝑇1)
}

𝑒−𝑟𝑇1 − 𝑟𝑝1𝛾
{

𝑥(𝑇1) + 𝜌𝑦(𝑇1)
}

𝑒−𝑟𝑇1

+ 𝑝2
𝜕
𝜕𝑇1

{

𝑥(𝑇𝐹 ) + 𝜌𝑦(𝑇𝐹 )
}

𝑒−𝑟𝑇𝐹 . (12)

Setting Eq. (12) equal to zero and rearranging after substitution of
𝑥′(𝑇𝐹 ) and 𝑦′(𝑇𝐹 ) from Eq. (1) into Eq. (12) gives the optimal thinning
time condition
(

𝑥(𝑇1) + 𝜌𝜀𝑦(𝑇1)
𝑥(𝑇1) + 𝜌𝑦(𝑇1)

)

𝑔(𝑇𝐹 )
(

1 −
𝑥(𝑇1) + 𝑦(𝑇1)

𝐾

)

= 𝑟 + (1 − 𝜌)

(
(

𝑃 + 𝐵(𝑇1)𝑦(𝑇1)
)

𝑥(𝑇1)
𝑥(𝑇1) + 𝜌𝑦(𝑇1)

)

(13)

−
𝑝2

𝜕
𝜕𝑇1

{

𝑥(𝑇𝐹 ) + 𝜌𝑦(𝑇𝐹 )
}

𝑒−𝑟(𝑇𝐹−𝑇1)

𝑝1𝛾
(

𝑥(𝑇1) + 𝜌𝑦(𝑇1)
) .

Therefore, we conclude that the NPV is maximised (w.r.t thinning
time) when the rate of increase in the thinned timber benefit from an
additional year of growth equals the discount rate, plus the loss rate
from the spread of infection, minus the discounted change in timber
benefit at rotation relative to the thinned timber benefit. Eq. (13) shows
that introducing disease has an impact on thinning time similar to the
optimal rotation length (Eq. (11)) — disease effectively adds to the
discount rate. However, it stresses that the choice of thinning time must
account for the impact of thinning on growth and disease dynamics and,
therefore, the timber benefit at rotation.

3.1. No disease

We begin with the simplified non-disease version of the model. We
can derive this model by setting 𝑃 = 𝛽 = 0 in Eq. (1). Alternatively, by
setting 𝜀 = 1 in Eq. (1) and 𝜌 = 1 in Eq. (5), the disease has no impact
on the timber benefit or timber growth. The below equation governs
timber dynamics when there is no disease,

𝑥′(𝑡) = 𝑔(𝑡)𝑥(1 − 𝑥
𝐾
) − ℎ(𝑡). (14)

Without disease, thinning extends the optimal clear-felling time
ompared to the optimal in a clear-felling only regime. This result is
consequence of density-dependent growth, which implies the forest

rowth rate increases after thinning. We then need to wait longer for
he rate of return of timber production to slow and eventually equal
he opportunity cost (rate of return of clear-felling and storing cash in
5

he bank). This result can be deduced using the optimal rotation length
ondition (Eq. (11)), which simplifies to

(𝑇𝐹 )
(

1 −
𝑥(𝑇𝐹 )
𝐾

)

= 𝑟 (15)

when there is no disease. First, note that the left-hand side of Eq. (15) is
a decreasing function of rotation length, 𝑇𝐹 , and the right-hand side a
constant. Let the optimal rotation length without thinning be 𝑇 ∗

𝐹 . If the
timber volume without thinning (𝛾 = 0) is always larger than the timber
volume with thinning (𝛾 > 0) at 𝑡 = 𝑇 ∗

𝐹 , i.e., if 𝑥no thin(𝑇 *
𝐹 ) ≥ 𝑥thin(𝑇 *

𝐹 ),
then from Eq. (15) it is clear that optimal rotation with thinning is
greater than without. We can show that this is true by solving Eq. (14)
using separation of variables for 𝛾 = 0 and 𝛾 > 0 and considering the
cases 𝑇 ∗

𝐹 > 𝑇1 and 𝑇 ∗
𝐹 ≤ 𝑇1. See Appendix A for the details.

Undisturbed growth (no thinning or rotation in Eq. (1)) of the forest
is shown in Fig. 1. The density dependence of the forest is highlighted
by the optimised thinning and rotation (dotted) line in Fig. 1, as after
thinning reduces the volume the growth rate increases.

We highlight that thinning extends the rotation time in Fig. 1,
where we compare the two optimised management regimes for the base
case economic and ecological parameters (Table 1). The rotation only
regime has an optimal rotation length of 𝑇𝐹 ≈ 64, when it is clear-felled.
In the optimal thinning and rotation regime, approximately 74% of the
total volume is thinned after 𝑇1 ≈ 60 years, which is just before the
optimal rotation in the rotation only regime. Then, after 𝑇𝐹 ≈ 89 years,
the plot is clear-felled. We refer to this thinning and rotation strategy
as the ‘‘disease-free’’ strategy and use it as a baseline for comparison in
later sections of this paper.

We also performed a sensitivity analysis of the optimised thinning
and rotation regime to the parameters controlling growth and the price
difference between clear-felled and thinned timber. We generally find
two optimal strategies; (i) rotation only (no thinning), or (ii) thin ∼
70% of the trees late in the rotation. These parameters have tipping
points where the strategy switches between the two strategies. When
the growth rate parameters result in quick timber growth, or the price
difference between clear-felled and thinned timber is small, thinning is
optimal. The optimal strategy switches to no thinning for a large price
difference or a small growth rate.

3.2. Disease

3.2.1. No revenue from infected timber
In this section, we investigate the sensitivity of optimal strategies

to two epidemiological parameters: the primary infection rate (𝑃 )
and transmission rate (𝛽). We assume that thinning does not affect
transmission (𝛿 = 0) and that the growth rate of infected volume is
identical to susceptible (𝜀 = 1); our base case parameter values. With
these assumptions the infected volume takes up capacity, limiting the
growth of susceptible timber. Therefore, the disease does not impact
the density-dependent growth. Instead, we represent a reduced yield by
assuming there is no revenue from the infected timber volume (𝜌 = 0).
In this scenario, if we fix the strategy in a thinning and rotation regime
to be the ‘‘disease-free’’ one, then the total timber volume follows the
dashed line in Fig. 1. An increased transmission rate (𝛽) or primary
infection rate (𝑃 ) will speed up the spread of disease and therefore the
revalence of infection at each harvest, Fig. 2.

In Fig. 2(a) and for sensitivity analyses in the following sections
f this paper, we set the primary infection 𝑃 = 0.0003, the base case

value (Table 1). This value ensures a disease outbreak of some form
during a typical rotation (64 years — the optimal without thinning or
disease in our model). Furthermore, by sweeping through transmission
rates (𝛽) in the range [0, 0.005], we capture a large variation in disease
progress curves, see Fig. 6(a). For example, with a low transmission
rate 𝛽 = 0.0005, the infection spreads very slowly after arrival, and
after 60 years less than 5% of the forest has been infected. Then for
the transmission rate 𝛽 = 0.001, after 60 years approximately 15% of
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Fig. 1. Timber volume trajectories in absence of disease. Undisturbed timber growth is the thick black line (Eq. (1) with 𝑇1 = 𝛾 = 0, 𝑇𝐹 = ∞, 𝛽 = 𝑃 = 0 and other parameter values
as in Table 1). The dashed line is the timber volume trajectory (𝑥(𝑡) from Eq. (1)) under an optimised clear-felling only management regime (𝑇1, 𝛾, and 𝑇𝐹 given by Eq. (8) for
𝛽 = 𝑃 = 0 and other parameter values as in Table 1). The dotted line is the timber volume trajectory (𝑥(𝑡) from Eq. (1)) under an optimised clear-felling and thinning management
regime (solving Eq. (8) for 𝛽 = 𝑃 = 0 and other parameter values as in Table 1).
Fig. 2. Disease progress curves under the thinning and clear-felling regime. Epidemiological parameters are varied between panels, but the management regime is fixed to the
optimal thinning and clear-felling one in absence of disease. In each panel, the annual cumulative proportion of timber volume infected ( 𝑦(𝑡)

𝑥(𝑡)+𝑦(𝑡)
after solving Eq. (1)) is shown

for four values of the transmission rate (𝛽). Each panel shows results for a different combination of the primary infection rate (𝑃 ) and growth of infected timber relative to
susceptible timber (𝜀). The thinning and clear-felling times are the dotted vertical lines in each panel (values shown in Table 1, calculated by solving Eq. (7) for 𝛽 = 𝑃 = 0). All
other ecological and economic parameters are given in Table 1.
the forest has been infected. Whereas for higher secondary infection
rates, 𝛽 = 0.002, 0.005 after 60 years approximately 75% and close to
100% of the forest will be infected.

Increasing the primary infection (𝑃 ) or transmission rate (𝛽) will
shorten the optimal rotation length for each management regime when
all other parameters are fixed. To see this, we note that the optimal
rotation length condition (Eq. (11)) assuming the thinning proportion
(𝛾) and time (𝑇1) are fixed and no revenue from infected timber (𝜌 = 0)
becomes

𝑔(𝑡)
(

1 −
𝑥(𝑇𝐹 ) + 𝑦(𝑇𝐹 )

)

= 𝑟 +
(

𝑃 + 𝐵(𝑇𝐹 )𝑦(𝑇𝐹 )
)

. (16)
6

𝐾

As the LHS of Eq. (16) is a positive decreasing function of 𝑇𝐹 ,
and the RHS is a positive increasing function of 𝑇𝐹 , the LHS and
RHS functions will intersect once if plotted. This allows us to deduce
the high-level impact of increasing the primary infection (𝑃 ) or trans-
mission rate (𝛽 — which increases 𝐵(𝑇𝐹 )). Below we use numerical
methods to further explore and visualise the interaction between these
parameters on the full optimal strategy for each regime.

In a rotation/clear-felling only regime, if the transmission rate (𝛽)
is close to zero, a long rotation (≈ 60 years) is optimal, similar to the
disease-free length (see Fig. 3(a)). If the external infection pressure or
spread rate of disease is higher (increased 𝑃 or 𝛽) then the optimal
rotation length (𝑇𝐹 ) decreases, as qualitatively shown in Fig. 3(a).
Shortening the rotation length allows timber to be salvaged before
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Fig. 3. Impact of transmission rate on optimised management strategies when no revenue comes from infected timber (𝜌 = 0). The top row of panels are the total timber volume
trajectories (𝑥(𝑡) + 𝑦(𝑡)) under the optimised regimes, and the bottom shows the corresponding cumulative proportion of timber infected ( 𝑦(𝑡)

𝑥(𝑡)+𝑦(𝑡)
). 𝑥(𝑡) and 𝑦(𝑡) are given by Eq. (1)

with management variables (𝛾, 𝑇1 and 𝑇𝐹 ) from either Eq. (8) (rotation only regime) or Eq. (7) (thinning and rotation regime). Darker lines within panels indicate higher values of
the transmission rate (𝛽). (a) the total timber volume each year under optimised clear-felling only; (b) the total timber volume each year under optimised thinning and clear-felling;
(c) the cumulative proportion of timber infected under optimised clear-felling only; (d) the cumulative proportion of timber infected under optimised thinning and clear-felling.
infection comes (Fig. 3(c)) and destroys its value. The optimal rota-
tion length and maximum NPV are more sensitive to changes in the
transmission rate (𝛽) than the primary infection rate (𝑃 ), see Fig. A.1
in Appendix B which shows the complete breakdown of the optimal
strategy in the 𝛽 − 𝑃 parameter space.

Similarly to the rotation only regime, if the transmission rate is
(𝛽) close to zero, it is optimal to follow the ‘‘disease-free’’ strategy
with late thinning and long rotation, Fig. 3(b). If the external infection
pressure or spread rate of disease is higher (increased 𝑃 or 𝛽), this
brings forward the optimal rotation (𝑇𝐹 ) and thinning time (𝑇1) and
increases the thinned proportion (𝛾), compared to the ‘‘disease-free’’
strategy, Fig. 3(b). Salvaging the timber quickly with an early thin
and rotation before the infection destroys its value (Fig. 3(d)) becomes
optimal (and is intuitive). We refer to this type of strategy as ‘‘salvage
quickly’’. The optimal thinning time, proportion, rotation length, and
maximum NPV are more sensitive to changes in the transmission rate
(𝛽) than the primary infection rate (𝑃 ), see Fig. A.2 in Appendix B
which shows the optimal strategy in the 𝛽 − 𝑃 parameter space.

Disease causes a severe reduction in maximum NPV for the thin-
ning and rotation regime, particularly for high transmission rate (𝛽).
Fig. 4(b) highlights this, where we compare the NPV of using the
disease-free strategy (thinning and rotating late) to the optimised strat-
egy for a thinning and rotation regime in the presence of disease. Not
shortening rotations when the transmission rate is high (𝛽 > 0.002) will
result in immense NPV losses (> £400).

For any fixed value of the primary infection and transmission rates
(𝑃 and 𝛽), the optimal rotation lengths are longer in the thinning
and rotation regime compared to those in the rotation-only regime.
Thinning times in the thinning and rotation regime occur at roughly
the same times as rotation times in the rotation-only regime. To see
this, compare Fig. A.1(a) to Fig. A.2(d) in Appendix B, or compare
Fig. 3(a) to (b) for an example. The extension is likely due to thinning
increasing the forests growth rate, as discussed in Section 3.1, and
thinning reducing secondary infection (Fig. 2).
7

Thinning in combination with clear-felling is always optimal com-
pared to a regime of clear-felling only, Fig. 4(a). Furthermore, thinning
is even more profitable when the disease spreads slowly (𝛽 < 0.001
in Fig. 4(a)). Less timber gets destroyed and can be left to grow
for longer. Therefore, there can be more time between thinning and
clear-felling, allowing the non-thinned trees to grow and exploit the
forest’s density-dependent growth. A strategy that cannot be applied
with clear-felling only. Furthermore, the benefit to including thinning
in the management regime decreases with increased transmission rate
(𝛽), Fig. 4(a)), becoming very small (< £20) for 𝛽 > 0.004. However,
comparing Fig. 4(b) (where we compare the NPV of using the disease-
free strategy, thinning and rotating late, to the optimised strategy for
a thinning and rotation regime in the presence of disease) to Fig. 4(a)
in this region (𝛽 > 0.004), we conclude that the largest benefit comes
from shortening the rotation, independent of thinning.

3.2.2. Sensitivity to the revenue from a unit of infected timber relative to
uninfected timber

In Section 3.2.1 we assumed that 𝜌 = 0, a worst-case scenario
in which timber revenue comes from uninfected timber only. We
now investigate the sensitivity of optimal strategies to the effect of
infection on timber revenue (i.e., 𝜌 > 0). This scenario implicitly
represents a smaller impact of infection on yields (through infected tree
growth/deaths) or weakened timber being sold at a reduced price. We
again assume that thinning does not affect transmission (𝛿 = 0) and that
the growth rate of infected volume is identical to susceptible (𝜀 = 1).

Under different combinations of the transmission rate (𝛽) and the
infected timber revenue scaling factor (𝜌), the optimal strategy (𝑇𝐹 ) in
a rotation only regime (Eq. (8)) can be categorised into two groups,
Fig. 5(a), (c). There is (i) a long rotation used in the disease-free case,
and (ii) shorter rotations to salvage timber before infection lessens
its value (highlighted in Fig. 5(a), (c)). Fig. A.3 in Appendix B gives
a breakdown of the optimal strategy in the 𝛽 − 𝜌 parameter space,
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Fig. 4. NPV differences between strategies in a 𝑃 −𝛽 parameter space. (a) Difference between the maximum NPV of an optimised thinning and clear-felling regime vs an optimised
clear-felling only regime. (b) Difference between using the disease-free strategy (thinning and rotating late) to the optimised strategy for a thinning and rotation regime in the
presence of disease. The maximum NPV for optimised thinning and clear-felling is given by substitution of Eq. (7) in Eq. (4), and for clear-felling only by substitution of Eq. (8)
in Eq. (4). The disease-free management strategy for thinning and clear-felling is given by solving Eq. (8) for 𝛽 = 𝑃 = 0, keeping all other parameter values as in Table 1. 𝑃 is the
primary infection rate and 𝛽 is the transmission rate. We assume no revenue comes from infected timber (𝜌 = 0). All other parameter values are given in Table 1.
while Fig. 5(a) and (c) show the optimal strategy at a transect of the
transmission rate (𝛽 = 0.004). Along this transect, the two types of
strategy that appear in the whole space can be visualised.

Greater damages from infection (lower 𝜌) typically decrease the
optimal rotation length from the disease-free one. The size of the
reduction depends on the transmission rate. When the infection spreads
slowly (low 𝛽), not enough timber is infected for any reduction in
timber value to change the optimal rotation length from the disease-
free one, Fig. A.3 in Appendix B. When the impact of infection on
timber revenue is high (𝜌 ≤ 0.5), the optimal length shortens from the
disease-free length as the transmission rate (𝛽) increases, Fig. A.3 in
Appendix B. The shorter rotation means a lower volume of timber is
salvaged, but it is salvaged before infection destroys its value. However,
when the impact of infection on timber revenue is lower (0.5 < 𝜌 < 1),
there is a tipping point with the transmission rate (𝛽); below this value
as the transmission rate increases the optimal rotation length decreases,
and above this value the optimal rotation length switches back to the
optimal disease-free rotation length. The higher the impact of infection
on timber revenue (lower 𝜌 ∈ (0.5, 1)), the larger the transmission rate
must be for the switch, and the less smooth the switch is. At the switch,
the NPV of letting the trees grow larger but more get infected overtakes
the NPV of felling a lower yield before they become infected.

Broadly, three types of strategies emerge when we consider the
optimal strategy for the thinning and rotation regime (Eq. (7)) under
combinations of the transmission rate (𝛽) and the infected timber
revenue scaling factor (𝜌), Fig. 5(b) (d). Fig. A.4 in Appendix B gives
a breakdown of the optimal thinning and rotation strategy in the 𝛽 − 𝜌
parameter space, while Fig. 5(b) and (d) show the optimal strategy at
a transect of the transmission rate (𝛽 = 0.004). Along this transect, the
three types of strategy that appear in the whole space can be visualised.
The first is following the ‘‘disease-free’’ strategy discussed previously.
Here, the strategy suggests acting as if there is no disease in the forest
— long rotation with late thinning (visualised by the 𝜌 = 0.85, 1 lines
in Fig. 5(b) (d), and in Fig. 1). This strategy is optimal when either
(i) the transmission rate is very low (low 𝛽), or (ii) the transmission
rate is very high, but infection does not cause much damage (high 𝜌).
The second strategy is ‘‘salvage quickly’’, introduced in Section 3.2.1,
and visualised by the 𝜌 = 0, 0.35 lines in Fig. 5(b) (d). Here, we thin
and rotate earlier. ‘‘Salvage quickly’’ is the optimal strategy when the
infection spreads quickly (high 𝛽), causing significant damage (low 𝜌).
The final strategy is ‘‘best of both worlds’’, which is optimal when
the infection spreads reasonably quickly but causes middling damage
to timber (0.5 ≤ 𝜌 ≤ 0.8). The strategy suggests thinning to salvage
valuable timber before widespread infection, and then leaving the
8

remaining timber to get infected during a long rotation. The 𝜌 =
0.45, 0.65, 0.75 lines in Fig. 5(b) (d) demonstrate this strategy. Note that
for any fixed value of the transmission rate and revenue from infected
timber (𝛽 and 𝜌), the optimal rotation lengths are longer in the thinning
and rotation regime compared to those in the rotation-only regime. To
see this, compare Fig. A.1(a) to Fig. A.2(d) in Appendix B, or compare
Fig. 5(a) to (b) for an example. The extension is likely due to thinning
increasing the forest’s growth rate and reducing secondary infection.

The transitions between these different types of optimal strategy
suggested in the 𝛽−𝜌 parameter space (Fig. A.4 in Appendix B) depend
on what the impact of infection on timber revenue (𝜌) and transmission
rate (𝛽) are. When the impact of infection on timber revenue is high
(𝜌 ≤ 0.4), the optimal strategy for the thinning and rotation regime
changes smoothly with increases in the transmission rate (𝛽), Fig. A.4
in Appendix B. There is a moderate transition from the general ‘‘disease-
free’’ to the ‘‘salvage quickly’’ strategy. Optimal rotation and thinning
times decrease at a similar rate, and the optimal thinning proportion
increases. When the impact of infection on the timber revenue is lower
(𝜌 > 0.7), as the transmission rate (𝛽) increases, the optimal rotation
and thinning times initially decrease together, and the optimal thinned
proportion increases from the ‘‘disease-free’’ values. Then at a tipping
point of 𝛽 (≈ 0.001), this pattern switches. The optimal rotation and
thinning time increase together, and the proportion thinned decreases.
Furthermore, as 𝛽 increases further, the rate that the optimal thinning
time increases relative to the optimal rotation length slows down, and
the optimal strategy becomes a ‘‘best of both worlds’’ type. The impact
of infection on timber value (𝜌) determines the sensitivity of this switch
and the transmission rate where it occurs. When the impact is minor
(𝜌 > 0.7), a gradual switch occurs at smaller values of 𝛽. When the
impact is more significant (𝜌 ≈ 0.5), then a tipping point occurs at
larger values of the transmission rate (𝛽). At this tipping point, the
optimal strategy changes from a ‘‘salvage quickly’’ one (rotating and
thinning early) to ‘‘best of both worlds’’ (rotating late but thinning
early), visualised by Fig. 5(b) (d).

The NPV differences between the optimised rotation-only regime
and the thinning and rotation regime are higher in parameter spaces
where the optimal rotation lengths for the thinning and rotation regime
are longer (low 𝛽, or high 𝛽 and high 𝜌), Fig. 6(a). This is because
we thin to get an early income, and then exploit the forests density-
dependent growth to let the remaining trees grow large. The optimised
rotation-only regime cannot offer this option. When the optimal ro-
tation lengths are shorter for both regimes (e.g., high 𝛽 and low 𝜌),
the density-dependent growth cannot be exploited to the same degree

in the optimised thinning and rotation regime (less time between
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Fig. 5. Impact of transmission rate on optimised management strategies when there is revenue from infected timber (𝜌 > 0). The clear-felling only regime, and the thinning and
clear-felling regime were optimised for five different values of the revenue from a unit of infected timber relative to susceptible (𝜌) by solving Eqs. (7) and (8). All other parameter
values were held at the base case values in Table 1. The top row of panels are the total timber volume trajectories (𝑥(𝑡) + 𝑦(𝑡)) under the optimised strategies, and the bottom
shows the corresponding cumulative proportion of timber infected ( 𝑦(𝑡)

𝑥(𝑡)+𝑦(𝑡)
). The vertical lines in the bottom row indicate the clear-felling times from the top row. 𝑥(𝑡) and 𝑦(𝑡)

are given by Eq. (1) with management variables (𝛾, 𝑇1 and 𝑇𝐹 ) from either Eq. (8) (rotation only) or Eq. (7) (thinning and rotation). Darker lines within panels indicate higher
values of the revenue from a unit of infected timber relative to susceptible (𝜌). The blue line highlights the shown value of 𝜌 for which the NPV difference between the thinning
and clear-felling regime vs the clear-felling regime is largest (Fig. 6(a)). In panel (a) and (c) the 𝜌 ≥ 0.65 lines (including blue) are hidden behind the black 𝜌 = 1 line. (a) the
total timber volume each year under optimised clear-felling only; (b) the total timber volume each year under optimised thinning and clear-felling; (c) the cumulative proportion
of timber infected under optimised clear-felling only; (d) the cumulative proportion of timber infected under optimised thinning and clear-felling.
harvests), so the NPV differences are small. The NPV difference be-
tween the optimised rotation-only regime and the thinning and rotation
regime is highest in the parameter space where the ‘‘best of both
worlds’’ thinning and rotation strategy is optimal, see the yellow region
in Fig. 6(a). In the centre of this space the optimal strategy for the
rotation-only regime switches between rotating early and rotating late
(compare 𝜌 ≤ 0.45 to 𝜌 ≥ 0.65 lines in Fig. 5(a)). The ‘‘best of both
worlds’’ thinning and rotation strategy effectively combines early and
late rotation by thinning early and rotating late (blue 𝜌 = 0.65 line
in Fig. 5(b)); there is not an equivalent strategy for the rotation only
regime.

The consequences (NPV losses) of not changing the strategy in
the thinning and rotation regime from ‘‘disease-free’’ increase with
the transmission rate and the impact of infection on timber revenue,
Fig. 6(b). Not shortening the rotation and thinning time when the
transmission rate (𝛽) and the impact of infection on timber revenue are
high (low 𝜌) will result in substantial NPV losses (> £500), Fig. 6(b).
However, the losses decrease when the transmission rate is exception-
ally high as timber is destroyed too quickly compared to the speed at
which it grows. When the infection spreads reasonably quickly and
causes middling damage to timber (0.5 ≤ 𝜌 ≤ 0.8), it is optimal to
use the ‘‘best of both worlds’’ strategy for the thinning and rotation
regime. Using this strategy instead of the ‘‘disease-free’’ one in this
region provides a slight increase in NPV (≈ £100), Fig. 6(b).

3.2.3. Sensitivity to the impact of thinning on the transmission rate
We now introduce a thinning effect on the transmission rate (setting

𝛿 > 0) and investigate the effect on the optimal strategy for the thinning
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and rotation regime (thinning time, thinning proportion and clear-
felling time). We continue to assume that the growth rate of infected
volume is identical to susceptible (𝜀 = 1) and no revenue from the
infected timber volume (𝜌 = 0).

If the time (𝑇1) and proportion (𝛾) of the thinning regime are
fixed, increasing the effect of thinning on the transmission rate (𝛿) will
extend the optimal rotation length. This general result follows from the
assumption that thinning reduces the transmission rate, 𝜕𝐵(𝑇𝐹 )

𝜕𝛾 < 0, and
can be deduced from Eq. (16) by noting that increasing the thinning
effect (𝛿) reduces 𝐵(𝑇𝐹 ). Using numerical methods we explored this
result further to see how the transmission rate (𝛽) and thinning effect
(𝛿) interact with respect to the full optimal thinning and rotation
strategy. We solved Eq. (7) to find the optimised strategy for different
combinations of the transmission rate (𝛽) and the thinning effect (𝛿),
holding all other parameters at the base case (Fig. A.7 in Appendix B).

For low transmission rate values (𝛽), the disease does not spread
quickly enough and cause enough damage to warrant changing the
strategy from ‘‘disease-free’’, i.e., thinning and rotating late to exploit
the forest density-dependent growth, Fig. A.7 in Appendix B. Fur-
thermore, when the thinning effect is low (0 ≤ 𝛿 < 2), increased
transmission rate (𝛽) compresses the thinning and rotation times and
slightly increases the proportion thinned, as seen previously in Sec-
tion 3.2.1. However, when the thinning effect is more substantial
(𝛿 > 2) and the transmission rate higher (𝛽 > 0.001), increasing
the thinning effect (𝛿) extends the rotation, brings the optimal thin-
ning time forward, and decreases the optimal proportion thinned. The
faster infection spreads (higher 𝛽), the sooner we thin. The ‘‘disease-
free’’ rotation is an upper bound for the rotation length increase.
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Fig. 6. NPV differences between strategies in a 𝜌−𝛽 parameter space. (a) Difference between the maximum NPV of an optimised thinning and clear-felling regime vs an optimised
clear-felling only regime. (b) Difference between using the disease-free strategy (thinning and rotating late) to the optimised strategy for a thinning and rotation regime in the
presence of disease. The maximum NPV for optimised thinning and clear-felling is given by substitution of Eq. (7) in Eq. (4), and for clear-felling only by substitution of Eq. (8)
in Eq. (4). The disease-free management strategy for the thinning and clear-felling regime is given by solving Eq. (8) for 𝛽 = 𝑃 = 0, keeping all other parameter values as in
Table 1. 𝜌 is the revenue from a unit of infected timber relative to susceptible, and 𝛽 is the transmission rate. We assume no revenue comes from infected timber (𝜌 = 0). All
other parameter values are given in Table 1.
We conclude that including a strong thinning effect on transmission
changes the reason for thinning. Instead of thinning and rotating to get
early harvests before infection destroys the value, the optimal strategy
suggests thinning early and lightly to protect the final harvest, which
can grow larger without being destroyed by the disease. Therefore, the
maximum NPV is much higher when there is any thinning effect (𝛿 > 0).
The key result of introducing a decline in the transmission rate from
thinning bringing the thinning time forward while pushing back the
rotation time holds when we change the shape of the decline function.
We re-ran the simulation that produced Fig. A.7 using the function 𝛽

1+𝛿𝛾
in place of 𝛽𝑒−𝛿𝛾 in Eq. (3) and found a similar but less prominent result
(not shown).

Furthermore, when infected timber is worthless and the infection
spreads quickly (𝛽 > 0.0025), without the thinning impacting the
transmission rate, the benefit of thinning and clear-felling over clear-
felling is small (Fig. 6(a)). However, comparing Fig. A.7(e) (𝜌 = 0)
in Appendix B and Fig. 6(a), when thinning impacts the transmission
rate (𝛿 > 0), the benefit in NPV of thinning and clear-felling over only
clear-felling alone becomes massive.

3.2.4. Sensitivity to the infected timber growth rate
We now test the sensitivity of the optimised thinning and rotation

regime to the growth rate of infected timber relative to susceptible
timber (𝜀). We assume that thinning does not affect transmission (𝛿 = 0)
and that revenue from a unit of infected and a unit of susceptible
timber volumes are equal (𝜌 = 1). In this scenario, infection disrupts the
growth of timber. Furthermore, due to the forests density-dependent
growth, as infected timber grows at a reduced rate, susceptible timber
volume can grow in its place.

In this scenario where infected timber does not grow at all (𝜀 =
0), if we fix the strategy for the thinning and rotation regime to be
the ‘‘disease-free’’ one, then the proportion of volume infected follows
Fig. 2(c) and (d). Fixing the epidemiological parameters and comparing
(c) and (d) (where epsilon = 0) to (a) and (b) in Fig. 2 (where 𝜀 = 1),
when the growth rate of infected timber is lower, a larger proportion
of the timber volume is susceptible at each harvest.

Under different combinations of the primary (𝑃 ) and transmission
(𝛽) rates, the optimal strategy for the thinning and rotation regime in
the 𝜀 = 0 scenario (Fig. A.5 in Appendix B) is qualitatively similar
to the optimal strategy in the scenario that assumes no revenue from
infected timber (𝜌 = 0, Fig. A.2 in Appendix B). However, the NPV’s
are higher in the 𝜀 = 0 scenario. Again, we see that the model is more
sensitive to the transmission rate (𝛽) compared to the primary infection
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rate (𝑃 ), Fig. A.6 in Appendix B. The optimal rotations shorten and
optimal thinned proportion increase from their disease-free values with
increases in the transmission rate (𝛽), but at slower rates than when
𝜌 = 0. The forests density-dependent growth is responsible for these
slower rates. With 𝜀 = 0, susceptible trees/volume can grow larger as
the infected trees/volume do not grow. Therefore the forest does not
need to be clear-felled sooner to recoup costs before infection destroys
the value.

Comparing strategies in the 𝛽 − 𝜀 parameter space (Fig. A.6 in
Appendix B) to the 𝛽 − 𝜌 parameter space (Fig. A.4 in Appendix B), we
see that 𝜀 and 𝜌 have somewhat similar effects on the optimal strategy
for the thinning and rotation regime, but with some key differences
between the effects of 𝜀 and 𝜌. The three types of strategies (‘‘disease-
free’’, ‘‘salvage quickly’’, and a strategy similar to ‘‘best of both worlds’’)
outlined in Section 3.2.2 appear in Fig. A.6 in Appendix B. When the
infection spreads slowly (𝛽 ≤ 0.002), timber is not infected quickly
enough for any changes in the infected timber growth rate to alter
the optimal strategy from ‘‘disease-free’’ (thinning and rotating later,
exploiting density dependence), Fig. A.6 in Appendix B. Similarly, in
the 0.8 < 𝜀 ≤ 1 parameter space, it is always optimal to use a
‘‘disease-free’’ type strategy, letting timber become infected under the
delayed harvests. The disease does not impact growth enough. If the
transmission rate is higher (𝛽 > 0.002), more timber gets infected, and
the optimal strategy is much more sensitive to changes in the infected
timber growth rate (𝜀), Fig. A.6 in Appendix B. When the transmission
rate (𝛽) is high (𝛽 > 0.002) and the growth rate of infected timber is
low (𝜀 ≤ 0.4), the optimal rotation length shortens, the optimal thinned
proportion increases and thinning occurs slightly later in the rotation,
compared to in the ‘‘disease-free’’ type strategy. The strategy becomes a
‘‘salvage quickly’’ type when the growth rate of infected timber is low,
and the disease spreads quickly.

Decreasing the infected timber growth rate (𝜀) has a non-monotonic
relationship with optimal rotation length, whereas a reduction in in-
fected timber revenue (𝜌) generally always decreases optimal rotation
length. When the transmission rate is high (𝛽 > 0.003), reducing
the growth rate of infected timber (𝜀) in the range 0.4 < 𝜀 < 0.8
gradually decreases the optimal rotation length and thinned proportion,
while slightly increasing the timing of the thin relative to the rotation
length, Fig. A.6 in Appendix B. Then, at a tipping point of the infected
timber growth rate (in 0.4 < 𝜀 < 0.5), the optimal thinned proportion
and rotation length increase with further reduction in 𝜀 < 0.4. The
increase is more significant for larger transmission rate values and less
prominent for the optimal rotation length. Before this switch, little
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timber is infected by the thinning time, and far more is infected by
rotation time. This is like the ‘‘best of both worlds’’ strategy, seen in the
𝛽−𝜌 parameter space (Section 3.2.2 — thinning earlier to salvage before
infection, rotating later after infection arrives). The switch highlights
how infection spreading slows the overall forest growth and changes
the growth dynamics linked to density dependence.

Furthermore, the maximum NPV’s are higher in the 𝛽−𝜀 parameter
space (Fig. A.6 in Appendix B) than in the 𝛽 − 𝜌 parameter space
(Fig. A.4 in Appendix B). This is because the forests density-dependent
growth allows susceptible timber volume to grow in place of infected
volume and infected timber generates revenue (𝜌 = 1). Also, the
transitions between strategies are much smoother in the 𝛽−𝜀 parameter
space compared to the 𝛽 − 𝜌 parameter space. This is related to the
objective function’s (Eq. (4)) linearity in 𝜌 but not in 𝜀.

4. Discussion

In this paper, we developed a bioeconomic model to determine
economically optimal harvesting regimes – in terms of thinning and
rotation – of an even-aged plantation under the risk of an invading
pest. Using a combination of analytic results and sensitivity analysis,
we show that the presence of disease effectively adds to the discount
rate in terms of the optimal harvest times (thinning and rotation).
However, the complete optimal strategy in the thinning and rotation
regime is highly responsive to the anticipated disease characteristics;
the transmission rate, the severity of damage caused, the impact on
growth and the effect of thinning on disease transmission. The optimal
thinning time in our model is when the increase in the thinned timber
benefit from an additional year of growth equals the discount rate, plus
the loss rate from the spread of infection, minus the discounted change
in timber benefit at rotation relative to the thinned timber benefit.
Therefore, according to our model, commercial forest managers must
decide when to thin to balance harvesting before infection destroys
the timber’s value, reducing secondary infection and exploiting their
forest’s density-dependent growth to cultivate target harvests.

Thinning can be used to massively improve the forests’ NPV if ap-
plied correctly in the presence of disease. We find that adding thinning
into the harvesting regime is always optimal, regardless of the disease
levels. Timber growth in our model is density-dependent. Thinning,
reducing the density and freeing up growing space, exploits this feature
to increase the timber benefits produced over the rotation. Lowering
the density also has the added benefit of reducing secondary infection.
Moreover, when thinning reduces the transmission rate further or
presents an opportunity to harvest before a large proportion of the
forest is infected, the NPV is improved even further.

Similarly to Macpherson et al. (2016), our model suggests it can
be optimal to follow the disease-free thinning and rotation times even
when disease prevalence is high. When managers expect infection to
cause very little damage to timber value or have a small impact on tim-
ber growth, they should continue to thin and rotate late. Additionally,
we find that the difference in NPV between the harvesting regime with
thinning and one without is largest when long rotations are optimal.
Long rotations provide more time to exploit the increased forest growth
from thinning.

At a unique balance of middling disease transmission rate and sever-
ity of damage from infection, it is optimal to thin early to harvest timber
before infection arrives, and leave the remaining trees to become
infected and harvested at the disease-free rotation time. Furthermore,
we find that the NPV of this strategy is significantly higher than in one
without thinning — a rotation only regime can only cut early or late.
However, this strategy exists within a narrow parameter space, and
more work needs to be done to explore the effect of other parameters
(e.g., the discount rate, primary infection, price of thinned timber) on
it.

When little revenue is salvageable from infected timber (or infection
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severely impacts timber growth) and thinning has little impact on
the transmission rate, shortening the rotation length from the disease-
free length is optimal and has a massive benefit to NPV. Managers
should thin and rotate early before infection destroys the forests’ value,
and the quicker the disease spreads, the sooner they should act. The
higher NPV benefit of including thinning in these shorter rotations
is small. This finding agrees with an established result in the lit-
erature — increased risk of a catastrophic timber loss from natural
disasters (storms, fires, severe pest outbreaks) decreases the optimal
rotation length (Reed, 1984; Macpherson et al., 2016; Staupendahl and
Möhring, 2011; Halbritter et al., 2020). In particular, we confirm that
the similar result of Macpherson et al. (2016) holds when (i) thinning
is added into a rotation only regime, and (ii) the timber production
function is density- and age-dependent. Furthermore, the finding agrees
with previous studies that integrated thinning and catastrophic nat-
ural risks into Faustmann models (Staupendahl and Möhring, 2011;
Halbritter et al., 2020). Staupendahl and Möhring showed that late
risks, ones that increase over time, shorten rotations. In our approach,
the rate of disease spread increases with age and timber density (which
also increases with age) and could be viewed as a late risk. Fur-
thermore, Halbritter et al. (2020) demonstrated that as the expected
damage from a catastrophic event increases, optimal rotation lengths
decrease.

However, if thinning is expected to reduce the transmission rate
significantly, the priority shifts to protect the final harvest. Managers
should thin even earlier – slowing the spread of disease – then let
the remaining trees grow undisturbed, harvesting them closer to the
disease-free rotation time. In this scenario, the NPV of the forest
increases significantly, and thinning is the primary driver.

Additionally, including thinning always extends the optimal rota-
tion length compared to that of a rotation-only regime. The optimal
rotation length is when the rate of increase in the forest’s clear-
felled timber value from an additional year of growth equals the
discount rate plus the loss in clear-felled timber value from the spread
of infection. Including thinning effectively reduces the discount rate
because it increases the growth rate of the forest and reduces secondary
infection. This result of thinning extending rotation length agrees with
some approaches in the literature that built on the Faustmann Model
to integrate disease and thinning (Loisel, 2011), but not with oth-
ers (Halbritter et al., 2020; Petucco and Andrés-Domenech, 2018). In
Halbritter et al.’s approach (Halbritter et al., 2020) thinning does not
affect the first-order condition of the optimal rotation length. Petucco
and Andrés-Domenech (2018) show that including thinning causes a
decrease in the optimal rotation length when considering the impact of
disease.

In our model, considering disease reduces the optimal rotation
length compared to a disease-free scenario. Similarly to Macpherson
et al. (2016), the presence of disease effectively adds to the discount
rate and so the disease-free rotations are the upper bounds. Petucco
and Andrés-Domenech (2018) found the opposite result: increased
prevalence of a defoliator pest that slowed tree growth increased the
optimal rotation length past the disease-free one. However, when we
investigate the sensitivity of our results to the infected timber growth
rate without an effect of thinning on transmission (Section 3.2.4), we do
find a similar result to theirs. We showed that decreasing the growth
rate of infected timber would initially decrease the optimal rotation
length when the disease spreads quickly. Then when the impact on
growth was particularly severe, the pattern switched and decreasing
the growth rate of infected timber further would increase the optimal
rotation length towards the disease-free length. This finding highlights
a delicate relationship in our model: infection spreading slows the
overall forest growth and changes the growth dynamics linked to
density dependence. It also highlights the sensitivity of our results to
the growth functions used. Furthermore, when the disease has a low
impact on timber value, it can be optimal to use a longer rotation length

when the spread rate is high compared to if it was low. Therefore, slight
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increases in the severity of disease impact do not always add to the
interest rate in our approach.

Trees in our investigation are felled indiscriminate of their infection
state during thinning. A reasonable extension would be to increase
the heterogeneity/complexity of the thinning regime. One modelling
approach is to let forest managers bias thinning towards the infected
trees. These eradication strategies exist for destructive pathogens such
as Phytophthora ramorum in the UK, where all trees within a radius
round the detected infected ones are felled (O’Hanlon et al., 2018).
nother approach is to increase the number of thinning operations
uring the rotation, even to annual thinning. We also do not consider
ny unfavourable or unintended impacts of thinning on forest diseases.
hen trees infected with Heterobasidian Annosum, a fungal pathogen

that rots trees, are cut down, this exposes the stump, releasing spores
and exacerbating the spread (Garbelotto and Gonthier, 2013). In a thin-
ning and rotation regime, as the extent of this exacerbation increases,
we could see optimal thinning intensity switch from being nonzero to
zero. An understanding of the impact on the entire optimal strategy
requires further study.

After thinning, the total timber volume will almost always recover
to the carrying capacity (the maximum volume), regardless of the
intensity in our model. This may not be a realistic picture, and the
link between the volume of individual trees with the volume of the
forest is unclear. Our analysis also assumed equal prices for thinned
and clear-felled timber, with a fixed price per 𝑚3 for timber. However,
as trees grow, their diameters increase alongside their height and
volume, and the value of timber grows over time (West, 2014). For
example, thinned timber often produces narrow stems sold as wood
fuel or firewood. Whereas timber felled later is more mature with a
broader set of merchantable applications. We also neglect extraction
costs, which could be higher for thinning operations than clear-felling
due to economies of scale. As a result, we may have overestimated the
net income from thinning, and in turn, the optimal thinning intensities.
Having price endogenous to our model, and reflecting individual tree
growth, would be an appropriate extension.

We assumed no further planting or harvesting after the single rota-
tion. The main reason behind this is the irreversible nature of tree pests
and diseases. A model of multiple rotations would have to incorporate
an assumption about what happens to the level of infection between
rotations (i.e., if and how the pest/pathogen carries over to the next
rotation) (Macpherson et al., 2016). There is significant variation and
uncertainty in the ability of pests and diseases to persist after clear-
felling (Roberts et al., 2020). Therefore, any assumption we introduce
would be highly context and pest/pathogen-specific, making it difficult
to draw general conclusions on harvesting strategies. Furthermore,
forest managers may deploy different planting schemes (patterns or
species) for the next rotation to reduce further disease impact (Roberts
et al., 2020). For example, the arrival of Ash Dieback led to a complete
ban on the movement and importation of Ash in the UK (Clark and
Webber, 2017) . If we introduced an assumption where no disease re-
mained after rotation, this could encourage shorter rotation periods, as
fresh timber growing without infection is more valuable. However, this
would depend on the rates of forest growth and disease progression.
Any leftover disease could increase the proportion of timber infected
in future rotations and shorten or increase optimal rotation periods.
The outcome would depend on the balance between damage caused
by infection and income produced over each rotation. After the stand
is clear-felled, we assume it lays bare. Changing the land use after
rotation to provide a new source of income could be a reasonable
strategy for a forest manager. As shown by Macpherson et al. (2016),
including an annual land rent can implicitly capture this opportunity.
They show that when the potential income from felling and receiving
annual land rent surpasses additional income from leaving the stand to
grow, rotation periods decrease.

A forest owner may wish to consider non-timber benefits such as
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carbon sequestration or recreation in their management strategy. While
we have not included these in our model, the work of Macpherson
et al. (2017a) provides insight into their potential impact on our
results. In their paper, non-timber benefits are internalised into a single
rotation Faustmann model with disease risk using a green payment.
The green payment counteracts the negative economic effect of disease
and incentivises leaving timber unharvested and increasing the optimal
rotation length. This effect depends on whether the disease impacts
only timber benefits or both timber and non-timber benefits. If non-
timber benefits are unaffected, forest owners can be incentivised to
never clear-fell their forest. We expect to find similar effects by in-
cluding non-timber benefits in our model, dependent on how they are
generated (e.g., through age, biomass, or forested area). Furthermore,
when disease impacts the non-timber benefit and thinning controls
disease spread, there may be an additional trade-off with the incentive
to thin to protect the non-timber benefits.

5. Conclusion

In this paper, we developed a theoretical and generalisable bio-
economic model to determine optimal harvesting strategies under a
pathogen or pest invasion. To find the optimal strategy, we maximise
the return on investment for a commercial forest manager while ac-
counting for the anticipated interactions between thinning, tree growth
and disease progression. Furthermore, we analysed various harvesting
regimes through a sensitivity analysis of variable disease conditions.
The return on investment for the forest manager is highly sensitive
to the type of harvesting strategy employed and the disease char-
acteristics. We investigated the role of thinning in these harvesting
strategies and highlighted when its inclusion is vital for forest managers
to consider. Our study provides a framework that can help design
appropriate forest management strategies in the presence of disease.
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Appendix A. Calculations for the optimal rotation length when
there is no disease

When there is no disease, forest dynamics are governed by a single
equation,

𝑥′(𝑡) = 𝑔(𝑡)𝑥(1 − 𝑥
𝐾
) − ℎ(𝑡) (17)

In this section, we will show that

𝑥no thin(𝑇 *
𝐹 ) ≥ 𝑥thin(𝑇 *

𝐹 ) (18)

here 𝑇 *
𝐹 is the optimal rotation length when there is no disease for

regime without thinning, and 𝑥thin(𝑡) and 𝑥no thin(𝑡) are the timber
olumes with and without thinning.

Eq. (17) can be solved analytically using the separation of variables
ethod. With no thinning (ℎ(𝑡) = 0 ∀ 𝑡 as 𝛾 = 0) we have

no thin(𝑡) =
𝐾

(

𝐾 − 1
)

𝑒− ∫ 𝑡
0 𝑔(𝑠)𝑑𝑠 + 1

(19)

𝑥0
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and when there is thinning

𝑥thin(𝑡)

=

⎧

⎪

⎨

⎪

⎩

𝑥no thin(𝑡), 0 ≤ 𝑡 ≤ 𝑇1 (pre-thinning years)
𝐾

(

𝐾
(1−𝛾)𝑥no thin(𝑇1)

− 1
)

𝑒− ∫ 𝑡
𝑇1

𝑔(𝑠)𝑑𝑠 + 1
, 𝑡 > 𝑇1 (post-thinning years)

(20)

When 𝑇 *
𝐹 ≤ 𝑇1, after substitution of Eqs. (19) and (20) into Eq. (18),

Eq. (18) clearly holds.
When 𝑇 *

𝐹 > 𝑇1, by substitution of 𝑡 = 𝑇 thin*
𝐹 into Eqs. (19) and (20)

we have

𝑥thin(𝑇 *
𝐹 ) =

𝐾
(

𝐾
(1−𝛾)𝑥no thin(𝑇1)

− 1
)

𝑒
− ∫

𝑇 *
𝐹

𝑇1
𝑔(𝑠)𝑑𝑠

+ 1

(21)

and

𝑥no thin(𝑇 *
𝐹 ) =

𝐾
(

𝐾 − 1
)

𝑒− ∫
𝑇 *
𝐹

0 𝑔(𝑠)𝑑𝑠 + 1
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𝑥0
= 𝐾
(

𝐾
𝑥no thin(𝑇1)

− 1
)

𝑒
− ∫

𝑇 *
𝐹

𝑇1
𝑔(𝑠)𝑑𝑠

+ 1

, (22)

and as the RHS of Eq. (21) is a decreasing function of 𝛾 ∈ (0, 1) we have
Eq. (22) ≥ Eq. (21), i.e., Eq. (18) holds.

Appendix B. Heatmaps showing optimal strategies

See Figs. A.1–A.7 below.
Fig. A.1. Optimal strategy for the rotation only regime in a 𝑃 − 𝛽 parameter space when there is no revenue from infected timber (𝜌 = 0). The primary infection rate is 𝑃 , and
the transmission rate is 𝛽. The optimal strategy for the rotation only regime is found by solving Eq. (8). All other parameter values are given in Table 1. (a) Optimal proportion
to thin, 𝛾; (b) Optimal time to thin as a fraction of the rotation length, 𝑇1∕𝑇𝐹 ; (c) fraction of timber that is infected at the optimal thinning time, 𝑦(𝑇1 )

𝑥(𝑇1 )+𝑦(𝑇1 )
; (d) Optimal rotation

length, 𝑇𝐹 ; (e) NPV under the optimised strategy, 𝐽 , given by Eq. (4); (f) fraction of timber that is infected at the rotation time, 𝑦(𝑇𝐹 )
𝑥(𝑇𝐹 )+𝑦(𝑇𝐹 )

.

Fig. A.2. Optimal strategy for the thinning and rotation regime in a 𝑃 − 𝛽 parameter space when there is no revenue from infected timber (𝜌 = 0). The primary infection rate
is 𝑃 , and the transmission rate is 𝛽. The optimal strategy for the thinning and rotation regime is found by solving Eq. (7). All other parameter values are given in Table 1. (a)
Optimal proportion to thin, 𝛾; (b) Optimal time to thin as a fraction of the rotation length, 𝑇1∕𝑇𝐹 ; (c) fraction of timber that is infected at the optimal thinning time, 𝑦(𝑇1 )

𝑥(𝑇1 )+𝑦(𝑇1 )
;

(d) Optimal rotation length, 𝑇𝐹 ; (e) NPV under the optimised strategy, 𝐽 , given by Eq. (4); (f) fraction of timber that is infected at the rotation time, 𝑦(𝑇𝐹 )
𝑥(𝑇𝐹 )+𝑦(𝑇𝐹 )

.
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Fig. A.3. Optimal strategy for the rotation only regime in a 𝜌 − 𝛽 parameter space. The revenue from a unit of infected timber relative to susceptible is 𝜌, and the transmission
rate is 𝛽. The optimal strategy for the rotation only regime is found by solving Eq. (8). All other parameter values are given in Table 1. (a) Optimal rotation length, 𝑇𝐹 ; (b) NPV
under the optimised strategy, 𝐽 , given by Eq. (4); (c) fraction of timber that is infected at the rotation time, 𝑦(𝑇𝐹 )

𝑥(𝑇𝐹 )+𝑦(𝑇𝐹 )
.

Fig. A.4. Optimal strategy for the thinning and rotation regime in a 𝜌 − 𝛽 parameter space. The revenue from a unit of infected timber relative to susceptible is 𝜌, and the
transmission rate is 𝛽. The optimal strategy for the thinning and rotation regime is found by solving Eq. (7). All other parameter values are given in Table 1. (a) Optimal
proportion to thin, 𝛾; (b) Optimal time to thin as a fraction of the rotation length, 𝑇1∕𝑇𝐹 ; (c) fraction of timber that is infected at the optimal thinning time, 𝑦(𝑇1 )

𝑥(𝑇1 )+𝑦(𝑇1 )
; (d) Optimal

rotation length, 𝑇𝐹 ; (e) NPV under the optimised strategy, 𝐽 , given by Eq. (4); (f) fraction of timber that is infected at the rotation time, 𝑦(𝑇𝐹 )
𝑥(𝑇𝐹 )+𝑦(𝑇𝐹 )

.
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Fig. A.5. Optimal strategy for the thinning and rotation regime in a 𝑃 − 𝛽 parameter space when infected timber does not grow (𝜀 = 0). The primary infection rate is 𝑃 , and the
transmission rate is 𝛽. The optimal strategy for the thinning and rotation regime is found by solving by Eq. (7). Revenue from infected timber is the same value as from susceptible
(𝜌 = 1) and all other parameter values are given in Table 1. (a) Optimal rotation length, 𝑇𝐹 ; (b) NPV under the optimised strategy, 𝐽 , given by Eq. (4); (c) fraction of timber that
is infected at the rotation time, 𝑦(𝑇𝐹 )

𝑥(𝑇𝐹 )+𝑦(𝑇𝐹 )
.

Fig. A.6. Optimal strategy for the thinning and rotation regime in a 𝛽 − 𝜀 parameter space. The transmission rate is 𝛽, and growth of infected timber relative to susceptible is
𝜀. The optimal strategy for the thinning and rotation regime is found by solving Eq. (7). All other parameter values are given in Table 1. (a) Optimal proportion to thin, 𝛾; (b)
Optimal time to thin as a fraction of the rotation length, 𝑇1∕𝑇𝐹 ; (c) fraction of timber that is infected at the optimal thinning time, 𝑦(𝑇1 )

𝑥(𝑇1 )+𝑦(𝑇1 )
; (d) Optimal rotation length, 𝑇𝐹 ; (e)

NPV under the optimised strategy, 𝐽 , given by Eq. (4); (f) fraction of timber that is infected at the rotation time, 𝑦(𝑇𝐹 )
𝑥(𝑇𝐹 )+𝑦(𝑇𝐹 )

.

15
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Fig. A.7. Optimal strategy for the thinning and rotation regime in a 𝛽 − 𝛿 parameter space when there is no revenue from infected timber (𝜌 = 0). The transmission rate is 𝛽, and
𝛿 is the impact of thinning on the transmission rate. The optimal strategy for the thinning and rotation regime is found by solving Eq. (7). All other parameter values are given
in Table 1. (a) Optimal proportion to thin, 𝛾; (b) Optimal time to thin as a fraction of the rotation length, 𝑇1∕𝑇𝐹 ; (c) fraction of timber that is infected at the optimal thinning
time, 𝑦(𝑇1 )

𝑥(𝑇1 )+𝑦(𝑇1 )
; (d) Optimal rotation length, 𝑇𝐹 ; (e) NPV under the optimised strategy, 𝐽 , given by Eq. (4); (f) fraction of timber that is infected at the rotation time, 𝑦(𝑇𝐹 )

𝑥(𝑇𝐹 )+𝑦(𝑇𝐹 )
.
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