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Abstract: 9 

A bounding surface plasticity model based on the effective stress concept is presented to 10 

describe the behaviour of unsaturated structured soils subjected to hydro-mechanical 11 

loadings. The structural degradation effects on the compressive and tensile strength are 12 

considered through controlling the size of the bounding surface, allowing for a smooth 13 

transition of the response from structured to unstructured states. The structural degradation is 14 

modelled using a work hardening approach, considering both the effects of stress magnitude 15 

and accumulated plastic strain on the degradation process. A void ratio-dependent water 16 

retention model is adopted, taking the effect of hydraulic hysteresis into account. Attention is 17 

also given to the stiffening effect of a decrease in the degree of saturation on the mechanical 18 

response of unsaturated structured soils and the wetting-induced collapse. A radial mapping 19 

rule with a mobile centre of homology is adopted to capture the response of the soil under 20 

unloading-reloading conditions. The predictive capability of the model is demonstrated 21 

through the comparison of the model simulations with experimental data for different 22 

conventional laboratory tests including constant-suction oedometer and triaxial shearing and 23 

wetting tests. 24 

25 

1. Introduction26 

Theoretical and experimental investigations of the hydro-mechanical behaviour of 27 

geomaterials with initial structure have received much attention amongst geotechnical 28 

researchers in the past few decades. Although the definition of structured soils targets only a 29 

particular class of geomaterials, such materials often cover a wide range of the shallow strata 30 
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encountered in civil engineering projects. The hydro-mechanical properties of unsaturated 31 

structured soils can be affected by many factors, including water meniscus and initial 32 

structure. Due to the presence of initial structure, the material can withstand a relatively high 33 

pressure before exhibiting the micro-scale pore structure collapse and strength degradation 34 

(Leroueil and Vaughan, 1990). Initial porosity and its evolution with applied stress often 35 

provides sufficient information to trace the mechanical behaviour of geomaterials, but it 36 

needs to be augmented by structural evaluation if the material reveals a degree of structure 37 

(Georgiannou and Burland, 2006). On the other hand, the presence of water in the structured 38 

soil can noticeably alter both its hydraulic and mechanical properties. Both changes in degree 39 

of saturation and soil structure influence the effective yield pressure, and hence, the hydro-40 

mechanical behaviour of unsaturated structured geomaterials (Leroueil and Barbosa, 2000, 41 

Koliji et al., 2009, Arroyo et al., 2013).  42 

During the past two decades, numerous phenomenological constitutive models were 43 

developed based on the theory of plasticity for predicting the behaviour of structured soils 44 

(Rouainia and Muir Wood, 2000, Kavvadas and Amorosi, 2000, Liu and Carter, 2002, Nova 45 

et al., 2003, Baudet and Stallebrass, 2004, Yu et al., 2007, Horpibulsuk et al., 2010, Yan and 46 

Li, 2010, Robin et al., 2015, Ouria, 2017). A majority of the models utilise plastic straining to 47 

describe changes in the size and the position of the yield surface (Nova et al., 2003, Yan and 48 

Li, 2010, Asaoka et al., 2000, Kavvadas and Amorosi, 2000, Rouainia and Muir Wood, 2000, 49 

Baudet and Stallebrass, 2004, Yang et al., 2016). However, the simultaneous effects of all 50 

plastic strain components, i.e. plastic volumetric and deviatoric strains, have only been 51 

considered in some of these models to properly capture destruction process (Nova et al., 52 

2003, Rouainia and Muir Wood, 2000, Yan and Li, 2010). In some of the models, the stress 53 

level is considered as a measure for detecting the onset and progression of destruction process 54 

(Liu and Carter, 2002, Horpibulsuk et al., 2010, Nguyen et al., 2014). In these models, 55 

destruction occurs only when the stress reaches a certain threshold. However, it has been 56 

shown that the destructuration of the initial structure occurs due to the simultaneous effects of 57 

the stress magnitude and the accumulation of the plastic strain, and that the structural 58 

degradation cannot be predicted satisfactorily through the individual effects of stress or strain 59 

(Yasin and Tatsuoka, 2000, Xiao et al., 2010). The models were also formulated within the 60 

context of the conventional elasto-plastic theory, which is unable to predict destruction and 61 

collapse under the stress state below the yield surface. The kinematic hardening models were 62 

proposed to capture the behaviour of structured soils under unloading-reloading conditions 63 
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(Kavvadas and Amorosi, 2000, Rouainia and Muir Wood, 2000, Baudet and Stallebrass, 64 

2004). However, these models are invariably based on complex hardening rules, with 65 

considerable number of model parameters, many of which cannot be determined from 66 

standard laboratory tests. 67 

The hydro-mechanical behaviour of unsaturated structured soils is controlled by both the 68 

bonded structure and the degree of saturation. Several constitutive models have been 69 

developed to capture the essential features of the unsaturated structured soils (Yang et al., 70 

2008, Koliji et al., 2010a, Pereira et al., 2014). Among them, there are a few constitutive 71 

models addressing both the effects of partial saturation and structure on the behaviour of the 72 

material (Koliji et al., 2010a, Pereira et al., 2014). These models mainly inherit the 73 

deficiencies attributed to the conventional constitutive relationships, i.e. an abrupt change 74 

from elastic to elastoplastic behaviour and prediction of a purely elastic response due to 75 

cycles of loading and unloading. In addition, such models are unable to capture the structure 76 

degradation due to mechanical hysteresis, i.e. plastic hysteretic response during cyclic 77 

loading, and hydraulic hysteresis. The coupled effects of the hydraulic properties, such as 78 

water retention curve and hydraulic conductivity, with the deformation model have not also 79 

been addressed in these models. Yang et al. (2008) proposed a bounding surface plasticity 80 

model incorporating the combined effects of unsaturation and the initial structure. Although 81 

the model aimed at predicting the behaviour of cemented soil under cyclic loading, a fixed 82 

projection centre was adopted for the mapping rule which is not suitable for simulating the 83 

response of the porous media subject to unloading and reloading cycles. Furthermore, the use 84 

of micro-mechanical volumetric parameters for the stiffness and strength degradation makes 85 

the calibration of the model difficult if not impossible. 86 

The main objective of this paper is to present a rigorous bounding surface plasticity model for 87 

describing the hydro-mechanical behaviour of unsaturated structured soils. The hydraulic 88 

characteristics of structured soil are captured through a void ratio-dependent hysteretic water 89 

retention model formulated based on the effective stress principle. The effects of structural 90 

degradation and the degree of saturation on the compressive and tensile strength of the 91 

material are considered through controlling the size of the bounding surface, allowing for a 92 

smooth transition of the response from structured to unstructured states. A plastic work 93 

hardening approach is adopted to take into account the effects of stress magnitude and 94 

accumulated plastic strain on the degradation process. The kinematic hardening is captured 95 

through transfer of the centre of homology and the loading surface upon stress reversal. To 96 
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recover the irreversible collapse behaviour of unsaturated structured soils, a novel 97 

incremental elasto-plastic relation is proposed which considers the individual effects of state 98 

variables, i.e. matric suction, degree of saturation, strain tensor and net stress. Simulation 99 

results and comparisons with experimental test data are presented for a range of saturated and 100 

unsaturated structured soils to demonstrate the performance of the model. 101 

 102 

2. Preliminaries 103 

To develop the stress-strain relationship, compact matrix-vector notation is adopted with bold 104 

face representing matrices and vectors. The plasticity model is expressed in the effective 105 

stress space (p’-q- ), defined as 106 
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where p , q  and   are the mean effective stress, the deviatoric stress and the Lode angle, 107 

respectively. σ  is the effective stress tensor, δ  is the Kronecker delta and s  is the deviator 108 

stress tensors expressed as p  s σ δ . In this definition, the variation of the Lode angle,  , 109 

is between 6
   and 6

 . The volumetric and deviatoric strains are defined as 110 

2,      (1/ 2)
3v q   T Tε δ e e  (2) 

in which ε  is the second order strain tensor and e  is the deviator strain tensor given by 111 

 1/ 3 v e ε δ . The sign convention of continuum mechanics is used throughout, except for 112 

the mean effective stress ( p ) and the volumetric strain ( vε ) which are defined positive in 113 

compression following the soil mechanics convention. The total strain rate is decomposed 114 

into the elastic and plastic components  115 

e pε = ε +ε  (3) 

where eε  and pε  denote the elastic and plastic components of the strain rate, respectively. The 116 

relationship between the volumetric strain, v , and the specific volume ( ) is defined as 117 

0

ln( )v





  (4) 
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where 0  is the initial specific volume.  118 

 119 

3. The effective stress principle and the volume change dependency 120 

Finding a unified methodology for describing the behaviour of saturated and unsaturated soils 121 

has long been a subject of great interest in geotechnical engineering. The extension of the 122 

effective stress approach for multi-phase porous media has been a significant step in 123 

quantitative assessment of the behaviour of unsaturated soils (Kohgo et al., 1993, Khalili and 124 

Khabbaz, 1998, Loret and Khalili, 2000, Laloui et al., 2003, Gallipoli et al., 2003, Sheng et 125 

al., 2003, Borja, 2004, Alonso et al., 2010, Einav and Liu, 2020). For saturated soils, the 126 

effective stress is quantified using Terzaghi’s expression (Terzaghi, 1936). The generalised 127 

form of the effective stress for unsaturated soils is expressed as (Bishop and Blight, 1963) 128 

net(1 )w a= + χp + - χ p = - χsσ σ δ δ σ δ  (5) 

where wp  and ap  are the pore water and pore air pressures, respectively, and   is the 129 

effective stress parameter. a ws p p   is the matric suction and net a= + pσ σ δ  is the net 130 

stress. The early definition of the effective stress parameter assumed a direct relation with the 131 

degree of saturation, which was able to predict the transition between the unsaturated and 132 

saturated soils upon wetting. However, the experimental studies did not fully justify the use 133 

of the degree of saturation for a wide range of matric suctions. In this model, the effective 134 

stress parameter proposed by Khalili and Khabbaz (1998) is adopted 135 

1 e
Ω

e
e e

                    s s
χ = s     s < s 25s

s



 

 
 

 (6) 

in which   is defined as a priori function of suction. In this equation, es  is the suction value 136 

marking the transition between saturated and unsaturated states. For wetting process, es  is 137 

equal to the air expulsion value, exs , whereas for drying process, es  is equal to the air entry 138 

value, aes . Examining the shear strength of unsaturahed soils, it is shown that a constant 139 

value of 0.55 can be assumed for   (Khalili and Khabbaz, 1998). Notice that the 140 

applicability of (6) is limited to 25 es s . Its extension to higher values of suction is provided 141 

in Russell and Khalili (2006). The effect of hydraulic hysteresis on the effective stress 142 
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parameter is captured using the correlation proposed by Khalili et al. (2008) and Khalili and 143 

Zargarbashi (2010) for suction reversals: 144 
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where   is the slope of the transition line (also referred to as the scanning line) between the 145 

main drying and wetting paths in a ln( ) ln( )s   plane, rds  and rws  are the points of suction 146 

reversal on the main drying and main wetting paths, respectively (see Figure 1). Experimental 147 

investigations have shown that the air-entry and air-expulsion values are not constant and can 148 

markedly change by the volume change of unsaturated soil (Pasha et al., 2017, Raveendiraraj, 149 

2009, Gallipoli et al., 2003). This imposes a strong coupling between the volume change and 150 

the water retention curve and the volume change and the effective stress parameter. The rate 151 

form of the effective stress equation is obtained through a simple differentiation of Equation 152 

(5) 153 

net(1 )w a v v v v= +ψp + -ψ p -ψ ε = -ψs -ψ εσ σ δ δ δ σ δ δ  (8) 

where σ  is the effective stress rate, v  is the volumetric strain rate, ( ) /s s     is the 154 

incremental effective stress parameter, and ( ) /v vψ s     is the incremental volumetric 155 

effective stress parameter which captures the change in the effective stress due to the change 156 

in the volumetric strain at constant suction. Notice that the effective stress parameter is a 157 

priori function of matric suction and the volumetric strain, ( , )vs  . The dependency of the 158 

effective stress parameter to volume change has been schematically depicted in Figure 1.   159 

   160 
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 161 

Figure 1: Evolution of the effective stress parameter with hydraulic hysteresis and volume change 162 

 163 

4. The void ratio-dependent water retention curve 164 

The soil water retention curve is often expressed as a function of the mass/volumetric water 165 

content or the degree of saturation with respect to the matric suction. Numerous models have 166 

been proposed in the literature to provide a relationship for the SWRC. The models proposed 167 

by Brooks and Corey (1964) and Van Genuchten (1980) are among the popular ones. Due to 168 

the simplicity of the expression, the water retention curve proposed by Brooks and Corey 169 

(1964) is adopted in the present study,  170 
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where p  is the pore size distribution index or the slope of WRC in a ln( ) ln( )effS s  plane,171 

   1eff r res resS = S - S / - S  is the effective degree of saturation, and resS  is the residual 172 

saesex
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ζ 
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degree of saturation. To include the effect of hydraulic hysteresis, the equation proposed by 173 

Khalili et al. (2008) is used here 174 
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(10) 

where    is the slope of the transition line between the main drying and wetting paths in a 175 

ln( ) ln( )effS s  plane, and pd  and pw  are the pore size distribution indexes corresponding 176 

to the main drying and wetting curves, see Figure 2. The coupling of the fluid constitutive 177 

laws and the effective stress-strain relationship of the soil skeleton can be used to obtain a 178 

mathematical expression for the state-dependent water retention curve. The compatibility 179 

requirement of the volumetric strain of the three phases is invoked to determine the coupling 180 

of the effective stress parameter and the degree of saturation. Utilising the relationship 181 

provided by Khalili et al. (2008), the change in the degree of saturation due to volume change 182 

can be expressed as 183 

( )r r
dedS = ψ - S
e

 (11) 

where e  is the void ratio. Based on Eq. (11), the updated degree of saturation due to the 184 

evolution of the void ratio for any given value of suction can be written for the main drying 185 

or wetting curves as (Pasha et al., 2017) 186 

(1 ) (1 )

(1 )

p

p

Ω λ
e e

res resλ
* e
eff eff eff

res

s s- Ω - - S - S de
s ssS = S +dS = +

s e - S

    
    

       
 
 

 
(12) 

In order to calculate the updated air-entry/air-expulsion value ( *
es ), Eq. (12) can be examined 187 

at its limit of transition from saturation to unsaturation, where 1*
effS =  and *

es = s , 188 
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(1 ) (1 ) 1 0
(1 ) (1 )

psuΩ λ
e e res
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e - S e e - Ss s
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in which psu  is the pore size distribution index at *
es . Using Taylor’s series expansion of 189 

Eq. (13), a simplified expression can be obtained for the updated air-entry/air-expulsion value 190 

with void ratio as (Pasha et al., 2017, Moghaddasi et al., 2017)  191 

1

1
(1 )

psu- / λ
*
e e

res

Ω des = s +
- S e

 
 
 

 (14) 

This can be further simplified if the small changes in void ratio is applied (Mašín, 2010) 192 

1
(1 )

*
e e

res psu

Ω des = s -
- S λ e

 
 
  

 (15) 

The chain rule can be employed to capture the dependency of p  to the void ratio 193 

per r r

e p

λsS S S= +
e s e λ e

  

    
 (16) 

The variation of the pore size distribution index with respect to the void ratio can be obtained 194 

by substituting Eqs. (15), (11) and (9) into Eq. (16) 195 

(1 ) ln( )

p
r eff p

psup

res eff eff
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e e - S S S

 
 
   


 

(17) 

It is clear from Eq. (17) that there is some dependency of /pλ e   to matric suction. Such  196 

dependency is, however, very slight (see Pasha et al., 2017) and can be eliminated if Eq. (17) 197 

is linearised between points ( 1 1e effs / s = ,S = ) and ( (1 2) 1 2p1/ λ
e effs / s = / ,S = / ). This 198 

results in a suction independent expression for the updated pore size distribution index 199 
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If the hydraulic state is located on the scanning curve, the updated effective degree of 200 

saturation can be obtained, in a similar manner to Eq. (12), as  201 

(1 ) (1 )

(1 )

p

p

Ω λζ ξ
e er r

res resλ ξ r r* e r
eff eff eff

r res

s ss s- ζ - - S - S de
s s s ss sS = S +dS = +

s s e - S

              
            

   
  

 
(19) 

where r rds = s  refers to the suction at the point of reversal from the main drying path, and 202 

r rws = s  represents the suction at the point of reversal from the main wetting path. Using the 203 

Taylor’s series expansion of Eq. (19), the updated slope of the scanning curve ( * ) at rs = s  204 

is derived as 205 

(1 )( )1
pΩ-λ

* e

r

s- ζ ζ - ξ deξ = ξ +
ξ s e

   
  

   

 (20) 

The updated hydraulic parameters of the model are shown in Figure 2.  206 

 207 

Figure 2: The evolution of the main drying, wetting and scanning curves due to the volume change 208 
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5. Critical state and limiting isotropic lines 210 

There is an ultimate state for soil towards which all stress states approach with increasing 211 

deviatoric shear strain (Wood, 1990, Russell and Khalili, 2004). This is referred to as the 212 

“critical state” and can be assumed a straight line in the ln p   plane. Similar behaviour is 213 

also observed in structured soils when initial structure is broken due to accumulation of 214 

deviatoric shear strain (Wesley, 1990, Amorosi and Rampello, 2007). For unsaturated soils, 215 

the critical state condition depends not only on the mechanical loading but also on the 216 

hydraulic state of the material and the value of matric suction (Wheeler and Sivakumar, 1995, 217 

Loret and Khalili, 2002, Russell and Khalili, 2006). Both influences can be effectively 218 

captured by rendering CSL a function of the degree of saturation, rS , rather than suction, s. 219 

To fulfil this condition, the following line representation is used for the CSL 220 

1( ) ( )ln( )cs r r csυ = Γ S - λ S p / p   (21) 

where csp  and cs  are the mean effective stress and specific volume at the critical state, 221 

respectively, ( )rΓ S  is the specific volume on the CSL at the reference pressure 1p  (typically 222 

taken unity) and ( )rλ S  is the slope of the CSL in the lnυ p  plane (see Figure 3). The 223 

proximity of the current state relative to the CSL in the lnυ p  plane can be measured and 224 

expressed in terms of a state dependent dimensionless parameter 225 

 ( )cs csξ = υ-υ p  (22) 

in which   is the specific volume at the current stress state and csυ (p )  is the specific volume 226 

at the critical state corresponding to the current stress. The state parameter quantifies the 227 

relative density of the unstructured material with respect to that at the critical state. The CSL 228 

can be represented in the p q   plane by a straight line passing through the origin. The slope 229 

of the CSL, csM , in the general stress space can be linked to the Lode angle through (Sheng 230 

et al., 2000; Khalili et al., 2008) 231 
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in which  min max/α= M M   with maxM  and minM  being the slope of the CSL at triaxial 232 

compression and extension, respectively. maxM  and minM  can be linked to the critical state 233 

friction angle  234 
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in which cs  is the critical-state internal frictional angle. To define the hardening modulus, 235 

the behaviour of the material subjected to isotropic compression needs to be obtained. For a 236 

geomaterial, this is typically captured through existence of a limiting isotropic compression 237 

line (LICL) defined as a reference line parallel to the CSL with a constant shift in the 238 

lnυ p  plane along the recompression line. For unstructured soils, the LICL is the limit of 239 

all admissible states of stress and represents the loosest possible state of a soil at a given 240 

mean effective stress. The presence of initial structure leads to the excess compressive 241 

strength of the soil and a shift to the right of the LICL. In Figure 3, the shift in the LICL due 242 

to strength of structure is denoted by mp  and the shift in the LICL due to change in the degree 243 

of saturation is denoted by sp . For the reconstituted material, the specific volume on the 244 

LICL in the presence of suction is represented by  245 

1( ) ( )ln( )LICL r r s= N S - λ S p /υ p   (26) 

where ( )rN S  is the intercept of the LICL at the reference pressure 1p , and LICLυ  is the 246 

specific volume on the LICL. ( )rN S  is related to ( )rΓ S  by 247 

  ( ) ( ) ln( )r r rN S = Γ S + S R   (27) 
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 248 
Figure 3: The critical state and limiting isotropic lines for unsaturated structured soils 249 

in which R  is the model parameter representing the distance between the CSL from the LICL 250 

along the   line in the lnυ p  plane. Following the coupled approach proposed by Loret 251 

and Khalili (2002), the stiffening effects on sp  due to a decrease in the degree of saturation 252 

and an increase in the plastic volumetric strain can be expressed as 253 

   
 

exp
p

i pp
s v r s0 r

r

υ Δε
p ε ,S = p S

λ S - κ

 
   
 
 

 (28) 

where  254 

 
   

  
   

  1

1 1
exp ln

1
r r s0

r
r

Ν S - Ν λ S - λ pS = -
λ - k pλ S - k

  
      

 (29) 

υ 

Γ(Sr)

N(Sr)

N(1)

Γ(1)

λ(Sr)

λ(Sr)λ(1)

λ(1)

κ 

-ξ 
LICL

CSL

LICL
CSL

υcs 

1
1

ln p
p


1

( )s rp S
p


1

( )s rp S
Rp




1

mp
p




A bounding surface plasticity model for unsaturated structured soils



 

14 
 

iυ  is the initial specific volume, s0p  is the initial value of the hardening parameter sp  at the 255 

fully saturated state, and p
pΔε  is the increment of the plastic volumetric strain. Also,  1Ν  256 

and  1λ  are the intercept and the slope of the LICL at the fully saturated state. In this 257 

formulation, the additive effect of the degree of saturation and initial structure is assumed in 258 

the absence of sufficient experimental studies justifying the multiplicative effects. A 259 

graphical representation of the LICL and CSL in the lnυ p  is shown in Figure 3. 260 

 261 

6. Elastic behaviour 262 

The elastic component of the strain rate tensor is linked to the effective stress rate tensor 263 

through,  264 

e eσ = D ε  (30) 

in which eD  is the elastic property matrix, defined as  265 

e 0
0 3
K

G
 

  
 

D  (31) 

where K   and G   are the bulk and shear moduli, respectively. The moduli can be assumed to 266 

be constant in certain confining pressures for the highly structured soils. However, for the 267 

slightly structured soils, the bulk and shear moduli depend a priori on the confining pressure. 268 

The moduli can then be defined as 269 

 pK 




                                            (32) 270 

 

 

3 1 2
2 1

v  p'G
v









                                        (33) 271 

where   is the Poisson’s ratio. 272 

 273 

7. Bounding surface 274 

The bounding surface is the limit of admissible states of stress within the material. The shape 275 

of the bounding surface can be determined from the undrained response of the material in its 276 
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loosest state, where the contribution of elasticity to volume change is negligible. Following 277 

the work of (Khalili et al., 2005), the bounding surface for structured soils can be defined as 278 

(see Figure 4) 279 

 

 *
*

*

ln
( , , ) 0

ln
c

s
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c

N
p pqF θ,

M
p q

θ
p
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                           (34) 280 

where  281 

*
c t s m

t

p p p p

p p p

     

   
                                                      (35) 282 

tp  and mp  are the isotropic tensile strength and the increase in the isotropic pre-283 

consolidation pressure due to the structure, and sp  is the isotropic reconsolidation pressure at 284 

fully destructed state. N  and R  are the material parameters controlling the shape of the 285 

bounding surface (Yu, 1998). The material constant R  represents the ratio between cp  and 286 

the value of  *p  at the intercept of the bounding surface with the CSL in the stress space. The 287 

curvature of the bounding surface is controlled by the parameter N . The superimposed bar 288 

denotes stress conditions on the bounding surface. 289 

 290 
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 291 

Figure 4: The shape of bounding surface for structured soils in the p q   plane. 292 

 293 

The experimental studies on structured soils revealed that the strength degradation can occur 294 

by increasing applied shear stress and progress until structure is destroyed in the material 295 

(Nguyen et al., 2014, Georgiannou and Burland, 2006, Leroueil and Vaughan, 1990). The 296 

frictional contacts between grains carry the major part of the load when the structural effect 297 

decreases substantially. By destructuration of structure due to shearing, the state of stress can 298 

move towards the critical state line, where no volumetric strain occurs (Yan and Li, 2010). 299 

This behaviour of the structured soil can be captured through controlling the model 300 

parameters, mp , tp  and sp . The shrinkage of the bounding surface due to the structural 301 

degradation is captured via mp  and tp , while the hardening/softening behaviour of the soil 302 

after the destruction phase is controlled though the evolution of sp  with plastic volumetric 303 

strain and the degree of saturation. At large strains, the values of mp  and tp  approach zero 304 

and the bounding surface is reduced to that for reconstituted fully destructed material.  305 
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8. Loading surface and mapping rule 306 

The equivalency of the unit vector normal to the loading surface at σ  with the unit vector 307 

normal to the bounding surface at σ  requires the similarity of shapes between the two 308 

surfaces. The loading surface is assumed to be homologous to the bounding surface about the 309 

centre of homology as 310 

  
   

*
*

*

ˆln
ˆˆˆˆ ˆ ˆ 0ˆ lnˆ

N c

c
cs

 p
p'qf p' , q, θ, p' = - =

RM θ .p'

 
  
  

 
 

                           (36) 311 

where  312 

* *ˆ αp' = p - p  , ˆ αq= q - q , ˆ
αθ = θ - θ , ˆc c α=p p - p   ,  α α αp ,q θ= ,α        (37) 313 

ˆcp  controls the size of the loading surface and α  is the kinematic hardening vector defining 314 

the location of the loading surface. An image point on the bounding surface can be identified 315 

by using a mapping rule. The radial mapping rule is used in this study for finding the image 316 

point on the bounding surface, which is mathematically expressed as (Moghaddasi et al., 317 

2021) 318 

 H H(β)= - β +   σ σ σ σ                                (38) 319 

where σ , Hσ  and ( )βσ  are the current stress point, the stress at the centre of homology and 320 

the image point, respectively. β  is a scalar value which is obtained by substituting the image 321 

stress into the bounding surface equation. From the similarity of the bounding and loading 322 

surfaces, the origin of the loading surface, ασ , can be calculated as 323 

  α H
1β -=

β
 

  
 

σ σ                                                      (39) 324 

 325 
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 326 

Figure 5: Bounding surface, loading surface and mapping rule for first time loading 327 

 328 

 329 

 330 

Figure 6:  Bounding surface, loading surface and mapping rule during unloading/reloading stage 331 
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In the conventional bounding surface plasticity framework, the origin of stress coordinate 333 

system is typically used as a centre of homology. However, this is not suitable for the 334 

analysis of geomaterials under cyclic loading (Khalili et al., 2005, Hu and Liu, 2015, 335 

Shahbodagh et al., 2017, Shahbodagh et al., 2020). In this work, the stress point 336 

corresponding to the isotropic tensile strength of the material is selected as the centre of 337 

homology for first time loading (see Figure 5), while the last point of stress reversal is used as 338 

the centre of homology for the subsequent loading cycles (see Figure 6). The point of stress 339 

reversal is detected when the product of the unit vector of loading n  and the “elastic stress" 340 

increment ( e
eεσ = D ) becomes negative. The unit normal vector at the image point 341 

controlling the direction of loading is given by F / f /= =
F / f /

    

    

σ σn
σ σ

.  342 

 343 

9. Plastic potential  344 

The direction of the plastic strain increment can be obtained from the normal to the plastic 345 

potential at the current stress point. The relationship between the plastic dilatancy 346 

 /p p
p qd    and the stress increment is regarded as the flow rule which is often quantified 347 

experimentally. Alternatively, the energy dissipated during plastic deformation can be used to 348 

establish the dilatancy law. The total plastic work may be obtained from  349 

p p
q

p p
pp'ε qW ε  εσ                                              (40) 350 

For soils with initial structure, it can be assumed that the dissipation of energy stored between 351 

grains is due to both frictional mechanism and the destructuration of initial structure. A 352 

generalised form of the energy dissipation equation proposed by Rowe (1962) can be 353 

employed for the structured soils to take into account the effect of structure     354 

t
p p
q

p
f t pp' + )E M ( p ε p ε                                  (41) 355 

where fM  is a material parameter controlling the amount of energy dissipation. The equality 356 

of internal and external energy can be written as 357 

 p p p p
p t pt qfqp p'ε qε p' εp+ )M ( ε                                               (42) 358 
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Rearranging the above equation results in  359 

*

p
p

fp
q

qd M
p





 
     

                                                   (43) 360 

To include both the Lode angle dependency of the CSL and the stress path dependency on the 361 

dilatancy law, a generalised form of the above equation can be expressed as 362 

    *

p
p
p
q

cs
qd θA

p
M t





 
     

                                               (44) 363 

where A  is a material parameter and t  is a loading direction multiplier, which quantifies the 364 

stress path dependency of dilatancy law. If A is set to zero, no plastic volumetric strain would 365 

be obtained. Using A=2 yields an expression similar to the dilatancy law used in the modified 366 

Cam clay model, and if A=1 is used, the original Rowe’s dilatancy is recovered. By 367 

integrating the dilatancy law with respect to the stress, the plastic potential function is 368 

obtained as 369 

 

   

 

* * *
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0
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cs
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g θ t M θ

M θ
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p q p q p p p A

A p
g p q p q A

A p



     

          
     

                 (45) 370 

where 0p  is a dummy variable controlling the size of the plastic potential. t  is a scalar which 371 

indicates the direction of the plastic flow (Khalili et al., 2005). The relative position of the 372 

stress point   and the image point   controls the value of parameter t as 373 

+1 for 2σ σt =     γ - γ < π /   ,       for 21 σ σt =     γ - γ > π /                     (46) 374 

where σγ  and σγ  are the angles from a given reference axis to the stress point and the image 375 

point, respectively. The shape of the plastic potential surface in the p q   plane is depicted 376 

in Figure 7.  377 
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 378 

Figure 7: The shape of the plastic potential in the stress space for compression and extension loadings. 379 

 380 

The direction of the plastic flow is determined as  381 

g /=
g /

 

 

σm
σ

                                        (47) 382 

 383 

10. Hardening modulus  384 

The hardening modulus in the bounding surface plasticity consists of two terms 385 

fbh = h +h                                     (48) 386 

where h is the hardening modulus at the current stress state σ , bh  is the hardening modulus 387 

at the image point σ  on the bounding surface, and fh  is an arbitrary modulus defined as a 388 

decreasing function of the distance between the current stress and the image point on the 389 

p
pε
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bounding surface. bh  is obtained by applying the consistency condition to the bounding 390 

surface. The consistency condition for unsaturated structured soils is written as 391 

      , , , , 0
T

p pt m s s
t s m s s p r s s p rp

t s m s s s rp

p p p pF F F F FF p I p I p S I I S
p I p I p p S

 


           
         

            
 σ σ

σ
392 

             (49) 393 

In the above equation, the change in the size of the bounding surface is linked to the plastic 394 

volumetric strain, the degree of saturation and the structure index ( sI ). The latter index is 395 

introduced to account for the effect of structure on the deformation response of the soil. It is 396 

assumed that both compression and tensile responses are influenced by the structure index, 397 

i.e. ( )and ( )m s t sp I p I  , while the effects of the saturation degree and the plastic volumetric 398 

strain on the bounding surface is captured by ( , )p
s p rp S . The structure index can be 399 

determined following the work hardening approach as 400 

1(1 )( / )p
s c sI I w p            (50) 401 

where c  is the material parameter quantifying the rate of structure degradation and pw  is 402 

the absolute rate of plastic work defined as p p p
p qw p'ε qε  . The integration of Eq. (50) 403 

with respect to the plastic work results in an explicit relationship for the structure index. It 404 

can be shown that sI  is zero for undisturbed material, while this index approaches one for a 405 

completely destructured material. The following relationships are assumed for the change of 406 

internal variables, ( ) and ( )m s t sp I p I  , with respect to the plastic structure index 407 

  
(1 )

m m

s s

p p
I I
  


 
    ,    

(1 )
t t

s s

p p
I I
  


 
                                             (51) 408 

As discussed in the previous section, the response of destructed material can be assumed to 409 

lay on a straight line in the lnυ p  plane. To achieve this behaviour in the model, the 410 

following hardening law is adopted 411 

( )
s s
p

rp

p p
S


 

 



                                                        (52) 412 

The plastic volumetric and deviatoric strains are obtained by using the flow rule 413 
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,    p p
p p q qm m                                             (53) 414 

where   is the plastic multiplier and 415 

*

p
g pm
g

 


 σ
,  q

g qm
g
 


 σ

                              (54) 416 

The consistency condition can be rewritten using the unit normal vector at the bounding 417 

surface 418 

0c
b r

c r

pF FF = - Λh + S / =
p S

 


   

Tn σ
σ

     (55) 419 

Noting that  p
p qw p'Λ m qm   and c m t

s s s

p p p
I I I
    
 

  
, bh  can be determined by using 420 

Eqs. (50) to (55)  421 

b t s mh h h h                                                         (56) 422 

where 423 
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1
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m
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      σ
                                      (59) 426 

The hardening modulus fh  is defined such that it is zero on the bounding surface and infinity 427 

at the centre of homology. The following analytical function is proposed for fh   428 

 

*
1 ( )

ˆ( )
c

f m p
r c

pph k t
λ S p

 


  
   

  
                                                  (60) 429 

where *η = q / p is the stress ratio,    1
s

cs c
c

sp t θ pk M
p

 





  is the slope of the peak 430 

strength line, k  is a material parameter, and mk  is a scaling parameter controlling the 431 
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hardening modulus. The value of mk  can be different for the first time loading ( mfk ) and for 432 

the subsequent unloading/reloading ( muk ). 433 

 434 

11. Elastoplastic stress-strain relationship  435 

The equivalent form of the consistency condition at the current stress point    can be 436 

expressed as 437 

0c
r

c r

pF F- Λh+ S / =
p S

 


   

Tn σ
σ

 (61) 

Based on this equation, the plastic multiplier is obtained as  438 

c
r

c r

pF F+ S /
p SΛ=

h

 


   

Tn σ
σ                                                  (62) 439 

The plastic strain rate is derived from a non-associated flow rule and will be given by  440 

p Λ m           (63) 441 

To build the incremental stress-strain relationship, Eq. (3) can be re-written as  442 

e e e -= = Λσ D ε D (ε m)       (64) 443 

Now combining Eqs. (64) and (62) yields, 444 

e

e

c
r

c r

pF F+ S /
p SΛ=

h

 

   



T

T

n D ε
σ

n D m
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Substituting the expression obtained for the plastic multiplier into Eq. (64) yields 446 

e
e e

e ep ep
se e +

c
r

c r
r

pF FS /
p S= - = S

h+ h

 

     
  

  

T

T T

D m
σD mn Dσ D ε D ε D

n D m n D m
    (66) 447 

in which the second term on the right-hand side captures the evolution of the bounding 448 

surface due to the change in the degree of saturation. Decomposing the plasticity into stress 449 

A bounding surface plasticity model for unsaturated structured soils



 

25 
 

driven and Sr-hardening/softening components enables capturing wetting-induced collapse in 450 

unsaturated soils in a numerically robust manner. 451 

 452 

12. Parameter identification 453 

The elastic parameters κ  and ν  can be specified from the standard triaxial or isotropic 454 

compression tests. κ  is the initial slope of the isotropic unloading/reloading line in the  455 

lnυ ~ p'  plane. Poisson’s ratio ν  can be identified from the shear modules determined from 456 

the initial slope of the volumetric strain vs the deviatoric strain curve. maxM  is the slope of 457 

the critical state line in the 'p q   plane. The asymptotic response of the material under large 458 

shear strain generating no volume change can be used for the determination of this parameter. 459 

Parameters N   and R  can be identified by fitting the shape of the bounding surface to the 460 

experimental data. By plotting the dilatancy ratio with respect to the stress ratio, the material 461 

parameter A  can be obtained.  462 

Material parameters related to the presence of structure ( c  and mp ) can be obtained by 463 

conducting isotropic compression tests under zero suction and interpreting the data. Under 464 

this test, the material parameters  1  and  1  can be found by fitting a tangent line to the 465 

destructed state of the compression curve. Empirical relationships can be used to relate tp  to 466 

unconfined compressive strength test data. The critical state parameters for unsaturated soil 467 

 rS  and  rS  can be obtained through conducting a series of isotropic compression tests 468 

on unsaturated samples at constant water content. Finally, the model requires a number of 469 

material parameters to specify the reference water retention curve. The initial value for the 470 

air-entry ( 0aes ) and the pore size distribution index ( 0pd ) can be determined through drying 471 

test performed under constant void ratio condition ( 0e ). Similarly, the material parameters 472 

related to the main wetting curve can be selected from the conventional wetting tests (i.e., 473 

0exs  and 0pw ). The initial slope of the scanning curve 0  is found by fitting WRC of a 474 

drying or wetting path.    475 

13. Application of the model to simulating the behaviour of partially saturated 476 

unstructured soils    477 

 478 
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Experimental tests on Pearl clay 479 

In this section, a number of experimental tests on Pearl clay under combined hydro-480 

mechanical loading are simulated. Sun et al. (2007) investigated the effects of initial void 481 

ratio on the water retention and mechanical behaviour of unsaturated Pearl clay samples. The 482 

model parameters are calibrated from the experimental data reported by Sun et al. (2007). 483 

Mechanical properties and degree saturation dependent hardening parameters of the soil are 484 

given in Table 1 and 2.  The soil water retention curves (SWRCs) for Pearl clay are shown in 485 

Figure 8. The parameters extracted from SWRC are listed in Table 3, obtained from straight 486 

line fits to the main drying, main wetting, and scanning experimental data as shown in the 487 

Figure 8. Mechanical parameters have been obtained from the saturated and unsaturated 488 

isotropic compression responses (e.g.  1 ,  rS ,  rS ,  1 ), as shown in Figure 9. A linear 489 

interpolation/extrapolation law has been followed to determine the variation of LICL 490 

parameters (e.g.  1 ,  rS ,  rS ,  1 ) with respect to the degree of saturation.  Deviatoric 491 

test results are used to obtain critical state and dilatancy parameters (e.g. A  and maxM ). The 492 

void ratio dependent air-entry/air-expulsion values using the void ratio dependent WRC 493 

model are in turn utilized to determine the contribution of suction to the mean effective stress.  494 

 495 

Table 1. The mechanical properties of the soils 496 

Soil 
    maxM  N  R  A  mfk  muk  

k  mp  
(kPa) 

tp  
(kPa) 

c  

Pearl clay 0.03 0.1 1.15 2 1.9 1.3 5 5 2 0 0 0 

Natural 
aggregated soils 

0.02 0.4 1.27 2 1.5 2 2 20 2 130 0 0.002 

 497 

 498 

Table 2. Degree saturation dependent  properties of the soils 499 

 Pearl clay Natural aggregated soils 

Sr 1 0.59 0.48 1 0.261 0.199 0.170 0.133 

λ(Sr) 0.12 0.19 0.3 0.06 0.21 0.22 0.22 0.23 

Γ(Sr) 2.689 3.143 3.858 1.833 2.992 3.133 3.223 3.403 

 500 
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Table 3. Water retention properties of the soils 501 

Soil 
0e  0aes

(kPa) 
0exs

(kPa) 
0pd  0pw  0  

Pearl clay 1.3 45 10 0.35 0.28 0.15 

Natural 
aggregated 

soils 

0.48 300 - 0.25 - - 

 502 

The results from four samples of Pearl clay with different initial void ratios, compressed 503 

isotopically from the mean net stress of 20 kPa at a constant at 147 kPa, were simulated 504 

numerically based on the proposed plasticity model. The results are presented in Figure 10. It 505 

can be seen that the model proposed predicts the behaviour of unsaturated Pearl clay under 506 

compression load, and accurately estimates the variation of the degree of saturation due to the 507 

change in the soil density. 508 

 509 

     510 

Figure 8: Water retention curves for Pearl clay ( 0 1.26e  is for drying curve, and 0 1.2e   is for 511 

wetting test)  512 
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 513 
Figure 9: Determination of LICL parameters from isotropic compression tests 514 

 515 

 516 

Also numerically simulated were two isotropic compression tests performed at constant 517 

suction of 147 kPa. The samples were prepared at almost the same void ratio and were 518 

compressed to mean net stresses of 196 kPa and 390 kPa, followed by a wetting test. The 519 

results of this hydro-mechanical analysis in terms of the change in the void ratio and the 520 

degree of saturation are shown in Figure 11. Figure 11a shows that the void ratio in both 521 

samples decreases gradually by increasing the cell pressure up to the onset of the wetting test 522 

where a sudden reduction in the void ratio is noted due to the collapse of samples. This 523 

behaviour is well captured in the numerical simulation. The predicted and measured values 524 

for the change of the degree of saturation with respect to matric suction are depicted in Figure 525 

11b. The model predicts satisfactorily the changes in the degree of saturation recorded during 526 

the first stage of loading and the subsequent noticeable increase in the degree of saturation 527 

observed during the wetting. As the hysteresis in the water retention curve is incorporated 528 

into the model, the transition from scanning to main wetting is noted in the numerical 529 

simulation. Retention curve is very important but not its small twists and turns. The retention 530 

model adopted captures adequately the points of air entry and air expulsion and the slopes of 531 

desaturation and wetting lines. 532 
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 533 

 534 

 535 

Figure 10: Simulation of isotropic compression test under constant suction = 147 kPa: a) void ratio vs. 536 

mean net stress b) degree of saturation vs. mean net stress. 537 
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To demonstrate the performance of the model under deviatoric loading, including hydraulic 539 

wetting, the combined hydro-mechanical loading path test conducted by Sun et al. (2007) is 540 

analysed. Two samples of unsaturated Pearl clay with different initial densities were 541 

subjected to a constant suction of 147 kPa and then sheared (at constant suction) until the net 542 

stress ratio of 1 3/  =2 was reached. Subsequently, both samples were soaked to zero 543 

suction, followed by shearing to failure. The simulation results and comparison with 544 

experimental data are illustrated in Figures 12 and 13 for the initial void ratios of 1.27 and 545 

1.35, respectively. Good agreement is observed between the experimental and numerical 546 

simulation results. During the wetting phase of the compacted sample (e0=1.27), a slight 547 

initial swelling followed by a noticeable collapse was observed. This was due to the over-548 

consolidated nature of the soil, with the initial stress state of the sample located within the 549 

bounding surface. For the loose sample (e0=1.35), wetting induced swelling was absent from 550 

the response and the reduction of suction entirely resulted in the collapse shrinkage of the 551 

sample. 552 

 553 

 554 

 555 

 556 
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 557 

 558 

Figure 11: Simulation of isotropic constant water content compression test followed by wetting test: 559 

a) void ratio vs. mean net stress, b) the degree of saturation vs. matric suction 560 
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 561 

 562 

Figure 12: Simulation of triaxial compression and wetting tests for 0 1.27e  : a) net stress ratio vs. 563 

strains b) the degree of saturation and the volumetric strain vs. matric suction 564 
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 565 

 566 

Figure 13: Simulation of the triaxial compression and wetting test for 0 1.35e  : a) net stress ratio vs. 567 

strains b) the degree of saturation and the volumetric strain vs. matric suction 568 
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14. Application of the model in simulating the behaviour of partially saturated 569 

structured soils 570 

Experimental tests on unsaturated aggregated soil 571 

Koliji et al. (2009)(2010b) conducted a series of suction-controlled oedometer tests on natural 572 

aggregated soils to explore the combined effects of suction and initial structure. The 573 

aggregated soils are primarily composed of clay particles binding the granular materials 574 

creating the soil structure. The aggregates were characterised as having high porosity and 575 

permeability. The laboratory tests were performed on this soil at both reconstituted and 576 

aggregated conditions. The osmotic oedometer system was to apply the target suction. To 577 

determine the basic saturated model parameters, the response of saturated reconstituted soil 578 

under oedometric conditions test was analysed (Koliji et al., 2010b). The material parameters 579 

obtained are summarised in the Table 1.  580 

The water retention properties of the reconstituted soil were investigated in a suction 581 

controlled oedometer. After initial saturation and consolidation of the sample to the vertical 582 

net stress of 15 kPa, the sample was subjected to drying at constant net stress through 583 

increasing suction from zero to 3000 kPa in discrete steps. The test was then followed by 584 

performing an oedometer compression test at constant suction value. Figure 14 depicts the 585 

measured degree of saturation versus suction obtained from this test. The corresponding 586 

model parameters are listed in Table 3.  The degree of saturation dependent critical state 587 

parameters (Table 2) were determined through the analysis of the constant suction deviatoric 588 

and oedometer tests on aggregated unsaturated soils. 589 
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 590 
Figure 14: The behaviour of reconstituted/de-structured aggregated soil subject to drying test: The 591 

degree of saturation vs matric suction 592 

Figures 15-18 shows the response of the aggregated unsaturated soils subject to the constant 593 

suction oedometer tests. The compression behaviour of the aggregated unsaturated soil in 594 

oedometer test during constant suction of 500 kPa is depicted in Figure 15, in terms of both 595 

net and effective stresses. It can be seen from Figure 15a that the simulated and measured 596 

responses of the compression test agree well, capturing both the shift in the yield locus due to 597 

the presence of structure and its subsequent degradation with straining. The evolution of the 598 

WRC with the applied stress is depicted in the Figure 15b. As a void ratio dependent WRC is 599 

incorporated in the numerical simulations, the model simulates satisfactorily the measured 600 

degree of saturation and its evolution during the test. Figures 16-18 compare the predicted 601 

versus measured compression response of the samples at constant suction values in the range 602 

of 1000-3000 kPa. By increasing suction, it is apparent that the strength of the soil gradually 603 

increases. The numerical simulations agree well with the experimental data for a wide range 604 

of suction values. Despite the simplicity of WRC, the water retention parameters adopted 605 

capture the necessary characteristics of experimental WRC recorded in the test. This is 606 

sufficient to record reasonable predictions. If hydraulic hysteresis is used in the simulation, 607 

the initial degree of saturation is regarded as an input parameter giving more flexibility to the 608 

WRC model. This in turn could have improved the prediction of experimental WRC. The 609 
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greatest discrepancy occurs in the test with the highest suction. This is essentially due to the 610 

unreliability of the test data. This particular test reports a reduction in the degree of saturation 611 

with volumetric contraction at constant suction, which is physically unacceptable. The 612 

observed reduction in the degree of saturation is considered to be due to the lack of humidity 613 

control in the sample and hence of loss of water to evaporation during testing. 614 

 615 
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Figure 15: The oedometer response of the aggregated soil at suction 500 kPa:  a) the void ratio vs. 617 

vertical net stress b) the degree of saturation vs. vertical net stress 618 

 619 

 620 

Figure 16: The oedometer response of the aggregated soil at suction 1000 kPa:  a) the void ratio vs. 621 

vertical net stress b) the degree of saturation vs. vertical net stress 622 
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 624 

 625 

Figure 17: The oedometer response of the aggregated soil at suction 1500 kPa:  a) the void ratio vs. 626 

vertical net stress b) the degree of saturation vs. vertical net stress 627 
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 628 

 629 

Figure 18: The oedometer response of the aggregated soil at suction 3000 kPa:  a) the void ratio vs. 630 

vertical net stress b) the degree of saturation vs. vertical net stre 631 
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15. Conclusions  633 

A bounding surface plasticity model is presented to predict the behaviour of unsaturated 634 

structured soils subjected to mechanical and hydraulic loadings. The adopted water retention 635 

model accounts for the volume change-dependency without introducing additional material 636 

parameters. A bounding surface plasticity formulation is developed, which includes the 637 

effects of hardening caused by initial structure and reduction of the degree of saturation. The 638 

degradation of the initial structure is captured through a plastic structure index rendered a 639 

function of the accumulated plastic work. This ensures that the simultaneous effects of the 640 

stress magnitude and the accumulated plastic strain can trigger the de-structure/degradation 641 

process even within the range of small deformations. The effects of tensile strength and 642 

loading path are involved in the volume change relation of structured soils. The capability of 643 

the model is investigated though simulating of laboratory tests conducted on structured soils 644 

under both saturated and unsaturated conditions. It is shown that the model can capture the 645 

key aspects of the behaviour of unsaturated structured soils. 646 

 647 

Notations: 648 

, ,eff r resS S S  
Effective degree of saturation, degree of saturation and residual degree of saturation  

, ,a ws p p   
Matric suction, pore air pressure and pore water pressure  

, vχ, ψ  
Effective stress parameter and its increment with respect to matric suction and 
volumetric strain 

 

es  
The suction value marking the transition between saturated and unsaturated state  

,p psu 
 

The pore size distribution index, its value at es   

,pd pw    
the pore size distribution indexes corresponding to the main drying and wetting 
curves 

 

,ae exs s  
The suction values corresponding to the air entry and air expulsion   

,   
The slope of the transition line between the main drying and wetting paths in a 
ln( ) ln( )effS s  plane and ln( ) ln( )s   plane respectively 

 

, ,r rd rws s s  The points of suction reversal,  and the corresponding values on the main drying and 
main wetting paths 

 

cp   Size of the bounding surface on the hydrostatic axis  

, ,s m tp p p  
 

Parameters related  to degree saturation strength, the compression strength of the  
structure and   the tension  strength of the  structure 

 

c  
The structure degradation  parameter  

sI   
Structure index  
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,   p p   Mean effective stress at the current and image points 
 

 

,q q   Deviatoric stress computed on the current stress points and image points   

,      Lode angle of the current stress and image points   

cp   Isotropic hardening parameter-size of the loading surface on its symmetry axis 
 

 

N, R Bounding surface shape and curvature parameters  

n,n   Normal vector of the loading/bounding surface at the current/image point 
 

 

m  Normal vector of the plastic potential at the current stress point 
 

 

,p qm m  
Volumetric and deviatoric components of the flow rule  

0p   Size of the plastic flow on the hydrostatic axis 
 

 

1 cspp ,  
The reference effective mean pressure and the mean effective stress at critical state    

A k,   Material parameters 
 

 

   cs csM M ,   Slope of the critical state line in the plane of the current stress point and the image 
point 
 

 

max minM M,
 

Slope of the critical state line in compression and extention  

cs   critical-state internal frictional angle  

d Dilatancy 
 

 

F f g, ,   Surfaces for  Bounding , loading and plastic potential   
 

 

t   Parameter controlling the direction of plastic flow 
 

 

b fh h h, ,   Hardening moduli at σ  , σ  and an arbitrary hardening module 
 

 

cs   State parameter 
 

 

m muk k,   Scaling parameter for the first time loading and unloading/reloading stages  
 

 

   Poisson’s ratio 
 

 

ICLcs Lυ , ,   Specific volume at the current stress, the critical state and LICL corresponding to p   
  

 

01 Sr ,( )  ( )   Slopes of the isotropic compression line in ( ) ln p'  plane for saturated and 
unsaturated state 
 

 

0(1), ( )Sr    Initial specific volume for the CSL at 1  p kPa   for saturated and unsaturated state  

0(1), ( )N N Sr  The intercept of the LICL at the reference pressure 1p for saturated and 
unsaturated state  

 

   Slope of the unloading/reloading line in ln( )'p  plane 
 

 

K G,   Elastic bulk and shear moduli  
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,v q    
Volumetric and deviatoric strain   

,s e  Tensor of devitoric stress and deviatoric strain  

e, , pε ε ε   Increment of strain tensor and its elastic and plastic components   

H, , σ σ σ  The current stress point, the stress at the centre of homology and the image point, 
respectively 

 

e ep,D D  
Elastic stiffness tensor, plastic elasto-plastic tensor  

  Plastic multiplier   

, ,p p pw W E  
The absolute rate of plastic work, total rate of plastic work and the rate of the plastic 
energy 

 

α  the kinematic hardening vector defining the location of the loading surface  

  Kronecker delta  

   The ratio of CSL in compression  to the extension   

β  
The mapping rule parameter   

e Void ratio  

 649 
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