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Abstract

Following the analysis on the stability in distribution of stochastic differ-
ential equations discussed in Fei, Fei & Mao (2023) [11], this article fur-
ther investigates the stability in distribution of highly nonlinear stochastic
differential equations driven by G-Brownian motion (G-HNSDEs). To this
end, by employing the theory on sublinear expectations, the stability in
distribution of G-HNSDEs is analysed. Moreover, a sufficient criterion of
the stability in distribution of G-HNSDEs is provided for convenient use.

Keywords: G-HNSDEs; sublinear expectation; stability in distribution; Chebyshev
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1 Introduction

For the past decades, stochastic differential equations (SDEs) and their stabili-
ties have become an active area of stochastic analysis. The convergence of SDEs
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includes four types of convergence in probability theory, namely, stability in distri-
bution, stability in probability as well as moment stability and almost sure stability.
And almost sure stability and moment stability have received enormous attention.
Recently, in references [3, 4, 24], they investigated the pth moment exponential stabil-
ity, h-stability in pth moment, and partial asymptotic stability of neutral pantograph
stochastic differential equations with Markovian switching. The stability of highly
nonlinear hybrid stochastic delay equations is also discussed, see, e.g., [15, 17],
and references therein. The main tools used to show the results are the Lyapunov
function method, Razumikhin or comparison techniques. As far as we know, there
are some studies on the stability in distribution of SDEs. Among them, [35, 36]
provided a notable contribution to the stability in distribution. In [8], the authors
discussed a new sufficient condition for stability in distribution of stochastic differen-
tial delay equations with Markovian switching. [6] improved the results on stability
in distribution of nonlinear SDEs in [35]. In [1] and [28], the stability in distribu-
tion of neutral delay SDEs is investigated. [2] researched the stability in distribution
of Markovian delay SDEs with reflection. In [18], the stability in distribution of
neutral stochastic functional differential equations with Markovian switching is dis-
cussed. [37] studied the stability in distribution of stochastic delay recurrent neural
networks with Markovian switching. [22] analyzed the stability in distribution for
SDEs with memory driven by positive semigroups and Lévy processes. [29] explored
the asymptotic stability in distribution of stochastic systems with semi-Markovian
switching. [30] further investigated the stability in distribution of stochastic func-
tional differential equations. Recently, [20] considered the stabilization in distribution
of hybrid stochastic differential equations by feedback control based on discrete-time
state observations while the stabilisation in distribution by delay feedback control for
hybrid SDEs is studied in [34].

On the other hand, much work of SDEs driven by G-Brownian motion is studied
by many researchers, e.g., [7, 9, 10, 12, 14, 16, 19, 21, 26, 27, 32, 38], and the
references therein.

Recently, [11] explored the stability in distribution of SDEs driven by G-
Brownian motion, where the coefficients of SDEs are linear growth or bounded by
linear functions. To the best of our knowledge, the stability in distribution of highly
nonlinear SDEs driven by G-Brownian motion (G-HNSDE:s) is not investigated yet.
In this article, we try to discuss the stability of the following G-HNSDE

dX(t) =f(X(¢))dt +g(X(¢))dB(t) + h(X(t))d < B> (1) (1)

on a sublinear expectation space (Q, 7, ).
The main contributions of this paper are as follows.
e We first investigate the stability in distribution of G-HNSDEs by using theory of
sublinear expectations.
o The related criteria of the stability in distribution of G-HNSDEs are given.
e Some mathematical techniques under sublinear expectation are employed.
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The remaining part of this paper can briefly be stated as follows: Section 2 pro-
vides some definitions and assumptions for the derivation of main results. In Section
3, we prove the main results of the paper. In Section 4, an example is presented to
illustrate the obtained results. Sect. 5 concludes the paper and points out some future
research.

2 Definitions and Assumptions

Let (Q, 57, ]E) to be sublinear expectation space. Here, Q is a given state set and 7 a
linear space of real valued functions defined on Q. The related notions and properties
of sublinear expectation are referred to [26]. For the notions of stochastic processes,
the uncertainty probability family & and upper capacity V (or lower capacity %),
we see [11, 12].

Definition 2.1. (i). The distribution §¢ generated by d-dimensional random variable
& in A7 is defined by

Fe(A) = V{w € Q:§(0) €A} = E[lpeag(0)eny), YA € B(RY).

(ii). For random variables & and 7, we denote their distributions by F, ¢ and §p,
respectively. Define the distance of distributions of random variables & and 7 as
follows

dr(8e,8n) = Zgg@[d’(i)] ~Elp(m)],

where T={¢ : RY = R:[¢(x) — (y)|< |x —y[ and [¢(-)| < 1}.

(iii). For the stochastic process (x(z));>0 on sublinear expectation space
(Q, 7,8, V,(H)1>0), we denote the distribution of x(z) by Sy foreacht € [0,e0).
If there is a distribution v(-) of the random variable such that

djr(&x(,),\/) — 0, ast — oo,

then the stochastic process (x(7));>o is called the (asymptotic) stability in distribution.
We also call the process (x(¢)),;>0 converges weakly to the distribution v.

Denote the family of capacities on R? by €’ (%(R%)). It is easy to know that the
metric dr on €' (%(RY)) is a distance, and (€' (%(R¢)),dr) is a Polish space.

Now we consider the stochastic differential equation (1) with initial value X (0) =
x, where (B(t));>0 is the G-Brownian motion in R on the generalized nonlinear
expectation space (Q,.5, 1, V, (J#);>0), and

fiRT SR g:RY 5 RY h:RY — RY
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For Eq. (1), we provide the following locally Lipschitzian condition. Let .2~ denote
the family of increasing functions x : Ry — R, such that x(0) = 0, and JZ, the
family of functions k € ¢ such that k(s) — oo as s — oo.

Assumption 2.2 The coefficients of SDE (1) satisfy the local Lipschitzian condition, that is,
for each k € N, there is a by, > 0 such that

£(x) = FO)P+]g(x) — 8(0) P+ h(x) — h(y)[*< bylx — y[*, Vx| V[y|< k.

Assumption 2.3 There are functions V € C2 (]Rd; Ry), A € He and a positive number @ such
that

lim V(x) =00 2)

x| e

LV (x) = Vi (x) £ (x) + G2V (x)(x) + trace[g | (x)Vix(x)g(x)]) < —A(x) + @. 3)

Assumption 2.4 There are functions W € C2(R%; Ry), v € Ko and v € H# for R >0
satisfying

W(0) =0
v(|x]) <W(x), xe R?
LW (x,y) = Wa(x =y)[f (x) = f()] + G2Walx = y)[h(x) = h(y)]
+trace([g(x) —g(v)] Wax(x = )[g(x) —g(0)]) < =7 (lx—y]), Vix[VI< R ()

3 Main Results

In this section, we shall show our main results on asymptotic stability in distribution
of SDEs driven by G-Brownian motion.

Proposition 3.1 Let Assumptions 2.2 and 2.3 hold. Then, for each initial value x € R?, there is
a unique global solution, denoted by X*(t), to SDE (1) with initial value X (0) = x. Moreover,
for H >0, we can find K = K(H) > 0 such that

t/\ —
%/ BIA(X*(s))]ds < R, Vix|< Hot > 1.
0

Proof. Under Assumption 2.2, by Fei et al. [14, Theorem 3.4], SDE (1) has a max-
imal solution X*(¢) on [0, 0.), where 0. is the explosion time of solution. We now
need to prove 0. = o= q.s. If this is not true, then we can find two positive constants
€, T such that

V{0 <T} >2e.

For any integer k > 1, define the stopping time

o, =inf{r > 0:|X(¢)|> k}.



Asymptotic stability in distribution of higglgyr;ggggg%r fggg?ﬁ?yh% glg%?rr}???,tlt?gﬁaé?as-ﬁ}\? 5%%r;)wnia% motion

Since 0; — 0w Q.S. as k — oo, we can find a sufficiently large integer ko such that
V{op, <T}>¢€, k> ko 5)

Fix any k > ko, and ¢ € [0,T], from the G-Itd6 formula from Peng [26, Proposition
3.6.3] and Assumption 2.3, we get

BV(X(tAcy)] <V(x)+E [/Omk }LV(X"(S))ds} <V(x)+oT,

which shows
E[l{g<rV (X (04))] <V (x) + @T. 6)
On the other hand, if we set
b =inf{V (x) : |x|> k},
then ¢ — oo as k — oo by (2). From (5) and (6), we have, k > ko,
el <OV{or <T} < (V{0 <T} <V(x)+@T,

which shows a contradiction. Thus, we know G., = . q.s.
Define stopping time

v =inf{r > 0: |X*(¢)|VIXY(t)|> k},k e N.

Therefore, we have v — oo q.s. as k — oo. From the G-It6 formula, we have, for each
Pe 2,

Ep[V(X*(t A0g))] <V (x) + Ep [/Omk(as — A(X*(s)))ds

which shows

A

AUy
D U z(st))ds} <V(x)+ar.
0
Letting kK — oo, by Fatou’s lemma, we get
Lo | [f . 1 -
B / AX*()ds| < @+ V(x) < R(H), Vx| < Hor > 1.
0
Thus, we complete the proof. [
Proposition 3.2 Let Assumptions 2.2, 2.3 and 2.4 hold. SDE (1) has the property that for
positive constants H, €,98, there is a positive constant T =T (H, €, 6) such that

YUKW - X 0)< 8, > T) > 1, @
Sorall |x|V]y|< H.
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Proof. Take arbitrarily x,y € R? with |x|V|y|< H. Let arbitrarily § > 0 and & > 0.
First, we shall verify, for bounded stopping times 7; < 1,

EW (X*(12) = X"(w))] S EW(X*(11) X" (m1))] < W (x ) ®)

and
0<W(x—y)+1 UOT' LW (X (5), X" (s))ds| . ©)

In fact, for the stopping time v defined as above, by using G-1t6 formula and (4), we
get

A~

0 <EW X (t1 Avp) — XV (t1 Awg))]

<W(x— y)—i—IE[ LW (X*(s),X7(s))ds| <W(x—y).
0
Consequently, letting k — oo, by Fatou’s lemma, we have I@W(Xx(rl) -X (1)) <
W (x—y). Similarly, we get
EW (X" () — X" (12))] <E[W(X*(71) = X" (1))

Then (8) holds. Note
R T AV )
-E { LW (X (s),X7(s))ds| <W(x—y).
0

Thus, letting k — oo, we get (9).
Since Clim A(§) = oo, for any g > 0, there is a sufficient large H such that
—So00
ginf A($) > 2K /e? with K defined by Proposition 3.1. Therefore, by Chebyshev
>H
inequality (see [5, Proposition 2.1]) we get

VEIXTOIVIX () |> H} < V{IXT(0)[> H} + V{|IX¥(1)[> H}
2
< %(E[l(\x’“(i)l)]+I@[A(\Xy(f)|)])- (10)
Due to W(0) =0, there is a p € (0,0) such that

sup W(u)/v(d) < g.

lul<p
Define the stopping time

T, =inf{t > 0 [X*(t) — X”(1)|< p and |[X*(0)|V|X* (t)|< H}.
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Moreover, by (4), we have, for each P € &,

fpm
el ] (50 (9)ds|
= / Hgeses W OX5). X0 6)) s
< Ep {/0 1{X"(A‘)|\/|X«V(S)<H}1{0<S<Tp}$W(Xx(s)7Xy<s))ds:|
< —v(p)Er [ /Ot 1{XX(s>|v|xy<s><H}1{05ssrp}d5] : an

On the other hand, we have

t t
Ep { /0 1{0<s<rp}ds} —Ep [ /0 l{xs<s>vx-v<s><H}1{o<s<rp}dS}
!
= Er [ /0 1{xs<s>vx>'<s)>H}1{0<s<rp}dS} :
In terms of the Holder inequality, (10) and Proposition 3.1, we have
N ! 2
E [ /0 I{X"(S)\/X"'(S)|>H}1{0SSSTp}dS] )
t t
S/O E[l{\xx(s)\v\xy(s)|>ﬂ}]ds/0 E[1{0<s<r,}lds
e o - ‘
Stﬁ/o BAX (DI +ERA (X (s))])ds < (a11)*, 1 > 1,
which implies, for each P € &7,
t
Ep [ /0 1{xx<s>|v|x>*<s>>H}1{0<s<rp}dS} <at, izl
Thus, we get
t
Ep [/0 1{xx(s>|v|xy(s)<H}1{ogssfp}d8] > Ep[tp Ni] — &1t

which shows, by (11),

EP[
0

t
<—v"(p)Ep { /0 1{|xx<s)vX>'(s>|<H}1{osSsrp}dS}

tATp

,,?W(Xx(s),Xy(s))ds]
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< —vH(p)(Ep[tp At] —nt).
From the It6 formula, we get, for each P € &,
T
0<W(x—y)+Ep [/ LW (X (s),X"(5))ds
0

Thus, we have

0<W(x—y)+v" (p)ert — v (p)Ep[tp A1]

which implies E p[rp At < “"’[(f(;y)) + €1¢. Hence, due to arbitrariness of P € &, we get

Wx—y)

V{1, > 1} <Elry A1) < +et, t>1,

which shows that there exists a 7 > 1 such that
V{Tp >T} < 2. (12)
Now define the stopping time p = inf{r > 17, : |[X*(r) —X”(¢)|> 8}. Thus, define

p, if1, <T,

Oy =
p {Tp7 otherwise.

Since o) > 1p, we get, from (8),
I@[W(Xx(op Nt) =XV (op A1))] < ]E[W(Xx(rp At) =X (Tp A1)
Furthermore, we have

IA[‘:[l{rpgT}W(XX((’p At) =X (0p A1))]
SB[, <y W (X (1 A1) = X (75 A1) (13)

Then, by (13) we deduce, fort > T,

V({zp <T}n{p <t})v(9)

SB[, <ryngpnW (X (0 A1) =X (p A1))]

<E[lgr,cryW(X*(p A1) =X (p A1))]
E[1{e, <1y W (X*(0p A1) = X* (0p A1))]
IA['3[1~{1F,<T}W( (1o A1) =X (1p A1))]

< V{1, <T} sup W(u) < sup W(u).
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Due to supy, <, W(u) < & 0(6), it follows that
V{r <T}n{p <t}) <e, Vi >T,
which shows, letting ¢ — oo,
V({5 <T}n{p <w}) <ar.
Moreover, through (12), we have

V({7 <TiN{p=co})
>1-V(tp >T)—-V({1, <T}N{p <oo}) >1-3¢.

We know that if @ € {1, <T}N{p = oo}, then |X*(r) — X?(r)|< 8, V¢ > T. Thus,
for positive constants H,0,€ = 3¢, thereisa T = T (H, 8, €) such that

”i/{sup|Xx(t) —-X'(1)|< 5} >1—¢, V[x|Vy|<H.

t>T

Thus, the proof is complete. [

Lemma 3.3 Let Assumptions 2.2, 2.3 and 2.4 hold. Then, for any compact subset K of RY, we
have

lim dr[Fxx (), xo ()] = 0 (14

uniformly in x,y € K.

Proof. From Proposition 3.1, it is easy to show that for positive numbers R, §, €, we
can find a positive constant H = H(fR, 8, €) such that

7/{ sup |X*(1)|< H} >1—¢, fl< R

0<t<T

Together with Proposition 3.2, we can deduce the desired claim. Thus, the proof is
complete. [
We now prove our main result below.

Theorem 3.4 Let Assumptions 2.2, 2.3 and 2.4 hold. Then, there exists an invariant measure
(upper capacity) v € € (B(R?)) such that

lim d (e, V) = 0- (15)

That is, the transition measures §xs(;) converge weakly to the invariant measure Vv for all
d
x e R%
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symptotic stability in dlstrl ution

Proof. Fix probability measure P(%) € & arbitrarily. Let the invariant measure of
random variable &,

(0)
v= sup v/’
Plo)es

while we set )
. o.
v= inf v
P®)e

Furthermore, there exists an invariant probability measure v(@) = yP () from [25,
Theorem 4.5]. Denote the classical transition probability measure by p("‘)(t,z,du)
under probability measure P(®) We easily know that

Ene [9(80)] = [, 0V (du)
= [ ow( [,/ e.c.awv® @)
R R

¢
- /d </d 9(u)p' ™ (1, C»du)>v<°‘>(dC)
R R:
Epio) [0 (XS (0)]V®)(d0). 6

For any z € R?, from (16), we derive

Ep [(w_ o [0()]
\ L, (& t))] ~ Epio) [9(XE(0)))) V1 (a0)|

< [ |Erolocc mpr<@>[¢<x¢<r>>]]v("-)<dc>

+ /.. Epo) [ (X*(1))] —EP(G_)[q)(XC(t))]‘v(a)(dC)
< CSU]BI;) |Ep(o) [¢(X(2))] _EP(G-)[(D(XC(I))HV(B,,,) +2v(BE), an

where B,, = {x € R : |x|< m} and IEB = (R?\ B,,) and m € N is selected to be suf-
ficiently large such that v(BB,,) > 1 — £, which shows v(Bj,) < €/4. By the classical
property of stability in distribution (see e.g. Theorem 2.3 in Dang [6]), there exists a
T =T(By,,€) > 0 such that

SUp [ Epio [0 (X°(1))] = Epio [0(XE (1)) < .
CEBm

Moreover, from Lemma [11, Lemma 2.2], we get

€
Sup dT(SIXZ(t)aSXg(t)) < 5 vt >T.
CEBIH
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Since ¢ is taken arbitrarily, it follows from (16) and (17) that dr(Fxz(,), V) <€, Vt >
T. Thus the proof is complete. [

4 Example

In this section, we provide an example for illustrating our conclusions.

Example 4.1. We now consider stability in distribution of the stochastic logistic
model

dX (1) = X(t)(a—bX(1))dt + cX>(t)dB(t), (18)

where a, b, c are positive constants. Denote the family of uncertain probability mea-
sures of G-HNSDE (18) by &2 associated to sublinear expectation . Foreach P € 2,
by Luo and Mao [23, Theorem 2.2], we have that if x > 0, then 0 < X*(t) = X (¢) < oo
P-a.s., which easily shows 0 < X*(¢) =X () < o £-q.s. Let Y (t) =InX(z). By G-Ito
formula, SDE (18) becomes

2
dy (1) = (a —bey(t>>dt — %ezy(’)d <B> (1) +ce'VdB(s). (19)

For equation (19), the local Lipschitzian condition (Assumption 2.2) is obviously
fulfilled. Furthermore, we consider the function V(y) = ¢’ +¢ > > 0, Vy € R, we
deduce

LV (y) =a(e’ —e ™) —b(e® — 1) + 52c%e
Note

@ = sup{LV(y) + 9V (y)}
yeR

= sup { (a+6*P+9)e’ —(a—0)e™ —b(e® — 1)}
yeR

Then, @ < « as 0 < ¥ < a. Hence, for the case of 0 < ¥ < a, we have LV (y) <
@ — V¥V (y), Yy € R. Thus, Assumption 2.3 holds for 0 < ¥ < a.

On the other hand, put W (1) = u?. We consider two solutions of (19) with initial
values being y,z. Thus, we deduce

LW (yz) = =2(y—2)b(e’ —¢€)
+ G( —2%(y —2)(e¥ — e¥) 2% (e — ez)z)

_ —Zb(y—Z)(Ey—eZ)‘FZCZG(_ (y_Z)(ey_gZ)(ey—l—eZ_ e;:j)).
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Note that ¢’ 4 &* — e)y%i >0, ¥(y,z) € R xR. Moreover, by the definition of G(-),
we have

Yy __ 2
G(— (y—2)( =€) (& + e — ¢ ¢ )) <0.
Thus we have
fW(y,Z) S _2b(y_z)(e)’_eZ), V(y,z) ERXR.

Since ZW(y,z) — 0 as y — —oo and z — —oo, there is no @ € . such that
LW(y,z) < —@(ly —z|). It shows that the function W(u) = u*> does not satisfy
Assumption 2.4. But, for each R > 0, and |y|V|z|< R, we have ZW (y,z) < —2b(y —
2)(e¥ —€) < —Cgr(y — 2)? with Cg = 2beR. Thus, Assumption 2.4 holds for the
function W (-). Moreover, SDE (19) is asymptotically stable in distribution. Conse-
quently, by Theorem 3.4, SDE (18) is asymptotically stable in distribution on state
space (0, +o).

(Algorithm and simulation) In order to illustrate stability in distribution of solution
of SDE (18), we provide an algorithm as follows. We select 6 = 6y < 01 < --- <
O, = 6 such that 6.1 —0; = 0;—0;_1,i = 1,--- ,m. Let h be a small positive number.
For any ¢ > 0, there a positive integer k such that ¢t € [(k — 1)h,kh). The discrete
approximation solution of SDE (4.1) with probability measure P'%) can be expressed

as
X (kh, 07) =X (k= 1)h, 03) + X/ (k= 1)k, 0:)(1 = X7 ((k — 1)h, 7))
+(XI((k=1)h,07))ciaw!, k>1, i>0,
where Aw/ (j = 1,---,n) are random numbers from the normal distribution Aw/ ~
N(0,h). Define the empirical distribution function of random variable X (kh) as
follows
1 n
Y (%) ZI{XI kh,o))<x}> VX ER.

Define the error of two empirical distributions of Y;q (x) and Y;cz (x) by

e(tklatkz; = +1 Z| k] Ykz x)|, Vx € R.

If the empirical error e(#,#; + ¢; x) converges to zero uniformly in x € R as k, ¢ — oo,
then we claim stability in distribution of solution of SDE (4.1). A simulation finds
e(ty,tx +1¢) — 0 as k — oo (see Figure 1) which verifies our theoretical assertion. In
real simulation, the empirical distribution at + = 10 is regarded as a true one. We
observe that other empirical distributions at time ¢ € [0, 5] approximate the degree of
the true distribution. The differences between the empirical distributions and the true
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Fig. 1: The computer simulation of the empirical errors e(ty,#; +£) witha=b=c =
1,6 =0.8,6=1,x9g=1,Ah=0.005n=2000,m = 10.

distribution along the time line are plotted in Figure 1. It can be shown that as time
advances the difference tends to zero, which verifies that the solution of SDE (18) is
the stability in distribution.

5 Conclusions

Presently, the analysis on the stability in distribution of stochastic differential
equations is mainly based on linear or nonlinear SDEs which coefficients are bounded
linear functions. However, our paper further studies the stability in distribution of
highly nonlinear stochastic differential equations under sublinear expectation frame-
work. For our aim, by using the stochastic analysis on G-Brownian motion, we
investigate the stability in distribution of highly nonlinear stochastic differential
equations disturbed by G-Brownian motion. The sufficient criterion of the stability
in distribution of G-HNSDE:s is given explicitly.

Recently, with classical probability space, [13] discussed the stabilization
of highly nonlinear hybrid stochastic differential equations under feedback con-
trol based on discrete-time state observations. In [31], authors investigated the
discrete-state-feedback stabilization of highly nonlinear hybrid stochastic differen-
tial equations by Razumikhin method. The stabilization in distribution of hybrid
stochastic differential equations by feedback control based on discrete-time state
observations is discussed in [20]. On nonlinear expectation space, [33] explored sta-
bilization of stochastic differential equations driven by G-Brownian motion with
feedback control based on discrete-time observations. Thus, we shall investigate
the stabilization in distribution of highly nonlinear stochastic differential equations
driven by G-Brownian motion by using feedback control based on discrete-time
observations.
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