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A B S T R A C T 

We demonstrate that measurements obtained from NASA’s magnetospheric multiscale (MMS) mission support quasi-adiabatic 
electron heating in quasi-perpendicular shocks with temperature T e ⊥ 

∝ B 

1 + α, where B is the magnetic field strength and α

represents departure from adiabaticity. Adiabatic heating ( α = 0) results from the conservation of magnetic moment on spatially 

increasing magnetic field inside the shock ramp. Ne gativ e α < 0 is observed in most situations, where perpendicular energy 

gain from adiabatic heating is redistributed by interactions with waves to the parallel direction leading to a lower isotropic 
temperature increase. Positive α is observed when the stochastic heating of electrons is acti v ated by the E × B wave acceleration 

mechanism by electrostatic waves leading to a higher temperature increase. By using test-particle simulations in a realistic shock 

model we have elucidated the process of stochastic wave acceleration. We have also shown the equivalence of adiabatic heating 

and acceleration by gradient B drift at shocks with low Mach numbers and demonstrated that the cross-shock potential does not 
contribute to the electron heating. Signatures of quasi-adiabatic heating and/or stochastic heating of electrons are observed in all 
shocks analysed with measurements by the MMS. 

Key w ords: Shock w aves – Acceleration of particles – Instabilities – Turbulence – Solar wind. 
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 I N T RO D U C T I O N  

ollisionless shocks in the solar wind plasma are associated with ion
nd electron heating and acceleration of some of the plasma particles
o high energies. Early studies of the electron heating at shocks
oncentrated on the ratios between the downstream and upstream val-
es. Using data from the Orbiting Geophysical Observatory (OGO) 5
atellite, Scudder, Lind & Ogilvie ( 1973 ) observed an average ratio of
he downstream to upstream temperatures T ed / T eu ≈ 4, whereas Bame
t al. ( 1979 ) with data from the International Sun-Earth Explorer
ISEE) satellites found a ratio of 3. Thomsen et al. ( 1987 ) pointed out
hat these values were very low, because laboratory experiments with
hocks indicated stronger electron heating by plasma instabilities.
hey also found bow shock crossings with T ed / T eu ≈ 20 in ISEE data
nd strong correlation between the electron temperature increase and
he kinetic energy of the incoming ions. 

A strong correlation between the electron temperature and the
agnetic field B as well as with the number density N is usually

bserved (Scudder et al. 1973 ; Scudder 1995 ; Thomsen et al. 1987 ;
tasiewicz & Eliasson 2020a , b ). Because the electron gyroradius r e 
1 km is small in comparison with the shock thickness ∼100 km, it is

xpected that the first adiabatic invariant (the magnetic moment) for
lectrons, but not for ions, will be conserved, leading to an adiabatic
elation T e⊥ 

( t, r ) = ( T e⊥ u /B u ) B( t, r ). The differential increase of
he electron temperature is then dT e ⊥ 

= T e ⊥ 

B 

−1 dB . 
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Although the data show an increase of T e with the increase of B
t shocks, there are significant departures from proportionality, both
n terms of the jump ratios, and in localized regions where strong
eviations T e ⊥ 

/ B �= T e ⊥ u / B u are observed (Stasiewicz & Eliasson
020a , b ). Furthermore, the measurements generally show isotropic
lectron temperatures at shocks, T e � ≈ T e ⊥ 

, indicating that other
rocesses, presumably waves, must be involved in isotropization
Scudder 1995 ; Mozer & Sundqvist 2013 ). 

Anomalous resistivity due to ion acoustic waves, modified
wo-stream instability, and other cross-field current-driven insta-
ilities have been proposed to play an essential role in elec-
ron heating at shocks (Wu et al. 1984 ; Moses et al. 1985 ;

inske et al. 1987 ), even though Papadopoulos ( 1977 ) had ear-
ier found that anomalous resistivity due to ion-acoustic and
on cyclotron instabilities preferentially heats the ions and to
esser extent the electrons. These early theoretical works origi-
ate from before sufficient quality measurements were available,
hich has left many problems related to shocks in an inconclusive

tate. 
A no v el stochastic heating mechanism was proposed by Balikhin,

edalin & Petrukovich ( 1993 ) who suggested that the gradient of
he macroscopic cross-shock electric field E x could produce χ e =
 ω ce B ) −1 ∂ E x / ∂ x > 1, which is a criterion for stochastic heating (Cole
976 ; Karne y 1979 ; McChesne y, Stern & Bellan 1987 ) where nearby
article orbits deviate from each other exponentially with time. Here,
 ce = eB / m e is the angular electron c yclotron frequenc y. Ho we ver,

he cross-shock potential �� and the resulting electric field E x =
∂ � / ∂ x and electric field gradient ∂ E x / ∂ x are too small to fulfil
© The Author(s) 2023. 
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he stochasticity condition, and this mechanism has been found by 
cudder ( 1995 ) not to work for the parameters of the bow shock. 
Another school of thought put more emphasis on electron energy 

ncreases due to the cross-shock electric potential and DC magnetic 
eld. By using the Liouville mapping technique of electron distribu- 

ions, Hull et al. ( 2001 ) and Lefebvre et al. ( 2007 ) suggested that no
eating by waves is needed to explain observations at shocks. 
On the contrary, after the analysis of THEMIS observations, 
ozer & Sundqvist ( 2013 ) suggested that strong electrostatic waves ˜ 

 ∼ 100 mV m 

−1 would demagnetize the electrons, which could 
hen be heated by the DC cross-shock electric field. In addition, they
oted that isotropization of the electron distribution and temperature 
 e � ≈ T e ⊥ 

occurs instantaneously within the instrument accuracy, 
hich requires strong interactions with waves. Isotropization cannot 
e accomplished by the DC adiabatic acceleration, which increases 
 e ⊥ 

∝ B only. Ho we ver, their conclusions have been questioned
y Schwartz ( 2014 ) who provided other arguments for the reported
iscrepancy, T e / B �= T eu / B u . 
The situation described abo v e has left four major problems 

nresolved: (i) the reason for deviations ( T e ⊥ 

/ B �= constant) from
diabaticity, (ii) the role of stochastic heating by electrostatic waves 
t shocks, and (iii) the cause of rapid electron isotropization, and 
iv) the role of the cross-shock potential. We do not consider here
cceleration of electrons by parallel electric fields, addressed recently 
y Chen et al. ( 2018 ), which is rather well-understood. 

.1 Electron heating problem from magnetospheric multiscale 
erspecti v e 

ome of the abo v e listed four points of contro v ersy hav e recently
een resolved with the help of four-point measurements by the 
agnetospheric Multiscale (MMS) mission (Burch et al. 2016 ). 

(i) The reason for strong deviations T e ⊥ 

/ B �= constant 
he basic process at shocks is the betatron heating by the induc-

ion electric field ( curl E = −∂ B /∂ t) on increasing B observed in
he conv ectiv e frame, which is equi v alent to adiabatic heating by
onservation of the magnetic moment. For an arbitrary distribution 
f electrons, the adiabatic increase of perpendicular energy of 
ach electron leads to an increase of average perpendicular energy 
temperature) so that T e ⊥ 

/ B = constant, contrary to claims made by
chwartz ( 2014 ). Ho we ver, departures from this adiabatic behaviour
ave been reported by many authors (Scudder 1995 ; Mozer & 

undqvist 2013 ) and are observed in all shocks measured by MMS
hat we have analysed (Stasiewicz & Eliasson 2020a , b , 2021 ). 
n most regions, electrons are heated adiabatically on the shock 
amp, but small-scale oblique waves with finite ˜ E ‖ redistribute 
he energy gain from two perpendicular directions 2 dT ⊥ 

into the 
arallel direction dT � (Stasiewicz & Eliasson 2020a ), breaking the 
onservation of magnetic moment. Conservation of energy leads to 
he following relation for isotropic electron temperature, which has 
een named quasi-adiabatic 

 e = T eu 

(
B 

B u 

)1 + α

, (1) 

ith a theoretical value α = −1/3 representing the departure from 

diabaticity, α = 0. In some quasi-perpendicular shocks α ≈ −1/3 
as indeed been found (Stasiewicz & Eliasson 2020a ), while some 
hocklets in quasi-parallel shocks e xhibit ev en larger departure from
diabaticity, α ≈ −2/3 (Stasiewicz & Eliasson 2020b ). As discussed 
n Section 2.2 below, α > 0 is observed when the downstream 
emperature is higher than implied by adiabaticity, which may 
ndicate additional stochastic heating. 

(ii) The role of stochastic heating by electrostatic waves 
t large gradients in the perpendicular electric field caused by 

lectrostatic waves, the charged particle orbits can become unstable, 
eading to chaotic motion and very rapid ‘stochastic heating’ of the
lasma particles. The criterion for stochastic energization has been 
ecently generalized by Stasiewicz ( 2020 ) to the form 

j ( t, r ) = ( ω cj B) −1 div E ⊥ 

; | χj | > 1 , (2) 

here E ⊥ 

is the electric field component perpendicular to the 
agnetic field, and ω cj = q j B / m j is the angular cyclotron frequency

f particle species with charge q j and mass m j ( j = e for electrons,
 = p for protons, and j = i for general ions). This criterion can
e easily computed from MMS data and shows unambiguously 
hat large amplitude electrostatic waves measured at shocks al w ays
ulfil the stochastic condition for protons, χp � 1 (Stasiewicz & 

liasson 2020a ), while waves in the frequency range 40–4000 Hz
ulfil occasionally the stochastic condition for electrons, χ e > 1 
Stasiewicz & Eliasson 2020b ). This can be easily verified by
stimating the gradient of the electric field measured on two satellites, 
 E x / ∂ x ≈ ( E x , 1 − E x , 2 )/( x 1 − x 2 ). The computed values of χ j are
ccurate for wavelengths > 20 km because of the separation distance
f the four MMS satellites. For shorter wavelengths, λ � 20 km, the
omputed values of div E and χ e can be strongly underestimated. 
hen χ e > 1, stochastic heating is acti v ated intermittently in

ocalised regions which leads to large spikes in the ratio T e ⊥ 

/ B �
 eu / B u . Ho we ver, some of the spikes are produced by depressions
f B , which are not accompanied by an adiabatic decrease of the
emperature (Stasiewicz & Eliasson 2020b ), possible due to the small
ize of these structures. 
he stochastic heating mechanism has nothing in common with 

anomalous resistivity’ mentioned abo v e. Stochastic heating is a 
urely collisionless, single particle process which randomizes parti- 
le orbits within a fraction of the gyroperiod or a few wave periods,
hichever is shorter. When χ j > 1, the perpendicular gyration 
elocity of a particle of species j can be increased by the ˜ E × B 

elocity in the wave electric field as ˜ V E×B = 

˜ E ⊥ 

/B. The acceleration 
apacity of this mechanism is thus 

 ⊥ 

∼ v ⊥ 0 + 

˜ E ⊥ 

/B, (3) 

here v ⊥ 0 is the initial gyration velocity (or the thermal speed) of
he particles. 
eating maps produced by Stasiewicz & Eliasson ( 2020a ), 
tasiewicz & Eliasson ( 2020b ), and Stasiewicz & Eliasson ( 2021 )
how that heating of particles with c yclotron frequenc y f c is most
fficient by waves in the frequency range (0.1–5) f c , and the wave
ectors must fulfil the condition k ⊥ 

r c � 12, where r c is the gyroradius.
his means that the wavelengths should be on the order of the
yroradius or longer. This criterion excludes Debye length-sized 
aves and electrostatic structures, which may have large χ e � 1, but 
hich have too short wavelengths for efficient electron and/or ion 
eating. 
(iii) The cause for rapid electron isotropization 

imulations by Stasiewicz & Eliasson ( 2020b ) show that obliquely
ropagating electrostatic waves with parameters derived from MMS 

bservations at shocks can bring a disc-like perpendicular distribu- 
ion to spherical isotropy within a few electron gyroperiods. Thus, 
erpendicular adiabatic heating of electrons is rapidly transferred 
y waves to the parallel direction conforming with observations 
f simultaneous parallel and perpendicular heating of electrons 
Mozer & Sundqvist 2013 ). 
MNRAS 520, 3238–3244 (2023) 
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M

Figure 1. Three quasi-perpendicular shock crossings encountered by the 
MMS3 spacecraft on 3 January, 2020. (a) Magnetic field B resampled to 
0.22 Hz. (b) One-dimensional (1D) electron distribution function F ( v E , t ) 
at 4.5 s time resolution. Overlaid are: the measured electron temperature 
T e ⊥ (cyan); line ‘1’ – adiabatic mapping of T e ⊥ u ; line ‘2’ – quasi-adiabatic 
mapping of the upstream energy 200 eV, line ‘3’ – quasi-adiabatic mapping 
of T e ⊥ u by equation ( 1 ) with α = −0.3. 
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n the following section we shall augment these findings by analysing
wo shocks where quasi-adiabatic and stochastic heating can be
learly identified. To illustrate the physical mechanisms involved
n electron heating we perform also test-particle simulations in a
ealistic shock model containing a magnetic ramp and a cross-shock
lectric field. 

 E V I D E N C E  F O R  QUASI-ADIABATIC  A N D  

TOCHASTIC  E L E C T RO N  H E AT I N G  

.1 Quasi-adiabatic heating 

n 2020 January 3, the MMS spacecraft encountered a series
f eleven shock crossings during time 13:40–16:00 UTC caused
y the oscillatory mo v ement of the bow shock. The shocks had
uasi-perpendicular orientation and were analysed in the context of
on energization and heating by Stasiewicz & Kłos ( 2022a ), who
ive further background information about the observations. Fig. 1
hows the last three shock crossings from this event, at 15:39 UTC,
5:45 UTC, and 15:49 UCT, before the satellites finally entered the
agnetosheath. The first shock at 15:39 UTC was encountered at

osition [9.2, 12.8, -2.0] R E GSE (geocentric solar ecliptic), and the
ast shock at 15:49 UTC at position [9.1, 12.7, -2.0] R E GSE. In the
pstream position at 15:37 UTC the flow Alfv ́en Mach number was
 i / V A = 6.8 and the plasma beta β i = 1.8, βe = 1. Here, V A is the
lfv ́en speed. The angle between the ion flow velocity V i and the
agnetic field was ∠ VB ≈ 104 ◦. 
Fig. 1 (a) shows the magnetic field B measured by the fluxgate
agnetometer (Russell et al. 2016 ). It is resampled to the same

requency as the electron distribution function measured by fast
lasma investigation (Pollock et al. 2016 ) and shown in panel b.
he data are from fast surv e y mode where the electron distribution
NRAS 520, 3238–3244 (2023) 
unction was sampled during 4.5 s. The spectrogram represents
he colour-coded reduced 1D electron distribution function F ( v E ,
 ) in velocity space ( v E × B , v E , v B ), where the x -component is
n the direction of the E × B drift, the y -component is along
he perpendicular electric field, and the z-component is along the

agnetic field. The 1D velocity distribution F ( v E , t ) is obtained
y integrating the measured three-dimensional distribution function
 v er the two other velocity dimensions ( v E × B , v B ). The vertical axis
hows the kinetic energy K = m e v 

2 
E / 2 in place of v E . 

Over-plotted in Fig. 1 (b) are: the measured electron temperature
 e ⊥ 

(cyan line); line ‘1’ – adiabatic mapping ( α = 0) of T e ⊥ u 

rom 15:35 UTC; line ‘2’ – quasi-adiabatic mapping ( α = −0.3)
f the upstream energy 200 eV; line ‘3’ – quasi-adiabatic mapping
f T e ⊥ u with α = −0.3. It can be seen that line ‘3’ gives a very
ood approximation to the measured temperature, while the adiabatic
apping given by the green line ‘1’ deviates from T e ⊥ 

. This indicates
hat electron heating at quasi-perpendicular shocks is not adiabatic,
ut quasi-adiabatic, given by equation ( 1 ). Similar behaviour has
een reported also by Mozer & Sundqvist ( 2013 ) in their Fig. 6
ased on THEMIS data. Stasiewicz & Eliasson ( 2020a ) have shown
hat α = −1/3 results if one assumes that perpendicular energy gain
rom betatron heating is redistributed to the parallel direction through
cattering by waves while conserving the total kinetic energy. Other
hocks may have different values of α. 

Quasi-adiabatic mapping of the upstream energy K u = 200 eV
hown with line ‘2’ represents in fact the Liouville mapping. The
istribution function should be constant along the particle trajectory.
t can be seen that it is approximately constant if the particle energy
volves according to equation ( 1 ) with α = −0.3. 

.2 Stochastic heating 

n 2022 February 3 at time 03:22:22 UTC the MMS encountered
he quasi-perpendicular bow shock at position [14.1, -2.9, 3.5], or
 = 14.8 R E . In the upstream position at 03:22:38 UTC the plasma
eta was: β i = 1, βe = 0.2, and the flow Alfv ́en Mach number 4.
he angle between the ion flow velocity and the magnetic field was
 VB ≈ 86 ◦. Fig. 2 shows a 14 s data interval taken in burst mode, in

he same format as Fig. 1 . The magnetic field B shown in panel a is
esampled to 33 Hz, which corresponds to the sampling frequency
f the electron distribution function shown in panel b. The measured
lectron temperature T e ⊥ 

is shown in cyan line, whereas the adiabatic
apping of the upstream temperature T e ⊥ u is shown with green ‘1’

ine. 
In Fig. 1 the observed temperature was below the expected

diabatic projection, but in Fig. 2 the measured temperature is higher
han expected from adiabatic heating, indicating a non-adiabatic
rocess. Black dots show acceleration capacity of the shock given
y equation ( 3 ) with v ⊥ 0 = v Te . Two vertical black lines mark small
ntensifications of the temperature which can be associated with
tochastic wave heating, because they occur in small depressions of
 , where the adiabatic decrease should be observed instead. These
ignatures lead us to the conclusion that his case corresponds to
tochastic heating of electrons. The stochastic heating is not expected
o follow the scaling of equation ( 1 ), nevertheless the measured
emperature conform quite well with quasi-adiabatic projection, α ≈
 0.4 (not shown). 
Line ‘2’ represents adiabatic projection of the upstream energy

00 eV. It appears to conform very well with Liouville mapping F ( K ,
 ) = constant, when K ∝ B . This observation provides further support
or the stochastic ˜ E × B wave acceleration mechanism. We recall
hat heating maps for this mechanism (Stasiewicz & Eliasson 2020a ,

art/stad361_f1.eps
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Figure 2. Quasi-perpendicular shock crossing observed in high-time reso- 
lution burst mode. (a) Magnetic field B resampled to 33 Hz. (b) 1D electron 
distribution function F ( v E , t ) at 0.03 s time resolution. Overlaid are: the 
measured electron temperature T e ⊥ (cyan); line ‘1’ – adiabatic mapping of 
T e ⊥ u ; line ‘2’ – adiabatic mapping of the upstream energy 200 eV. Black dots 
mark the acceleration capacity given by equation ( 3 ) for v ⊥ 0 = v Te . 
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of the electric field measured during time interval of Fig. 2 . Black lines show 
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 , 2021 ) require k ⊥ 

r c � 12, which means r e /2 < λ⊥ 

for efficient
tochastic heating. This implies that while the low energy electrons 
–10 eV have a small enough gyroradius r e to be stochastically heated 
the electrons from the tail of the distribution, K > 100 eV would

ave gyroradius too large and would not interact with wav es. The y
ould react adiabatically, K ∝ B , which is observed indeed in Fig. 2 ,

ine ‘2’. We are not aware of any other mechanism that could account
or the presented here observations. 

.2.1 Waves that heat electrons 

aves that heat electrons are measured by the double probe electric 
eld experiments (Ergun et al. 2016 ; Lindqvist et al. 2016 ) in the
requency range 0–4096 Hz in burst mode. The spectrum of waves 
or the case of Fig. 2 is shown in Fig. 3 with three o v erlaid lines
hat mark plasma frequencies: f ce – electron cyclotron frequency, 
 lh – lower hybrid frequency, and f cp – proton cyclotron frequency. 
he spectrum is computed for the wave electric field component ˜ E E 

long the DC electric field determined from the ion drift v elocity. F or
lectrostatic waves in this direction the Doppler shift of frequency, 
 ⊥ 

· V ⊥ 

, should be minimal. 
Waves in the frequency range f cp –f lh are responsible for heating and

cceleration of ions (Stasiewicz & Eliasson 2020a , 2021 ; Stasiewicz 
t al. 2021 ; Stasiewicz & Kłos 2022a , b ), whereas waves at fre-
uencies f > f lh have capacity to heat and accelerate electrons. They
re also responsible for isotropisation of the electron distribution 
unction (Stasiewicz & Eliasson 2020b ). The wave electric field ˜ E in 
his bow shock reach a maximum amplitude of 200 mV m 

−1 , much
arger than typical DC convection and cross-shock electric fields 
hich are only a few mV m 

−1 . 
The frequency spectrum in Fig. 3 shows proton c yclotron wav es at

 cp near the bottom of the colour plot. The vertical striations extending 
o f ce are caused by cascades of instabilities, which are presumably 
nitiated by the diamagnetic current on the density compressions. 
he ‘mother’ frequency of these cascades appear to lie in the range
–4 Hz, or several f cp . We shall refrain here from identification of
he wave modes and the instabilities involved, which requires deeper 
edicated studies and separate publications. Waves at shocks in this 
requency range have been already studied in numerous publications 
Wilson III et al. 2010 ; Breneman et al. 2013 ; Wilson III et al.
014 ; Mozer & Sundqvist 2013 ; Goodrich et al. 2018 ; Stasiewicz
020 ; Stasiewicz & Eliasson 2020a , 2021 ; Stasiewicz et al. 2021 ;
tasiewicz & Kłos 2022a ) 
In the context of the electron heating by the ˜ E × B wave mecha-

ism we would like to stress that the stochastic perpendicular heating
an be accomplished by waves in the frequency range from f lh to
5 f ce , with a maximum efficiency around f ce , as implied from the

bo v e mentioned heating maps. In the case of Figs 2 and 3 the thermal
lectron gyroradius is r e ≈ 1 km, whereas the hybrid gyroradius 
 h = ( r e r p ) 1/2 ≈ 10 km. For thermal electrons with gyroradius r e ≈
 km the stochastic heating requires wavelengths λ⊥ 

> 0.5 km. It
s likely that the electron heating is accomplished by waves in the
ange r e –r h , i.e. λ⊥ 

= 1–10 km in this particular case. This represents
 prediction of our model, which cannot be directly verified with
MS measurements. The spacecraft separation which is on average 

4 km in this case does not make it possible to properly resolve
ilometre-length waves and would produce strongly underestimated 
alues for χ e . 

 TEST-PA RTICLE  SI MULATI ONS  

o help understand the physical mechanisms involved in electron 
eating we here carry out test-particle simulations in a realistic 
hock model containing a magnetic ramp and a cross-shock electric 
eld. Let us assume that the convection electric field E y convects
lasma V x = E y / B through the magnetic field B ( x ′ ) = [0 , 0 , B z ( x ′ )]
f a perpendicular shock with thickness D , located at the physical
oordinate x 

′ = 0 and described by the magnetic profile 

B z ( x ′ ) 
B u 

= g( x ′ ) = 

c r − 1 

2 
tanh ( 

x ′ 

D 

) + 

c r + 1 

2 
, (4) 

here c r = B d / B u is the compression ratio between the downstream
nd upstream values. We assume also the cross-shock electric field 
MNRAS 520, 3238–3244 (2023) 
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Figure 4. Electron drift across the shock without the cross-shock potential 
and waves, χ s = χw = 0. (a) electron trajectory in the ( x , y ) plane normalized 
by the thickness D of the shock. In panel (b) the normalized gyration energy 
u 2 ( x) /u 2 ⊥ 0 follows exactly the magnetic field g ( x ) = B / B u , indicating adiabatic 
behaviour. 
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mplied by the generalized Ohm’s law of the two-fluid equations 

 sx ( x 
′ ) = − 1 

eN 

∂p e 

∂x ′ 
, (5) 

here p e = NT e is the electron pressure, N is the number density, T e 

he electron temperature in energy units, and e is the electron charge.
lectrostatic waves, E w sin ( ω d t 

′ − k · r ′ ), are generated inside the
hock ramp and propagate at angle φ to the x direction and angle

to the z direction with the Doppler-shifted frequency ω d in the
bserver’s (shock) frame. 
The position r ′ and velocity v of a particle with mass m and

harge q are determined by the equation m d v / d t ′ = q( E + v × B )
ogether with d r ′ / d t ′ = v . By using dimensionless variables with
ime t 

′ 
normalized by ω 

−1 
c , space by k −1 

⊥ 

and velocity by ω c / k ⊥ 

(with
 c = | q | B u / m being the angular cyclotron frequency in the upstream

ide), the normalized equations of motion for a test ion or electron
n the shock frame are 

± d u x 

d t 
= u y g( x) + χsx ( x) + ( χw cos φ) sin 
, (6) 

± d u y 

d t 
= −u x g( x) + Mu ⊥ 0 + ( χw sin φ) sin 
, (7) 

± d u z 

d t 
= ( χw κ) sin 
, (8) 

d x 

d t 
= u x ; 

d y 

d t 
= u y ; 

d z 

d t 
= u z , (9) 

ere the ne gativ e sign applies for electrons. Here, 
 = �d t − x cos φ
y sin φ − κz is the wave phase with the Doppler-shifted angular

requency �d = ω d / ω c = � + u d cos φ with respect to � = ω / ω c 

n the plasma frame, u d = Mu ⊥ 0 / g ( x ) is the normalized convection
elocity, and κ = k z /k ⊥ 

= E wz /E w⊥ 

= cos θ/ sin θ . Parameter M =
 y /( B u v 0 ⊥ 

) is the ‘thermal’ Mach number of the upstream convection
elocity E y / B u . The initial gyration velocity of the particle in the
pstream region is u 0 ⊥ 

= v 0 ⊥ 

k ⊥ 

/ ω c = k ⊥ 

r c , where r c = v 0 ⊥ 

/ ω c is the
yroradius. The normalized amplitude of the wave electric field is 

w = 

E w⊥ 

B u 

k ⊥ 

ω c 

= 

E w⊥ 

E y 

Mu ⊥ 0 , (10) 

hich represents also the wave stochastic parameter ( 2 ). 
The function χ sx ( x ) with x = x 

′ 
k ⊥ 

= x 
′ 
u ⊥ 0 / r c corresponds to the

ormalized cross-shock electric field ( 5 ) in the form 

sx ( x ) = 

E sx 

B u 

k ⊥ 

ω c 

= 

−χs u ⊥ 0 

cosh 2 ( x /k ⊥ 

D) 
, (11) 

here k ⊥ 

D = u ⊥ 0 D / r c , and 

s = 

ω ce 

ω c 

r T e 

r c 

r T e 

D 

( c r − 1) 

2 
, (12) 

ith r Te = v Te / ω ce being the thermal electron gyroradius in the
pstream position. This is derived from equation ( 5 ) assuming that
oth N = N u g ( x ) and T e = T eu g ( x ) behave as B in equation ( 4 ), which
re empirical relations observed at quasi-perpendicular shocks.
ote also that N ∝ B and V x = E y / B ensure the flux continuity

quation NV x = constant in the present shock potential model. 
Equations ( 5 ) and ( 11 ) can be integrated to give the cross-shock

otential in physical variables 

 s ( x 
′ ) = 

( T ed − T eu ) 

e 
[ tanh ( 

x ′ 

D 

) + 1] , (13) 

ith a maximum potential drop �� s = 2( T ed − T eu )/ e , which is
ypically about 150 V. 

The parameters controlling the solutions of equations ( 6 )–( 9 ) are
he shock parameters c r = B d / B u , r c / D , the Mach number M , the
NRAS 520, 3238–3244 (2023) 
hock electric field amplitude χ s , the wave parameters �, k ⊥ 

, κ , χw ,
nd the initial velocity or gyroradius u ⊥ 0 = k ⊥ 

r c . 
The initial gyration kinetic energy of a particle is determined by

he value r c / λ, where λ is the wavelength. In case of the absence
f waves, χw = 0, all equations are still valid, but u ⊥ 0 becomes
n arbitrary scaling parameter for the velocity which remo v es the
ependence on the undefined k ⊥ 

. The initial energy of the particle is
hen determined by the ratio r c / D . 

.1 Equi v alence of adiabatic heating and gradient B drift 
cceleration 

e use typically observed parameters at shocks to compute the
imensionless parameters in equations ( 6 )–( 9 ): r e ≈ 2 km, D =
0 km, shock compression ratio c r = 4, and the Mach number
 = 0.2, which corresponds to the solar wind perpendicular speed

00 km s −1 and the upstream thermal velocity 2000 km s −1 of a 12 eV
lectron. 

In the first simulation run shown in Fig. 4 , the electron drifts
hrough the shock without waves and with a zero cross-shock
otential, χw = χ s = 0. Electron e x ecutes electric drift V x = E y / B
nd gradient B drift V y = −( μ/ eB )d B /d x with 

= 

mv 2 ⊥ 

2 B 

, (14) 

eing the magnetic moment. Magnetic gradient drift mo v es the
article across the electric equipotentials increasing gyro-motion
nergy 

mv 2 ⊥ 

2 
= 

mv 2 ⊥ 0 

2 
+ q( y − y 0 ) E y , (15) 

hich represents gradient B drift energization by the convection
lectric field. In this drift process, the magnetic moment μ is a
onstant of motion (Northrop 1963 ) and represents adiabatic heating
n increasing B . Using that mv 2 ⊥ 

/ 2 B = mv 2 ⊥ 0 / 2 B u to eliminate v 2 ⊥ 

in
quation ( 15 ) gives the trajectory of the gyrocentre in the x –y plane
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Figure 5. The same as in Fig. 4 but with the cross-shock electric field, χ s = 

0.15. 
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s 

mv 2 ⊥ 0 

2 

(
B( x) 

B u 

− 1 

)
= q( y − y 0 ) E y , (16) 

hich coincides with the particle simulation trajectory in Fig. 4 (a). 
he limiting value for the perpendicular energy (temperature) in- 
rease is T d / T u = B d / B u as seen in Fig. 4 (b). This shows that gradient
 drift heating on convection electric field is equi v alent to adiabatic
eating on increasing B driven by convection. This applies only to 
articles with low Mach numbers, M < 1. Low energy particles with
igher Mach numbers make negligible drift, but are still adiabatically 
eated. 

.2 Effects of the cross-shock potential 

t has been postulated that the cross-shock potential could contribute 
o the electron heating. To investigate this problem we make the 
econd run depicted in Fig. 5 by adding the cross-shock electric 
eld ( 11 ) with amplitude χ s = 0.15. It can be seen that the primary
ffect of E sx directed sunward is to cause a convection drift that
pposes gradient B drift. This additional drift changes considerably 
he electron path through the shock as can be seen in Figs 4 and 5 .
n panel (b) we see that the adiabatic heating is not affected by this
eld. This holds in cases when the gradient of this field is below the
tochastic threshold, i.e. ( ω c B ) −1 ∂ E sx / ∂ x < 1. 

It should be emphasized that the abo v e simulations apply to an
deal situation when there are no waves that scatter and isotropize 
lectrons. In the presence of waves which do not exceed the stochastic
hreshold ( 2 ), the quasi-adiabatic relation ( 1 ) applies with α ≈ −1/3,
hich is observed in measurements shown in Fig. 1 . 

.3 Stochastic wave acceleration 

ig. 6 shows a run including a wave electric field of amplitude χw =
, abo v e the stochastic threshold and localized in a small region
nside the ramp marked red in panel (a). It is seen in panel (b)
hat waves at frequency ω = 0.5 ω c can easily lift the heating ratio
o 6 in this particular case, well abo v e the adiabatic compression
 r = 4. The wave stochastic heating would produce positive α in 
 e ⊥ 

∝ B 

1 + α , what is observed in Fig. 2 . The interaction is chaotic in
ature, i.e. it strongly depends on initial conditions. The efficiency 
f stochastic wave heating for various parameters can be inferred 
rom heating maps published by Stasiewicz & Eliasson ( 2020a ),
tasiewicz & Eliasson ( 2020b ), Stasiewicz & Eliasson ( 2021 ). The
cceleration limit is given by ( 3 ), about 1 keV for electrons, which
s supported by measurements in Fig. 2 . Because the wave electric
eld ∼100 mV m 

−1 is much larger than the convection and the cross-
hock electric fields, which are a few mV m 

−1 , the stochastic wave
cceleration, if acti v ated, would dominate other types of acceleration. 

 C O N C L U S I O N S  

e have demonstrated that measurements obtained from MMS 

ission support quasi-adiabatic relation T e ⊥ 

∝ B 

1 + α , where α

epresents departure from adiabaticity. Ne gativ e α < 0 is observed
n most situations, when the threshold for stochastic heating of 
lectrons is not exceeded, or waves do not ha ve wa velengths that
acilitate stochastic heating. Perpendicular energy gain from betatron 
eating is then redistributed by interactions with waves to the parallel
irection leading to a lower isotropic temperature increase. Positive α
s observed when the stochastic heating of electrons is acti v ated by the˜ 

 × B wave acceleration mechanism leading to a higher temperature 
ncrease. 

To illustrate the physical mechanisms involved, test-particle sim- 
lations were carried out in a realistic shock model containing a
yperbolic tangent magnetic profile and a cross-shock electric field 
reated by the electron pressure. It was shown that adiabatic betatron
eating is in fact equi v alent to the gradient B drift acceleration
n a convection electric field. It was found that the cross-shock
lectric field has no effect on electron heating but it affects the
lectron path through the shock. On the contrary, the stochastic 
ave acceleration process can easily explain the observations, when 

he electron heating is stronger than adiabatic, which manifests as 
 positive α in quasi-adiabatic relation ( 1 ). We have concluded that
aves responsible for electron heating should have frequencies above 

he lower hybrid frequency up to the electron cyclotron frequency and 
avelengths longer than half the electron gyroradius. The process of 
etatron/gradient B heating and signatures of quasi-adiabatic heating, 
MNRAS 520, 3238–3244 (2023) 
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nd stochastic heating of electrons are observed in all shocks that we
ave analysed with measurements by the MMS. 
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