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Abstract

We investigate the dynamical stability of the synchronous state of the planar
full two-body problem (PF2BP) by employing the approach of periodic orbit in
the primary’s body-fixed frame. Our results indicate that the traditional model
to the spin-orbit resonances by neglecting the rotational motion’s influence on
the orbital motion is inappropriate in the binary asteroid system because the
two asteroids are close to each other, leading to strong coupling between the
orbits and rotations. Focusing on the high-order spin-orbit resonance, the family
genealogy of periodic orbits in the unperturbed case is broken apart by some
resonances in the perturbed case. In the case of no spin-orbit resonances, the
periodic orbit is near-circular and is generally but not always stable. In the case
of spin-orbit resonances, the periodic orbit can be elliptic, and one branch of
the periodic orbits is stable. In contrast, the other branch is unstable for small
to moderate orbit eccentricities.
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1. Introduction

The Full Two-Body Problem (F2BP), which studies the orbital and rota-
tional motion of two finite rigid bodies under their mutual gravitational po-
tential, is significant in understanding the evolution of binary asteroids and
spacecraft dynamics applicable in future asteroid exploration missions. Many
works have been done on this topic, such as [1, 2, 3, 4, 5, 6, 7]. These works
either presented the fundamental formalism of the problem or identified various
stability configurations and criteria in the system. Specific results were also
obtained with different simplifications to F2BP. [8] devised robust algorithms
for solving relative equilibria for a system with a general mass distribution and
a point mass using the Sphere-Restricted Full Two-Body Problem (SRF2BP)
model. Relative equilibria and periodic orbits for a planar system composed of
an ellipsoid and a sphere are computed by [9]. Stability properties of different
equilibrium configurations were analysed in [10] for the planar F2BP (PF2BP)
by using a mutual potential truncated the 2nd order.

The knowledge of the full two-body system is fundamental in studying the
dynamical evolution of the binary asteroid system, especially the spin-orbit reso-
nance. Usually, the primary is assumed as a sphere, and the spin-orbit coupling
of the secondary (or the satellite) is the research focus. This assumption al-
lows the sphere’s rotation to be excluded from the system [11]. Moreover, the
mutual orbit is usually assumed invariant, i.e., remains uninfluenced by the ro-
tational motions, and only the rotational motion of the secondary is considered.
This model is widely used in studying the spin-orbit coupling of a Sun-Planet
system or a Planet-Satellite system, such as the Sun-Mercury system [12, 13]
or the Saturn-Hyperion system [14]. In these studies, either the Hamiltonian
of the rotational motion is expanded to high orders to analyze each spin-orbit
resonance term [15, 16], or the numerical tool, surface of Poincaré section, is
used to describe the stability of these resonances intuitively [9, 17, 8, 18]. Re-
cently, these studies have been extended to cases where the primary is also not

a sphere [7, 19, 20, 21, 22, 23]. In such cases, the spin-spin coupling due to the
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direct interaction between the non-spherical parts of the two bodies is a new
phenomenon that does not exist in the binary system composed of a sphere and
an irregular body [24]. However, the assumption in most previous studies that
the invariant mutual orbit is no longer valid for the binary asteroid systems,
as the two asteroids have closer mutual distance and a higher mass ratio than
the Planet-Satellite or the Sun-Planet system. Due to the coupling between the
asteroid’s rotation and the mutual orbit, more degrees of freedom (DOF) have
to be considered, and the method of Poincaré section ! is hard to to be directly
used. Usually there are two approaches to deal with such high DOF systems.
One approach is based on averaging of the Hamiltonian. By focusing on some
specific resonant term of the Hamiltonian and by removing other short period
terms through the averaging process, we are able to reduce the Hamiltonian to
a 1-DOF or 2-DOF system. Using the reduced averaged 1-DOF or 2-DOF sys-
tem, we are able to describe the properties of the phase space near this specific
resonance, such as equilibrium configuration, stability, and resonance width.
The advantage of this approach is that there are formal ways to do the averag-
ing, and the global properties of the resonance such as the resonance width can
be obtained. The disadvantage is that the averaged system cannot accurately
reflect the dynamics of the full system due to the fact that in practice the av-
eraging process has to be truncated at finite orders and the fact that averaging
process may be inaccurate or even impossible due to the interaction between
different resonant terms. The other approach is based on periodic orbits. For
complex dynamical systems, the periodic orbits serve as backbone of the phase
space. Most of the time they actually also correspond to specific resonances of
the system. By studying how they appear in the phase space and how their
stability change with the parameters such as the orbit size, we are able to peep

the complex dynamics of the system through them. The advantage is that there

1Tt may help to intuitively visualize whether a single orbit is regular or chaotic [20], but
generally it doesn’t help in separating regular regions from chaotic regions in the phase space

for dynamical systems of high dimensions.
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are formal ways to compute the periodic orbits and describe their stability. The
approach is completely numerical and easy. The disadvantage is that we are
only able to know the stability of the periodic orbit itself but are unable to
describe to what extend the stable region is for quasi-periodic motions with the
same energy level as the periodic orbit. This approach is taken by [25] to study
the boundary of the binary asteroid’s orbit eccentricity when it is trapped in the
synchronous state (i.e. the 1:1 spin-orbit resonance). Continuing the approach
of periodic orbits, [26] adopted an averaged ellipsoid-ellipsoid model to study
the long-term dynamics of binary asteroids influenced by BYORP, tides, and
YORP effect. They pointed out that the secondary’s synchronous state may
break when the primary crosses these spin-orbit resonances (including some
high-order resonances). Naturally, the stability of these high-order resonances
is worth studying in the completed ellipsoid-ellipsoid model (i.e. the planar full
two-body problem).

In this paper, we will study the stability of the planar full two-body prob-
lem (PF2BP) by focusing on the spin-orbit resonance between primary’s ro-
tation and orbital motion. Except for the well-established 1 : 1 one, another
example—the 2:3 spin-orbit resonance—will be emphasized in Section 3 and 4.
Different from previous work with the assumption of invariant orbit, we build a
mathematical model for the periodic orbit in the PF2BP by simultaneously con-
sidering the orbital motion and the body’s rotation. (1) The difference between
this model and the traditional model is analyzed at first. As a result, there
is a contradiction between the full dynamics in [8, 18, 10] and the traditional
approach of assuming an invariant mutual orbit. It indicates that the influence
on the orbital motion by the rotational motion should be taken into considera-
tion. (2) We compute the periodic orbit first in the unperturbed problem (two
spheres orbiting each other), and then in the ellipsoid-sphere system, and then
in the ellipsoid-ellipsoid system. By this way, we can observe how the geneal-
ogy and stability of periodic families are changed by the non-spherical parts of
the two asteroids. (3) At last, as an example of relatively large non-spherical

perturbations, two binary asteroid systems, 66391 Moshup and 65803 Didymos,
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are analyzed with our method.

The paper is organized as follows. Section 2 introduces the equations of
motion for the planar full two-body problem (PF2BP). The mutual potential is
truncated at the second order. Section 3 revisits the approach of invariant orbit
by the numerical tool of Poincaré maps. Two resonances—the 1 : 1 one and
the 2 : 3 one are given special attention in order to compare with the PF2BP
model. Section 4 presents in detail the approach of periodic orbits, including
the computation algorithms, the genealogy of periodic families (including the
ones in spin-orbit resonances and the ones not in), and the stability of these
periodic orbits. Section 5 concludes the study. Section 6 discusses the dynamical

existence of asteroid pairs with an unexpected low-angular momentum.

2. Model Description

The dynamical model used in our work is described in this section. Under
the assumption of planar motion and fixed ellipsoidal shapes, we model the
two bodies as ellipsoids rotating about their shortest axes, respectively, with
mutual orbit coplanar with their equatorial planes. Fig. 1 shows the geometry
of the system. A is the secondary body, which is smaller and in synchronous
rotation with its orbit, and B is the primary body. The coordinate systems
O — XY and Op — XgYp are constructed in the body-fixed frame of A and B,
respectively, with origins at the barycentres and coordinate axes pointing along
the corresponding longest and intermediate axes of A and B, respectively. An
inertial frame O’ — xy is also constructed with the origin O’ at the barycentre of
the system. The useful variables are: S the position vector of the barycentre of
B relative to that of A, # and © the quadrant angles of S in O— XY and O’ —zy,
respectively, ¢ the rotation angle of Op — XpYp with respect to O — XY, 04
and fp the rotation angles of O — XY and O — XgYp relative to the inertial

frame O’ — xy, respectively. The angles satisfy the equations

O=04+0, Op=04s+¢, 6=0—0. (1)
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Figure 1: Schematic diagram of the planar F2BP.

The semi-axes and masses of A and B are denoted as
a/A,bA,CA,mA; anbB’CB’mB' (2)

The non-spherical gravity coefficients J; and Jzz of A and B are given by [27]

* a2+bz_2cz * az_bz
Jy = BT Joy = 5002 (3)

in which * represents A or B and the reference radius a. is defined as a, =
(axbyc,) /3.

The units adopted in this work are
[M]=ma+mp
L] =a (4)
(1) = ([ /e
in which a is the mean distance between the barycentres of A and B and G is

the gravitational constant. According to [23], the mutual potential of A and B

truncated at 2nd order is

U=-m %+%(A1+AQCOS29+A30052(5) ) (5)
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where m
A
S=|S ’ = - ? = ’
1511, m = p(1 = p), p ma +mp
1
Ay = §(J54a?4 +Jyak), A2 =3J5a%, Ay =350, (6)

. = Gy /a.

This potential is in fact equivalent to the potential in [10] expressed by moments
of inertia, only with difference in definition of variables. The mutual potential
is inversely proportional to the square of the mutual distance S. The 4th order
term ~ (J5/S?)? is usually much smaller than the 2nd order term. So the 2nd-
order mutual potential dominates. We have to remark that the only purpose
of the ellipsoid shape assumption in this work is that the second order mutual
potential can be easily calculated with the ellipsoid shape parameters. When
truncated at the second-order, the mutual potential does not change with the
asteroids’ shape as long as they have the same second order gravity coefficients.
The figure-figure interaction between the two asteroids, , i.e., the mutual gravity
depending on the asteroid’s shapes, only appear at the fourth order or even
higher of the mutual potential[23]. Usually, unless the two asteroids are very
close to each other, the figure-figure interaction is weaker and neglected in the
current study. It is worth noting that the increase in the non-spherical terms J3
and J3, or the decrease in the mutual mean distance a could achieve the same
effect of increasing the non-spherical potential coefficients A4;, i = 1,2, 3.

Substituting equation (B.1) into the equations of motion (EOMs) of the

system [23]
. . 19U
_ 2_ - Y
§=5(0+04)° - ——<
" S .. 1 1 \oU 198U
9——25(9+9A)—<E+m—52>%—ga—¢ .
s 10U (1 1yov "
T IA 06 IA " IB ) 8¢
j,— LoU 10U
AT IR 00 T IA 99
in which
o pl@i+dh) e (- (af +5)
? 5a2 z 5a2



120

125

130

Stability of the planar synchronous full two-body problem—The approach of periodic orbits

are the moments of inertia of A and B about their axes of rotation, respectively,

we have
. R © g 1 3 N A . A .
S=50+064) — 3 + g( 1+ Az cos26 + As cos 20)
.. S .. 2 . . 2mAs sin 260
0= —25(9—&—9,4)— ﬁ(Agsm%—i-Agsté)— JZE .
v 2mAs sin26  2mAs, sin 20
L 7 S
.. 2mAsy sin 20
ba= JEICE

Equation (8) is the full EOMs for the PF2BP under mutual potential truncated
at 2nd order.

3. The approach of Invariant Orbit

Poincaré map is usually employed to analyze the dynamics of spin-orbit res-
onances, such as [14] for studying the rotation of Hyperion and [20] for analysing
the spin-orbit coupling of binary asteroid. Other methods for the study of spin-
orbit coupling are also available from the literature including the SONYR model
applied to Mercury [28], Lie-Poisson numerical integration algorithms with vi-
sualisation aided by MEGNO maps [29], etc. Before we present our results by
periodic orbit approach which considers the full dynamics of the PF2BP in the
next section, in this section, we use Poincaré maps to show the results of tradi-
tional approach by assuming an invariant mutual orbit for the two rigid bodies.
The reason why we include this section is to compare the results with following
results via the approach of periodic orbits.

To be parallel with previous works, A is assumed to be a sphere rotating
with an arbitrary angular velocity w4, rending its rotational motion completely
decoupled from its orbital motion. Thus we only need to consider the spin-
coupling of B. When A is much larger than B, it is the case studied in previous
works, usually for the Sun-planet system or the planet-satellite system. The
mutual orbit is approximated as a two-body Keplerian orbit, ie., S = (1 —

€2)/(1 + ecos f) in which e is the orbit eccentricity and f is the true anomaly
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relative to the inertial frame. The rotational motion of B satisfies

- 2mAs sin 28
¢ = B g3 )

z

which is obtained from the third equation in equation (8) by letting As = 0.
¢ is related to ¢ via d = 0 — ¢ = f — wat — ¢. The Poincaré map is obtained
by plotting 5p against ¢, in which p indicates that the values are taken at the
pericenter of the mutual orbit. Note that according to equation (1) § is obtained
from § = 6 — ¢. Moreover, since § = © — 0 also satisfies, the locations of spin-
orbit resonances n : wp = p : ¢, where n = <@>, wp = <93> and (.) indicates
values averaged over one orbit, can be easily detected on the Poincaré map. We
call the spin-orbit resonance with p/q > 1 sub-critical and that with p/q < 1
super-critical. n always equals unity due to our choice of unit system. Because
of the symmetry of the mutual potential truncated at 2nd order, ¢, is equivalent
to ¢, + 7. Therefore, ¢, is restricted to the interval from 0 to 7.

Two cases are studied and the system parameters for each case are listed
in Table 1. The parameters are chosen such that Az in equation (9) and mass
ratio between the secondary and the primary keeps unchanged between these
two cases. Case #1 is for a system with A as the larger component, which is the
model adopted for the Sun-Mercury system [28] or Saturn-Hyperion system [14].
Case #2 is representative of a system with A as the smaller component, which
is the model studied in [8, 18]. The Poincaré map for the two cases are shown
in Fig. 2. Fhe-orbit-eceentricitiesfor-beth-eases-are-takento-bee==0- In the
following, we will focus on two spin-orbit resonances—the 1 : 1 one and the 2 : 3
one. The Oth-order resonance (1:1 resonance) is the primary resonance. The 1st-
order resonances have some obvious bifurcations and stability transitions, which
will be discussed later. Bifurcations only occur at the 1st-order resonances, but
not at everyone. Some resonances with small values (such as 6:7, 5:6) approach
the 1:1 one, indicating they are easier to overlap with each and cause chaos in
the perturbed case. The resonance with a large value (such as 1:2 resonance)
is too weak so that it can be easily crossed without bifurcation. Therefore, the

1:1 and 2:3 resonances are ideal examples to find out dynamic details.
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3.1. 1:1 resonance

It is clear from Fig. 2(a) that the resonance centres of the 1 : 1 resonance for
Case #1 are at ¢, = 0 and ¢, = 7, which indicates that the stable configuration
of this resonance corresponds to the long-axis mode as depicted in Fig. 3. It
seems that Case #1 matches the model for the widespread scenario in our solar
system, such as our Earth-Moon system and the Pluto-Charon system, and the
results agree with each other. However, according to [10] who analysed the full
system instead of just the rotational motion, for the long-axis mode, there exists
a minimum distance a. between the two bodies below which this configuration
is unstable (see equation (76) in [10]). a. for this case is calculated to be
~ 9000 m which is larger than the mutual distance a = 3000 m. Therefore, the
long-axis mode configuration of 1 : 1 resonance for Case #1 is actually unstable,
which contradicts that shown in Fig. 2(a). Numerical simulation of the system
considering the full dynamics also supports this conclusion. The main reason
behind this contradiction is that the distance between the two bodies in Case
#1 is so small that the coupling of the rotational and orbital motion is very
strong, which makes the approach of invariant orbit invalid.

According to Fig. 2(b), for Case #2 the stable configuration for the 1 : 1
resonance should also be the long-axis mode. However, according to [8, 18, 10]
who analysed the full system instead of just the rotational motion, for a small
sphere and a large ellipsoid which are close to each other, the long-axis mode
is usually the unstable configuration. a. for this case is calculated also to be
~ 9000 m which is greater than the mutual distance a = 3000 m. Our numerical
exploration for this resonance by considering the full dynamics of Case #2 does
find that this configuration is unstable. The obvious contradiction with Fig. 2(b)
again indicates that the assumption for an invariant mutual orbit in Case #2

may be insufficient for even qualitatively describing the system.

3.2. 2:3 resonance

For the 2 : 3 resonances, according to Fig. 2, the resonance centres are also at

¢p = 0 and ¢, = 7 for both cases. This indicates that the stable configuration

10
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Table 1: System parameters adopted for the PSR2BP.

Case #1 Case #2
A aa 1500 m 500 m
ba 1500 m 500 m
ca 1500 m 500 m
Density 2.0gcm™ 2.0 gcm™3
B aB 500 m 1500 m
bp 480 m 1493 m
cp 480 m 1493 m
Density 2.0 gcm™ 2.2 ¢gcm™?
Mass ratio mp/ma =0.034 mu/mp=0.034
Semimajor axis a 3000 m 3000 m
Eeeentrieity e 81 O3

for this resonance is the long-axis mode when the system is located at the
pericenter of their mutual orbit. For Case #1, this conclusion agrees with the
real world (for example, the Sun-Mercury system). However, for Case #2, we
will show in the following (see Section 4.3) that the true stable configuration
by considering the full dynamics is not the long-axis mode but the short-axis
mode. This again indicates that the assumption for an invariant mutual orbit
in Case #2 may be insufficient for even qualitatively describing the system.
From the two examples above, we know that there is a contradiction be-
tween the results of the full dynamics of the PF2BP and the results by the
traditional approach of assuming an invariant mutual orbit. This indicates that
the influence on the orbital motion by the rotational motion should be taken
into consideration when dealing with the spin-orbit coupling problem in the bi-
nary asteroid system. If we have to simultaneously consider the orbital motion
and the rotational motions of the two asteroids, the DoF of the system is 4.
Poincaré map is no-longer a valid tool for such a system. In the following we

abandon this approach and focus on the approach of periodic orbits, which is

11
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Figure 2: The Poincaré maps for two sphere-ellipsoid systems. The orbit eccentricities when

generating these maps is e = 0.1. The locations of spin-orbit resonances are indicated by the

red arrows. (a) Case #1; (b) Case #2.

(a) long-axis mode (b) short-axis mode

Figure 3: Two 1:1 spin-resonance configuration of the sphere-ellipsoid system. The long-axis
mode and short-axis mode denote the configurations where the long axis and short axis of B

point towards the centre of A, respectively.

12
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seldom seen in literature on this problem and is the focus of the current study.

4. The approach of periodic orbits

4.1. Dynamical Substitutes

In the PF2BP composed of an ellipsoidal 4 which rotates synchronously
with its orbit and a sphere B, there are two types of equilibrium states in the
body-fixed frame of A for B, as depicted in Fig. 4 where B is located at the
equilibria [18]. However, if B is not a sphere, the equilibria usually do not exist
and the location of B is no longer fixed [30] in the body-fixed frame of A. Due
to the addition of one external frequency wg — 1 2 in the body-fixed frame of
A which is introduced by the relative rotation of B’s non-spherical part with
respect to A, a special periodic solution for the orbital motion of B in the body
fixed frame of A with orbit period T" = 27/|wp — 1| can be obtained. This
periodic orbit can be viewed as forced periodic motions of B by the periodic
movement of its non-spherical part. In this study, we name it as dynamical
substitute after [30] and [31], originating from some other similar dynamical
structures related to the Restricted Three-Body Problem [32, 33, 34]. These
dynamical substitutes are exactly the periodic orbits we focus in the current
work.

Generally, periodic orbits in dynamical systems should satisfy

X(T) = Xo, (10)

2Denote A’s rotation frequency as w,4, B’s rotation frequency as wp, and the orbital
frequency as wo. In A’s body-fixed frame, there are two basic frequencies of B’s relative
motion with respect to A. One is wo — w4, and the other is wp — w4. Since in our study
A is in synchronous rotation with the orbit, wa = w, and the former frequency disappears.
In the units of equation 4, w, = wa = 1. As a result, the latter frequency becomes wp — 1.
One remark is, if A is not in a synchronous rotation state, then periodic orbits studied in this
work should be replaced with quasi-periodic orbits with two basic frequencies w, — w4 and
wp — wa which are harder to get numerically. Lucky for us, synchronous binary systems are
common in the population of binary asteroid systems, which makes the study in the current

paper have practical applications to these binary asteroid systems

13
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Figure 4: Two types of equilibrium states for the SRF2BP. The spherical B is located at the
relative equilibria of the ellipsoidal A. Different from Fig. 3, now A is the ellipsoid and B is
the sphere.

where X is the state vector, X denotes the initial state and X (T') is the state af-
ter one orbit period T'. In our case for the PF2BP, X = (S, 6, ¢, 0.4, S, 6, ¢, 9A)T
is an eight dimensional vector. The exact form of equation (10) is

S(T) =5

0(T) = 0o

mod (¢(T)7 27T) = ¢o

mod (0.4(27), 2m) = (04), (11)

S(T) = Sy
0(T) = 6y
¢(T) = ¢o

i~ 5,

where mod is the modulo operator. The fourth equation in equation (11) de-
serves special notice. Here 04(27) denotes the value of 64 taken after an inte-
gration time of 27 instead of the orbit period T'. Recall that the orbital period
of the system is 27 under the units in equation (4). Since A is in synchronous
rotation, this requires that the relative geometry of A repeats after one orbital
period 27. Judging from equation (8), an obvious fact is that 64 is absent from

the EOMs. So equation (8) is actually a 7-dimensional dynamical system. Here,

14
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(a) long-long mode

Y A
I
|

(c) short-long mode (d) short-short mode

Figure 5: Four configurations of the ellipsoid-ellipsoid system in the PSF2BP. The long-long
mode and long-short mode denote the configurations where the long axis and short axis of B
align with the long axis of A, respectively. The short-long mode and short-short mode denote
the configurations where the long axis and short axis of B align with the short axis of A,

respectively.

04 is added into the variable list not only to ensure that A is in synchronous
rotation with its orbit, but also to construct an 8-dimensional Hamiltonian sys-
tem so that the symplectic structures of the Hamiltonian system can be utilized
(e.g., the eigenvalues appear in pair).

Equation (11) can be numerically solved with iterations starting from an
initial guess. Due to symmetry of the mutual potential truncated at 2nd order
(equation (B.1)), four possible initial state configurations are allowed as shown

in Fig. 5. Also due to the symmetry, equation (11) can be reduced to

15
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0(T/2) =0
O(T/2) = do +sgn(wp —1) -
(12)
Oa(m) ==
S(T/2)=0
for the long-long/long-short modes and

0(T/2) =7/2
¢(T/2) = ¢o +sgn(wp — 1) -

; (13)
Oa(m)=m
S(T/2)=0

for the short-long/short-short modes, where sgn is the sign function, and 6, ¢, 6 4
and S are all functions of variables So, 90, ci)o and (9 A>0 which are numerically
corrected from their initial guesses to satisfy equation (12) or (13).

For the simplest case when B is a sphere, its orbit in the body-fixed frame
of A is a fixed point. The rotational and orbital motion of B is decoupled and
initial guesses can be taken as

50:17 (HA)(]:Oa AS.‘10:07 90:03 d.)():wB*la <0A)0:1

and
0p=0, oo =0 long —long mode

6o =0, ¢pg =7/2 long — short mode

O =7/2, ¢po =m/2 short —long mode

O =7/2, oo =0 short — short mode

which can be iterated to solve for the true initial state. Equation (14) is still
a good approximation for the initial guess when the non-spherical terms of B
are relatively small. As the non-spherical terms of B grow larger, the numerical
correction process no longer converges if equation (14) is still used as the initial
guess. A parameter € € [0, 1] is then introduced together with eJP and eJ%, and

equation (12) or (13) is numerically solved starting from e = 0, which obviously

16
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corresponds to the case of a spherical B, and gradually increasing e until it
reaches unity. Once a periodic orbit is obtained, periodic orbits belonging to
the same family can also be computed through a continuation method with
either T" or Sy as the continuation parameter.

The stability of the periodic orbit is determined from the eigenvalues of
its associated monodromy matrix, which is obtained from the state transition
matrix (STM) ®gys mapped over one period T, denoted as ®Pgxs(T). Pgxs is

computed from the differential equation
Dgys = AsxsPsxs, (15)

where the matrix Agxs can be obtained analytically from equation (8). There
are always two pairs of eigenvalues equal to 1 (see Appendix Appendix A
for more details). The other two pairs \;, i = 1,2,3,4, are essential to the
stability of the periodic orbits. For stable periodic orbits the modulus of all
these eigenvalues should be equal to unity, while for unstable ones the modulus

of at least one eigenvalue should be greater than one.

4.2. Unperturbed Case — the sphere-sphere model

To better understand the results of the perturbed case, we start with the
unperturbed case where A and B are both spheres. In the unperturbed case, the
orbital motion and the rotational motions are completely decoupled from each
other. A and B have constant angular rotation rates 9,4 =n=1and 93 = wpg.
As an example, the following system is chosen. The mean distance between the
two bodies is a = 3000 m. For the body A, ay = by = ¢4 = 500 m. For the
body B, ag = bg = ¢g = 1000 m. Since the orbital motion is decoupled from
the rotational motion, if B is on a circular orbit around A, in A’s body-fixed
frame B’s trajectory is always a fixed point. After a period of 27 /|wp — 1|, B’s
rotation with respect to A’s body-fixed frame repeats. Following Poincaré, we
call this family as periodic family of the first kind or simply as near-circular
family. On the other hand, if B’s orbit around A is an elliptic orbit, in order

to both the rotational motion and orbital motion to repeat in A’s body-fixed
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Figure 6: Periodic orbits of spherical B with different eccentricities shown in the body-fixed

frame of spherical A.

frame, B’s rotational frequency should be rational with the orbital frequency. In
the inertial frame, the mutual orbit can be an elliptic orbit. During the period
2pm, the orbit (also A) rotates p times and B rotates ¢ times. In the body-fixed
frame of A, B’s relative rotation angle with respect to A is 2(q — p)m. Since B’s
trajectory in the inertial frame is an elliptic orbit, its trajectory in the body-
fixed frame of A is no longer a fixed point, but has a shape as shown in Fig. 6.
We call this kind of period family as “periodic family of the second kind” or
simply as “resonance family” in this work. In the current study, we only deal
with the first order spin-orbit resonances, that is ¢ — p = +1.

An innovative H —wp (wa = 1) plot is given to show the genealogy between
these two kinds of periodic families, as shown by Fig. 7. H is the total angular

momentum of the system, and is computed by

Hunperturbed =my1-— 62 + 1240,4 + IzBéBa (16)
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Figure 7: The H —wp curve for an unperturbed system comprised of two spheres with radius
1000 m and 500 m, respectively. The mean mutual distance a = 3000 m and eccentricity
e = 0.1. The dashed lines bifurcate from the solid lines where the resonances occur as the

annotations n : wp indicate.

where m is given in equation (6) and e is the orbit eccentricity. In the absence
of spin-orbit resonances, e = 0. Since wp is fixed in the presence of spin-orbit
resonances, the H — wpg curves for the resonance families appear as dashed
vertical lines in Fig. 7. The genealogy between the two families is obvious in
Fig. 7—the resonance families bifurcate from the near-circular family at the
spin-orbit resonances. The accumulation of first order resonances when they
approach the 1 : 1 one, indicates that it is much easier for them to overlap with
each and cause chaos in the perturbed case, which is already widely reported
by many previous studies. In the following, we will add non-spherical terms to

A and B to observe how the family genealogy changes.
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4.8. Perturbed Case — the sphere-ellipsoid model

Before we present our main results where A and B both have non-spherical
parts, to compare with the results by the approach of invariant orbit in Sec-
tion 3.2, we first make a short study on the the sphere-ellipsoid model where
A is a sphere. In this case, since A’s rotational motion is decoupled from the
system, both the state variables 64 and 04 can be ignored in the computation
of periodic orbits. For comparison with Section 3, we use the parameters of
Case #1 and Case #2 listed in Table 1 as examples. We compute the periodic
orbits of the system with varying wp. Similar to Section 4.2, the H —wp curves
are obtained with each point on the curve representing a periodic orbit. The

magnitude of the total angular momentum of the system H is

H=1.04+12¢+mS% (17)

in which I, = I2 + IB + mS2.

A portion of the H — wp curves near the 2 : 3 spin-orbit resonance is shown
in Fig. 8. Comparing Fig. 8 with Fig. 7, one obvious feature is that the near-
circular family is broken apart by the 2 : 3 resonance. More detailed analysis
of the H — wp curve will be given in the following sections. The focus of
the current subsection is to compare the results of our periodic orbit approach
which considers the full dynamics with those in Section 3.2. Four example
periodic orbits annotated in Fig. 8 are shown in Fig. 9. X and Y are coordinates
in O — XY, the body-fixed frame of A, and X = Scosf, Y = Ssinf (the
same definition applies in the following similar figures). In Fig. 9 (a),(c), the
configuration of the 2:3 spin-resonance orbit is with B’s long axis pointing at
A at the pericenter and with B’s short axis pointing at A at the apocenter. In
Fig. 9 (a),(c), the configuration is contrary.

For Case #1, the periodic orbit with the long-axis mode at the pericenter
is stable while that with the short-axis mode at the pericenter is unstable for
the 2 : 3 spin-orbit resonance, which agrees with Fig. 2(a). However, for

Case #2 the periodic orbit with the long-axis mode at the pericenter becomes
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Figure 8: The H —wp curve near the 2 : 3 spin-orbit resonance for the sphere-ellipsoid systems.
The parameters of the systems are the same as those adopted for Fig. 2. The blue (magenta)
lines indicate that the corresponding periodic orbits are stable (unstable). The black circles

indicate the locations on the H — wp curve of the corresponding periodic orbits in Fig. 9.

unstable while that with the short-axis mode at the pericenter is stable. This is
contradictory to the results shown in Fig. 2(b). Since we have considered the
full dynamics in the approach of periodic orbits, we believe the results in Fig. 8
are right. To further verify the stability property of the orbits shown in Fig. 8
(c)~(d), Fig. 10 and Fig. 11 shows the results by integrating the two initial
conditions for 100 orbital periods. For the 2 : 3 spin-orbit resonance, according
to the d’Alembert relation, the resonance angle should be 20 — 205 + M in

which M is the mean anomaly of the mutual orbit.
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Figure 9: Periodic orbits of 2 : 3 spin-orbit resonance corresponding to (a)~(d) indicated in

Fig. 8. The red dotted ellipsoids show the orientations of B at pericenter and apocenter.
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Figure 10: Instability of periodic orbit in Fig. 9(c). (a) red line: original periodic orbit;
black line: integrated trajectory for the time span of 100 orbit periods of the original periodic
orbit with deviation of 10~% in initial 2 component. (b) time history of the resonance angle

20 —20p + M.
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Figure 11: Stability periodic orbit in Fig. 9(d). (a) red line: original periodic orbit; black line:
integrated trajectory for the time span of 100 orbit periods of the original periodic orbit with

deviation of 1073 in initial # component. (b) time history of the resonance angle 20 —20 + M.

4.4. Small Perturbed Case — the ellipsoid-ellipsoid model

This section deals with the case where both .4 and 55 have small non-spherical
terms. The system parameters are ag = 1000 m, bg = 960 m, cg = 960 m and
as =500m, by =480 m, cq4 = 480 m, respectively. Their mutual mean distance
is @ = 3000 m. The magnitude of the total angular momentum of the system can
also be obtained from equation (17). Intensive numerical computations indicate
that periodic orbits corresponding to the short-long and short-short modes in
Fig. 5 are generally unstable. Therefore, we mainly focus on the long-long and
long-short modes. The H — wp curve is shown in Fig. 12.

Comparison between Fig. 12 and Fig. 7 shows following differences.

(1) The near-circular family in Fig. 7 is broken apart into pieces at the first
order spin-orbit resonances. These spin-orbit resonance families join with these
pieces to form a series of new periodic families. Actually, the same phenomenon
appears in Section 4.3 where we only focus on the 2 : 3 resonance. The breakup
does not happen for every first-order resonances but only at every other first-
order resonances, such as 2 : 3, 4 : 5 and 6 : 7 for the super-critical resonances
and 2:1,4:3 and 6 : 5 for the sub-critical resonances.

(2) The resonance family shown in Fig. 7 splits into two branches in the
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Figure 12: The H — wp curve for a system comprised of an ellipsoidal primary B with ap =
1000 m, bp = 960 m, cg = 960 m and an ellipsoidal secondary A with ag = 500 m,
ba = 480 m, cq4 = 480 m, respectively. The mean mutual distance a = 3000 m. The blue
and magenta lines indicate that the corresponding periodic orbits are stable and unstable,

respectively.
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perturbed case. Each branch has a different spin-orbit resonance configuration,
as already shown in Fig. 8. Take the 2 : 3 again and the 4 : 5 as examples,
Fig. 14 and Fig. 15 shows the spin-orbit resonance orbits denoted as black
circles in Fig. 13. Periodic orbits in the top (bottom) panels belong to the right
(left) branches. As the total angular momentum decreases, the orbit amplitude
increases, indicating the eccentricity of the mutual orbit increases. For small
to moderate orbit eccentricities, one branch (or configuration) of the spin-orbit
resonance is stable while the other branch (or configuration) is unstable. For
large orbit eccentricities, both branches become unstable.

(3) Periodic orbits in the near-circular family can also become unstable at
other first-order spin-orbit resonances, though the breakup phenomenon does
not occur, such as the 3 : 4, 3:5 and 1 : 2 resonances in the upper frame and

the 3 :2 and 7 : 6 resonances in the lower frame of Fig. 12.

4.5. Large Perturbed Case — the ellipsoid-ellipsoid model

We take the binary asteroid system 66391 Moshup and 65803 Didymos as
examples to illustrate the case with relatively large non-spherical terms. This
system is comprised of a primary with rotation axis nearly normal to the orbit
plane and a secondary rotating synchronously around the primary [35, 36], which
can be well modelled by the ellipsoid-ellipsoid model. The parameters we adopt
for the system are listed in Table 2. We obtain the periodic orbits of the system
with varying wp and plot the H — wp curve shown in Fig. 16. Considering
the fact that B rotates faster than the orbital motion, only the super-critical
resonances are given in this case. It showes that the 66391 Moshup and the
65803 Didymos will break when they cross 2:3 spin-orbit resonance.

Compared with the unperturbed case in Fig. 7, the H —wp curve in Fig. 16
is obviously twisted at the resonances, and the twist becomes more severe as
the resonance approaches the 1 : 1 resonance. Besides, the first-order reso-
nance families generally become unstable. When the system approaches these
resonances, chaotic orbital and rotational motion of B could be incurred, as an

example for the 2 : 3 spin-orbit resonance shows in Fig. 17.
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Figure 13: The detailed H — wp curves near 2 : 3 and 4 : 5 spin-orbit resonances. The blue

and magenta lines indicate that the corresponding periodic orbits are stable and unstable,

respectively. The black circles indicate the locations on the H —wp curve of the corresponding

periodic orbits in Fig. 14 and Fig. 15.

Table 2: System parameters for 66391 Moshup adapted from [35] and 65803 Didymos adapted

from [37].

1999KW4 Didymos
A aa 297.5 m 103.0m
ba 225.0 m 79.0 m
cA 171.5 m 66.0 m
Density 2.81gem™3 2.0gcem™3
B ap 708.5 m 399.0 m
bp 680.5 m 392.0 m
cB 591.5 m 380.0 m
Density 1.97gcem™3 2.0gcem™3
Semimajor axis a 2548 m 1180 m
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Figure 14: Periodic orbits near the 2 : 3 spin-orbit resonance. The top panel and the bottom
panel belong to the right and left branch, respectively. Periodic orbits in the same column

have the same total angular momentum.
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Figure 15: Periodic orbits near the 4 : 5 spin-orbit resonance. The top panel and the bottom
panel belong to the right and left branch, respectively. Periodic orbits in the same column

have the same total angular momentum.
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Figure 16: The H—wp curve for the system 66391 Moshup (top) and 65803 Didymos (bottom).

The blue and magenta lines indicate that the corresponding periodic orbits are stable and

unstable, respectively.
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Figure 17: An example of the chaotic rotation of B near the 2 : 3 spin-orbit resonance in
1999KW4 system. (a) red line: original periodic orbit with wp = 1.4857; black line: integrated
trajectory for the time span of 25 orbit periods of the original periodic orbit with deviation

of 10~ in initial position. (b) time history of the resonance angle 20 — 205 + M.
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5. Conclusions

The stability of the PF2BP where the rotation is coupled with orbital motion
is studied. Different from previous studies which mainly focus on the spin-orbit
coupling of the secondary and adopt the assumption of invariant orbit, the cur-
rent study mainly focuses on the high-order spin-orbit resonances of the primary
in a binary asteroid system. We found that there is a contradiction between the
results of the full dynamics of the PF2BP and the results by the traditional ap-
proach of assuming an invariant mutual orbit. It indicates that the influence on
the orbital motion by the rotational motion is non-negligible. In the body-fixed
frame of the secondary A, depending on the rotational state of B, totally two
kinds of periodic trajectories that the primary B follows are studied in this work.
One kind of periodic family has orbits, not in spin-orbit resonances (called as
near-circular families in this work), and the other kind has orbits in spin-orbit
resonances (called as resonance families in this work). In the unperturbed cases
the resonance families bifurcate from the two near-circular families. In the case,
the near-circular family breaks into pieces at the resonance families. The reso-
nance families join with these pieces to form a series of new periodic families.
Moreover, in the presence of perturbations, each first-order spin-orbit resonance
splits into two branches, with a different configuration of the spin-orbit reso-
nance for each branch. For small to moderate orbit eccentricities, one branch
is stable, and the other branch is unstable. Zoomed into the 2:3 spin-orbit, the
stable one has moderate orbit eccentricities and large mutual distance. Both
two branches have a lower angular momentum in resonance areas. For large
perturbations, usually, both branches become unstable and the BAS breaks in

these resonances.

6. Discussion

For near-Earth binary asteroid systems, the secondary usually first enters

a synchronous rotation state due to tidal dissipations [38], but the primary is
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not. Under the influence of tidal dissipations or the thermal effect, the rota-
tion rate of the primary may change, becoming slower or faster and crossing a
series of spin-orbit resonances. [26] also find a case by numerical integration,
in which the synchronous state of BAS breaks when the BAS is near resonance
areas. This mechanism prevents the formation of the asteroid pairs with a slow-
rotation primary. Some of these asteroid pairs with low-angular momentum are
unexpected in existing theories such as (49791) 1999 XF31 et al [39]. However,
we found stable branches in small perturbation cases for the families of periodic
orbits, which have moderate eccentricities, considerable mutual distance, and
low angular momentum. These results provide a possible dynamical path for
forming these asteroid pairs where two components of the BAS with near-sphere
shapes enter into some spin-orbit resonance along stable branches and become

the asteroid pair.

CRediT authorship contribution statement

Hai-Shuo Wang: Software, Formal analysis, Visualization, Writing - Orig-
inal Draft. Xiaosheng Xin: Investigation, Validation, Supervision, Writing -
Review & Editing,Visualization. Xiyun Hou: Conceptualization, Resources,

Writing - Review & Editing, Supervision. Jinglang Feng: Investigation.

Declaration of competing interest

The authors declare that they have no known competing financial interests
or personal relationships that could haveappeared to influence the work reported
in this paper.

Acknowledgement

X.Y.H. wishes to thank the support from National Natural Science Founda-
tion of China (No. 11773017).

30



Stability of the planar synchronous full two-body problem—The approach of periodic orbits

o5 Appendix A. Issues related to the monodromy matrix and associ-

ated eigenvalues of the periodic orbit

The expression for Agyg in equation (15) is

in which

0 0 0 0 1 0 0 0
0 0 0O 0 O 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
Agxg = (A1)
as1 as2 as3 0 0 ase 0 ass
as1 agz ags 0 ags ags 0 ags
ar1 arz arg 0 0 0 0 0
agr agz 0 0 O 0o 0 0
S \2 2 12
as1 = (9 + 0,4) + 5 + ﬁ(Al + As cos 20 + As cos 20),
6 . .
aso = G (Ao sin 20 + Agsin20),
6 .
as3 = —§A3 sin 26,
asg — A58 — 25 (94‘9,4) 3
S /. 10 , , 6m.As sin 26
a61:25— (9+9A)+§(A2s1n29+143sm26)+ A gt
4 4mAs cos 20
a62:—§(A2cos29+A360525)_ [AQT’

4
ag3 = §A3 cos 20,

ags = —% (9+9A>,

28
ags = Agg = ——
66 68 g
6mAs sin20  6mAsz sin26
T TIA Teh T TIB st
4mAs cos2d  4mAs cos 20
T TIE g T A g8 o
G — _4mA3 cos 20
73 — IZB SB )
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~ 6mAysin20
asy = *7 g

_ 4mAjy cos 20
agz = 71.24 53

The STM mapped over one orbit period T, Pgys(T), takes the form

bll b12 b13 b15 b16 bl7 b18

bar  baz  bos bas  bag  bay  bag

b31 b3z b33 bss bsg bsr b3s

bs1 baz  bus bass  bag bar  bas

Pgys(T) =

b51 b52 b53 b56 b57 b58

bs1  be2 bes bes bes ber bes

b71 bra brs brs  brg b7 brg

o O O O = o o O
S
ot
(2

bg1  bga bs3 bgs bsg bsr bss

i.e., the elements in the fourth column all equal zero except the diagonal element,
which is unity. This is easy to understand since 64 does not appear explicitly
in equation (8). There should always be on pair of eigenvalues equal to 1 for
$sys(T) due to the periodicity condition. In addition, because of the unique
structure of ®gyg(7), it is evident that Ay = 1 is also an eigenvalue of ®gys(7T)
with

u™ = (0,0,0,1,0,0,0,0)”

as the corresponding unit eigenvector. Thus another eigenvalue A\j = 1 also
exists according to the properties of the Hamiltonian system. However, due to
limited accuracy of the computer, numerical computation of the eigenvalues of
®sys(T), such as using DGEEV routine of Linear Algebra PACKage (LAPACK),
may not produce this one pair of eigenvalues exactly equal to one.

To overcome this problem, we remove the forth row and column from ®gys(7)
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to obtain

bin biz biz bis big bir
ba1 baz baz bas bas by
bs1 bz2 b3z bss bzs bar
M7xr = [bs1 bsa bss bss bsg bsy
ber bez bes bes bes ber

brr bra brz brs brg bry

bg1 bsa bss bss bgg bar

and solve M~ 7 for the eigenvalues.

Appendix B. 4th order EOMs

1 1 - 1 -~
+7U2+7U4 )

e

Uy = Ay + As cos 20 + As cos 26

Uy =B; + By cos 20 + Bs cos 40 + By cos 26 + Bs cos 46

+ Bg cos 2¢ + By cos(260 + 20)

ou 1 3 - 5 ~ ]

aszm[52+S4U2+56U4_

U __ [ 100, 1004

00 S3 00 S5 06

ou _ [ 100, 100

oo S3 d¢ S5 0¢

% = —2A455sin26 — 2A3sin 26
oU, : , : :
B0~ 2By sin 20 — 4B3 sin46 — 2B, sin 26 — 4B5 sin 49

— 4By sin(26 + 26)
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837[;2 =2A3sin2§ (B.9)
U, . . . .
57(1) = 2By sin 2§ + 4Bs sin 46 — 2Bg sin 2¢ + 2B sin(20 + 24) (B.10)
. . 2 2
as1 = (9+9A) - %ZTZ’
19U
452 = 9590
10U
as3 = *Emv
ase = asg = 25 (9+9A),
a :2§<é+9 )—(1+ L ) U + 2 U _ 10U
61— “g2 A TA T mS2) 0500 T mS? 90 IA 9509’
1 1\ U 1 92U
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1 1 0?U 1 62U
e (IA i ms2> 0606 I 99°
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29
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__louv (1 19U
4T = T4 5506 (1;\ * IZB> 9509’
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1 [ 0*U 02U
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