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Abstract 9 

This study investigated the spatial variability characteristics of the effective friction angle of Crag 10 

deposits which are granular soils occur in the east of England. Cone Penetration Test data were 11 

obtained at 26 locations and interpreted statistically. The distribution characteristic of the effective 12 

friction angle of Crag deposits was derived with the mean value, the standard deviation and the 13 

correlation length calibrated. Illustrations were also shown on how factors such as ground water 14 

pressures and the existence of soft/organic soil zones affect the measurement of the autocovariance 15 

function and thus the correlation length. Bayesian inference technique was adopted alongside the 16 

method of moments to determine the correlation length. Based on the obtained statistical 17 

parameters, both semi-deterministic (based on standard geotechnical design codes) and 18 

probabilistic finite element limit analyses were carried out to investigate the stability of slopes in 19 

Crag deposits. Slopes of various inclined angles were considered and comparisons between the 20 

semi-deterministic and probabilistic results were conducted to improve the understanding of the 21 

stability of Crag slopes and to provide insight into the slope stability code used in practice.  22 
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1. Introduction 32 

Current stability analysis in practice relies heavily on the traditional total factor of safety approach 33 

in which deterministic properties of geomaterials are used in analyses without considering any 34 

uncertainties in properties (Morgenstern & Price, 1965; Baker & Garber, 1978). In the total factor 35 

of safety approach, use of the maximum strength obtained from in-situ tests overestimates the 36 

stability of a slope and leads to an unrealistic high factor of safety. The more conservative 37 

assessment of a slope can be achieved adopting the minimum strength in the stability analysis 38 

which, however, also implies the least economical solution. In earthworks, a more conservative 39 

design of a cutting slope means a much shallower and safer angle. It requires the acquisition of 40 

more land space which is costly and, in many cases, restrained by civil/legal and/or 41 

environmental/historical/cultural restrictions. Additionally, it incurs more design and construction 42 

time and resources and a higher carbon footprint. Clearly, this dilemma stems from the spatial 43 

variability and uncertainty of soil properties.  44 

 45 

Many geotechnical design codes, such as the Eurocode 7 (British Standards International (BSI), 46 

2004 + A1:2013), have moved from traditional total factor of safety method to the partial factor 47 

approach to account for spatial variability and uncertainty. In the partial factor approach, partial 48 

factors, which depend on variability and uncertainty, are applied to soil strength or loading. Despite 49 

its wide applications in geotechnical practice, the performance of the partial factor approach from 50 

reliability point of view is still questionable because the partial factor cannot fully cover the feature 51 

of variability and uncertainty in model parameters.   52 

 53 
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Full probabilistic analysis method is a robust technique for considering the spatial variability and 54 

uncertainty of soils in stability problems (Griffiths, et al., 2009; Jiang, et al., 2014). The realization 55 

of full probabilistic analysis involves the calibration of spatial variability of soil properties 56 

according to in-situ test, the generation of random field reflecting the variability, the 57 

implementation of the random field in numerical stability analysis method and the interpretation 58 

of simulation results. Extensive efforts have been devoted to advancing and realizing full 59 

probabilistic analysis in geotechnical engineering over the past decades. In terms of spatial 60 

variability calibration, De Groot and Baecher (1993) and Lacasse and Nadim (1996) used the 61 

method of moments and the maximum likelihood method for calculating autocovariance distance. 62 

Fenton and Griffiths (2008) provided in-depth discussions on the quantification of statistical 63 

parameters of soil properties and application to a wide range of geotechnical problems, for example 64 

groundwater modelling, deep foundations and slope stability to name a few. Cao and Wang (2013) 65 

studied probabilistic site characterization using Bayesian approach with cone penetration tests. Liu 66 

et al. (2017) presented an integrated framework, combining the restricted maximum likelihood 67 

method and the Matérn autocovariance model, for characterizing spatial variability of geological 68 

profiles. Uzielli and Mayne (2019) studied the probabilistic correlations for effective friction angle 69 

of clean to silty sands. Low (2019) investigated the probabilistic site date of soil and rock slopes 70 

from San Francisco and Hong Kong. A summary on the estimation methods for scale of fluctuation 71 

of spatially varying soils was provided by Cami et al. (2020). To generate random field, the 72 

Karhunen Loeve method is commonly used (Phoon et al., 2002; Zheng and Dai, 2017; Huang, et 73 

al., 2013) and numerical approaches which have been combined with random fields for stability 74 

problems include, but are not limited to, the limit equilibrium method (El-Ramly, et al. 2002; Jiang 75 

and Huang, 2016; Li et al. 2016; Liu et al. 2020), the finite element limit analysis method (Huang 76 
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et al., 2013; Ali, et al., 2017; Krabbenhoft et al. 2018), elastoplastic finite element method 77 

(Griffiths & Fenton, 2004; Huang, et al., 2010; Dyson and Tolooiyan, 2019), Coupled Eulerian-78 

Lagrangian method (Li et al. 2020; Chen et al., 2021). Based on these methods, influences of 79 

spatial variability on slope reliability have also been investigated to some extent for both pure 80 

cohesive and cohesive-frictional soils (Griffiths et al. 2009; Jiang et al. 2014; Jiang et al. 2015).  81 

 82 

Despite these contributions, the application of spatial variability analysis to geotechnical problems 83 

in practice is still very limited. Indeed, the real-life scenarios are much more complex and 84 

challenge its application. For example, how a sudden change of soil type in depth (particularly the 85 

case of granular soils with organic clay layers) and severe fluctuations of pore water pressure, both 86 

of which are commonly observed in site investigation, impact the calibration of random field 87 

parameters and, consequently, slope design is yet clear and requires further investigation. 88 

Additionally, the full probabilistic analysis is computationally time-consuming which is another 89 

obstacle to its application in practice. To reduce the computational cost, semi-deterministic 90 

analysis is used that a uniform soil strength (factored or unfactored) is assigned. The failure 91 

probation of slope is then related to the likelihood of the occurrence of the specific soil strength 92 

with which the slope is stable. Although such a method does decrease the cost, its reliability is 93 

questionable given the significant simplification.   94 

 95 

To answer these questions, we utilised Crag deposit as an example to explore the entire process of 96 

spatial variability analysis from data collection to the derivation of slope design results with 97 

emphasis on the challenges encountered due to the complexity of real scenarios. Crag deposit is 98 

found widely along the east coast of England (i.e. East Anglia) and the western margin of southern 99 
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North Sea basin. It consists of a range of marine and estuarine sands, gravels, silts and clays 100 

(Zalasiewicz, et al., 1988; Prestwich, 1871) and possesses apparent uncertainties in the spatial 101 

distribution of strength. The diverse constituents of Crag deposit pose a challenge not only to slope 102 

stability analysis therein but also the calibration of its statistical characteristics. To date, very 103 

limited data about the properties of Crag deposit have been reported. In this paper, the spatial 104 

variability of effective friction angle of Crag deposits is quantified via statistical analysis of an 105 

extensive set of self-conducted cone penetration tests (CPT) soundings. Discussions are also 106 

conducted on the influence of statistical impurities such as inclusion of organic clays in the deposit 107 

and severe changes in pore water pressure on the calibration of statistical parameters. Both full 108 

probabilistic analysis and semi-deterministic partial/total factor of safety analysis, according to 109 

standard geotechnical design code, are carried out with wide range parametric studies. Comparison 110 

between the results leads to guiding information for slope design in Crag deposit and similar 111 

geomaterials.  112 

 113 

2. Site Investigation Survey 114 

Owing to the intense development of critical infrastructure and industrial projects in East Anglia 115 

(e.g. Sizewell C nuclear power station and the Norwich Western Link project), many earthworks 116 

will be constructed on Crag deposits. A good understanding of Crag deposits and geostructures 117 

therein is of great importance to reduce earthwork instability risk. To this end, a survey of 26 Cone 118 

Penetration Tests (CPT) with a sampling interval of 0.01 m was carried out in an area of 85 m × 119 

138 m in Sizewell, east coast of England, where the Crag presents with marine deposits and peat 120 

nearby (Figure 1). The Mohr-Coulomb model is adopted in light that Crag deposits are 121 

predominantly granular according to (British Geological Survey, 1996). 122 
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 123 

 124 

Figure 1  Crag Deposits in the East of England, UK, and the location of the site 125 
investigation survey – “Contains British Geological Survey materials” © UKRI (2021) 126 

 127 

Up to date, there has been no universal consensus equation for calibrating effective friction angle 128 

from CPT data. Herein, the effective friction angle is calculated using the three commonly used 129 

formulations, namely 130 

 formulation proposed by Robertson and Campanella (1983)  131 

𝑡𝑎𝑛 𝜙′ = (0.1 + 0.38 𝑙𝑜𝑔( 𝑞𝑡/𝜎v0
′ ))                    (1) 132 

 formulation proposed by Kulhawy and Mayne (1990) 133 

𝜙′ = 17.6 + 11 𝑙𝑜𝑔[( 𝑞𝑐/𝑝𝑎)/(𝜎v0
′ /𝑝𝑎)0.5]    (2) 134 

 formulation suggested in Eurocode 7 (British Standards International (BSI), 2007) 135 

𝜙′ = 13.5 𝑙𝑜𝑔 𝑞𝑐 + 23                                                                    (3) 136 
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In above equations, 𝑞𝑡 is the corrected cone resistance, 𝑞𝑐 is the cone resistance, 𝜎v0
′  is the initial 137 

vertical effective stress and 𝑝𝑎 is the atmospheric pressure. Figure 2 shows the effective friction 138 

angle calibrated using these equations for CPT 17 and CPT22. Generally, the effective friction 139 

angle calibrated using the formulation proposed by Kulhawy and Mayne (1990) is much higher 140 

than these from Robertson and Campanella (1983) and Eurocode 7. Eq. (3) suggested by Eurocode 141 

7 is only valid for 5 MPa ≤ 𝑞𝑐 ≤ 28 MPa and, thus, provides results for depth in a limited range 142 

(i.e. red curves in Figure 2). However, the results from Eurocode 7 agree well with these from 143 

Robertson and Campanella (1983) which does provide a full profile. The equation from Robertson 144 

and Campanella (1983) is valid for general cases except sand of high compressibility such as 145 

carbonate sand. In the following, the effective friction angle calibrated using Eq. (1) is adopted in 146 

all analysis. The full CPT profiles are provided in Appendix for readers of interest. 147 

 148 
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  149 

Figure 2 Effective friction angles calibrated from CPT date using different equations: (a) CPT 17 150 
and (b) CPT 22. 151 

 152 

The curves of effective friction angle against depth for all CPT locations are shown in Figure 3. 153 

For depth ≤ 4 m, an apparent variation of 𝜙′ is observed. The range of variation is from 13.8° to 154 

64.2° and decreases with depth. For example, the effective friction angle varies between 27° and 155 

52° at the depth of 7 m and between 38° and 45° at the depth of 10 m. It is also indicated that the 156 

final depths the penetrometer reached at most CPT locations are in between 7.33 m and 12.02 m. 157 

Tests of CPT 09 and CPT 16 terminated at the depth less than 1 m due to a refusal on tip resistance 158 

which is caused by the obstruction from large gravels/cobbles.  159 
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 160 

 161 

Figure 3  Effective friction angle obtained from 26 CPT tests 162 

 163 

Spatial variability characteristics of the effective friction angle of Crag deposits and its effects on slope stability



10 
 

 164 

Figure 4  CPT survey data per location: (a) boxplots of data (b) key to boxplots 165 

 166 

Figure 4 shows the statistical results of the effective friction angle, 𝜙′, per CPT location. A wide 167 

range of 𝜙′, between the 25th and 75th percentiles indicating a change of 15° to 20°, is observed 168 

for CPT series from 17 to 21. This can be explained by the fact that locations of CPT 17 to CPT 169 

21 are very close to peat as shown in Figure 1, suggesting that the presence of organic content 170 
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results in a considerable standard deviation of 𝜙′. These locations also owe relatively lower mean 171 

value of 𝜙′ because of the presence of peat. On the contrary, all other locations have a narrow 172 

range of 𝜙′ between the 25th and 75th percentile - typically a change less than 10°. Very few data 173 

are obtained from CPT 09 because the presence of large gravels and cobbles made it terminate at 174 

a very early stage with the final reached depth being 0.4 m. The mean of  𝜙′ for CPT 09 is thus 175 

much higher than others as shown in Figure 4(a). 176 

 177 

3. Mean and standard deviation of effective friction angle 178 

 179 

A total of 19,045 values of the effective friction angle, 𝜙′, are obtained from the CPT tests. To 180 

further investigate the spatial variability of the strength. The mean and standard deviation of 181 

𝜙′were calculated in two ways. In option A, we assume that 𝜙′ across the soil domain obeys the 182 

same spatial distribution, and thus all values of 𝜙′  were treated as from a single sample and 183 

adopted to determine the mean and the standard deviation for the soil domain. In option B, we 184 

assume the spatial variability characteristics might be different at different depth and, consequently, 185 

the mean and the standard deviation of 𝜙′ at different depths are determined. This is achieved by 186 

first dividing soils into layers with specific intervals and then the statistical characteristics are 187 

calibrated using the values of effective friction angle associated with the layer. 188 

3.1 Statistical option A 189 

In this section, soils across Crag deposit are assumed to obey the same spatial variability 190 

characteristic. Hence, a sample consisting of all 19,045 values was used to determine the statistic 191 

distribution of 𝜙′ . The frequency and Cumulative Distribution Function (CDF) of 𝜙′  are 192 
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illustrated in Figure 5. It was obtained via sorting the values of 𝜙′ in an increasing order followed 193 

by undertaking a count of 𝜙′. Both the ideal normal and log-normal distributions were drawn for 194 

comparison. The illustrated cumulative distribution function of the normal distribution is with the 195 

mean value 𝜇𝜙′ = 38.79° and the standard deviation 𝜎
𝜙‘

= 7.86° estimated based on the samples. 196 

Given that the random variable is lognormally distributed if the natural logarithm of the random 197 

variable obeys normal distribution, the CDF of log-normal distribution in Figure 5(b) is with 198 

𝜇
𝑙𝑛(𝜙′)

= 3.63° and 𝜎
𝑙𝑛(𝜙′)

= 0.239° which are the mean value and the standard deviation of the 199 

natural logarithm of variable 𝜙′ (i.e. 𝑙𝑛 𝜙′ ), respectively.   200 

 201 

Figure 5  (a) Frequency and (b) Cumulative Probability Distribution of Crag deposit (option A) 202 
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 203 

Both the normal and log-normal distributions are very close in terms of representing the 204 

distribution of 𝜙′ as shown in Figure 5. The normal distribution curve has a skewness value of +1 205 

and a kurtosis value of -1 and the log-normal distribution curve has a skewness value of +2.7 and 206 

a kurtosis value of -1.7 with the skewness and kurtosis being defined as  207 

*Skewness =   1

𝑁
 ∑ [

𝜙‘𝑖−𝜇𝜙‘

𝜎𝜙‘
]𝑛

𝑖=1

3

      (3) 208 

*Kurtosis  = 
1

𝑁
 ∑ [

𝜙‘
𝑖
−𝜇

𝜙‘

𝜎
𝜙‘

]𝑛
𝑖=1

4

     (4) 209 

For the log normal distribution skewness and kurtosis, 𝜙′, 𝜇𝜙′ and 𝜎𝜙′ in Eqs. (3) and (4) should 210 

be replaced by ln 𝜙′ , 𝜇𝑙𝑛(𝜙′)  and 𝜎𝑙𝑛(𝜙′) , respectively. Since the normal distribution curve 211 

possesses smaller absolute values of skewness and kurtosis, it is concluded that the effective 212 

friction angle of Crag deposits more likely obeys a normal distribution rather than a log-normal 213 

distribution.  214 

 215 

3.2 Statistical option B 216 

The data was further analysed by calculating the mean and standard deviation of the effective 217 

friction angle against depth. This was conducted by dividing the Crag deposit into layers with a 218 

specific thickness interval. The mean and standard deviation of 𝜙′  at each interval are then 219 

determined using the survey data associated with the interval. Figure 6 shows the results with 220 

sampling intervals being 0.1 m, 0.5 m, 2 m and 4 m, respectively. The trends of the mean and 221 

standard deviation of effective friction angle against depth for all cases are similar despite that the 222 
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curve is more fluctuated when the interval is small. Based on the variation of statistical parameters 223 

against depth, the Crag deposit can be divided into three statistical zones:  224 

(1) Zone I – 0 m to 3 m below ground level (bgl)  225 

The mean of effective friction angle experiences an overall decrease from 47° to 34.5° with 226 

the presence of fluctuation. The standard deviation in Zone I is much higher than those 227 

from other zones - between 7.0° and 12.0°. The high deviation from the mean value is most 228 

likely due to the existence of organic content, which leads to 𝜙′ lower than the mean, and 229 

to the compaction from human or environmental effects which leads to 𝜙′ higher than the 230 

mean.  231 

(2) Zone II – 3 m to 9 m bgl  232 

This is a transition zone between Zone I and Zone III. In this zone, the mean of  𝜙′ 233 

increases gradually from 34.5° to 42° and the standard deviation reduces gradually from 234 

10.0° to 2.0°. 235 

(3) Zone III – 9 m to 12 m bgl  236 

The mean of 𝜙′ fluctuates somewhat around 41.6°, and the standard deviation is very small 237 

(i.e. less than 2.5°). 238 

For simplification, we divided the 19,045 sampling points into three sub-samples based on the 239 

zones identified in Figure 6. Regarded as Option B, the mean and standard deviation are assumed 240 

uniform across each zone and calculated based on the specific sub-sample. For Option B, the mean 241 

values for Zones I and II are very similar, namely 𝜇𝜙′ = 38.51°, 38.63°, respectively, and close 242 

to that from Option A (i.e. 38.79°). The mean for Zone III is somewhat higher (i.e. 41.60°). On 243 

contrary, there is a clear decrease in the standard deviation for Option B, namely 𝜎𝜙′ =244 
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10.84°, 6.53° and 1.84° for Zones I, II and III, respectively. A comparison between the statistical 245 

characteristics between Options A and B are shown in Figure 7 reflecting these observations. 246 

 247 

 248 

Figure 6 Variation of statistical properties of Crag deposits against depth: (a) mean and (b) 249 
standard deviation of effective friction angle determined with layer thickness interval 250 

being 0.1 m, 0.5 m, 2.0 m and 4.0 m. 251 

 252 
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 253 

Figure 7 CPT survey data for Option A and Option B 254 

 255 

4. Correlation length 256 

The Correlation Length (CL), sometimes referred to as the scale of fluctuation (Fenton & Griffiths, 257 

2008), is a characteristic length describing the extent of spatial correlation. The method of 258 

moments (De Groot & Baecher, 1993) is normally used to estimate the CL. In the method, an 259 

autocovariance function is defined 260 

�̂�(𝑟𝑗) =
1

𝑛
∑ (𝑌𝑖 − 𝑚𝑦)(𝑌𝑖+𝑗−1 − 𝑚𝑦),      𝑗 = 1,2, … , 𝑛

𝑛−𝑗+1
𝑖=1   (5) 261 

 262 

where 𝑟𝑗 = (𝑗 − 1)∆𝑧  is the lag with ∆𝑧  being the distance between two points, 𝑌𝑖  is the soil 263 

property at point i and 𝑚𝑦 =  
1

𝑛
∑ 𝑌𝑖 is the sample average of 𝑌𝑖. The CL is then the area under the 264 

correlation function (Vanmarke, 1983) 265 
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ρ(𝑟𝑗) = �̂�(𝑟𝑗)

�̂�(0)
       (6) 266 

where �̂�(0) is the autocovariance function for 𝑟𝑗 = 0. As the value of 𝑌𝑖 or 𝑌𝑖+𝑗−1 tends to 𝑚𝑦, the 267 

autocovariance function  �̂�(rj) approximates null implying a minimum deviation of the data from 268 

the mean. 269 

 270 

In the method of moments, CL is assumed a deterministic unknown constant implying that 271 

surveying data from each CPT location results in one single CL. The values of vertical estimated 272 

using the method of moments for all CPT soundings are shown in Figure 8. For Option A, the CL 273 

ranges from 0.01 m to 0.57 m with a 50% percentile being 0.08 m. For option B, the CL for the 274 

three zones varies from 0.01m to 0.28 m, 0 to 1.21 m, and 0 to 0.19 m with corresponding 50% 275 

percentiles being 0.05 m, 0.09 m and 0.05 m, respectively.  276 

 277 

Figure 8 Frequency of vertical correlation length obtained in options A and B   278 
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 279 

Notably, the above-mentioned conventional method of moments might be of less precision for CL 280 

estimation (Cami, et al., 2020). This is because, in autocovariance function fitting, the data has to 281 

be adapted to a mathematical model such as the markov and gaussian models (Vanmarke, 1983)  282 

ρ(rj) = 𝑒− (|
𝐴𝑟𝑗

𝑟0
⁄ |)

𝐵

        (7) 283 

where A is a model constant per CPT location, rj is as defined in equation 5, r0is the correlation 284 

length, B equals 1 and 2 for markov model and gaussian model, respectively. The fitting, in some 285 

cases, is not able to reflect the variations of autocovariance function well, particularly when there 286 

is a sudden change in soil types or severe variation in pore water pressure which are very common 287 

in practical scenarios. In the following, some typical observations about the nature of the decay of 288 

autocovariance functions in our studies are presented and discussed. 289 

Observation 1: 290 

The autocovariance function decays quickly but with small, rare spikes (Figure 9). 291 
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 292 

 293 

Figure 9 A fast decay of autocovariance function followed by spikes 294 

 295 

To investigate the cause of the small spikes in autocovariance function, the Soil Behaviour Type 296 

index (SBT) based on (Robertson, 2010) was calculated. The charts of the SBT for CPT 10, CPT 297 

17, CPT 18 and CPT 22 (Figure 10(b) and (c)) for which spikes were observed are compared with 298 

that for other CPT tests (Figure 10(a)). As shown, the locations of the small spikes (e.g. CPT 10 at 299 

0.5 m bgl, CPT 17 and CPT 18 at 3 m bgl and CPT 22 at 1.2 m bgl) coincide with the depths at 300 

which a sudden change to a much softer soil, for example organic clay (SBT =2), occurs. It is thus 301 

concluded that the change to softer soils leads to the small spikes in autocovariance function for 302 

Crag deposit. 303 

 304 
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 305 

(a) 306 

 307 

(b) 308 
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 309 

(c) 310 

Figure 10 The chart of SBT for CPT locations (a) without organic soils (ISBT=2) soils and with 311 

organic soils at (b) CPT 10 and 17 and (c) CPT 18 and 22 312 

 313 

Observation 2: 314 

The autocovariance function contains frequent large spikes (Figure 11). 315 
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 316 

 317 

Figure 11 Decay of autocovariance function with frequent large spikes 318 

 319 

It is deemed that these frequent large spikes result from severe oscillation of in-situ ground water 320 

pressure. Such oscillation is also associated with the clayey area. For demonstration, a comparison 321 

between the pore water pressure profiles between CPT locations without frequent large spikes and 322 

locations with large spikes is shown in Figure 12. As shown, all these CPT locations with severe 323 

oscillation in pore water pressure have frequent large spikes in autovariance function.  324 

 325 

For both sets of pore water pressure profiles (with or without spikes), some CPT locations showed 326 

a reduction of ground water pressure with depth. This suction (loss of water pressure) and sudden 327 

spikes phenomenon are considered typical natural features of Crag Deposits. Indeed, a review of 328 

historical borehole logs on the Geology Viewer (British Geological Survey, 2021) shows that 329 

Cable Percussive (CP) boreholes frequently encounter blowing, manifested as a sudden rise in soil 330 
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within the CP borehole casings due to pore water pressure changes, when drilling at locations with 331 

Crag. 332 

 333 

 334 

Figure 12 Pore water pressure profiles from CPT tests for cases of autocovariance 335 

function (a) without frequent large spikes and (b) with large spikes 336 

  337 

 

Spatial variability characteristics of the effective friction angle of Crag deposits and its effects on slope stability



24 
 

Although the above two observations are for Option A. Similar phenomena have been observed 338 

for Option B. These observations show that certain in-situ features significantly affect soil 339 

variability.  340 

 341 

To provide a more rigorous estimation of the CL, Bayesian inference in conjunction with the 342 

method of moments can be used (Cami, et al., 2020). The Bayesian analysis assumes that the scale 343 

of fluctuation is a possibly related random variable rather than a constant so that the statistical 344 

uncertainty is automatically included. The use of such Bayesian inference techniques to calculate 345 

CL has been discussed in (Cami, et al., 2020) and (Ching, et al., 2018). In this study, the Bayesian 346 

inference model proposed in (Lye, et al., 2021b) is adopted and the resulting autocovariance 347 

function for CPT 013 is shown in Figure 13. As illustrated, the range of posterior curves are 348 

obtained for the autocovariance function using the Bayesian inference model. The CL (value of 349 

the autocovariance Function at 1/e) is thus obtained as a range of values between the maximum 350 

CL (i.e. the vertical red dash line) and the minimum CL (i.e. the vertical black dash line) per CPT 351 

location, which also covers the value of CL from the conventional method of moments. A summary 352 

of the CL determined from the Bayesian inference model is shown in Table 1. To investigate the 353 

effect of the CL on the slope design in Crag deposit, parametric studies are carried out in the 354 

numerical simulation. The worst-case correlation length (Cami, et al., 2020; Malekpoor, et al., 355 

2020), which results in the highest probability of failure, is also sought out. 356 

 357 

The above discussion is for the estimation of vertical correlation length. The calibration of 358 

horizontal correlation length can be achieved using the same method; however, the CPT separation 359 
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distance should satisfy specific criterions. DeGroot and Baecher (1993) concluded that the CPT 360 

separation distance should be less than the actual scale of fluctuation so that the horizontal 361 

correlation length can be calibrated properly. Ching et al. (2018) proposed a new method for 362 

estimating the horizontal correlation length in which the CPT separation distance should be less 363 

than twice of the horizontal correlation distance. The horizontal correlation length is normally 364 

much larger than the vertical correlation length and its influence is less. Thus, in this study the 365 

effect of horizontal correlation length is not considered.   366 

 367 

 368 

Figure 13 Decay of autocorrelation function from the conventional method of moments and the 369 
Bayesian inference model for CPT 13 370 

 371 

 372 

 373 

 374 
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Table 1 Range of the correlation length (CL) obtained from the Bayesian inference model 375 
 

Option A 
(0 to 12 m bgl) 

Option B  
(0 to 3 m bgl) 

Option B 
(3 to 9 m bgl) 

Option B 
(9 to 12 m bgl) 

Minimum CL (m) 0.01 0.01 0.01 0.01 
Maximum CL (m) 0.60 0.61 4.21 0.31 

 376 

 377 

5. Slope stability analysis 378 

  379 

 380 

Figure 14 - Probabilistic slope stability design model 381 

 382 

Slopes are utilised in the Geotech projects in East Anglia and a study has been undertaken to 383 

measure the cause and effect of variability and thus the risk involved in slope construction on Crag. 384 

The design model is illustrated in Figure 14 and the analyses were undertaken using a single 385 

random variable approach with the finite element limit analysis available in OptumG2 software 386 

package to calculate the Probability of Failure (PF) (Melchers, 1987). In lower bound (LB) finite 387 

element limit analysis, collapse will not occur if any state of stress can be found which satisfies 388 

the equations of equilibrium, the boundary conditions on stress and for which the yield criterion is 389 
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not violated, for instance the loads are not greater than the actual collapse loads (Drucker & Prager, 390 

1952). In upper bound (UB) finite element limit analysis, collapse occurs if for any compatible 391 

flow pattern, considered as plastic only, the rate at which work on the body due to external forces 392 

equals or exceeds the rate of internal dissipation.  393 

 394 

The single random variable approach as shown in (Griffiths & Lane, 1999) involves analyses 395 

defining a shear strength parameter, for example ϕ’ in this study, as a probability distribution 396 

function. The utilised finite element limit analysis is equipped with mesh adaptive techniques and 397 

random field generation. The slopes concerned are under the following assumptions:  398 

 Slopes are of a geometry such that plane strain conditions apply. 399 

 Adequate drainage is provided within slopes to ensure fully drained conditions.  400 

 A thin layer (0.5 m) of vegetated topsoil is included in the model, with unvaried values for 401 

clarity, to mitigate against surface erosion and shallow slip surfaces. The drained cohesion c’ 402 

of the topsoil is 5 kPa which is within the range of root cohesion (4 kPa – 12 kPa) as reported 403 

in (Liang, et al., 2015). The effective friction angle ϕ’ of the top soil is 42° which is the global 404 

average value of effective friction angle of the top 0.5 m from our CPT data. The material 405 

properties of the topsoil are not treated as random fields.  406 

 The horizontal correlation length (CL) is assumed sufficiently large so that it does not have 407 

influence on the probabilistic analysis of the slope stability.  408 

 This study adopts the single random variable approach for ϕ’, so the unit weight has been 409 

assumed to not vary spatially and is equivalent to a uniform value of 20 kN/m3 which is a 410 

typical value given in BS 8002 (British Standards International (BSI), 2015). The effective 411 
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cohesion of Crag in this study is null according to BS 8002 (British Standards International 412 

(BSI), 2015) that the cohesion parameter (c’) should be taken as zero in the absence of specific 413 

testing.  414 

 The effective friction angle is assumed to obey normal distribution in the probabilistic analysis 415 

according to the statistical analysis of the survey data.  416 

 417 

6. Simulations and discussions 418 

In this section, semi-deterministic and full probabilistic analyses were carried out with simulation 419 

results being compared. 420 

6.1. Semi-deterministic analyses 421 

In semi-deterministic analysis, no uncertainty or spatial variability of ϕ’ exists implying a uniform 422 

value of ϕ’ across the soil domain. Two sets of semi-deterministic analyses are performed: 423 

unfactored analysis and analysis with Eurocode 7 – Design Action 1, Combination 2 (DA1 C2). 424 

In analysis with Eurocode 7 (DA1 C2), a partial factor was applied to the effective friction angle 425 

(i.e. the value of tan ϕ’ was reduced to 0.8tan ϕ’). 426 

 427 

To understand the influence of ϕ’, the uniform value of ϕ’ across the soil domain was varied from 428 

15.21° to 62.37° corresponding to ϕ’mean  (38.79° based on Option A in Figure 4) ± 3×standard 429 

deviations, where 1 standard deviation = 7.86° in Option A. The analysis was carried out for slopes 430 

with angle varying from 14.04° to 46° which are the typical slope angles constructed in projects at 431 

East Anglia. A summary of the results for the FoS versus ϕ’ versus slope angle is presented in 432 

Figure 15 (a) and (b) where the maximum value of the Factor of Safety (FoS) was 1.0. The semi-433 
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deterministic Cumulative Distribution Function (CDF) in Figure 15(c) and (d) for each set of 434 

analyses was inferred from the CDF of occurrence of ϕ’ in the slope (based on the normal 435 

distribution from the survey data from Figure 5). For instance, for every slope analysed the FoS is 436 

plotted versus the cumulative likelihood of occurrence of the value of ϕ’ utilised (based on the 437 

normal distribution from the survey data from Figure 5). The PF is thus defined as the CDF when 438 

the FoS is equal to 1.0. The PF versus slope angle and ϕ’ is shown in Figure 15(e) and (f). 439 
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 440 

Figure 15 - Probability of Failure based on semi-deterministic analyses  441 

 442 

Figure 15 (e) shows that a PF of 0% would be achieved in Crag for a slope of 18.43° (1 in 3 slope) 443 

for unfactored analyses and 14.04° (1 in 4 slope) for Eurocode analyses. For the mean effective 444 
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friction angle ϕ’mean (i.e. 38.79°), a PF of 41% (slope at failure = 43°) would be obtained for an 445 

unfactored analyses whereas the same slope angle at failure using Eurocode would predict a PF of 446 

94%. To investigate the effects of these margin of safety provided by the partial factor (Eurocode) 447 

approach, the results of these semi-deterministic analyses are compared to those from full 448 

probabilistic analyses in the next section. 449 

 450 

6.2.Probabilistic Analyses 451 

The main difference between the semi-deterministic and the probabilistic approach is that the 452 

probabilistic analyses considered explicitly the spatial variation of ϕ’. The statistics (mean and 453 

standard deviation) utilised for the probabilistic analyses are based on those estimated as shown in 454 

Figure 5 while parametric studies were undertaken for the correlation length as it was shown to be 455 

probabilistic in nature. For Option A, as presented earlier, the mean value is 𝜇𝜙′ = 38.79° and the 456 

standard deviation is 𝜎𝜙′ = 7.86°. The spatial variation/random field modelling was generated 457 

based on the Karhunen-Loeve (KL) expansion method. This method creates a realisation of 458 

spatially variable random fields of the parameter (ϕ’) based on an expansion of the autocovariance 459 

function using eigenvalues and eigen functions based on Mercer’s theorem. A review of the KL 460 

expansion for random field generation is described in (Abrahamsen, 1997; Phoon, et al., 2002; 461 

Huang, et al., 2013; Jiang, et al. 2015). As the CL of Crag deposit varies per CPT location. It is 462 

important to understand its effects on the FoS and PF. Thus, parametric studies were also carried 463 

out with a wide range of the CL from 0.05m to 50m which covers the calibrated range of CL from 464 

the CPT data. 465 

 466 
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Probabilistic analysis of 28 cases were conducted using the finite element upper/lower bound limit. 467 

The total number of simulations (Nsim) per calculation for probabilistic analyses was 1000.  Figure 468 

16 shows the variation of the mean value and the standard deviation of the FoS against the number 469 

of simulations. When the simulation number is small (i.e. less than 100 simulations), the mean FoS 470 

varies between 1.004 and 1.039 (a divergence of approximately 3.5%). However, as the number 471 

of simulations increases, the mean FoS converges to 1.024 which corresponds to the 50th percentile 472 

(Median) FoS for 1000 runs. The maximum divergence of the mean FoS when over 500 473 

simulations is less than 0.1%. Similarly, when the sample size is less than 100, the standard 474 

deviation of the FoS is up to 0.04. However, for over 500 simulations the standard deviation of the 475 

FoS is typically less than 0.005, tending towards a value of 0.002. 476 

 477 
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 478 

 479 

Figure 16 - Verification of number of simulations  480 

 481 

 482 

Table 2 - Probability of Failure for various slope angles and correlation length (CL). Probability of 483 
failure with grey background indicate the case that slope angle is less than ϕ’mean and CL is 484 

within the calibrated range from CPT data. UB and LB represent results from upper bound and 485 
lower bound limit analyses, respectively.  486 

                 Slope angle (º) 
CL (m) 14.04 30 34 37 40 43 46 

0.05 (UB) 0% 0% 0% 7% 74% 100% 100% 
0.05 (LB) 0% 0% 0% 0% 23% 91% 100% 
0.5 (UB) 0% 2% 11% 29% 57% 84% 96% 
0.5 (LB) 0% 1% 7% 21% 46% 76% 93% 

 

(a) 

(b) 
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5 (UB) 0% 10% 21% 32% 48% 63% 77% 
5 (LB) 0% 8% 19% 31% 44% 60% 73% 
50 (UB) 0% 10% 22% 34% 45% 58% 71% 
50 (LB) 0% 9% 20% 31% 42% 56% 71% 

 487 

 488 

Table 2 shows the probability of failure for all 28 cases from upper bound and lower bound finite 489 

element limit analysis. It was observed that at slope angles less than a value close to the global 490 

mean ϕ’mean (in this instance 37°), the PF increases as the correlation length was increased. On the 491 

contrary, for slopes at angles greater than the global mean ϕ’mean (in this instance ≥43°), the PF 492 

decreases as the correlation length increase. There appears to be a transition zone (in this instance 493 

between 37° and 43°) in between. When CL is greater than 5 m, its influence on the PF is very 494 

small. 495 

 496 

 497 

Figure 17 The range of FoS from the probabilistic analyses  498 

 499 
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The range of FoS per set of 1000 simulations for slopes of different inclined angle and CL is shown 500 

in Figure 17. It demonstrates that the smaller the correlation length is the more concentrated the 501 

ranges of FoS are.  502 

 503 

Two types of failure mechanisms were observed from the probabilistic analyses which are shown 504 

in Figure 18. These were obtained by observing the weakest shear planes within the slope. Figure 505 

19 shows the corresponding spatial distribution of the slopes associated with these failure 506 

mechanisms: 507 

 For slope angles (e.g. 14.04°) under a value close to ϕ’mean (in this instance 37°), the 508 

weakest shear planes are random and always occur along a plane with the lowest ϕ’ spatial 509 

distribution. Thus, the failure mechanism varied when the CL was varied and was also 510 

different for each individual simulation (Figure 18(a) and (b)). 511 

 For slope angles (e.g. 46°) over a value close to ϕ’mean (in this instance greater than 37°), 512 

the weakest shear planes always occur from the crest to the toe of the slope. This 513 

observation was consistent regardless of the CL (Figure 18(c) and (d)). 514 

 515 

 516 
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 517 

Figure 18  Failure mechanisms for slope angles:(a) Slope = 14.04 and CL = 0.05 m (b) Slope  = 518 
14.04° and CL = 50 m (c) Slope = 46 and CL = 0.05 m (d) Slope = 46° and CL = 50 m respectively. 519 

 520 

Figure 19 Corresponding spatial distribution of effective friction angles for the failure 521 
mechanisms of a slope: (a) slope angle = 14.04° and CL = 0.05 m, (b) slope angle = 14.04° and CL 522 

= 50 m, (c) slope angle = 46° and CL = 0.05 m, and (d) Slope = 46° and CL = 50 m. 523 

 

(d) (c) 

(b) (a) 

(a) (b) 

(d) (c) 
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 524 

As a sensitivity check, a set of probabilistic analyses were also carried out considering statistical 525 

zones (Option B). The results for these are shown in  526 

Table 3. Clearly, the trends for Option B coincide with those of Option A except that the slope 527 

angle at which an increase in the CL improves the design occurred at 37° for Option A but 34° for 528 

Option B. This difference is attributed to the fact that Zone I of Option had a standard deviation of 529 

10.84° which is greater than the standard deviation of Option A (7.86°). 530 

 531 

Table 3 Probability of Failure (%) for various slope angles and Correlation Lengths – Option B 532 
(considering layers). Probability of failure with grey background indicate the case that slope 533 

angle is less than ϕ’mean and CL is within the calibrated range from CPT data. UB and LB 534 
represent results from upper bound and lower bound limit analyses, respectively. 535 

            Slope angle (º) 
CL 

14.04 30 34 37 40 43 46 

0.05 (UB) 0% 0% 1% 37% 85% 100% 100% 
0.05 (LB) 0% 0% 0% 1% 29% 88% 100% 
0.5 (UB) 0% 4% 14% 34% 55% 79% 93% 
0.5 (LB) 0% 2% 9% 23% 46% 70% 88% 
5 (UB) 0% 11% 22% 34% 48% 62% 75% 
5 (LB) 0% 9% 19% 31% 44% 58% 71% 
50 (UB) 0% 11% 22% 34% 47% 59% 71% 
50 (LB) 0% 10% 20% 31% 44% 57% 69% 

 536 
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 537 

 538 

 539 

Figure 20 - Comparisons between Probabilistic analyses for layered vs non-layered analyses. 540 
Solid curves are from upper bound analysis whereas dash curves are from lower bound 541 

analysis. 542 

 543 

Figure 20 illustrates the differences between solutions for Options A and B. Generally, the two 544 

solutions tend to converge when the CL is greater than 5 m. For slopes between a CL of 0.5 m and 545 

5 m, a small difference in PF of 2% (max) was observed between the Option A and B. The 546 

maximum difference in PF for both analyses occurred at the lowest CL considered (0.05 m) for 547 

slopes between 37° and 43°. A maximum difference of 11% was observed at a slope of 40°.  In 548 

addition, Figure 20 illustrates that for slopes between 37° and 43°, the smaller the CL, the larger 549 

the difference between the upper and lower bound limit solutions. The greatest difference occurred 550 

for a slope of 40° and a CL of 0.05m (51% for Option A and 56% for Option B). For the 40° slope 551 
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and a CL of 50 m, the difference between the upper and lower bound solutions was 3% for both 552 

Option A and Option B. 553 

 554 
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Figure 21 Semi-Deterministic vs Probabilistic analyses: (a) CL = 0.05 m vs semi-deterministic (b) 555 
CL = 0.5 m vs semi-deterministic (c) CL = 5 m vs semi-deterministic and (d) CL = 50m vs semi-556 

deterministic 557 

 558 

Figure 21 shows that the semi-deterministic analyses with unfactored effective frictional angle are 559 

more conservative than the probabilistic analyses as the slope angle becomes shallower but tends 560 

to be less conservative as the slope angle becomes steeper. Depending on the CL, there exists a 561 

slope angle below which the semi-deterministic analysis is always conservative meaning that it 562 

predicts a higher PF than the probabilistic analysis does.  563 

 564 
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Empirical design such as that of Ciria 185 (Nicholson, et al., 1999) suggests a semi-deterministic analysis based on a Factor of 565 
Safety using the most probable ϕ’ (ϕ’median) (≈40° from Figure 7). Using the chart provided in 566 

 567 

Figure 15, such an analysis would be stable for a slope of 43° or less for unfactored analyses and 568 

37° or less for Eurocode 7 Combination 2 analyses. When examined on Figure 21, it shows that 569 

an unfactored analyses with a slope of 43° always yields a less safe solution than the probabilistic 570 
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analyses but applying the Eurocode 7 partial factor always yields a safer solution than the 571 

probabilistic analyses.  572 

 573 

Selection of a ϕ’median as per Ciria 185 (Nicholson, et al., 1999) with the application of a partial 574 

factor does provide a level of safety more conservative than a probabilistic analysis. However, it 575 

must be recognised that due to the inherent variability of the ground, there is a level of risk (a PF) 576 

that is inherent in the design of such a slope depending on the slope angle and the CL of the soil. 577 

The probabilistic analyses for the survey data and design assumptions shows that a slope of 37° 578 

(considered safe for ϕ’median = 40° as per Ciria 185 and Eurocode 7) would have a PF of 34% to 579 

37% whereas as shown in Figure 21, based on probabilistic analyses, a 0% PF would occur at a 580 

slope of 34° for CL = 0.05m, just under 26° for CL = 0.5m (a slope at 26% has an upper bound PF 581 

of 1% and a lower bound PF of 0%) and just under 22° for a CL of 5 m (a slope at 22% has an 582 

upper bound PF of 1% and a lower bound PF of 1%). 583 

 584 

7. Conclusions 585 

This paper presents the investigation of the spatial variability of the effective friction angle of Crag 586 

deposits located in the east coast of England. Cone penetration test (up to 12 meters below ground 587 

level) was carried out at 26 locations to calibrate the spatial distribution characteristic of the 588 

effective friction angle. Additionally, both semi-deterministic (i.e. with unfactored strength or 589 

partial factored strength according to Eurocode 7) and full probabilistic analyses were carried out 590 

with finite element limit analysis method to study the slope stability in Crag deposit with eventual 591 
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goal to help slope design in practice. Findings and conclusions from this study are summarised as 592 

follows. 593 

（1） The statistical characteristic of effective friction angle of Crag deposit is disclosed which 594 

can be used as a reference when field data of crag deposit is not readily available. The Crag deposit 595 

up to 12 m below the ground level (bgl) can be approximately divided into three zones. The spatial 596 

variability of the effective friction angle obeys normal distribution. The top 3 m of the soil has a 597 

mean (𝜇𝜙′) of 38.51° with a high standard deviation (𝜎𝜙′) of 10.84°. The high standard deviation 598 

is most likely due to the present of organic content, and environmental, biological and human 599 

activities. The effective friction angle increases from 34.5° to 42° gradually with standard 600 

deviation decreasing steadily from 10° to 6.53° from 3m (bgl) to 9 m (bgl). At depths greater than 601 

9 m up to 12 m bgl, 𝜇𝜙′ gradually increased to 41.60° but the standard deviation was now only 602 

1.84° (over 5 times less than the standard deviation in the top 3 m bgl). These findings imply that 603 

Crag’s variability depends on depth, especially for the top 9 m bgl which for typical geotechnical 604 

designs is significant. Except for large earthworks where the top 9 m would be excavated, most 605 

geotechnical designs would be affected by this zone of variability.  606 

（2） The nature of in-situ conditions (e.g. inclusion of organic content and oscillation of pore 607 

water pressures) have a significant influence on the estimation of vertical correlation length. The 608 

change from Crag deposit to organic soil leads to small spikes in the decay of autocovariance 609 

function while the oscillation of pore water pressure leads to frequent large spikes. The method of 610 

moments combined with Bayesian analysis can be used to consider these effects and uncertainties.  611 

（3） The influence of the CL on the PF depends on the slope angle. When the slope angle is less 612 

than a value just under ϕ’mean, a lower CL improves slope design. In contrast, when the slope angle 613 

is greater than a value just over ϕ’mean, a higher CL improves slope design. Nevertheless, there 614 
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tends to be a limit beyond which an increase in the CL does not result in a significant change in 615 

the PF. 616 

（4） The comparison between the semi-deterministic and probabilistic analyses shows that the 617 

application of a partial factor to ϕ’median as recommended in Eurocode 7 and Ciria 185 (Nicholson, 618 

et al., 1999) does provide a safer solution than the unfactored and probabilistic analyses. However, 619 

it was shown that use of a semi-deterministic parameter such as ϕ’median (even with the application 620 

of a partial factor) still has an inherent but small risk present due to spatial variability of the soil. 621 

The decision on the value of PF considered acceptable depends on the impact of a slope stability 622 

failure, for example if the impact is minimal enough to be remediated through economic regular 623 

maintenance activities. Combinations of further analyses on the failure patterns and the cost of 624 

remediation or maintenance of slopes may help risk management of projects.  625 

 626 

 627 

 628 

 629 

 630 

 631 

 632 

 633 

 634 
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APPENDIX 635 

All CPT profiles are given in this appendix for reuse. 636 

 637 

 638 
 639 

 640 
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