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Abstract

This paper is concerned with stablization of hybrid neural networks by intermittent
control based on continuous or discrete-time state observations. By means of exponen-
tial martingale inequality and the ergodic property of the Markov chain, we establish
a sufficient stability criterion on hybrid neural networks by intermittent control based
on continuous-time state observations. Meantime, by M-matrix theory and compar-
ison method, we show that hybrid neural networks can be stabilized by intermittent
control based on discrete-time state observations. Finally, two examples are presented

to illustrate our theory.
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1 Introduction

As a classical neural network, the Hopfield neural network proposed by Hopfield [?]
has become an important class of nonlinear dynamic systems. In the past few decades, the
Hopfield network has been studied by many scholars and widely used in signal processing,
optimization, control and many other fields. It can be described by the following ordinary

differential equation

Croin(t) = —Rik:ti(t) + 3 Tiggy (1), 15 k<, (1.1)

on t > 0, where the variable xy(t) represents the voltage on the input of the ith neuron,

which is characterized by an input capacitance C; and nonlinear activation function gg(z).

T}; is the connected matrix element and R?j represents the parallel resistance of each neuron
1

input. By defining b, = - and ay; = %}:, Eq.(1.1) can be re-written as

i(t) = —Ba(t) + Ag(z(t), t>0 (1.2)

where z(t) = (z1(t), x2(t), -+ ,2,(t))", B = diag(by,ba, + ,bn), A = (aj)nxn, 9(x) =
(g1(21), ga(2), -+ gnl@a)) -

Since Hopfield studied its stability by using the energy function, the stability of neural
network has become an important research problem (e.g. [?, ?]). However, due to the
uncertainty of system parameters and the disturbance of external random factors, the neural
network is not always stable. Therefore, it is necessary to stabilize unstable neural network
by means of feedback control. One common strategy is to design feedback control u(y(t)) in

the drift part, so that the deterministically controlled neural network

y(t) = —=By(t) + Ag(y(t)) + uly(t)) (1.3)

becomes stable (e.g. [?]-[?]). It is obviously that y(t) # z(¢) and the feedback control u(y(t))
changes the state of the system (1.2). While another strategy is to design feedback control
u(z(t))dw(t) in the diffusion part, so that stochastically controlled neural network

dz(t) = [~ Bz(t) + Ag(2(£)|dt + u(z(t))dw(t) (1.4)
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becomes stable. As a matter of fact, this strategy is called stochastic feedback control,

and some stability results have been obtained (e.g. [?]-[?]). Compared with deterministic
feedback control, stochastic feedback control has the advantage of preserves the original
state in average. In this paper, stochastic feedback control with random noise will be used
to stabilize the given unstable neural network. The pioneering work was done by Hasminskii
(7], who stabilized a system by using two white noise sources. The theory on stabilization
by random noise has since then been develpoed by many authors (e.g. [?]-[?]). It is noted
that above mentioned papers are concerned with stochastic feedback control which requires
the continuous observation of the state x(t) or z(t — 7) for all time ¢ > 0. However, such a
continuous time feedback control is expensive and sometimes impossible as the observations
are often of discrete time. In order to reduce the cost of continuous time observations, Mao [7]
introduced the feedback control based on the discrete time observations of the state at times
0,7, 27,--- to stabilize an unstable system. From a practical point of view, stabilization by
discrete time feedback control is more realistic and costless. Some recent results on stochastic
stabilization with discrete time feedback control may be found in [?]-[?].

On the other hand, let us turn to another discontinuous control strategy. Just like the
feedback control based on discrete time observations, intermittent control, which involves
working time and rest time, can also reduce the control cost efficiently. Therefore, inter-
mittent control has attracted more interest from many people. For example, Li et al. [?]
considered the exponential stabilization problem for stochastic memristive neural network
under periodically intermittent control. Zhang et al. [?, ?] studied the stabilization of a
given nonlinear system by the intermittent Brownian noise perturbation. Liu [?] and Zhu
[?7] showed that an unstable system can be stabilized by the intermittent stochastic feed-
back based on discrete time observation. Wang et al. [?] studied the stabilization of hybrid
stochastic complex valued coupled delayed systems by means of periodically intermittent
control. Liu et al. [?] investigated the stabilization of highly nonlinear stochastic coupled
delayed systems via periodically intermittent control. He et al. [?] showed that the un-
derlying neural networks can be stabilized by the discrete-time intermittent noise. Jiang
et al.[?] discussed the stabilization of hybrid stochastic systems by intermittent feedback
control based on discrete-time state observations. For the other intermittent control results
of stochastic system and neural network, refer to [?]-[?] and the references therein.

As is known to all, many neural networks may experience abrupt changes in their struc-
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ture and parameters caused by phenomena such as component failures or repairs and chang-

ing subsystem interconnections, and sudden environmental disturbances. In this situation,

the neural network (1.2) becomes hybrid neural networks
#(t) = =B(r(t))x(t) + A(r(t))g(x(t)), t=>0. (1.5)

This paper is concerned with the almost surely exponential stabilization of hybrid neural
networks (1.5) by the intermittent stochastic feedback control. That is, assume that the
hybrid neural networks (1.5) is not almost surely exponentially stable, our aim is to design

an intermittent feedback control based on continuous-time state observations so that
i(t) = —B(r(t))z(t) + A(r(t))g(x(t)) + o(x(t), r(t)I(t)dw(t), t>0 (1.6)

is almost surely exponentially stable. By using the exponential martingale inequality and
the ergodic property of Markov chain, the almost surely exponential stability of hybrid
neural networks with intermittent stochastic noise (1.6) is obtained. Meantime, the periodic
intermittent control based on discrete-time state observations o(z([t/7| 7),r(t))I(t)dw(t) is
used to stabilized the hybrid neural networks (1.5), and the upper bound of the duration
between two consecutive observations 7 is obtained. It should be noted that the intermittent
stochastic feedback control does not only achieve sample-path stabilisation but also enable
the expectation of the state to be, at all times, equal to the state of the original uncontrolled
system (1.5). The main contributions of this paper are as follows:

(1) In this paper, we study a class of stochastic neural network with Markov switch-
ing, which is a stochastic network system composed of multiple subsystems under different
modes, also known as hybrid stochastic neural networks. Therefore, the stability of hybrid
stochastic network systems is more complex. Compared with the existing research, the al-
most surely exponential stability of hybrid neural networks with intermittent random noise
(1.6) is discussed for the first time, and a sufficient criterion for stability is derived.

(2) As far as we know, there is little research on the stochastic stabilization of neural
networks with intermittent control. The periodic intermittent stochastic feedback control
is used to stabilized the unstable neural networks, in which the derived stability criteria
depends not only on the transition rate 7;; and the intermittent control parameters 6, but
also on the intensity of stochastic noise o(z(t),r(t))I(t)dw(t).

(3) In this paper, the periodic intermittent control based on discrete-time state obser-

vations is designed to ensure the almost surely exponential stability of hybrid stochastic
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neural networks (2.2). If I(t) = 1, then Eq.(2.2) degenerates into the hybrid stochastic neu-
ral networks with the classical feedback control based on discrete time observation, namely,
the state is observed at discrete times, say 0, 7, 27, 37, 47, 57, ---. For the results of
discrete time feedback control, see [?]-[?]. While in Eq.(2.2), if T = 57 and 6 = 0.6, the
periodic intermittent control implies that the state is only observed at discrete times, say
0, 7, 27, 57, 67, 77, 107, 117, 127, --. Because this control strategy only requires discrete
time state observations within the working time of intermittent control period, the control
cost is further reduced.

The rest of the paper is organized as follows. In Section 2, we introduce some notations
and hypotheses concerning FEq.(2.2). In Section 3 and 4, we investigate the stabilization for
hybrid stochastic neural networks via intermittent feedback control based on continuous-time
state observations and discrete-time state observations, respectively. While in Section 5 we

give two examples to illustrate our theory.

2 Preliminaries

Throughout this paper, unless otherwise specified, we use the following notation. Let |.|
denote the Euclidean norm in R™. If A is a vector or matrix, its transpose is denoted by A'.
If A is a matrix, its trace norm is denoted by |A| = y/trace(AT A) while its operator norm
is defined by ||A|| = sup{|Az| : |z| = 1}. If A is a symmetric matrix, denoted by Apin(A)
and Apax(A) its smallest and largest eigenvalues, respectively.

Let (2, F, {F:}t>0, P) be a complete probability space with a filtration {F; };>¢ satisfying
the usual conditions (i.e., it is increasing and right continuous, Fy contains all P-null sets).
Let w(t) = (w1 (t), -+ ,wn(t))" be an m-dimensional Brownian motion defined on the prob-
ability space. Let r(t),t > 0 be a right-continuous Markov chain on the probability space
(92, F, P) taking values in a finite state space S = {1,2... N} with generator I' = (7i;) nxn
given by:

YiiA +o(A), if i# 7,

1+ 79 A+0o(A), if i=j,

Pr(t+A)=j4|rt) =1i) =

where A > 0. Here v;; > 0 is the transition rate from ¢ to j, ¢ # j, while v;; = — Z#i Vij-

We assume that the Markov chain r(¢) is independent of the Brownian motion w(t) and
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irreducible. Under this condition, the Markov chain has a unique stationary distribution = =

(71,9, ,mn) € RPN which can be determined by solving the following linear equation
w[' = 0 subject to Z - m;=1and 7; >0forall j€S85.
Consider the following hybrid stochastic neural networks by intermittent feedback con-

trol based on discrete-time state observations

dxy(t) = [=by(r +Zaka ))g;(x;(t))]dt

Z ok (zk([t/7] 7),r(t)I(t)dw;(t), k=1,2,---,n. (2.1)
or equivalently

da(t) = [=B(r(t)z(t) + Alr)g(z(@®))dt + o(z([t/7] 7),rO)(t)dw(t),  (2.2)

with the initial data z(0) = zop € R", r(0) = rp € S, where z(t) is the state vec-
tor associated with the n neurons and for each i € S, B(i) = diag(Bi(i), -, Bn(1))
is a positive diagonal matrix, A(7) = (ax;j(?))nxn is connection weight matrix, g(z(t)) =
(g1(21(1)), g2(z2(t)), -+ , gu(xa(t)))T is a vector valued activation function, o : R® x S —
R™™ 0 = (0kj)nxm is the diffusion coeflicient matrix, 7 is the duration between two con-
secutive observations and [t/7] is the integer part of t/7. Here I : [0,00) — {0, 1} is defined
by

Z I[nT nT+9T t > 0
where T' > 0 denotes the control period and 7" > 0 is the working width satisfying 6 € (0, 1).

Remark 2.1 In fact, Eq.(2.2) can also be expressed as follows:

da(t) = [=B(rt)z(t) + A(r(t))g(z()ldt + o (z([t/7] 7), r(t))dw(t),
t € [nT,nT +07), (2.3)
dx(t) = [=B(r(t))x(t) + A(r(t))g(z(t))]dt, t € [nT +0T,(n+ 1)T).

Note that Ip,7,rier)(t) is the indicator function of [T, nT + 0T) which means that it takes
1 when t € [nT,nT + 6T') and 0 otherwise.

In this paper, we impose the following conditions on the functions g and o.
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Assumption 2.2 Assume that there exists a constant matrix G € R™™" such that

l9(z) — g(y)| < |G(z —y)| (2.4)

for all x,y € R™. Moreover, we assume that g(0) = 0.

Assumption 2.3 Assume that there are nonnegative constants k; such that
lo(x, 1) — oy, 9)| < kilz — | (2.5)
for all x,y € R" and i € S. Moreover, we assume that 0(0,7) =0 for alli € S.

Remark 2.4 In fact, the nonlinear activation function g(.) in Assumption 2.2 satisfies the
Lipschitz condition. In many literatures, the following Lipschitz condition are imposed on the
nonlinear activation function g(.): Assume that the activation functions g;(i = 1,2, ,n)

are globally Lipschitz continuous, that is, there exists a constant [; > 0 such that

lgi(z) — g:i(y)| < Lil(z —y)|, Vz,yeR" (2.6)

Obviously, (2.4) and (2.6) are only different in expression, but they both indicate that g(.) is
Lipschitz continuous. For example, by (2.6), we have that

V(g1(x1) — g1(11))% + (92(22) — 92(y2))2 + -+ + (gn(®n) — G (yn))?
\/E(ﬂh —)? 5wy —y2)? 4 (20 — yn)?
|G(z —y)l,

lg(z) — g(y)]

IN

where G = diag(ly,lo, - -+ ,1,) and (v —y) = [21 — Y1, T2 — Yo, , T — Yn] " -

Remark 2.5 Under Assumptions 2.2 and 2.3, it is easy to conclude that Eq.(2.2) has a
unique global solution x(t) ont >0 (see, [?]).

3 Intermittent continuous-time stochastic stabilization

3.1 Almost sure stochastic stabilization

Consider a nonlinear unstable neural networks

dy(t)/dt = —=B(r(t))y(t) + A(r(t))g(y(t)) (3.1)
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and its corresponding stochastically controlled neural networks

dy(t) = [=B(r()y(t) + A(r(t)g(y()]dt + o (y(t), r(£)) [ (t)dw(t), ¢ =0 (3.2)

with the initial value y(0) = yo and r(0) = ry.
Similarly, under Assumptions 2.2 and 2.3, Eq.(3.2) has a unique solution (see [?, ?]).

Denote the unique solution by y(t; 0, yo, 7o) on ¢ > 0.

Assumption 3.1 Assume that there are nonnegative constants (5; such that
"o (x,1)| > Bil|
forallz € R" and i € S.

We denote by C?(R"™ x S; R, ) the family of all continuous non-negative functions V (x, 1)
defined on R" x S such that for each ¢ € S, they are continuously twice differentiable in x.

For V(z,i) € C*(R™ x S; R.), we define the function LV : R* x S x Ry — R by

LV (it) = Vil d)[=B(i)a + Ali)g(x)

b5l Vel Do, )T @) + D2V () (33
and
HV (z,i,t) = Vo(z,i)o(x,i)I(t) (3.4)

where V (x,1) = (2550, TG00 ). V(o) = (i)
" v ) nxn

Theorem 3.2 Under Assumptions 2.2, 2.8 and 3.1, the trivial solution y(t) of Fq.(3.2)

satisfies

1
lim sup p log(|y(t)]) < Zm[m + 0(0.5k7 — B)] a.s., (3.5)
fmroo €S
where 0; = —Amin(B(2)) + |G[||A@)||. In particular, if Y, mi[n; + 0(0.5k7 — 57)] < 0, then
the trivial solution of FEq.(3.2) is almost surely exponentially stable.

To prove Theorem 3.2, we present two useful lemmas.
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Lemma 3.3 For anyt >0, h >0 andi € S, then

P(r(s) #i for some s € [t,t + h|r(t) =4) <1 —e "
where 4 = max;es(—ii)-
The proof of this lemma can refer to [?], which is omitted here.

Lemma 3.4 For any i € S, then

1 t
lim sup Z/o [k:f(s) — QBE(S)]I(S)ds < 927@-(1@2 —26?) a.s. (3.6)

=00 ies

Proof. 1t is obvious that

: 1 [
lim sup;/o [kf(s) - 263(5)]1(3)615

t—o00

1 n JT+0T ) )
= limsup ———— / [krioy — 2875 ]ds a.s. (3.7)
n—00 (n—l—l)Tj;O iT ) ©
Let 0 € (0,1) be arbitrary and w = 07 /m for a sufficiently large integer m so that w < 4.

Then it follows from (3.7) that
1 n JT+0T )
li —_— k. —2 d
WP G Z fo a2l
m—1 n JT+(v+1)w

m—1
< lim SUP 0T Z Z/ ko) — 2B ))ds = Z Qu, (3.8)
v=0

n—o00 v=0 j=0 JT+vw

where

1 " T+ )
Q, = limsup ———— / [kr o — 205 g]ds
n—00 (n + 1)T ]z:; JT+vw ® ®

For each i € S, define
=inf{j >0: r(jT) =i} and 7. =inf{j >7' | : r(jT) =i} for n>1.

Then 7! are all finite stopping times such that 0 < 7% < -+ 72 — 0o a.s. Set S = inf{; >

n

0: § n} and T denote the number of the set S’ contains. By the ergodic property of
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the Markov chain, we have lim,,_, nT—fl = m;. Similar to the proof of Li et al. [?], we can

derive that

]T—l—w
Qo = limsup ZZ/ r(s — 22 s)]
n—00 ieS jesi
J T+
< Z—hmsup—Z/ k‘T(S 2/6’3(8)]ds
icS n—00 jesi
"”T-Q—w ) )
< ; = hfisolipwr : Z/ k) — 2850 ds. (3.9)

By the strong Markov property, {T(T;T+t)}t>0 forms a Markov chain with the same generator
I' which starts from i. Letting ¢} = fT T+w[k2 — 28%,)lds, we have that {(}};>0 are
independent identically distributed with mean value E({. By the large number theory,

n

. 1 e 2 i
hin_)Sng n+1 Z /T?T [kr(s) - Qﬁr(s)]ds - ECO

=0

On the other hand, by Lemma 3.3, we can obtain that B¢} < (k2 —282)w + (k2 —23%)/30

where k = max;cs k; and 3 = min;cs ;. Inserting this into (3.9), we get
Q0<Z (k2 — 262)w + (k? — 28%)\/F6w).
€S
Similarly, we can show
<Z (k2 — 262)w + (K — 28%)\/F6w],
€S
forv=20,1,2,--- ;m — 1. Combing these and (3.7) together, we have

' 1 [ i
hmsupg/o [kf(s) —2Bf(s)]f(s)ds < mz (k2 = 26%)w + (K — 263°)\/30w]

t—o00 icS

< 0 ml(k —267) + V300 —25%)].  (3.10)

ics
Since 0 > 0 is arbitrary, we must have
1 t
lim sup — / k2o — 282y (s)ds < 0 m(ki —287). (3.11)
t=oo 1 Jo i€S
The proof is therefore complete. O
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Proof of Theorem 3.2. Fix any initial value yy # 0 and ry € S, write y(¢; 0, yo,70) = y(t).
By Mao and Yuan [?], we have that y(t) # 0 for all ¢ > 0 almost surely. Define the Lyapunov
function V(y,1) = |y|* for (y,i) € (R™ —{0}) x S. We can therefore apply the It6 formula
to log V(y(t),r(t)) to obtain that

dllog(V(y(t), ()] = EV(y(t)aT(t)J)dt+%V(y(t)77"(t)>t)dW(t)]

GoEol
7,7

2V2(y(t), r(t))
Inserting (3.3) and (3.4) into (3.12), we have

|HV (y(t),r(t),t)2dt. (3.12)

gy = toglnl + | oz (27 (=B (s)(s) + A (s)gtas)]

1
ly(@)?

2 _tLTSO'Z‘STS233
+ Jo(y(s),(s))] I(S))ds /0 |y(t)|4|y ()0 (a(s), ()P (s)d
t 2 .
" / LY (o) r) ().

By Assumptions 2.2 and 2.3, we obtain that

t

t
log ly(t)]* < log\yo!2+2/ m<s)d8+/ k2o (s)ds
0 0

t 2 . )
- /0 poilY (o), r(s))L(s)ds + M(1), (3.13)

where 7() = —Amin(B(r(8)) + |G[[|A(r(s)) | and M(t) = [§ gy ()o(y(s),r(s)1(s)dw(s)

is a continuous martingale vanishing at ¢ = 0. The quadratic variation of this martingale is

given by
T )
I
(M (), M(1)) = 4 / " ()7 (s): rDPIG)
0 ly(s)|
Assign €, € (0,1) arbitrarily and let £ = 1,2,---. By the exponential martingale inequality,
we have

P{ sup [ar() — (a0(0). (1)) > glogn} < %

0<t<n 2
Applying the Borel-Cantelli lemma we see that for almost all w € €2, there is an integer
no = no(w) such that if n > ny,

39

—(M(#), M(1)

2
M(t) < Zlogn +
£

11
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holds for all 0 < ¢ < n. Substituting this into (3.13) and then using Assumption (3.1), we
obtain that

2 t
log |y(t)]> < 10g|yo|2+glogn+2/ Ty (s)ds
0

" / [k — 201 = )82, 11(s)ds (3.14)

for all 0 <t < n, n > ng almost surely. So for almost all w € Q, if n—1 <t < n and

n > ng, then
1 1 2 1 [t
Hogly(OF < — (loglnl + Zlogn) + 27 [ nds

b3 [ B —20 - l6)ds

This implies

1 1 [
fimsup 7 log((y(0)7) < 2lmsupg [ s

t—o0 t—o0
1
+ limsup — ; / [k‘r(s 2(1 — 5)53(5)]](5)d3- (3.15)
t—o0
By Lemma 3.4 and the ergodic property of the Markov chain r(t), we have
1
hmsup—log ly (%) Zme—{—HZm (k7 —2(1 —¢)37). (3.16)
t=o0 i€S i€S

Letting € — 0 yields the desired assertion (3.5). The proof is therefore complete. O

Remark 3.5 Note that the deterministic neural networks (3.1) is unstable, then we have
me > 0, (3.17)
ieS

otherwise it 1s already almost surely exponentially stable. In other words, since the de-

terministic neural networks (3.1) is stable, it is not necessary to add a feedback control

o(y(t),r(t)I(t)dw(t) to stabilize (3.1). Therefore, combing (7?) and . g mi[n; + 0(0.5k7 —

B2)] < 0 together, we have Y, o m0(37 —0.5k7) > 0. Note that 0 > 0, we obtain ", s m: (57 —

2ics il
0.5k7) > 0 and =220 > 0.

Remark 3.6 From Theorem 3.2, we can conclude that the trivial solution of (3.2) is almost

surely exponentially stable if and only if 6 € (Z i’e(%g_% 57y 1). Moreover, it is showed that
ies TilPy —V.oRy
the speed at which the solution of (3.2) converges to the equilibrium not only depends on k;

and B;, but also on the parameter 0.

12
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Remark 3.7 The periodic intermittent control in this paper requires that each subsystem

has the same working time or rest time. In practice, the working time or rest time of each
subsystem may not be the same. Therefore, we generalize the definition of I(t) to I(t,r(t)).
That is, I(t,r(t)) can be defined as follows

I(t,r(t) = Z I 10,0, (t), > 0. (3.18)
n=0

Similar to the discussion of Theorem 3.3 ([?]), we can get the following corollary.

Corollary 3.8 Under Assumptions 2.2, 2.3 and 3.1, the trivial solution y(t) of Eq.(3.2)
satisfies

lim sup % log(ly(t)]) < Zm[m +6,(0.5k% — 5%)] a.s., (3.19)

t—o00 icS

where n; = —Amin(B(2)) + |G| A(2)||. In particular, if
n

> il + 0:(0.5k7 — B7)] < 0, (3.20)

€S

then the trivial solution of Eq.(3.2) is almost surely exponentially stable.

Remark 3.9 By corollary 77, we show that the trivial solution of Eq.(3.2) is almost surely
exponentially stable as long as condition (?7) is satisfied. The only disadvantage is that we
cannot give the range of each control parameter ;. While, for subsystems with the same
working time, we can get the range of parameter 6. In fact, in Theorem 3.2, we have that
if 0 € (Ziegi%;ﬁ_%?), 1), then the trivial solution of Eq.(3.2) is almost surely exponentially
stable. This is why we focus on considering that each subsystem with the same parameters

6.

Remark 3.10 Obwiously, I1(t,r(t)) is more practical than I1(t) and each subsystem does not
need the same working time, so this control strateqy can be more flexible. For example, in
Ezxample 7?7, we obtain that hybrid neural networks (??7) can be stabilized by intermittent
stochastic perturbation with 6 € (0.6434,1). Once the range of 0 is determined with 0 €
(0.6434, 1), we know that it is feasible when all 0;,1 = 1,2 are greater than 0.6434. Meantime,
we can also select 01 which is greater than 0.6434, and 0y which s less than 0.6434. If we
choose 01 = 0.8 and 6 = 0.4 then we have that Y, ¢ m[n; + 0;(0.5k7 — 57)] = —0.0276 < 0.

13
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3.2 Design of linear feedback control with intermittent noise

Now, we shall show that the hybrid neural networks

dy(t)/dt = —=B(r(t))y(t) + A(r(t))g(y(t)). (3.21)

can be stabilized by linear feedback control with intermittent noise. We suppose g(z) satisfies
Assumption 2.2. Let

o(z,i) = (Gul’, Gz, 7Gm,z‘$)a
where Gy; € R™™ are all n x n matrices. Then the hybrid stochastic neural network (3.2)

becomes
dy(t) = [=B(r(t)y(t) + A(r(t)) )]dt + ZGM (t)dw(t). (3.22)

For any (z,7) € R" x S, we have

m

o(@, )2 = > |Gl < (i||ek,iu2)|x|2

k=1

and

|z "o (z,4) Z ]xTlexF <Z)\mm (Gri) )]a;\4.

These imply that k; and f; in Assumptions 2.3 and 3.1 have the forms

= S Gkl and 7 = mem Gro)
k=1

In other words, the coefficients of Eq.(??) satisfy Assumptions 2.2, 2.3 and 3.1, then by
Theorem 3.2, we have the trivial solution of Eq.(??) is almost surely exponentially stable if
D ies Tilmi + 0(0.5k7 — 57)] <0

In fact, there are many choices for the matrices Gy ; in order to stabilize the given
hybrid neural networks (??). Let us now discuss some special cases of hybrid stochastic
neural networks (?7).

Case 1. Let G ; = oy for 1 <k <m, i € S, where I is the n x n identity and oy, are

constants. Then the hybrid stochastic neural networks (??) becomes
dy(t) = [=B(r()y(t) + A(r(t)) )Jdt + Zo-kzr(t dw(t). (3.23)

14
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Note that for each i € S,

m m m m
Z Grix|* = <ZO’£I> |z|? and Z 2" Gpz|? = (ZO‘ZJ ||
k=1 k=1 k=1

k=1

for all z € R™. By Theorem 3.2, we conclude that the solution of (??) satisfies

lim sup — ! log ly(t) Zﬂmz 0. 5927@ zmjai,z

=00 i€S icS k=1

. . zies s ) . . ??
In particular, if 0 € < 5y e m (S o7 1), then the hybrid stochastic neural networks (?7)
is almost surely exponentially stable. Now if we choose o ; = 0 for all 2 < k < m, then (?7?)

becomes

dy(t) = [=B(r(®)y(t) + A(r(1))g(y()ldt + o1,y(H) () dws (1),

That is we only use a scalar Brownian motion as the source of stochastic perturbation. This

stochastic networks is almost surely exponentially stable provided 6 € (%, 1).
Case 2. Fori € S and 1 < k < m, choose a symmetric positive definite métrix Dy, ;i

such that xTDMx > @. Let o be a real number and define Gy ; = 0Dj;. Then the hybrid

stochastic neural networks (?77) becomes

dy(t) = [=B(r())y(t) + A(r()g(y(O)ldt + Y o Dyroyy(t)(t)dw(t). (3.24)

k=1

Note that for each i € S,

Z|sz93|2<0 (ZHDMH )Iaf? and Zu Graal? 2 20* (S 1Dkl o
k=1

for all z € R™. By Theorem 3.2, we obtain that the solution of (??) satisfies

t—o00

lim sup — 10g(|y( < Zﬂmi — 0.12500° Z Z | D.ill*)
=1

ieS ieS  k

. 827165’ M5 . . 29
Soiff € <02 S o T 1>, then the hybrid stochastic neural network (?7?) is almost
surely exponentially stable. O

4 Intermittent discrete-time stochastic stabilization

In this section, we will establish a sufficient stability criterion on hybrid stochastic neural

networks by intermittent feedback control based on discrete-time state observations.

15
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Let us form Eq.(2.2) as a hybrid stochastic differential delay equation (HSDDEs). In
fact, if we define the variable delay ¢ : [0, 00) — [0, 7] by

0t)=t—krfor kr<t<(k+1)71, k=0,1,2,---,
then Eq.(2.2) can be re-written as the following HSDDZEs:
dx(t) = [-B(r(t)z(t) + A(r(t))g(x(t))]dt + o(x(t — d(¢)),r(¢)) I (t)dw(t), t>0. (4.1)

In the previous section, we can show that Eq.(3.2) is almost surely exponentially stable
by using the Lyapunov function method. Unfortunately, the solution of (?7) may reach the
origin provided that ¢ # 0, so we cannot apply the It6 formula to log |2(¢)|? in this delay case.
Therefore, we adopt a comparative method to study the almost sure exponential stability of
the solution to Eq.(?7). Our aim here is to show that if auxiliary hybrid stochastic neural
networks by continuous-time intermittent feedback control (3.2) is pth moment exponentially
stable, then so is the hybrid stochastic neural networks by discrete-time intermittent feedback

control (2.2) provided 7 is sufficiently small.
Assumption 4.1 There exists a p € (0,1) such that

Ay = diag(p1(p), -+, pn(p)) =T (4.2)

is a nonsingular M-matriz, where p;(p) = 0.5p[(2 — p)? — kZ] — pn;.

Note that .4, is a nonsingular M-matrix, by Theorem 2.10 of [?], it follows that A > 0.
Set (Y1, ,hn)" = A;l?, where 1 — (1,---,1)T, we can obtain that ¢; > 0, i € S.
The following lemma shows that the corresponding auxiliary hybrid stochastic neural

networks (3.2) is exponentially stable in the pth moment.

Lemma 4.2 Under Assumptions 2.2, 2.3, 3.1 and ??7. If 0 € (ﬁ, 1), then the solution
M
y(t) of Eq.(3.2) satisfies
Ely@)]P < ZZ_ME|yO|p€_[(¢N[1+¢)9—w]t’ V>0, (4.3)

where
N
= mim i, iy = macas, § = max — (pms+ 05 )
m_iES Iz M_iGS' (2l _ieS wz pniy; j:1'713 i) -
In other words, the trivial solution of Eq.(3.2) is pth moment exponentially stable.

16
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Proof. Let V(y,i) = u;|y|P. Clearly, ¥,|y|P < V(y,i) < ¥nly|P. By (3.3) and Assumption

7?7, we compute the operator LV as follows:
LV(y,it) = puilyl~?y" [=B(i)y + A(i)g(y)] + 0. 5p¢z|ylp’2!0(y,i)|2l(t)
— 0.5p(2 = p)uly["y oy, D)PI(t) + Z%%Iy!p
< pYi[—Amin(B(i)) + |G| A )IIHyI” +0. 5pw¢k?|y|pf( )

— 0.5p(2 — p)uiBlylPI(t) +Z%g%|y|
< {(pm+0.5p[ﬁf—( >%+Z%g¢g} )yl”

N
(s Dt ) (1= O < [0 — W3 + DOV (3,3). (4.4)
j=1
For any ¢ > 0, the generalized It6 formula shows that

E[Viy), r<t>>efféwfwxwf(sﬂds] ~ BV(yo,m)

— E/o = Jo W= (n +)1 d“(LV( (s), (5),3)_[1/7_(W;+&)](s)]v(y(s),r(s))>ds.
This implies

Bly()P < ﬁ—MEwowefé (P + DI, (4.5)

m

By the condition 6 € (ﬁ, 1), we have
M

| =it + D < 16 - wif + D
for any t € [kT, (k+ 1)T'). Hence, we conclude that

Ely@®)" < Z—ME|y0|pew—(¢;f+JJ)0}t'

m

The proof is therefore complete.

Remark 4.3 As 0 — 0, Fq.(3.2) will degenerate into a hybrid neural networks (?7). Note
that we are only interested in the case when 1 > 0 in this paper; otherwise, the given hybrid
neural networks (??) is already stable and there is no need to stabilize it using feedback

control. As 0 — 1, FEq.(3.2) will become continuous hybrid stochastic neural networks
dy(t) = [=B(r(t))y(t) + A(r(t))g(y(t))]ldt + o (y(t), (1)) dw(t). (4.6)

17
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From (??), we can obtain that the solution of Eq.(??) is pth moment exponentially stable

and the pth moment Lyapunov exponent is no more than —1#;41.

Remark 4.4 Clearly, (?7) means that the pth moment of the solution will tend to 0 expo-
nentially fast. It follows from (?77) that

1
lim sup n log(Ey(t)|?) < 0.

t—o00

However, by (7?), we can also get this asymptotic property. That is, we have

t
fimsup - og(Ely(0") < = vy + o) (imint 5 [ 1(5)as)
= ¢ —0(y +1) <0

as long as 0 > —¥—

U 0
Lemma 4.5 Let Assumptions 2.2, 2.8 hold and p € (0,1). Then, for any t > 0,

Elz()[P < |ap|PelOommt (4.7)

Ela(t) = (@) < |aoPe T O, (p,7), (4.8)

where 1) = maX;eg 1, k= max;es ki, Hi(p,7) = [27’(2@ + /2:2)]§, C = max;cs (|| B(1)]|* +
|G| AG) 7).

Proof. By the It formula, it is easy to show that, for ¢ > 0,
2O = |zl + / {207 (5)[=B(r())a(s) + Alr(s))g(a(s))] + o (2(8,), () 2I(s) bds
+ / 22" (s)o(2(0), r(s))I(s)dw(s).

0
By Assumptions 2.2 and 2.3, we get
t t
Blz(t)]? < |xo)*+ 2771-/ E|z(s)*ds + kf/ E|z(8,)|*ds
0

to

t
< 24 (2 ; k2 E 2ds.
< foft+ o+ max ) [ s Bla(s)ds

0<u<s

Noting that the right-hand-side term of the above inequality is increasing in ¢, we hence have

¢
sup Elz(u)]? < |x0|2—|—(2ﬁ+k2)/ sup E|x(s)|*ds.
0

0<u<t 0<u<s

18
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Consequently, the Gronwall inequality gives
sup Elz(u)]* < |x0|2e(2ﬁ+i“2)t.
0<u<t

By the Holder inequality, we then have
g ~
Elz(t)lP < (E|x(t)|2> ‘< |$0|p6(77+0-5k:2)pt‘

On the other hand, we can show that

t

Elx(t) —x(6)* < 2E| i (= B(r(s))x(s) + A(r(s))g(x(s))]ds|”

+ 2E| i [o(z(0,),7(s))]ds|*.

By the Burkholder-Davis-Gundy inequality, Assumptions 2.2 and 2.3, we have
t

Ele(t) —2()]” < 47 max(|[BG)|]* + IGIQHA(@')IIQ)/ Elx(s)|*ds
) 5

t ~
+ %{/Ew@mwsg%@ér+ﬁwm%%.
Ot

Once again, by the Holder inequality, we have
Bla(t) = o(@)lF < |aoe™OFH (p, 7).
The proof is therefore complete. O

Lemma 4.6 Let Assumptions 2.2, 2.8 hold and p € (0,1). Then, for allt > 0,

Bla(t) =y < Jol Halp, 7) BT — 1),

N p
where Hy(p,7) = [%Zﬂ;m} ’

Proof. By the It6 formula and Assumption 2.2, we can show that
Elx(t) — y(1)?
= B[ (20) ~ o) B as) — 5()
+ A(r(s))(g(z(s) = g(y(s))] + o (2(05),7(s)) — o (y(s), T(S))IQI(S))dS
2¢/Eum |@+E/ﬁa (5) — oly(s), r(s)Pds.  (4.9)

IN
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By Assumption 2.3, we obtain that
[ 10(a(6).7(5) = olufs). () s
< 28 [ [o(a6.).r(5) = o(o(s)r(s))ds + 28 [ [o(a(s).r(5) = olufs). () s
< 2/2;2E/0t|x(58) —x(s)|2ds+21%2E/ot|x<s) _ y(s)2ds.
By Lemma ??, we get
B [ 0(ul6).r(5) = o). () s

t . R t
< 22H,(r,2)|xo| E / (OG0l / 2(s) — y(s)[2ds
0 0

2k*H, (7, 2) N [+t
21 + k2

1)+ 2i°E /0 2(s) — y(s)[2ds. (4.10)

Inserting (?7?) into (?7?), we have
2k* H, (, 2) |0/ [e(2ﬁ+fc2)t _
2n + k?

© o2+ iE / 2(s) — y(s)|ds.

Elx(t) — y(t)]*

1]

Then, the Gronwall inequality implies that

2];’2]‘.[1(7', 2)|l‘0|2
21 + k2

AL _ 1) 2Rt

Bla(t) - y(t)?
By the Holder inequality, we have

Ela(t) —y(@)] < |x0|p[ e+ _ 118 ket

Y

which is the required assertion. The proof is therefore complete. O

Lemma 4.7 Let Assumptions 2.2, 2.3, 3.1 and ?? hold. Choose a free parameter e € (0,1).

Let 7 > 0 be the unique root to the equation

log( wrly\;j

Ha(p, T)[e(zﬁ%?)(m#) _ 1]%€(ﬁ+k2)p(r+l°g tme) £, (4.11)

where v = (¥} + )0 — 1 and Hy(p, ) has been given in lemma ??. If 7 < 7%, then there
is a pair of positive integer k and constant \ such that the solution of Eq. (2.2) satisfies

E|z(ikr)|P < |zolPe ™, Vi=1,2,3,--- . (4.12)
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Proof. Let k be a positive integer that is no less than

loo (AL _ loo (AL
log(ype) <k<1l+ —g(d’ms). (4.13)
YT YT

This implies ’i—“ie”’% < e. Write y(l}T; Zo, 7o) = Yj. By Lemma 77,
b UMy ke P
Elyi[" < —=laol’e™"" < efo|”. (4.14)
U
By the basic inequality (a + b)? < a? + b” for any a,b > 0 and 0 < p < 1, we can obtain that
Elz;|” < Ely; |’ + Elxg — yil”-
Using (??) and lemma ?7, we get
Blagl? < feol? (£ + Ha(p, 7)[e@7HIk — 1]5clathnir), (4.15)
By (??7), we have

e+ Hy(p, 1) [6(277“%2)’57 — 1]ge(’7+f€2)p7ﬁ
o ) ou( PM
ety 1]§e(ﬁ+k2)p(7+%) <1

<&+ Hy(p, )BT

Thus, we may choose A > 0 such that
e+ Hy(p, 7) [6(2ﬁ+1&2)12;7 _ 1]ge(ﬁ+k2)piw — o M7
It then follows from (?7) that
Elai|P < |wolPe .

Let us now consider the solution z(t) of Eq.(2.2) on ¢t > k7. Due to the time-homogeneous

property of Eq.(2.2), we can get
B[yl Fiy) < Jglre .
This implies E|zy;|P < E|x,~§\p6_’\’~” < |zo[Pe=2*7. Repeating this procedure, we have
Elag|? < Blug_yilre ™ < |aPe™ " i=1,2,--- .
The proof is therefore complete. a
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Theorem 4.8 Let Assumptions 2.2, 2.3, 3.1 and 7?7 hold. Then, there is a positive number

T* such that Eq.(2.2) is almost surely exponentially stable provided T < 7*.

Proof. Fix 7 € (0,7*) and the initial data =y € R™,ry € S. For simplicity, we write

x(t;0,20,70) = x(t), 7(t;0,79) = r(t). For any ¢ > 0, we can find a unique integer i such that

t € [ikT, (i + 1)k7). By the time-homogeneous property of Eq.(2.2), we see from Lemma ?7?

that
B(|a()[P|Fr,) < g et 0sRm=ikn
< |x%|p€(ﬁ+o.5k2)p1}7_
(2
This, together with Lemma ?7, implies

Elz(t)]P] < E|x%|pe(ﬁ+o.5l%2)p127< |x0|p6_ixéve(ﬁ+o.5k2)p1}7
S i <

C(p, 7)|zo[Pe” T < C(p, 7)|mo|Pe ™,

IA

(4.16)

where C(p, 7) = 711058k By the basic inequality, Assumptions 2.2 and 2.3, it is easy

to show that

s

B sw o@)F) < 3Bhn)P+38( sw | [ [FBO@)) + ACE)g)dl)
+ 3E< sup | ~s a(x(év),(r(v))[(v)dw(v)P)

ikr<s<t JikT

t t

< 3E|q:(z'12;7)|2+312;C“T/~

ikT ikT

t
< 3E|:E(ik‘T)|2+(3k‘éT+12/272)/~ E sup |z(v)[*ds.

ikt ikr<v<s

Then the Gronwall inequality implies that

E( sup |z(t) ‘2) < 3E’(L’(Z/~€T) ’26(3%C’T+121%2)l~c7-_
ik <t<(i+1)kT

By the Holder inequality, we have

E< sup  |z(¢) \p> < Blz(ikr)]? <3€(312C”T+12/%2)1€T> 2

ik <t<(i+1)kT

< (36(315@7“21%2)1%7) B |x0 ’pefi)\fm'

22

Ela(s)ds + 1282 / El2(5.)[2ds
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for all ¢ > 1. Using the Markov inequality and (77), we get
P( sup ()| > 670.5@\1}7) < (36(3kér+1zk2)1}7>5|x0|p6o.5iAl”cT
ikr<t<(i+1)kr
for all « > 1. By the Borel-Cantelli lemma, we can obtain that for almost all w € €, there
exists an integer iy = ig(w) such that supz, <,cyyir [T < e~OMT for any i > ig(w).
This implies that limsup,_,, 1 log(|z(t)|) < —2% for almost all w € €2. The proof is therefore

complete. O

Remark 4.9 In fact, Lemmas 7?7, 7?7 and Theorem 7?7 enable us to design the periodically
intermittent feedback control based on discrete-time state observations for stochastic stabi-

lization problem (2.2) in two steps.

Step 1. For an unstable hybrid system
dx(t)/dt = —B(r(t))x(t) + A(r(t))g(z(t)), (4.18)

we design the control function o : R" X S — R™™ for Eq.(3.2) to be pth moment exponen-

tially stable.
Step 2. Find the unique root 7 > 0 to Fq.(?7)

S 12 log(fﬁls P(Ari2 log(%)
Hy(p, T)[e(2n+k Jr+—=Etme) 1]§e(n+k P(r+—=m) 1 ¢

of Lemma ?7 and make sure T < 7*. Then the periodically intermittent feedback control
based on discrete-time state observations will stabilize Eq.(??) in the sense of the almost

sure exponential stability.

5 Two examples

Example 5.1 Let w(t) be a scalar Brownian motion and r(t) be a right-continuous Markov

chain taking values in S = {1,2} with the generator

-1 1
[' = (7ij)ax2=
4 —4
Consider the scalar hybrid neural networks
dx(t)
g = or@®)z(t) +alr(t))g(=(?)), (5.1)
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where
b(1) = —0.2,b(2) = —0.3,a(1) = 0.1,a(2) = 0.25, g(z) = ReLu(x) = max{z,0}.

Obviously, the Markov chain r(t) has the stationary distribution m = (m,m) = (3,%). Then,

we have that ,

Zw—Z Til=Amin(B(0)) + |G/ A@)][] = 0.35 > 0.

i=1
It is obvious that hybmd neural networks (?7) is unstable.

To make this given hybrid neural networks (?7) stable, we use the periodic intermittent
control. Consider o(r(t))x(t)I(t)dw(t) as the stochastic perturbation, then the intermittently

scalar hybrid stochastic neural networks can be described by

d(t) = [=b(r(t)x(t) + a(r(t))g(x(t)]dt + o (r(t))z(t) [ (t)dw(t), (5.2)

where (1) = 1,0(2) = 1.2. We assume w(t) and r(t) are assumed to be independent. It is

easy to see that ky = By = 1 and ky = B = 1.2. Then we get that
2
> " milmi + 0(0.5k7 — B7)] = 0.35 — 0.5440.
=1

By Theorem 3.2, we can conclude that if we choose 6 € (0.6434,1), then intermittently hybrid
stochastic neural networks (?7) is almost surely exponentially stable. That is, hybrid neural
networks (7?) can be stabilized by intermittent stochastic perturbation o(r(t))z(t)I(t)dw(t)
with 0 € (0.6434,1). Given the initial value x(0) =2 and r(0) = 1, Figure 1 shows that the

intermittently hybrid stochastic neural networks (7?) is stable when 0 = 0.9. O

Remark 5.2 If 0 = 1, we can have >;_, mi[ni + 0(0.5k2 — 52)] = —0.143 < 0. This implies
that hybrid neural networks (?7) can be stabilized by continuous time stochastic perturbation
o(r(t)z(t)dw(t). In order to reduce the control cost, the intermittent stochastic control is

naturally selected to stabilize the above neural network.

Remark 5.3 In fact, whether the controlled stochastic neural networks (?77?) is stable depends
not only on parameter 6, but also on the intensity of noise. If we choose o(1) = 0.5,0(2) =1,
we get S0 milni + 0(0.5k2 — B2)] = 0.35 — 0.20. In this case, if 0 = 1, then S -, m[n; +

0(0.5k% — 52)] = 0.15 is not less than zero. In other words, it is difficult to stabilize the

neural network (?7) even if the continuous feedback control strategy is adopted.
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Figure 1: The sample paths of intermittently hybrid stochastic neural networks (77).

Example 5.4 Let w(t) be a scalar Brownian motion and r(t) be a right-continuous Markov

chain taking values in S = {1,2} with the generator

—2 2
[' = (7ij)axa=
1 -1

Consider the following two dimensional hybrid neural networks

T — B () + AGr1)o((D) (5.
where
s={ % O) Ba-[% °) au-( 0& 04
0 08 0 04 —0.6 —0.3
and
A2) = 1 05 v [ 025(m + 1 = e 1))
05 —02 )" 0.25(|z2 + 1] — |25 — 1|)

Simple computations show that

Meantime, we obtain that the Markov chain has the stationary distribution m = (mwy, 7o) =
(3,%2). Then, we have that

Zwm,- = W[ Amin(B(i)) + |G| AG)]]] = 0.166333 > 0.

1=1
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It is obvious that hybrid neural networks (?7) is unstable.

Now, we will use the intermittent feedback control based on discrete-time state observa-

tions to stablize the hybrid neural networks (77)

dz(t) = [-B(r(t))z(t) + A(r(t))g(z(t)ldt + o(r(t)z([t/7] T)I(t)dw(t), (5.4)
where
o(1) 10 o) = 1.5 0
0 1 0 1.5

Choose p = 0.5, then p1(0.5) = 0.0955 and p2(0.5) = 0.1713. The matriz Ays defined in
(7?) becomes

2.0955 —2
AO.5:
-1 11713

which is a nonsingular M-matriz. Then, we can determine ¥; = 6.9798,1, = 6.8130 and
hence, w;j = 0.1433 and ¢ = 0.1345. By Lemma ??, we can conclude that if § € (0.4842,1),

then intermittently hybrid stochastic neural networks
da(t) = [=B(r(t))z(t) + A(r(t))g(x(t)]dt + o (r(t))z ()1 (t)dw(t) (5.5)
has the property that

1
lim sup : log Elx(t)|P < 0.1345 — 0.27780 < 0.

t—o00

We further choose § = 0.75, ¢ = 0.9, then Eq.(?7) becomes

H2<0.577_)[62.69(T+0.762) o 1]0.25 « e1235(r+0.762) _ (|

which has the unique positive root 7% = 3.08 x 107 (which is about 0.97 seconds if the time
unit is of year). By Theorem 7?7, we can conclude that Eq.(?7?) is almost surely exponentially
stable provided 7 < 3.08 x 1078, Given the initial value z1(0) = 2, 29(0) = 3 and r(0) = 2,
Figure 2 showed hybrid neural networks (??) can be stabilized by intermittently feedback

control based on discrete-time state observations when 60 = 0.75. O
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Figure 2: The sample paths of intermittently hybrid stochastic neural networks (77).

6 Conclusion

This paper is devoted to the stablization of hybrid neural networks by intermittent
stochastic feedback control based on discrete-time observations. The exponential martingale
inequality and ergodic property of the Markov chain are used to establish sufficient stability
criterion on hybrid neural networks by intermittent control based on continuous-time state
observations. Meantime, by M-matrix theory and comparison principle, we obtain that
hybrid neural networks can be stabilized by intermittent control based on discrete-time

state observations as long as 7 < 7.
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