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Abstract Grinding is one of the most widely used material removal methods at the end of many pro-

cess chains. Grinding force is related to almost all grinding parameters, which has a great influence on

material removal rate, dimensional and shape accuracy, surface and subsurface integrity, thermody-

namics, dynamics, wheel durability, and machining system deformation. Considering that grinding

force is related to almost all grinding parameters, grinding force can be used to detect grinding wheel

wear, energy calculation, chatter suppression, force control and grinding process simulation.Accurate

prediction of grinding forces is important for optimizing grinding parameters and the structure of

grindingmachines andfixtures.Although there are substantial research papers on grindingmechanics,

a comprehensive reviewon themodeling of grindingmechanics is still absent from the literature. Tofill

this gap, this work reviews and introduces theoreticalmethods and applications ofmechanics in grind-

ing from the aspects of modeling principles, limitations and possible future trendencies.
� 2022 Production and hosting by Elsevier Ltd. on behalf of Chinese Society of Aeronautics and

Astronautics. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Machining mechanics is the physical link between tools and

workpiece, inherently leading to effective material removal in
machining. For precision machining processes such as grind-
ing, the importance of machining mechanics may be even more
obvious. Grinding force strongly affects material removal rate,
dimensional and shape accuracy, surface and subsurface integ-

rity, grinding thermodynamics, dynamics, wheel durability,
and machining system deformation.1–11 Considering that
grinding force is related to almost all grinding parameters,

grinding force can be used to detect grinding wheel wear,
energy calculation, chatter suppression, force control and
grinding process simulation. With the grinding force, the

machining parameters and the structure of the grinding
machine and fixture can be optimized to fully exploit the
potential of the grinding process. Substantial academic and

engineering efforts have been paid so far to understand grind-

http://crossmark.crossref.org/dialog/?doi=10.1016/j.cja.2022.10.006&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:guobing@hit.edu.cn
https://doi.org/10.1016/j.cja.2022.10.006
http://www.sciencedirect.com/science/journal/10009361
https://doi.org/10.1016/j.cja.2022.10.006
http://creativecommons.org/licenses/by-nc-nd/4.0/


Fig. 2 Classification of grinding force models.
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ing mechanics with the special focus on force modelling
because of the difficulties in experimental observation or mea-
surement. This increasing importance of grinding mechanics

can be clearly identified by the annual publication since
1990. As seen in Fig. 1, the statistical results are obtained by
searching titles, abstracts and keywords related to grinding

force in web of science core database, and all types of refer-
ences are considered in the Science Citation Index Expanded.
An increasing number of research work on grinding force have

been publishing, among which the proportion of grinding force
model has been also rising. The existing empirical force models
seem no longer meet the academic need, and more advanced
grinding mechanics models need to be continuously developed.

In spite of the important role, one might be surprised that a
comprehensive review of grinding mechanics modeling is still
absent from literature, although grinding tools,12,13 kinemat-

ics,14–16 coolants,17–19 even grinders20–22 have been well docu-
ments, reviewed and published.

To fill this gap, the present progress of grinding force model-

ing is reviewed and critically discussed in this work. According to
whether abrasive level details is considered, the grinding force
modeling can be divided into macro and micro grinding force

modeling in Section 2 (see Fig. 2). Macro grinding force focuses
on the integrated modeling of grinding wheel dimensions, consid-
ering the input of average and experimental parameters. Micro
grinding force modeling is based on the interaction between

active abrasive grains and workpiece, focusing on the random-
ness and difference caused by abrasive grains. And in Section 3
and Section 4, the modeling processes of macro and micro grind-

ing force are discussed based on wheel-workpiece interaction and
grain-workpiece interaction, respectively. Subsequently, the
applications of grinding force modeling are explained in Sec-

tion 5. Finally, the conclusions and future works are separately
summarized in Section 6 and Section 7.

2. Classification of grinding force models

2.1. Macro grinding force model

The macro grinding force model takes the grinding wheel as a
whole and is based on average parameters and force coeffi-
cients in grinding process.

Average parameter refers to average value of macro process
physical quantity, and its essence is related to average chip
thickness in grinding process. Back in 1950, Salje23 proposed

a model for the tangential grinding force based on the shear
strength of the workpiece material, depth of cut, and width
of cut. Based on this, other process parameters24 such as
Fig. 1 Annual publication of grinding force since 1990.
equivalent grinding wheel diameter,25 grinding wheel speed26

and workpiece feed speed27 are also taken into account. In gen-
eral, although average parameter has the advantages of fast
modeling speed and few input parameters, it doesn’t take into

account difference between grinding forces of abrasive grains.
The second characteristic of macro grinding force model is

force coefficient, which is generally calibrated by experiments.

Chiu and Malkin28 carried out sliding experiments in classical
physics, and fitted and calibrated the force coefficient by mea-
suring downforce and friction resistance. According to the cal-
ibrated force coefficient, Salje23, Werner and Konig29

established the normal force and tangential force as multiplica-
tion relation. However, these models are based on the premise
of invariable workpiece material, abrasive grain size, grinding

speed and coolant. A large number of experiments show that
the change of sliding force coefficient with the grinding speed
largely depends on the coupling of the materials of the tool

and the workpiece, and the force properties of different mate-
rials are different. For example, the sliding force coefficient of
modern ceramic tools increases with the increase of grinding
speed,30 while the sliding force coefficient of cemented carbide

tools shows a downward trend.31 The empirical parameters
can be quickly applied to the modeling of chip thickness and
grinding force, but they need a lot of calibration experiments

to support them, and the particularity cannot be ignored.
Due to the lack of consideration of abrasive grain level in

average parameters and experimental parameters, the expres-

sion of macro grinding force still cannot analyze the random-
ness and complexity of grinding process. Macro grinding force
model is mostly used for production practice and phenomenon

description, and has the characteristics of high efficiency.
However, a lot of calibration experiments are needed for
different processing conditions to improve the accuracy of fit-
ting coefficient.

2.2. Micro grinding force model

Micro grinding force model is based on the abrasive grain

kinematics, and its essence is related to the instantaneous chip
thickness caused by a single abrasive grain during grinding.



Fig. 3 Modeling method of macro grinding force.

Modelling of grinding mechanics 27
Abrasive grain kinematics needs to consider the random-
ness of abrasive grains: the change of the position and geome-
try of abrasive grains will directly affect the trajectory of

abrasive grains.32 In order to make the abrasive grain model
fully represent the real probability property of grinding pro-
cess, the statistical algorithm is applied. Logarithmic distribu-

tion function,33 Rayleigh probability density function34 and so
on are considered to be the corresponding laws between the
density of abrasive grains and chip thickness. However, the

statistical results are restricted by many factors, such as statis-
tical samples, grinding conditions, wear conditions and work-
piece materials, so they are only suitable for specific grinding
conditions. When the heights of active abrasive grains are

reduced to the same as that of inactive abrasive grains, the
probability distribution rule of abrasive grain height statistics
will no longer be applicable35.

In addition to the randomness of abrasive grains them-
selves, grinding conditions will also have an impact on the
kinematics of abrasive grains. Jamshidi and Budak36 consid-

ered the vibration of abrasive grains caused by the eccentricity
of grinding wheel, and the dynamic chip thickness of adjacent
active abrasive grains could be obtained. However, the model

still uses the concept of average parameter: dividing the aver-
age force of revolutions per shaft by the number of effective
abrasive grains as the instantaneous grinding force of a single
abrasive grain. The surface of abrasive grains with random

shapes becomes dull due to abrasive grain wear, dressing or
adhesion of metal chips during grinding, which leads to inevi-
table contact friction phenomena.37 The contact friction

model, as one of the important factors of the micro grinding
force model, also needs to be paid attention to.

Micro grinding force model focuses on the level of abrasive

grains, which is an effective means to explain the transient
change of grinding process. However, the improvement of
model accuracy also means that a large amount of data and

situations need to be considered, which often takes a lot of
time.

3. Modeling process of macro grinding force

The modeling process of most macro grinding force can be
summarized as Fig. 3. It is necessary to consider the interaction
between grinding wheel and workpiece (Section 3.1) in differ-

ent grinding modes (Section 3.4). The macro grinding force
(Section 3.3) can be obtained by calculating the average unde-
formed chip thickness (Section 3.2).

3.1. Modeling of the wheel-workpiece interaction

The wheel-workpiece interaction modeling is based on three-

dimensional geometric numerical model: calculating the pene-
tration between the envelope contour of grinding wheel and
workpiece.

The three-dimensional geometric contour of the grinding
wheel and workpiece are usually digitized by stylus instrument
or optical sensing,38,39 and the macro geometric model of the
grinding wheel can be obtained by combining contour ele-

ments.40 Fig. 4 shows the kinematic equations of common
grinding methods. Three traditional grinding methods (such
as surface, cylindrical, inner cylindrical and plunge grinding)

can get a general equation set by transforming and introducing
kinematic parameters. The model is only suitable for simple
coupling motion and is based on the plane rectangular coordi-
nate system. But the more complicated grinding process needs

special consideration, such as thread grinding, the inclination
angle u of grinding wheel is also considered, and the changed
orthogonal coordinate system of grinding wheel is estab-

lished.41–43 The above grinding methods all set up the center
to fix the workpiece. For centerless grinding, the circumference
of the workpiece is fully supported by the grinding wheel,

guide wheel and supporting blades44.

3.2. Average undeformed chip thickness

The average undeformed chip thickness is defined as the dis-

tance between the active grain on the current grinding wheel
track and the machined workpiece surface.38 Several developed
models to calculate average undeformed chip thickness are

shown in Table 1. Pahlitzsch and Helmerdig45 developed a
simple model to determine the equivalent chip thickness. The
model ignores the characteristic quantity and microstructure

of grinding wheel morphology. In order to make the chip
thickness model more realistic, it is assumed that the abrasive
grains have uniform height, size and regular distribution, so

the average undeformed chip thickness is the sum of the indi-
vidual cutting thicknesses in the contact area between the
grinding wheel and the workpiece, as shown in Eq.(1–2).46

Similar to this model, Makin and Cook47 introduced the ratio

r of chip width to thickness, but the complexity of the actual
chip shape48 makes it difficult to get r. Furthermore, the influ-
ence of grinding wheel speed vs and workpiece speed vw on chip

volume cannot be ignored.49 With the in-depth understanding
of the chip formation mechanism, the actual contact length lc
has been concerned as an important variable.50,51 The contact

length has three components, which are (a) the geometric
grinding contact zone, (b) the elastic deflection between the
wheel body and the workpiece and (c) the microscopic contact
at the grain level. Werner’s model52 took the same form, but

with different empirical coefficients, which depended on the
specific geometry and trajectory of the grinding wheel.



Fig. 4 Kinematics of common grinding methods.

Table 1 Several developed models to calculate average

undeformed chip thickness.

Authors Equations Number

Pahlitzsc and

Helmerdig45
h ¼ 2k vw

vs

ffiffiffiffi
ap
ds

q
(1-1)

Reichenbach,

et al.46
h ¼ 4vw

vsNc

ffiffiffiffiffiffiffiffiffiffiffi
ap=ds

ph i1=2 (1-2)

Makin and Cook47

h ¼ 4
Cr

vw
vs

� �
ap
deq

� �1
2

� �1
2 (1-3)

Agarwal, et al.50,51 h ¼
ffiffiffiffiffiffiffiffiffiffi
apvw
Nvs

1
lc

q
(1-4)

Werner52
h ¼ 1

A
2
N

� �1=aþ1 vw
vs

� �1=aþ1
ap
ss

� �1=2 aþ1ð Þ (1-5)

Table 2 Macro grinding force models.

Authors Models Grinding

stages

Salje23 Ft ¼ s0A Cutting

Werner

and

Konig29

Fn ¼ A C2

K1

� �1�m
3 Cutting

Inasaki,

et al.53
Fn ¼ kb vw

vs
ap

� �e Cutting

Li and

Shin54,55
Fn ¼ Kr

2p
vsNr

vt sin hþ vn cos hð ÞNa Cutting

Chiu and

Malkin28
Fn ¼ k1uchavw

vg
þ k2Ft;p þ pc

ffiffiffiffiffiffiffi
dea

p
Q Cutting,

Ploughing

Rubbing

Guo,

et al.56–58
Fn ¼ K vw=vsð Þap þ K1 vw=vsð Þd�0:5

e a0:5p þ
K4 vw=vsð ÞadbgCsd

0:5
e a0:5þc

p

Cutting,

Ploughing

Rubbing
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3.3. Determination of macro grinding force

The macro grinding force can be calculated based on the aver-
age undeformed chip thickness. According to the grinding
stages, some main research results of macro grinding force

are shown in Table 2. The early macro grinding force
model23,29 mainly considered the experimental coefficient and
the properties of materials. Inasaki, et al.’s model53 consists
of physical parts of speed ratio, grinding wheel width and

grinding depth. Li and Shin54,55 put forward the grinding force
model of internal grinding, and introduced the number of
active abrasive grains, which need a lot of experimental tests.

Chiu and Malkin’s model28 considers three grinding stages,
and innovatively considers the wear phenomenon caused by
the friction between grinding wheel and workpiece. However,

Chiu and Malkin’s model does not consider the process change
of the number of active abrasive grains. On this basis, Guo,
et al.56–58 put forward the grinding force model of cylindrical
grinding, which is mainly used for the analysis of grinding
dynamics. Although the grinding force model provides experi-
ence for the analysis of system dynamics, it does not consider
the time-varying stiffness,53 workpiece chatter regeneration

effect59 and chatter boundary.54,55 It is the future development
trend to make the dynamic characteristics of macro grinding
force model more in line with actual machining.

3.4. Influence of unconventional grinding on macro grinding

force model

In order to improve the force performance of traditional grind-
ing, some non-traditional grinding methods, such as ultrasonic
assisted grinding, robotic assisted grinding, electrochemical
assisted grinding and laser assisted grinding, have been devel-

oped rapidly, and their machining characteristics have also



Modelling of grinding mechanics 29
been considered in the establishment of macro grinding force
model. According to the different influence mechanism of
grinding force, the classification of grinding methods is shown

in Fig. 5.60-91

The working principle of ultrasonic vibration is to control
the ultrasonic power92 and high-frequency vibration64 by

adjusting the ultrasonic generator, so as to change the move-
ment track of abrasive grains. The specific equations of abra-
sive grain trajectory length are related to grinding

conditions, such as side grinding,77 end grinding,27,93 surface
grinding92 and up grinding.75 The grinding force under the
action of ultrasonic wave is proved to be significantly lower
than that of conventional grinding (CG),94,95 and the stability

of the grinding force of ultrasonic assisted grinding (UAG) is
slightly better than that of CG. The mechanism of UAG on
grinding force can be summarized as the periodic movement

of abrasive grains changes the geometric shape and size of
chips. Most of the chip shapes are flow patterns, especially
at large amplitude.96 The cross-sectional area and average

length of chips corresponding to UAG are smaller than those
of conventional grinding.97,98 This is mainly because the ultra-
sonic vibration effectively reduces the friction coefficient

between the abrasive grains and the chips, resulting in an
increase in the shear angle of the chips, and ultimately a
decrease in the thickness of the chips. The smaller chip length
corresponding to UAG is mainly because the ultrasonic vibra-

tion promotes chip breakage. These phenomena are important
factors affecting the grinding force of UAG.

The force instability caused by weak stiffness should be

considered in the robotic assisted grinding force modeling.78,79

Low stiffness and end-effector path tracking error are very sen-
sitive to the magnitude and direction of grinding force.99,100
Fig. 5 Grinding force modeling un
Tahvilian, et al.79 considered the stiffness of the grinding wheel
and the impact times of each rotation of the grinding wheel,
and calculated the average force by integrating the instanta-

neous force of one rotation of the grinding wheel. The robotic
assisted grinding force model can be divided into impact stage,
pressure relief stage and stable stage.82 The grinding force in

the impact stage changes rapidly in a short time, the increasing
grinding depth in the pressure relief stage makes the grinding
force unstable and the stabilization stage is related to the

deformation caused by the low stiffness of the robot system.
Although the grinding force is divided in detail, the force insta-
bility is still unresolved. Usually, the sudden change of grind-
ing force can be reduced by feedback and path planning.81

According to the global detection of grinding force signal, lin-
ear regression technology is applied to the calculation of grind-
ing force coefficient.101 However, optimization of grinding

force requires many experimental results, and all possible sub-
sets of parameters should be studied such as the deflection
angle of the manipulator and the geometric size of the grinding

wheel.
The consideration of laser and electrochemical assisted

technologies in grinding force models is relatively late. Laser

assisted methods is introduced because of its non-contact pro-
cessing and high efficiency, including softening and structuring
of workpiece materials. The soften effect induced by laser irra-
diation can decrease the normal indentation force and increase

the scratching, ploughing and chips formation influence.90 It is
reported that different types of surface textures obtained by
laser technology will also significantly affect the grinding

force,102 and the microstructure makes the interaction between
abrasive grains and workpiece intermittent, thus reducing the
total grinding force.88,103 The principle of electrochemical
der different grinding methods.



Fig. 7 Ductile material removal process considered in micro

grinding force modeling process.
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assisted technology is basically the same as that of laser soften-
ing: the electrolyte flow can change the material performance,
which is beneficial to material removal, thus reducing grinding

force.84 The extremely low Vickers microhardness of the work-
piece surface makes the grinding force lower than the
untreated workpiece material.87 Multi-field auxiliary process-

ing technology has developed rapidly in recent years. However,
there are few studies related to grinding force modeling. Future
research on grinding force modeling will be reflected in the

influence of laser temperature field or ultrasonic wave on
workpiece material and chip properties.

4. Modeling process of micro grinding force

The modeling process of micro grinding force can be summa-
rized as Fig. 6. The material properties is analyzed as the foun-

dation (Section 4.1). Then the kinematics of abrasive grains
under specific grinding conditions is calculated (Section 4.2),
and the height distribution (Section 4.3) and number (Sec-
tion 4.4) of abrasive grains are counted. Active abrasive grains

with undeformed chip thickness greater than 0 are selected
(Section 4.5), and the grinding force of single abrasive grain
is analyzed (Section 4.6). Finally, the grinding forces of all

active abrasive grains are accumulated to obtain the total
grinding force (Section 4.7).

4.1. Foundation of micro grinding force modeling

The material properties of the workpiece affect the material
removal mechanism, thus affecting the generation process of
grinding force. The removal process of ductile materials

includes rubbing force, ploughing force and cutting force,104

as shown in Fig. 7. The cutting force is the largest,105 followed
by ploughing force and rubbing force.37 The relationship

among grinding depth, force components and deformation
state should be considered in the process of modeling grinding
force.58,106 However, the existing models mainly focus on cut-

ting force modeling, and do not consider the influence of work-
piece deformation on the actual grinding depth, which will
change critical value of grinding depth.

The grinding force model of brittle materials can be divided
into three states: ductile, ductile–brittle transition and brittle,
as shown in Fig. 8. Under low grinding force, abrasive grains
plow out of grooves, and materials are taken away by plastic

flow, resulting in plastic deformation of materials and ductile
grinding grooves in the subsurface region.107 With the increas-
ing grinding force, central cracks and lateral cracks will be

formed under abrasive grains. After brittle fracture, the grind-
Fig. 6 General modeling proc
ing force begins to fluctuate obviously, and the fluctuation of
thrust force is more serious than that of cutting force, which
indicates that the surface damage is more serious.108 Because

the fracture mechanisms of brittle and ductile removal meth-
ods are different (crack propagation and grain breakage will
replace the chip formation area), it is of great significance to

study the critical state of ductile–brittle transition.

4.2. Active abrasive grain trajectory

The ways that affect the trajectory of abrasive grains include
self-excited vibration and forced vibration.90,109 Self-excited
vibration depends on grinding parameters, grinding wheel type
and grinding wheel life, and its vibration frequency is close to

the natural frequency of mechanical system.53 The self-excited
chatter of grinding wheel will bring chatter marks, which
should be avoided by setting grinding parameters and grinding

wheel types in the actual grinding process.110 Forced vibration
depends on the eccentric force, unbalance force, stiffness and
damping of the grinding wheel spindle.111 This kind of vibra-

tion source can be located by frequency measurement and sup-
pressed. Under different vibration conditions, the expression
of abrasive trajectory is shown in Table 3. In forced vibration,

the influences of eccentricity,35,36 swing112 and run-out76 on
abrasive grains need to be considered. In addition, actively
applied UAG74,92,113 is also a common means to change the
trajectory of abrasive grains. Jamshidi, et al.’s model35,36 con-

siders the actual eccentric condition of grinding wheel and
establishes the deterministic kinematics equation. However,
the assumption that the distance between all adjacent grits

along the periphery of the wheel surface is the same is obvi-
ously contrary to the real grinding wheel topography. In Zhou,
et al.’s model,112 the movement process of a single abrasive

grain under different swing angles is established, but the
ess of micro grinding force.



Fig. 8 Brittle material removal process considered in macro grinding force modeling process.94 Copyright 2022 by Elsevier.

Table 3 Trajectory expressions of each abrasive grain.

Authors Models Dynamic factors

Jamshidi, et al.35,36 xi ¼ Ri þ R0 sin hi=2ð Þ½ � sin hið Þ þ ft
yi ¼ Ri þ R0 sin hi=2ð Þ½ � 1� cos hið Þð Þ

	
Deflection

Zhou, et al.112 xi ¼ r sin xtð Þ
yi ¼ mxtþ r cos xtð Þ

	
Swing

Wu, et al.76 xi ¼ R sin xt� 2pm=Mð Þ þ r sin xtþ a0ð Þ
þFx L� aFð Þ2 2Lþ aF � 3zð Þ= 6EIð Þ þ fvt
yi ¼ R cos xt� 2pm=Mð Þ þ r cos xtþ a0ð Þ

þFy L� aFð Þ2 2Lþ aF � 3zð Þ= 6EIð Þ

8>><
>>:

Run-out

Fig. 9 Abrasive wear process considered in force modeling

process.122 Copyright 2022 by Elsevier.
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impact of vibration caused by swing on the grinding force

modeling was ignored. This problem is also reflected in the
modeling process of grinding wheel vibration and run-out76.

4.3. Determination of the height distribution of active abrasive
grains

The protruding height of abrasive grains is defined as the
height of the abrasive grain tip from the bonding surface/sub-

strate.112 The low height of abrasive grains and the small space
for accommodating abrasive grains lead to the increase of
grinding wheel load, which leads to the increase of grinding

force.114 The fresh grinding wheels after truing are generally
considered that the distribution of the protruding height of
abrasive grains follows the normal distribution law.115,116

However, contradictory results have been found through pro-
file measurement, there are both exponential distribution and
normal distribution of abrasive protrusion height.117 The

result of this difference is that the abrasive grains are broken
and shed in different degrees due to different truing condi-
tions.114 According to Vairamuthu, et al.,118 normal distribu-
tion can well fit the surface shape of fresh wheels, but it

cannot correctly represent damaged wheels, this is because
active abrasive grains with high height will lose their peak
value. Considering this phenomenon, extreme value distribu-

tion fitting method35,119 can be used for this negative skewness
phenomenon. For the height of abrasive grains before and
after wear, if it does not conform to the normal distribution,

specific mathematical methods can be adopted, such as John-
son transformation.120 The data of normal distribution can
be modified by modifying function. Abrasive wear will affect
the height of abrasive grains and then change the component

of grinding force, as shown in Fig. 9. In order to better repre-
sent the wear situation, the attack angle of the grain b, worn
height distribution function f(h), abrasive contact density

q121 and the wear rate IV
106,122 are used to characterize the

wear state. Although the dynamic process of changing the
tip shape into a flat cone is considered, the random inclination
angle of abrasive grains is not considered, which cannot ensure

that abrasive grains participate in grinding in a cone shape.



Table 4 Several developed models to calculate the unde-

formed chip thickness.

Authors Models Number

Kaliszer131
h ¼ 2s

aj�1

ds

� �1=2
� dj

(4-1)

Jamshidi and

Budak36
h ¼ Rn;j � Rm;j þ n�mð Þft sin hi;j

� �þ ni;j (4-2)

Ding, et al.120
h ¼ 2kj

vw
vs

aj�1

ds

� �1=2
�2 vw

vs
1þ vw

vs

� �
aj�1 � ajaj�1

� �1=2h i (4-3)

Wu, et al.133

f hð Þ ¼ 1ffiffiffiffi
2p

p
rg
e

� h�h
�� �2

= 2r2gð Þ
h i

(4-4)

Hecker,

et al.34
f hð Þ ¼ h=r2

� �
e�h2=2r2 (4-5)
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4.4. Determination of the number of active abrasive grains

The number N of active abrasive grains is comprehensively
influenced by static abrasive grain density and dynamic abra-
sive grain density, which can be expressed as26,123:

N ¼ Csbvst ð2Þ
where b is grinding width, t is grinding time. Grinding wheel
surface can be copied by specific materials, but the operation

is complicated and time-consuming and it is difficult to obtain
satisfactory results.124–126 A non-contact and non-destructive
scanning system for directly measuring the surface of grinding

wheel was proposed.127 The principle is to scan the surface of
grinding wheel with white light chromatic sensor and pro-
cessed by image processing technology.128 This method ensures
the authenticity of scanned data and saves a lot of time. In

addition to statistics, the removal amount of materials is
applied to the modeling of abrasive density: Cs(z) = Cs(z’)(1
- Vsh / Vt).

129 This method verifies the dynamic change of

the number of abrasive grains from the point of view of vol-
ume removal rate, but the number of abrasive grains calcu-
lated according to the removed volume is average, which can

not characterize the process wear and breakage of abrasive
grains. Cai and Rowe127 used the abrasive grains at the top
of the grinding wheel surface as a benchmark, and obtained
the abrasive grain density by judging the relationship between

the radial depth and the theoretical maximum undeformed
chip thickness. However, the theoretical undeformed cutting
thickness varies with different grinding wheels, and the active

number of abrasive grains in the actual grinding process is
not provided. Jamshidi, et al.35 considered the self-excited
vibration of grinding wheel, but the assumption of uniform

distribution of abrasive grains was unreasonable. Based on
the above static abrasive density model, a dynamic abrasive
density model of engineering grinding wheel was proposed,

and the influence of grinding wheel speed, workpiece speed
and grinding depth on abrasive density was analyzed.130 Com-
mon dynamic grinding parameters are considered, but the
dynamic density of abrasive grains is composed of static den-

sity of abrasive grains and dynamic effects such as local deflec-
tion and dynamic hiding of abrasive grains, the dynamic
effects of abrasive grains are still not paid attention to. Consid-

ering that there are many restrictions on dynamic abrasive
grains, the dynamic density of abrasive grains is always lower
than the static density,69,33 which can be explained by Eq.

(3)129.

Cd zð Þ ¼ Cs zð Þ
1þ 1

3

Cs zð Þ
z

tan hð Þ
tan eð ÞE h3

� � ð3Þ

where Cs(z) is the static abrasive grain density, Cs(z) = Cs(z’)
(1-Vsh/Vt). This model clearly shows the corresponding rela-

tionship between static abrasive density and dynamic abrasive
density, but the equation is calibrated based on empirical force
model. The empirical force model does not consider the

dynamics of the process, which will affect the authenticity of
the abrasive density. It is an important subject to establish a
more comprehensive analysis model based on the density of

active abrasive grains, and this influence should be included
in the refinement of Eq.(7). At present, most models of abra-
sive grain number mainly focus on verification and statistics
of static or uniform abrasive grain number, the process change
of dynamic active abrasive grain number needs to be further

clarified.

4.5. Calculation of instantaneous undeformed chip thickness

The model of instantaneous undeformed chip thickness needs
to consider the influence of statistics and dynamics, which is an
effective means to explain the instantaneous removal behavior
of material. However, the improvement of model accuracy also

means that the difficulty of modeling and data processing
increases, which often takes a lot of time.

The difficulty of statistical model is mainly reflected in mea-

surement and filtering. The undeformed chip thickness model
based on grain height characteristics and active grain spacing
can be expressed as Eq. (4-1)131 in Table 4. The Kaliszer’s

model131 is formulated under the condition that the wheels
are stationary. On this basis, such as Eq. (4-2) and Eq. (4-3),
the introduction of motion parameters such as dynamic height
difference36 and tangential angle position120 in the actual

grinding process is very critical. Statistical models provide bet-
ter understanding of the grinding process,132 Gaussian distri-
bution [Eq. (4-4)133] and Rayleigh distribution [Eq. (4-5)34]

are the probabilistic characterization models which are most
commonly used. The former has centralization, symmetry
and uniform variability, while the latter has the advantage of

being uniquely defined by one parameter (r). It has been
proved that Rayleigh distribution in hard and brittle materi-
als,49,134 alloy materials,34 metal materials,42 etc. have high

accuracy. However, most of the above probability models of
chip thickness distribution are based on assumptions, and
more work is needed to verify the unknown materials by
experiments.

The above-mentioned instantaneous undeformed chip
thickness is based on the ideal kinematics, however, some
inevitable dynamic factors need to be considered in the grind-

ing process: the regenerative vibration caused by the circumfer-
ential eccentricity,135 runout,35 deflection76 and other errors of
the grinding wheel profile. The instantaneous chip thickness of

a single abrasive grain cross section is composed of three fac-
tors: (a) motional static undeformed chip thickness hcu,0, (b)
dynamic chip thickness Dhcu,i and (c) dynamic chip thickness

deviation dhcu,i(/i),
136 as shown in Eq.(5). More attention

should be paid to the problem of multiple coupling between
dynamic error and different active abrasive grains, and the
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undeformed chip thickness modeling technology of single
abrasive grain should be applied to multiple abrasive grains
on the whole surface of grinding wheel.

h ¼ �hcu;0 þ Dhcu;i þ dhcu;i /ið Þ ð5Þ
4.6. Determination of micro grinding force

Micro grinding force is influenced by structural parameters,
motion parameters, material parameters, process parame-
ters.137 Part of micro grinding force models for removing duc-

tile or brittle materials are listed in Table 5.34–36,103,129,136,138

For ductile materials, at first, Hecker, et al.’s model34,129

has done a lot of work on the number of active abrasive grains.

However, the structural parameters are still simplified, and the
geometric shapes of abrasive grains are not counted and ana-
lyzed. The same problem is also reflected in Chen, et al.’s

model136 and Jamshidi, et al.’s model.35,36 Although these
models deeply discuss the influence of main excitation sources
on dynamic grinding force, it is not desirable to simplify the
distance between abrasive grains. Considering the above prob-

lems, Li, et al.’s model139 considers the numerical analysis of
the shape, size and position of abrasive grains, but the influ-
ence of dynamic effect on the time delay of grinding force is

a problem to be clarified. Most of the macro grinding force
models are for industrial metals. The grinding force of brittle
materials is mainly affected by the interaction between single

abrasive grains and the material, mainly for material fracture
and breakage. At present, brittle materials use micro grinding
force models, which is more conducive to focusing on micro

behavior. Therefore, for brittle materials, the micro grinding
force model is generally used instead of the macro grinding
force model. For brittle materials, it has not been well studied
as in ductile materials. It can also be seen from Wang, et al.’s

model138 and Zhang, et al.’s model103 that there are still exper-
imental coefficients in the force expression. This is because the
current research work about hard and brittle materials mainly

focuses on the process exploration of machining accuracy.
With the improvement of understanding of material removal
mechanism of brittle materials, micro grinding force modeling

technology will also develop rapidly.

4.7. Superposition principle of micro grinding force

Vector superposition of grinding forces on all effective abra-
sive grains on the grinding wheel is a necessary way to trans-
Table 5 Micro grinding force models.

Authors Models Grinding stage

Hecker,

et al.34,129
Fn ¼ df

HBpD
2 D� D2 � d2

� �1=2� �
� cos a� f sin að Þ

Cutting

Chen,

et al.136
Fn ¼ csKs mw=ms½ �2e�1 ds½ �1�ehcu;i /ið Þd/ Cutting

Jamshidi,

et al.35,36
Fn ¼ Kncwchi;j hi;j

� �þ Knewc Cutting,

Ploughing

Wang,

et al.138
F ¼ 1

3E 8dð Þ12d3
2

b= 1� v2
� � Ductile Brittle

Zhang,

et al.103 F ¼ d2gc 15ldþ16lcð Þcot14hH3
2K

1
2
IC

1�v2ð Þ14
192E

7
8g2 lc

 !8
9 Ductile-to-

brittle

transition
form micro grinding forces into total grinding forces, and an
important means to verify and apply the grinding force model.
In order to obtain the result of grinding force quickly and con-

veniently, the grinding force can be homogenized. The total
grinding force on the whole grinding wheel can be expressed
as the product of the number of grains in the grinding area

and the micro grinding force of a single abrasive grain.34,41,75,67

However, this method cannot accurately obtain the exact ana-
lytical solution of the total grinding force. So a more optimized

model was proposed: combined time-domain model method
and grinding mechanism, the dynamic grinding force was
regarded as the sum of segmented forces along the contact
length of the wheel in the whole processing time.72 The grind-

ing force on a certain contact length is accurately calculated by
the segmented force model, which improves the accuracy of the
model to a certain extent.

F ¼
Z hs

hs�Dh
F tið Þdlc tið Þ ð6Þ

where F(ti) is function of segment force, hs is wheel degree. The
grinding forces136,36 in the grinding process are obtained by
superimposing the force of each moving grain independently,
and the equation is as follows:

Fx

Fz

� �
¼
X
i;j

� cos hi;j � sin hi;j
sin hi;j � cos hi;j

� �
� Fti;j

Fni;j

� �
 �
ð7Þ

where hi,j is rotational position angle of individual abrasive
grain. However, when considering the material removal mech-
anism of abrasive grains, the grinding forces in the required

grinding stage should be superimposed, so that the total grind-
ing forces are closer to the actual machining situation. From
the development of superposition model, it can be seen that
the improvement of superposition principle will lead to a fine

micro grinding force model. Therefore, it is an important
research content to deeply understand the influence of super-
position principle on grinding force results, which should be

included in the refinement of Eq.(6).

5. Applications of grinding force model

The grinding force model can accurately predict the grinding
results, optimize the grinding conditions and control the grind-
ing process. In the following, the beneficial application of

grinding force model in chatter suppression, force control tech-
nology and other grinding process simulation will be reviewed.

5.1. Chatter suppression

It is demonstrated that the instability of dynamic grinding
force might be traced back to frictional chatter,140 mode cou-
pling,141 thermo-mechanical instability,142 and other complex

effects due to system non-linearities.143 Due to the unstable
grinding force, it usually leads to production loss and high
rejection rate of products,144 so it is necessary to analyze and

suppress the chatter properties from the perspective of grind-
ing force. Although the grinding force is applied to the above
vibration models, the expressions of the grinding force still

have obvious average characteristics, and the composition of
dynamic components is not considered. Based on this problem,
the grinding force is established from the perspective of
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dynamic frequency domain,58 and applied to the nonlinear
analysis of machine tool system. Even so, we should realize
that although the theoretical modeling of grinding force has

gained rapid attention and development in recent years, the
expression of F(t) in the Eq.(8) has not been updated in the
dynamics of machine tools145.

Fx tð Þ ¼ mx€x tð Þ þ cx _x tð Þ þ kxx tð Þ
Fy tð Þ ¼ my€y tð Þ þ cy _y tð Þ þ kyy tð Þ

	
ð8Þ

where m, c and k are modal mass, damping and stiffness values

in the feed or normal directions. As shown in Fig. 10,93,136,146

it can be clearly observed from the naked eye that the unstable
grinding force will bring a lot of ripples to the surface. As the

grinding force model becomes more and more complex and
accurate, it will provide strategies to solve the chatter problem
from the perspective of the nonlinear system of machine tool-

tool rest-tool-workpiece.

5.2. Force-control technique

The deflection and material removal rate of the machine tool
can be adjusted accurately by combining the grinding process
model with the force control during the grinding process,
which can improve the repeatability of the shape and finishing

of the resulting parts.147,148 Hahn and Robert149 first proposed
the idea of controlled-force grinding, but the idea is only suit-
able for short-stroke grinding operation. For the conventional

grinding process, the wear phenomenon of grinding wheel will
also change the grinding force signal constantly. In order to
reduce the workload of selecting grinding parameters and

maintain the stability of grinding process, many force-
control grinding strategies have been proposed, such as feed-
back control system150 and adaptive control system.151 The

two control systems generally belong to the fully closed-loop
control technology, and the processing parameters (feed speed,
feed amount, etc.) are adjusted in real time through online
detection of machine tool processing variables (mainly grind-

ing force). Therefore, the grinding force model determines
the feasibility of force control technology to a large extent,
and is an indispensable part of optimizing the machining pro-

cess of machine tools.
Fig. 10 Close-loop control system of grinding force.
The grinding force controller is usually established accord-
ing to the relationship between the difference between the
grinding detection force (Fm) and the average cumulative force

(Fc) and the predetermined benchmark (Fs), as shown in the
following equation. The current force feedback control tech-
nology is mainly reflected in the force boundary control. For

some ultra-precision grinding,152,153 it may be a breakthrough
technology to monitor and adjust all the force signal154.

Fm � RFc

At

P Fs ð9Þ

Although the feedback control strategy can control the
grinding force by adjusting the feed rate, the dynamic response

of the controller is often required during the grinding process.
Since the force-adaptive grinding strategy can make a strong
response to any changes in the control variables, and can
achieve the necessary process optimization.155 Nonlinear adap-

tive control law has the characteristics of fast dynamic
response, small overshoot, and high steady-state accuracy.156

However, its relationship with force signals needs further

explanation. The difference between the average current and
the predetermined current is also used as an effective parame-
ter for the induction grinding force feedback.157

The grinding force can be effectively reduced by the above
grinding force control method, the stability of grinding process
is controlled and the surface finish of workpiece is improved.
However, some important parameters need to be considered

in future research, such as capacitance shunt of piezoelectric
ports.

5.3. Grinding process simulation

As an important parameter to evaluate the grinding perfor-
mance, grinding force is also widely used in the grinding sim-

ulation. The grinding force directly affects the mechanical
energy generated in the grinding process, and most of the
mechanical energy is converted into heat.158 Grinding force

and heat can lead to huge defects such as surface microcracks,
severe plastic deformation and surface burns.159 Hyung and
Steven160 established a thermo-mechanical model of the grind-
ing process based on micro grinding forces. Although the
Copyright 2022 by Springer Nature and Elsevier.
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ploughing and rubbing effects of force are considered when
estimating the thermal effect, this is limited to a single abrasive
grain and cannot reflect the real grinding process. Naskar,

et al.161 evaluated the effect of grinding force and heat on
the integrity of abrasive grains. Due to the thermal shock,
the abrasive grains usually undergo macro fracture, which

plays a dominant role in the radial wear of the abrasive grains
and the surface defects of the workpiece. The heat flux density
curve of the whole grinding contact length can be established

by grinding force162.

ql ¼
Ftvs
bDl

Rw ð10Þ

where Rw is the heat partition ratio to the workpiece. Yao,
et al.163 determined the maximum grinding temperature for
the white alumina wheel and single alumina wheel. It can be

judged that the grinding temperature is affected by the thermal
conductivity c of the grinding wheel and the tangential grind-
ing force Ft.

Tmax ¼
F0
t v

1:5
s � 5:16� 109apvw

ffiffiffiffi
vs

p� �
172:24

ffiffiffiffiffiffiffiffiffiffiffiffiffi
vw

ffiffiffiffiffi
ap

pp
47:52

ffiffiffiffi
vs

p þ c
� �þ 3600

ffiffiffiffiffiffiffiffi
vsap

p ð11Þ

However, this model is based on the experimental coeffi-
cient, which is special. Based on this model, Liu, et al.159 estab-

lished a general expression of the highest grinding temperature
quantitatively expressed by grinding force.

Tmax ¼ kRw

Ftvc
bwS

ffiffiffiffiffi
lc
vw

s
ð12Þ

where k is temperature constant for workpiece conduction, bw
is the thermal contact coefficient, qw is heat flux into the work-
piece part. However, it should be noted that Ft does not reflect

the dynamic action of grinding force. It is an important subject
to deeply understand the influence of abrasive grain character-
istics on micro-scale heat transfer performance164,165.

Grinding force model is also the key to solve the theoretical

problems of contact deformation, stress field distribution and
subsurface defects. The local contact deformation required
by force balance can be solved by iterative method44 and

laplace transfer function,154 thus realizing the control of grind-
ing force on contact deformation. For the stress field distribu-
tion, the residual stress distribution over the whole grinding

length can be obtained by using the grinding force in the finite
element model.162 The ripple attenuation rate of abrasive
grains can be predicted by the frequency characteristics of
grinding force.61 And the wear condition of the grinding wheel

can be monitored by measuring the grinding force, so that the
grinding wheel can be repaired or replaced in time.14 As a kind
of random signal, grinding force signal has rich connotation

and can reflect the performance of grinding process in real
time. How to make good use of the information brought by
the grinding force signal, so as to better formulate the grinding

process and reduce the grinding cost, this is a problem that
needs to be seriously considered.

6. Conclusions

Most of the grinding force models have been proposed and
developed in the past 20–25 years, but they are often based

on older and simple modes. The grinding force modeling can
be divided into micro and macro grinding force modeling
according to whether the influence of abrasive grains is consid-
ered. The key technologies involved in grinding force model

are summarized, such as chatter suppression, force-control
technology and grinding process simulation. To sum up, we
can get conclusions:

(1) In the past 15 years, grinding force modeling technology
has been greatly developed. More and more studies have
proved that grinding force modeling is promising. Grinding

force modeling can quantitatively describe the dynamic pro-
cess of relative vibration, which helps to evaluate the dynamic
interaction in grinding process.

(2) The macro grinding force model takes the grinding

wheel as a whole and is based on average parameters and force
coefficients in grinding process. Macro grinding force model is
mostly used for production practice and phenomenon descrip-

tion, and has the characteristics of high efficiency. However, a
lot of calibration experiments are needed for different process-
ing conditions to improve the accuracy of fitting coefficient.

(3) Micro grinding force modeling is based on the interac-
tion between active abrasive grains and workpiece, focusing
on the randomness and difference caused by abrasive grains,

considering grinding geometry and grinding kinematics. Micro
grinding force model is an effective means to explain the tran-
sient change of grinding process. However, the improvement
of model accuracy also means that a large amount of data

and situations need to be considered, which often takes a lot
of time.

(4) As an important parameter for evaluating the grinding

process, grinding force models have been widely developed
and applied in the field of chatter suppression, force-control
technology and grinding process simulation. How to make

good use of the information brought by the grinding force sig-
nal, so as to better formulate the grinding process and reduce
the grinding cost, this is a problem that needs to be seriously

considered.

7. Future works

This paper provides a critical review of the relevant literature
on grinding force modeling and points out the current prob-
lems in grinding force research. In view of these problems, it
can be expected that grinding force modeling will require fur-

ther research in the following directions in the future.
(1) All the grinding force models put forward so far have

simplified the reality to varying degrees. In the future, in order

to obtain more accurate predictions, more processing factors
need to be considered, such as thermal properties, lubrication
conditions, etc., and the study of multi-factor coupled models

is of great significance.
(2) For difficult-to-machine materials, such as carbon

fibers, crystalline materials, and heterogeneous materials (mul-
tiphase materials, composite materials), it is necessary to con-

sider the changing mechanism of material properties on
grinding force.

(3) For non-traditional grinding, changes in the grinding

environment need to be considered. The grinding wheel itself
(eg additive manufacturing, structured grinding), extreme
machining conditions and multi-field assisted machining

require attention.
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(4) The grinding force model has been widely used in engi-
neering for monitoring and real-time feedback, which puts for-
ward more stringent requirements for the solution method of

grinding force. More advanced grinding force models need
to be developed to meet the real-time application
requirements.
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