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Abstract: Alongside classical effects driven by gravity or surface tension in non-isothermal fluids,
the present experimental study concentrates on other exotic (poorly known) modes of convection,
which are enabled in a fluid layer delimited from below by a hot plate and unbounded from above
when its container is inclined to the horizontal direction. By means of a concerted approach based
on the application of a thermographic visualization technique, multiple temperature measurements
at different points and a posteriori computer-based reconstruction of the spatial distribution of
wavelengths, it is shown that this fluid-dynamic system is prone to develop a rich set of patterns.
These include (but are not limited to), spatially localized (compact) cells, longitudinal wavy rolls,
various defects produced by other instabilities and finger-like structures resulting from an interesting
roll pinching mechanism (by which a single longitudinal roll can be split into two neighboring rolls
with smaller wavelength). Through parametric variation of the tilt angle, the imposed temperature
difference and the volume of liquid employed, it is inferred that the observable dynamics are driven
by the ability of gravity-induced shear flow to break the in-plane isotropy of the system, the relative
importance of surface-tension-driven and buoyancy effects, and the spatially varying depth of the
layer. Some effort is provided to identify universality classes and similarities with other out-of-
equilibrium thermal systems, which have attracted significant attention in the literature.

Keywords: Marangoni convection; hydrothermal wave; solid particles; patterning behavior

1. Introduction

In this study, the properties of mixed buoyancy-Marangoni convection are investigated
in an inclined layer uniformly heated from below and unbounded from above (in contact
with a gaseous ambient at constant temperature). A justification for our interest in this
specific subject stems from the paucity of similar results in the literature. Apart from the
relevance of this problem to the general kingdom of thermal convection (which naturally
makes it a fundamental topic of interest to fluid physicists and other scholars), additional
obvious aspects making it a subject worthy of analysis are the various areas of applications
it is somehow connected to. A first example is represented by the sector of crystal ‘growth
from the melt’, where crystals of materials of various kinds (e.g., silicon, semiconductors
or oxides) to be used for advanced electronic or opto-electronic devices are typically
produced through melting and re-solidification ‘in well-controlled conditions’ of an initially
polycrystalline substance; it is known that even tilt angles as small as 0.5◦ can cause non-
axisymmetric growth conditions in such processes and related detrimental effects (see, e.g.,
Markham and Rosenberger [1]; Bachran et al. [2]; Mizev and Schwabe [3]).

Similar concepts apply to the solidification of metal alloys (e.g., Jones [4]; Coriell et al. [5];
Webb and Viskanta [6]; Forth and Wheeler [7]) where inclination-induced shear flow can
lead to serious morphological instabilities. Another relevant case is represented by phase
change materials (PCMs), typically used in ‘energy-saving’ applications. These substances
(ideally suited to store energy during melting and release it during solidification) can
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support during these repeated cycles of solid/liquid transition the emergence of both
buoyancy and surface-tension driven convection (Lappa [8]); moreover, the liquid domain
produced accordingly has often a variable depth (see, e.g., Salgado Sanchez et al. [9,10]).

In all these instances, mixed buoyancy-Marangoni convection can be produced by
gradients of temperature (Lappa [11]), gradients of concentration (Zhang et al. [12]) or
both effects (Boura and Gebhart [13], Qin and Grigoriev [14]). In the present study, we
concentrate on the situation where convection is produced by thermal effects only. In
particular, the reader is referred to Figure 1 for the required details about the configuration
used here to ‘mimic’ situations such as those occurring in the abovementioned technological
applications. The greater proximity of the free surface to the heated bottom in the areas
where the depth of the layer is smaller is responsible for the emergence of a temperature
inhomogeneity at the interface, thereby giving rise to fluid convection directly driven by
the Marangoni effect. This flow is also supported by buoyancy. Indeed, the component of
gravity parallel to the bottom plate, causes relatively warm fluid to flow up along this wall
(from left to right in Figure 1) and in the opposite direction along the free interface. The
magnitude ratio of buoyant and surface-tension-driven effects can be varied by changing
the overall amount of fluid, i.e., its average depth. The larger the depth, the higher the
relative importance of gravitational effects in comparison to surface tension ones. The
most important implication of this observation is that relevant links also exist between
this problem and a series of problems of meteorological, oceanographic and geophysical
interest (see, e.g., Lipps [15] and Thorpe [16] for the atmosphere; Farrow and Patterson [17]
for the hydrosphere and Richter [18] for analogous considerations about the mantle of
our planet).
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Figure 1. Sketch of the considered problem.

It is also worth noting that, from a purely theoretical standpoint, the considered
problem may be regarded as a specific realization of a more general category of phenomena
where a ‘shear flow’ breaks the in-plane isotropy of the system (see, e.g., Weber [19]). This
effect can cause a deviation from the known dynamics of out-of-equilibrium systems, which
are invariant with respect to translations in a direction parallel to the bottom boundary
such as the canonical Rayleigh-Bénard and Marangoni-Bénard flows.

Until now, the former has been explored for fluid domains with “uniform thickness”
tilted with respect to the horizontal direction. In these cases, the isotropy is lost due to the
mismatch in the symmetry of the boundary conditions in relation to the applied body force
(gravity). This condition can make the perfect stationary bifurcation typical of Rayleigh-
Bénard (RB) convection structurally “unstable to the tilt” (and “imperfect” even if the
tilt angle is as small as O(10−3), see Cliffe and Winters [20]; Mizushima and Adachi [21]).
Studies conducted in the past two decades have conclusively established that, depending
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on the inclination, the considered fluid, the size of the system and the applied temperature
difference, many complexities and a rich variety of flow phenomena can take place. Works
of relevance to the subject include those by Clever and Busse [22], Weber [23], Chen and
Pearlstein [24], Shadid and Goldstein [25], Busse and Clever [26], Fujimura and Kelly [27],
Kaloni and Qiao [28].

According to all these studies, the emerging (gravitational) modes of convection in
tilted enclosures can be broadly classified/categorized into two groups; namely, transverse
rolls and longitudinal rolls. A dichotomy is generally introduced between these because,
while the former have essentially a shear driven nature, the latter have a strong thermal
(buoyant) origin (Daniels et al. [29,30]; Tao and Busse [31]; Subramanian et al. [32]).

As even a cursory perusal of the existing literature on these subjects would imme-
diately reveal, in comparison to gravitational convection, studies on systems driven by
surface-tension-driven effects where the isotropy of the classical heated-from-below config-
uration is broken, are much more rare and sparse. Some interesting efforts exist for the case
where the isotropy-breaking shear flow has been obtained by inclining the temperature
gradient with respect to the liquid-gas interface rather than by inclining the layer itself
(i.e., a temperature difference resulting from the combination of heating from below and
horizontal differential heating). As an example, after the problem’s initial popularization
by Nepomnyashchy et al. [33] and Ueno et al. [34], additional insights into this specific situ-
ation have been provided by Shklyaev and Nepomnyashchy [35], Mizev and Schwabe [3]
and Patne et al. [36]. Most interestingly, these efforts have revealed that, despite the shift in
the driving force from buoyancy to Marangoni effects, the duality in terms of transverse
and longitudinal modes of convection still holds in these case (with the classical compact
hexagonal cells typical of Marangoni-Bénard (MB) convection being recovered only in the
limit as the horizontal contribution to the overall temperature difference tends to zero).

One may therefore conclude that a line of inquiry dedicated to thermal flows and
related instabilities in inclined systems (or systems with an inclined temperature gradient)
only exists for the case in which the geometry has a constant thickness along the entire
extension of the heated wall, which may be regarded as the main justification or motivation
for the present work.

Here, the problem is tackled experimentally (see Section 2) and analyzed from both
the traditional coarse-grained macroscopic (i.e., patterning behavior) perspective (see
Section 3) and from a fine-grained micromechanical level in which an interpretation for the
underlying mechanisms is sought in the light of the existing literature for problems that
share a significant degree of similarity (see Section 4).

2. The System
2.1. The Geometry

A sketch of the considered fluid-dynamic system is shown in Figure 1. While the
bottom of the cavity has a constant temperature higher than that of the external gaseous
environment (air), the lateral walls are thermally insulated.

The inclination of the container causes the liquid to redistribute its volume in such
a way that its surface remains perfectly horizontal with respect to an external observer
(on tilting the system, the liquid-gas interface adjusts its orientation in order to remain
perpendicular to gravity). Since the resulting liquid depth is not independent from the
z coordinate, this naturally causes a breakage in the horizontal translational invariance
(isotropy) of the system. Notably, given its spatially varying depth, the problem would not
be isotropic even by replacing gravity with a force perfectly perpendicular to the bottom
wall. Similarly, no isotropy would be recovered by considering a quiescent state, i.e., a
condition where the fluid does not move. Obviously, the loss of horizontal translational
invariance is reinforced by the presence the shear flow induced by the inclination of the
heated bottom wall, which contributes to this effect as it does in classical problems dealing
with inclined thermal convection in constant-thickness layers. Remarkably, all these factors
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are expected to expand the set of possible solutions with respect to those identified in
earlier studies.

2.2. The Liquid

The physical properties of the used fluid (Emkarate RL22H oil) as a function of the
temperature are summarized in Figure 2 (these figures also include the related fitting laws
in the form of polynomial expressions).
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Figure 2. Physical Properties of Emkarate RL22H as a function of temperature as provided by
the manufacturer: (a) Dynamic viscosity µ (exp. measurements); (b) Density ρ (exp. measure-
ments); (c) Specific Heat at constant pressure Cp (exp. measurements); (d) Thermal conductivity
λ (exp. measurements); (e) Kinematic viscosity ν (derived quantity, ν = µ/ρ, 1 cSt = 10−6 m2/s);
(f) Thermal diffusivity α (derived quantity, α = λ/ρCp); (g) Prandtl number (derived quantity,
Pr = ν/α), (h) Surface tension σ.

These figures are instrumental in showing that the physical properties of the con-
sidered fluid display a variable degree of sensitivity to temperature depending on the
considered property (density ρ, specific heat Cp, thermal conductivity λ, thermal diffusivity
α, dynamic viscosity µ, kinematic viscosity ν). The quantities ρ, Cp, λ and α (Figures 2b,
2c, 2d and 2f, respectively) undergo a 10% percentage variation (or even smaller) over a
range of 100 K. Nevertheless, the corresponding change in terms of µ and ν is much more
significant (see Figures 2a and 2e, respectively).
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The fluid Prandtl number can be introduced following the classical definition as:

Pr =
ν

α
(1)

The dependence of this parameter on temperature can be gathered from Figure 2g
where it is shown that for the considered oil a relatively high increase in the average
temperature is equivalent to considering a fluid with a much smaller value of the Prandtl
number (e.g., a value of the Prandtl Pr ∼= 520 for T ∼= 20 ◦C is reduced to a value as small as
Pr ∼= 170 for T ∼= 50 ◦C).

2.3. Characteristic Numbers

In order to make the outcomes of the present experimental study more general, follow-
ing a common practice in the literature, it is convenient to define non-dimensional groups
by which the number of influential parameters can be drastically reduced and the related
interpretation of the system dynamics strongly simplified. In the considered problem, these
are the classical Prandtl number (Equation (1)) and the canonical Rayleigh and Marangoni
numbers. Introducing the average (or “equivalent”) depth of the layer (d) as ratio between
the effective volume (Ω) of liquid present in the container and the area of the container
base (corresponding to constant depth of the fluid when no tilt is applied), the last two
numbers can be cast in compact form as:

Ra =
gβT∆Td3

ν0α0
(2)

Ma =
σT∆Td
µ0α0

(3)

where ∆T accounts for a representative temperature difference, namely, the difference
between the temperature of the bottom plate (Tplate) and that of the ambient (Tair), i.e.,
∆T = Tplate − Tair, (this temperature difference, much higher than that effective through
the liquid, is used for practical purposes as the temperature of the free liquid-gas interface
is not known a priori and behaves as a spatially varying quantity in the presence of
convection); moreover, g and βT are the gravity acceleration and the thermal expansion
coefficient, 9.81 ms−2 and ∼= 7.7 × 10−4 K−1 of the considered fluid, respectively; σT is
the surface tension derivative coefficient (∼=0.218 mNm−1K−1 for the considered fluid, see
Figure 2h). The subscript “0” refers to a reference temperature, which in the present work,
for simplicity and without loss of generality, is assumed to be the temperature T0 of the
environment (i.e., Tair). These two characteristic numbers can be further combined into a
third non-dimensional group, generally known as the dynamic Bond number:

Bodyn =
Ra
Ma

=
ρgβTd2

σT
(4)

Although this should be regarded as a ‘derived’ parameter, the convenience in using it
stems from its independence from the temperature difference and the immediate informa-
tion it provides on the relative importance of buoyancy and surface-tension driven effects
according to whether it is larger or smaller than 1 (buoyancy effects being more important
in the former case).

3. Experimental Apparatus

The containers used for the present experiments are shown in Figure 3. They differ
about both shape and size. While one container has a square symmetry and characteristic
internal size 8 cm (Figure 3a), the other has the cylindrical symmetry and an internal
diameter of 13.3 cm (Figure 3b). Experiments are conducted in these containers for the
same conditions (same liquid depth, temperature of the bottom plate and overall system
inclination) to distillate out the role played in the considered dynamics (if any) by the solid
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lateral wall and the aspect ratio A of the fluid domain (defined as ratio of the container
horizontal size and the depth of the liquid).
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In order to set a well-defined temperature difference between the bottom of the
container and the external environment, we rely on a commercial component, namely,
a MS-H280-Pro Round ceramic coated Steel Hotplate/Stirrer, able to produce a uniform
temperature Tplate with an accuracy of 1 ◦C up to 280 ◦C (the reader being referred to Table 1
for other specifications).

Table 1. Specifications of MS-H280-Pro Round ceramic coated Steel Hotplate/Stirrer.

Parameter Value/Range

Work plate Dimension Diameter 135 mm
Work plate material Stainless steel cover with ceramic
Motor type Brushless DC motor
Motor rating input 5 W
Motor rating output 3 W
Power 515 W
Heating output 500 W
Voltage 100–120/200–240 V 50/60 Hz
Heating temperature range Room temp.–280, increment 1◦C
Control accuracy of work plate ±1 ◦C (<100◦C) ±1%(>100 ◦C)
External temperature sensor PT1000 (accuracy ±0.5 ◦C)
Dimension [W × D × H] 150 × 260 × 80 mm
Weight 1.8 kg

In line with other successful attempts in the literature (see, e.g., Cerisier et al. [37,38];
Ismagilov et al. [39]; Chauvet et al. [40]; Wang et al. [41]; Wu et al. [42]; Sobac et al. [43];
Tönsmann et al. [44]), the distribution of temperature on the free surface of the considered
liquid is observed using a FLIR C3-X Compact Thermal Imaging Camera (the related IR
sensor has a resolution of 128 × 96 px and thermal sensitivity of 70 mK; moreover, it can
detect and measure temperatures between −20 ◦C and +300 ◦C to an accuracy of ±3%).

The overall inclination of the system is measured using a digital inclinometer with an
accuracy of 0.01◦ (Neoteck NTK033-V). The following cases are investigated in terms
of liquid depth: 0.5 ≤ d ≤ 0.75 cm corresponding to 0.86 ≤ Bodyn ≤ 1.94, moreover,
Tair
∼= 21 ± 1 ◦C.

4. Results
4.1. Canonical States of Thermal Convection in the Horizontal Case

Following a logical approach, we start from the simplest case, i.e., the perfectly hori-
zontal configuration (ϑ = 0◦) for which convection is expected to emerge in the form of rolls
or hexagonal cells according to whether buoyancy or surface-tension effects are dominant,
respectively (Rayleigh-Marangoni-Bénard convection). In this regard the first set of figures,
collected in Figure 4 for the case with constant liquid depth 0.5 cm, is instructive as these
figures show that the pattern-less state visible in the first panel (Figure 4a) is taken over
by a recognizable distribution of rolls and localized convective cells as soon as the critical
threshold for the onset of convection is exceeded (Figure 4b–d).

These are made evident by the rising (descending) currents of hot (cold) fluid mani-
festing themselves as localized spots or strips with temperature higher (smaller) than the
surrounding fluid.

On increasing the depth of the layer, as expected the horizontal extension of the
convective features grows accordingly (compare, e.g., each panel of Figure 5 with the
corresponding one in Figure 4). Another key observation stemming from Figure 5 concerns
the complexity of the pattern and the number of convective features, which in qualitative
agreement with other results in the literature, keep increasing with the ∆T, i.e., grow with
the distance from the critical conditions.
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∼= 0.86, Ra ∼= 2.5 × 102 × ∆T, Ma ∼= 2.94 × 102 × ∆T): (a) ∆T = 13 ◦C, (b) ∆T = 18 ◦C,
(c) ∆T = 21 ◦C, (d) ∆T = 27 ◦C.

4.2. Convection in Inclined Square Layer

The simplest way to undertake a discussion of the situation where the layer is inclined
to the horizontal is to start from the major remark that, unlike the canonical case considered
in Section 4.1, for ϑ 6= 0 the basic state is not in quiescent conditions. Rather it consists of
a symmetry-breaking shear flow induced by the horizontal component of the temperature
gradient (see the related discussion in the introduction). Put differently, no critical ∆T
has to be exceeded in order to induce fluid flow, i.e., convection is produced as soon as a
temperature difference is established.

Following up on the previous point, Figure 6 provides a first glimpse of the patterning
behavior in such conditions when ϑ ∼= 3.5◦.
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× 102 × ∆T, Ma ≅ 4.4 × 102 × ∆T): (a) ∆T = 15 °C, (b) ∆T = 21 °C, (c) ∆T = 27 °C, (d) ∆T = 33 °C. 
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Figure 5. Surface temperature distribution for d = 0.75 cm (Ω = 48 mL) (A = 10.6, Bodyn
∼= 1.94,

Ra ∼= 8.6 × 102 × ∆T, Ma ∼= 4.4 × 102 × ∆T): (a) ∆T = 15 ◦C, (b) ∆T = 21 ◦C, (c) ∆T = 27 ◦C,
(d) ∆T = 33 ◦C.

The significance of this figure primarily resides in its ability to make evident that
the inclination leads to two remarkable effects. The first concerns the hybrid (spatial)
nature of the visible pattern. In place of the scattered distribution of spots occupying all
the available space in Figure 4, the surface temperature exhibits in this case an almost
feature-free region localized in the part of the physical domain where the depth of the layer
is smaller (Figure 6a). Moreover, the random distribution of rolls (in terms of direction
in the xz plane) seen in the constant-depth case is taken over by a much more ordered
arrangement where the convective features display a tendency to align with the z axis (the
vertical direction in the figures, see, e.g., the black dashed lines in Figure 6c).

Notably, although these may immediately be classified as ‘longitudinal rolls’ (their axes
being parallel to the tilt direction), their specific spatial configuration bares characteristic
ingredients, which also need to be pinpointed suitably here. Their cross-extension, i.e., the
typical size in a direction perpendicular to the roll axis undergoes remarkable variations
along the z (tilt) direction, which indicates that the dimensional wavelength is not constant in
the physical domain. Here, this quantity is defined as the distance between two consecutive
corresponding crests or “points of the same phase” along the x axis for a fixed value of z.
The related behaviors are quantitatively substantiated in Figure 7, where the wavelength
has been plotted as a function of the z coordinate for a representative ∆T. Interestingly, as
the ∆T is increased, some other interesting changes show up. The length of the rolls along
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the z direction grows (compare, e.g., Figure 6a,f, the reader being also referred to the data
reported in Figure 8).
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Figure 6. Surface temperature distribution for d = 0.50 cm (Ω = 32 mL) and ϑ ≅ 3.5° (A = 16, Bodyn ≅ 
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Figure 6. Surface temperature distribution for d = 0.50 cm (Ω = 32 mL) and ϑ ∼= 3.5◦ (A = 16,
Bodyn

∼= 0.86, Ra ∼= 2.5 × 102 × ∆T, Ma ∼= 2.94 × 102 × ∆T): (a) ∆T = 15 ◦C, (b) ∆T = 18 ◦C,
(c) ∆T = 21 ◦C, (d) ∆T = 24 ◦C, (e) ∆T = 27 ◦C, (f) ∆T = 30 ◦C (the x and z axes correspond to the
horizontal and vertical directions in all the panels).
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Figure 7. Transverse roll extension as a function of the longitudinal direction z for ∆T = 27◦C (square
container, A = 16, d = 0.50 cm, Bodyn

∼= 0.86, ϑ ∼= 3.5◦).

Superimposed on these trends, most interestingly, in some cases, in place of the striped
pattern, which one would expect in the ideal situations of parallel longitudinal rolls, tree-
like shapes can be distinguished in the surface temperature distribution. These give an
external observed the illusion of a roll with a fork-like structure (two strips originating
from a single initial strip, see the black rectangle in Figure 6d,e).

Given the complexity of such phenomena, which seem to escape a possible simple
definition or classification within the framework of the past lines of research (still retaining,
however, some affinities with the typical features and salient ingredients pertaining to such
categories), in the following, we implement a peculiar modeling and analysis hierarchy in
order to ‘filter out’ already known facts and concentrate selectively on new mechanisms.
More specifically, this modus operandi is based on the step-by-step variation of the distinct
(independent) parameters controlling the various degrees of freedom of the considered
system, these being the characteristic temperature ∆T (whose effects have already been
outlined before), the tilt angle ϑ, the volume of liquid and the shape and aspect ratio of
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the considered container. While the effect of the ∆T has already been outlined before (see
gain Figure 8), the overall volume of liquid is expected to influence the dynamics through
the related value of the dynamic Bond number based on the average depth of the liquid,
which accounts for the relative importance of buoyancy and surface-tension driven effects.
Similarly, the shape and aspect ratio of the considered container may influence the pattern
selection mechanism through confinement and other geometrical effects.
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Figure 8. Longitudinal extension of the rolls as a function of ∆T (square container, A = 16, d = 0.50 cm,
Bodyn

∼= 0.86, ϑ ∼= 3.5◦).

As a first step of this analysis hierarchy, we consider a larger value of the incli-
nation angle for the same conditions of Figure 6 (same volume of liquid and set of
temperature differences).

As immediately made evident by Figure 9, an increase in ϑ can produce a mitigation
of the aforementioned roll pinching mechanism (by which a single longitudinal roll can
be split into two neighboring rolls with smaller wavelength). A slightly larger values of ϑ
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has also another remarkable consequence; on average, it causes a small (non-negligible)
growth of the transverse extension of the rolls (we will return to this effect later).
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Figure 9. Surface temperature distribution for d = 0.50 cm (Ω = 32 mL) and ϑ ≅ 5° (A = 16, Bodyn ≅ 0.86, 
Ra ≅ 2.5 × 102 × ∆T, Ma ≅ 2.94 × 102 × ∆T): (a) ∆T = 15 °C, (b) ∆T = 18 °C, (c) ∆T = 21 °C, (d) ∆T = 24 °C, 
(e) ∆T = 27 °C, (f) ∆T = 30 °C (the x and z axes correspond to the horizontal and vertical directions 
in all the panels). 

The reduced tendency of the system to support roll pinching mechanism is qualita-
tively substantiated in Figure 10. On closer inspection, indeed, this figure reveals that the 
number of peaks visible at each station z remains almost constant throughout the longi-
tudinal extension of the domain (until no well-defined peaks can be seen as a certain lim-
iting value of z is exceeded, which corresponds to the transition from the patterned to the 
spot-free region). 

Figure 9. Surface temperature distribution for d = 0.50 cm (Ω = 32 mL) and ϑ ∼= 5◦ (A = 16,
Bodyn

∼= 0.86, Ra ∼= 2.5 × 102 × ∆T, Ma ∼= 2.94 × 102 × ∆T): (a) ∆T = 15 ◦C, (b) ∆T = 18 ◦C,
(c) ∆T = 21 ◦C, (d) ∆T = 24 ◦C, (e) ∆T = 27 ◦C, (f) ∆T = 30 ◦C (the x and z axes correspond to the
horizontal and vertical directions in all the panels).
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The reduced tendency of the system to support roll pinching mechanism is qualita-
tively substantiated in Figure 10. On closer inspection, indeed, this figure reveals that
the number of peaks visible at each station z remains almost constant throughout the
longitudinal extension of the domain (until no well-defined peaks can be seen as a certain
limiting value of z is exceeded, which corresponds to the transition from the patterned to
the spot-free region).

Fluids 2023, 8, x  14 of 27 
 

 
Figure 10. Profiles of temperature at different stations along the longitudinal direction z (square 
container, A = 16, d = 0.50 cm, Bodyn ≅ 0.86, ∆T = 27°C, ϑ ≅ 5°). 

Towards the end of getting a better grasp on how all these dynamics are affected by 
the depth of the layer, the next set of figures refers to the case where the average depth of 
the liquid is 0.75 cm (see Figure 11, yet for ϑ ≅ 5°). Along these lines, taken together Figure 
11 and Figure 9 are instrumental in showing that an increase in the relative importance of 
buoyancy forces with respect to surface-tension driven effects (as witnessed by the related 
rise in the dynamic Bond number) can help to make the roll-pinching mechanism even 
less frequent in favor of a more regular (parallel) distribution of longitudinal rolls. As even 
a fleeting glimpse into Figure 11 would immediately reveal, in fact, the patterned surface 
now corresponds to the entire free liquid-gas interface of the fluid layer, i.e., no cell-free 
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Figure 10. Profiles of temperature at different stations along the longitudinal direction z (square
container, A = 16, d = 0.50 cm, Bodyn

∼= 0.86, ∆T = 27◦C, ϑ ∼= 5◦).

Towards the end of getting a better grasp on how all these dynamics are affected by
the depth of the layer, the next set of figures refers to the case where the average depth
of the liquid is 0.75 cm (see Figure 11, yet for ϑ ∼= 5◦). Along these lines, taken together
Figures 9 and 11 are instrumental in showing that an increase in the relative importance of
buoyancy forces with respect to surface-tension driven effects (as witnessed by the related
rise in the dynamic Bond number) can help to make the roll-pinching mechanism even less
frequent in favor of a more regular (parallel) distribution of longitudinal rolls. As even a
fleeting glimpse into Figure 11 would immediately reveal, in fact, the patterned surface
now corresponds to the entire free liquid-gas interface of the fluid layer, i.e., no cell-free
area can be identified in this case (a kind of “saturated state” is attained in terms of roll
extension along the tilt direction z).

Additional insights follow naturally from a cross-comparison of Figures 10 and 12. It
can be seen that the number of rolls sitting in the cavity is reduced in the d = 0.75 cm case
(as clearly demonstrated by the smaller number of recognizable peaks at any given station
in comparison to the equivalent ones visible in Figure 10 for d = 0.5 cm).

All these trends are finally summarized in Figure 13 in terms of roll extension along x
as a function of the longitudinal coordinate z for different values of the layer average depth
and inclination.
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Figure 11. Surface temperature distribution for d = 0.75 cm (Ω = 48 mL) and ϑ ≅ 5° (A = 10.6, Bodyn ≅ 
1.94, Ra ≅ 8.6 × 102 × ∆T, Ma ≅ 4.4 × 102 × ∆T) (a) ∆T = 15 °C, (b) ∆T = 18 °C, (c) ∆T = 21 °C, (d) ∆T = 24 
°C, (e) ∆T = 27 °C, (f) ∆T = 30 °C (the x and z axes correspond to the horizontal and vertical directions 
in all the panels). 

Additional insights follow naturally from a cross-comparison of Figures 12 and 10. It 
can be seen that the number of rolls sitting in the cavity is reduced in the d = 0.75 cm case 
(as clearly demonstrated by the smaller number of recognizable peaks at any given station 
in comparison to the equivalent ones visible in Figure 10 for d = 0.5 cm). 

All these trends are finally summarized in Figure 13 in terms of roll extension along 
x as a function of the longitudinal coordinate z for different values of the layer average 
depth and inclination. 

Having completed a description of the observed phenomena in the square geometry 
case, we now turn to considering briefly the equivalent dynamics emerging in the cylin-
drical container. As already explained to a certain extent before, this practice finds its jus-
tification in the two-fold purpose of assessing the role played by the system aspect ratio 
(ratio of the horizontal and average vertical extension) and the shape of the side boundary. 

Figure 11. Surface temperature distribution for d = 0.75 cm (Ω = 48 mL) and ϑ ∼= 5◦ (A = 10.6,
Bodyn

∼= 1.94, Ra ∼= 8.6 × 102 × ∆T, Ma ∼= 4.4 × 102 × ∆T) (a) ∆T = 15 ◦C, (b) ∆T = 18 ◦C,
(c) ∆T = 21 ◦C, (d) ∆T = 24 ◦C, (e) ∆T = 27 ◦C, (f) ∆T = 30 ◦C (the x and z axes correspond to
the horizontal and vertical directions in all the panels).
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case with square boundary to that with cylindrical sidewall (compare with Figure 6), no 
significant or appreciable changes can be discerned in terms of patterning behavior. The 
flow still displays a set of coexisting rolls, which originate from the side where the fluid 

Figure 12. Profiles of temperature at different stations along the longitudinal direction z (square
container, A = 10.6, d = 0.75 cm, Bodyn

∼= 1.94, ∆T = 27 ◦C, ϑ ∼= 5◦).

Having completed a description of the observed phenomena in the square geometry
case, we now turn to considering briefly the equivalent dynamics emerging in the cylin-
drical container. As already explained to a certain extent before, this practice finds its
justification in the two-fold purpose of assessing the role played by the system aspect ratio
(ratio of the horizontal and average vertical extension) and the shape of the side boundary.

4.3. Convection in Inclined Cylindrical Layer

As the reader will immediately realize by inspecting Figure 14, moving on from
the case with square boundary to that with cylindrical sidewall (compare with Figure 6),
no significant or appreciable changes can be discerned in terms of patterning behavior.
The flow still displays a set of coexisting rolls, which originate from the side where the
fluid depth is larger and protrude into the pattern-less region located at the other end of
the container.

Although from a qualitative standpoint, the scenario is essentially the same, however, a
discrepancy or departure from the equivalent dynamics shown in Figure 6 can be identified.
It is represented by the tendency of the rolls to assume an oblique configuration with respect
to the tilt direction (North-West/South-East in the different panels of Figure 14, see, e.g.,
the black dashed lines in Figure 14c,f).

Moreover, as revealed by a closer (quantitative) assessment of the pattern in terms of
wavelength, this difference in the prevailing roll orientation occurs in conjunction with an
appreciable increase in the roll transverse extension (Figure 15).
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case with square boundary to that with cylindrical sidewall (compare with Figure 6), no 
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Figure 13. Transverse roll extension as a function of the longitudinal direction z for ∆T = 27 ◦C for
different average fluid depths and inclinations (square container).

On the one hand, these results indicate that the scenario does not depend significantly
on the shape of the domain, on the other hand, they provide evidence that, if the geometrical
aspect ratio is increased (A = 26.6 as opposed to A = 16), the pattern is allowed to “relax”
in the horizontal direction, thereby causing an increase in the dimensional wavelength.
Another (more obvious) outcome of the cylindrical nature of the outer solid boundary is
the modulation of the longitudinal extension of the rolls along the x axis for any fixed value
of ∆T (the rolls closer to left and right side of the container having smaller longitudinal
extension than those located in the center).
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Figure 14. Surface temperature distribution for d = 0.50 cm (Ω ≅ 70 mL) and ϑ ≅ 3.5° (A = 26.6, Bodyn 
≅ 0.86, Ra ≅ 2.5 × 102 × ∆T, Ma ≅ 2.94 × 102 × ∆T): (a) ∆T = 15 °C, (b) ∆T = 18 °C, (c) ∆T = 21 °C, (d) ∆T 
= 24 °C, (e) ∆T = 27 °C, (f) ∆T = 30 °C (the x and z axes correspond to the horizontal and vertical 
directions in all the panels). 

Although from a qualitative standpoint, the scenario is essentially the same, how-
ever, a discrepancy or departure from the equivalent dynamics shown in Figure 6 can be 
identified. It is represented by the tendency of the rolls to assume an oblique configuration 
with respect to the tilt direction (North-West/South-East in the different panels of Figure 
14, see, e.g., the black dashed lines in Figure 14c,f). 

Moreover, as revealed by a closer (quantitative) assessment of the pattern in terms of 
wavelength, this difference in the prevailing roll orientation occurs in conjunction with an 
appreciable increase in the roll transverse extension (Figure 15). 

Figure 14. Surface temperature distribution for d = 0.50 cm (Ω ∼= 70 mL) and ϑ ∼= 3.5◦ (A = 26.6,
Bodyn

∼= 0.86, Ra ∼= 2.5 × 102 × ∆T, Ma ∼= 2.94 × 102 × ∆T): (a) ∆T = 15 ◦C, (b) ∆T = 18 ◦C,
(c) ∆T = 21 ◦C, (d) ∆T = 24 ◦C, (e) ∆T = 27 ◦C, (f) ∆T = 30 ◦C (the x and z axes correspond to the
horizontal and vertical directions in all the panels).
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Figure 15. Transverse roll extension analysis (d= 0.50 cm, Bodyn ≅ 0.86, ∆T = 27 °C, ϑ ≅ 3.5°): (a) Tem-
perature as a function of the transverse coordinate x at z= 4 cm, (b) Roll extension along x as a 
function of the longitudinal direction z. 

On the one hand, these results indicate that the scenario does not depend signifi-
cantly on the shape of the domain, on the other hand, they provide evidence that, if the 
geometrical aspect ratio is increased (A = 26.6 as opposed to A = 16), the pattern is allowed 
to “relax” in the horizontal direction, thereby causing an increase in the dimensional 
wavelength. Another (more obvious) outcome of the cylindrical nature of the outer solid 
boundary is the modulation of the longitudinal extension of the rolls along the x axis for 
any fixed value of ∆T (the rolls closer to left and right side of the container having smaller 
longitudinal extension than those located in the center). 

Figure 15. Transverse roll extension analysis (d= 0.50 cm, Bodyn
∼= 0.86, ∆T = 27 ◦C, ϑ ∼= 3.5◦):

(a) Temperature as a function of the transverse coordinate x at z= 4 cm, (b) Roll extension along x as a
function of the longitudinal direction z.
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Figure 16 naturally complements Figure 14, where additional evidence is provided
that, on increasing the inclination, the transverse wavelength can be made higher (especially
for intermediate values of z).
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Figure 16. Surface temperature distribution for d = 0.50 cm (Ω ≅ 70 mL) and ϑ ≅ 5° (A = 26.6, Bodyn ≅ 
0.86, Ra ≅ 2.5 × 102 × ∆T, Ma ≅ 2.94 × 102 × ∆T): (a) ∆T = 15 °C, (b) ∆T = 18 °C, (c) ∆T = 21 °C, (d) ∆T = 
24 °C, (e) ∆T = 27 °C, (f) ∆T = 30 °C (the x and z axes correspond to the horizontal and vertical 
directions in all the panels). 

Figures 17 and 18 complete this sequence by illustrating the behavior for larger 
average depth of the layer (Figure 18 to be compared for analogous cicumstances with the 
findings about the square layer in Figure 11). 

Figure 16. Surface temperature distribution for d = 0.50 cm (Ω ∼= 70 mL) and ϑ ∼= 5◦ (A = 26.6,
Bodyn

∼= 0.86, Ra ∼= 2.5 × 102 × ∆T, Ma ∼= 2.94 × 102 × ∆T): (a) ∆T = 15 ◦C, (b) ∆T = 18 ◦C,
(c) ∆T = 21 ◦C, (d) ∆T = 24 ◦C, (e) ∆T = 27 ◦C, (f) ∆T = 30 ◦C (the x and z axes correspond to the
horizontal and vertical directions in all the panels).
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Figures 17 and 18 complete this sequence by illustrating the behavior for larger average
depth of the layer (Figure 18 to be compared for analogous cicumstances with the findings
about the square layer in Figure 11).
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Figure 18. Surface temperature distribution for d = 0.75 cm (Ω = 104 mL) and ϑ ≅ 5° (A = 17.7, Bodyn ≅ 
1.94, Ra ≅ 8.6 × 102 × ∆T, Ma ≅ 4.4 × 102 × ∆T) (a) ∆T = 15 °C, (b) ∆T = 18 °C, (c) ∆T = 21 °C, (d) ∆T = 24 
°C, (e) ∆T = 27 °C, (f) ∆T = 30 °C (the x and z axes correspond to the horizontal and vertical directions 
in all the panels). 

Figure 19 finally provides an ensemble perspective on the system response for all the 
cases considered in Sections 4.2 and 4.3. A number of interesting functional dependences 
can be discerned accordingly. In addition to the aforementioned tendency of the trans-
verse wavelength to attain larger values as the inclination and/or the liquid average depth 
(volume) are increased (with the values for the cylindrical domain being generally located 
above the corresponding ones for the square container with smaller aspect ratio), some 
interesting non-monotonic behaviors can be spotted there. 

Figure 18. Surface temperature distribution for d = 0.75 cm (Ω = 104 mL) and ϑ ∼= 5◦ (A = 17.7,
Bodyn

∼= 1.94, Ra ∼= 8.6 × 102 × ∆T, Ma ∼= 4.4 × 102 × ∆T) (a) ∆T = 15 ◦C, (b) ∆T = 18 ◦C,
(c) ∆T = 21 ◦C, (d) ∆T = 24 ◦C, (e) ∆T = 27 ◦C, (f) ∆T = 30 ◦C (the x and z axes correspond to
the horizontal and vertical directions in all the panels).
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Figure 19 finally provides an ensemble perspective on the system response for all the
cases considered in Sections 4.2 and 4.3. A number of interesting functional dependences
can be discerned accordingly. In addition to the aforementioned tendency of the transverse
wavelength to attain larger values as the inclination and/or the liquid average depth
(volume) are increased (with the values for the cylindrical domain being generally located
above the corresponding ones for the square container with smaller aspect ratio), some
interesting non-monotonic behaviors can be spotted there.
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Figure 19. Transverse roll extension as a function of the longitudinal direction z for all the cases
considered in the present work (∆T = 27 ◦C).

In the cylindrical case, for d = 0.5 cm (Bodyn
∼= 0.86) and ϑ ∼= 5◦ the wavelength curve

is entirely located above the corresponding one for the square domain (refer to the red
branches in Figure 19). The cylindrical case, however, displays a maximum for z = 7 cm,
followed by a branch of decreasing behavior. Notably, an interval of the z coordinate can be
identified accordingly where the wavelength for ϑ ∼= 5◦ is smaller than that attained for the
same average liquid depth (d = 0.5 cm) and ϑ ∼= 3.5◦ (z < 5.2 cm). The same concept applies
to the curve for d = 0.75 cm (Bodyn

∼= 1.94) and ϑ ∼= 5◦. Although, the wavelength is larger
than the corresponding one for d = 0.5 cm over almost the entire longitudinal extension
of the fluid domain, this relationship is inverted in the range 5.7 < z < 7.7 cm. This curve
even intersects the corresponding one for the square container for z ∼= 3.8 cm (refer to
the blue branches in Figure 19), which indicates that circumstances exist where the wave-
length in the cylindrical case can become smaller than the equivalent square-domain value
(Bodyn

∼= 1.94, ϑ ∼= 5◦ and z < 3.8 cm).
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5. Discussion

It is a well-known concept that, regardless of whether the underpinning processes are
different or not, systems that are driven out of equilibrium often display similar behaviors
or patterns (Lappa [11]). To put the present work in perspective, therefore, in this section
some effort is provided to emphasize on some prior research displaying some potential
links with the results described in Section 4. In other words, we sift through existing studies
with different foci in order to glean hints and draw inferences about possible affinities in
terms of underlying mechanisms with the present phenomena.

In particular, in our endeavor to do so, the discussion is articulated along two differ-
ent threads. Namely, first, we consider the existing literature on surface-tension driven
convection in horizontal layers with inclined temperature gradient and then we review
the existing studies on pure gravitational convection in inclined shallow enclosures with
constant depth (geometries with a rectangular transverse section).

In the former case, some commonality can be seen the existence of a symmetry breaking
shear flow, which can deeply influence the effective patterning behavior. A detailed
classification of the fundamental modes of surface-tension-driven convection developed
by horizontal layers with an inclined temperature gradient can be found in the linear
stability analysis by Nepomnyashchy et al. [33], where these were categorized as stationary
longitudinal rolls (LR) essentially driven by the same thermal effects that can produce
classical MB convection and transverse rolls for which shear plays a much more important
role (manifesting as traveling entities through the layer). Hydrothermal waves (HTW) were
also identified in the case for which the horizontal component of the temperature gradient
becomes so strong that it can hinder the concurrent mechanisms driven by the vertical
component (this being the opposite extreme case with respect to that where the vertical
component of the temperature gradient is dominant, thereby producing the classical MB
hexagonal cells).

Due to the lack of HTWs in the present case even in the situation for which the depth
of the layer is minimal (Figures 6, 9, 14 and 16), we infer that the present conditions are far
from those for which these specific modes of convection can be excited. Another possible
explanation could be rooted in another class of studies dealing with hybrid Marangoni-
buoyancy convection in differentially heated liquid layers (the gradient of temperature
being parallel to the free interface in this case). Evidence has been provided in the literature
that if buoyancy is sufficiently strong in comparison to surface-tension driven effects, the
HTW (which would represent the preferred mode of supercritical Marangoni convection) is
taken over by longitudinal rolls with axes parallel to the (horizontal) temperature gradient.
Relevant examples of related findings can be found in the experimental studies by Gillon
and Homsy [45], Braunsfurth, and Homsy [46], Burguete et al. [47] and Pelacho et al. [48],
to which the interested reader is referred for additional details.

In such a context, another work deserving a quote is that by Shklyaev and Nepom-
nyashchy [35]. These authors shed additional lights on the pure Marangoni-flow case with
inclined temperature gradient by gaining relevant information about the effective morphol-
ogy of the emerging convection structures through non-linear numerical simulations. For a
sample liquid with Pr = 7, they could determine the morphological changes undergone
by the compact cells typical of MB convection under the effect of a superimposed shear
flow (leading to cells that “drift” in the physical domain) and show that between the
areas of the existence of the hexagonal patterns and the longitudinal rolls (obtained for a
horizontal temperature gradient larger than that needed to produce the drifting cells), there
is a stability domain of “oblique rolls”, i.e., rolls inclined with respect to the direction of the
horizontal temperature gradient. Most interestingly, they also found states with half of the
convective pattern consisting of oblique rolls with positive inclination angle and the other
half displaying rolls with a negative inclination angle of the same modulus.
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Yet, for the case with inclined temperature gradient, Ueno et al. [34] were the first
to report on stationary longitudinal rolls and drifting cells by means of experiments with
layers of silicone oils with viscosity 2, 5, 10 and 20 cSt (Pr = 27.9, 67.0, 111.9 and 206.8 at
room temperature, respectively) up to 2 [mm] in depth. Later, Mizev and Schwabe [3]
conducted an experimental campaign to assess the role played in such dynamics by the
depth of the layer (10 cSt silicone oil with a thickness d varying from 1.0 to 6.0 mm). These
authors found that as the layer thickness increases the Marangoni– Bénard cells elongate
along the direction of thermocapillary motion. Finally, when the longitudinal size of the
cells reaches the horizontal size of the layer, a new flow structure appears in the form of LRs.
More precisely, they observed that for any depth of the layer in the considered range, while
an increase in the horizontal component of the temperature gradient for a fixed vertical
contribution can cause a transition from drifting cells to LRs, vice versa, an increase in the
vertical component of the temperature gradient for a fixed horizontal contribution leads to
the opposite transition.

Although several analogies might be identified between these behaviors and the
present findings, we should recall at this stage that in the present case, in addition to the
inclination of the temperature gradient with respect to the free interface, the depth of the
liquid layer is not constant.

Moreover, drawing a parallelism with the existing findings for surface-tension driven
convection may not be exhaustive because buoyancy should be expected to play a signifi-
cant role in the situations considered here for which Bodyn > 1. Along these lines, a critical
analysis of the existing literature for pure buoyancy flow in inclined shallow enclosures (no
free interface) might also lead to interesting insights.

The simplest way to do so, perhaps, is to start from the simple remark that for inclined
systems subjected to buoyancy only and relatively small angles of inclination such as those
considered in the present work, these systems tend to develop stationary longitudinal
rolls (LR), i.e., rolls of essentially buoyant nature that aligns with the direction of the
shear flow are the typical outcome of the primary instability of these systems. Only if the
inclination angle is relatively large, the ground is left to transverse rolls (TR), i.e., rolls with
axes perpendicular to the shear flow essentially driven by shear (Chen and Pearlstein [23]).
Fujimura and Kelly [26] clarified that the transition angle essentially depends on the Prandtl
number of the considered fluid and it is less than 90◦ only if the Prandtl number is smaller
than 12.47 (Fujimura and Kelly [26]), which implicitly leads to the conclusion that LR
should be regarded as the primary pattern forming process in oils and other fluids with
relatively large values of the Prandtl number.

The present findings (see, in particular, Figure 11 for the case in which buoyancy is
dominant) confirm that such a trend (i.e., the tendency to favor LRs for small tilt angles)
still holds although situations with non-constant depth of the layer have been considered.

Remarkably, Figures 17 and 18 also provide a hint or clue for another interesting con-
nection or affinity with the dynamics described in the studies by Shadid and Goldstein [24]
and Busse and Clever [25]. In this regard, it is worth recalling that the former authors
could observe experimentally in the case of a fluid with Pr = 90 (reagent grade ethylene
glycol) that, for low to moderate angles of inclination and a sufficiently high value of the
Rayleigh number, the longitudinal rolls can become unstable against a three-dimensional
“wavy” instability (in line with the predictions of the linear stability analysis by Clever
and Busse [22]). Two instability mechanisms were revealed accordingly, i.e., an instability
of the cross-roll type, by which a disturbance perpendicular to the original roll axis is
produced, and a pinching process able cause coalescence of adjacent rolls. Apart from these
steady-rolls wavelength-changing mechanism, Shadid and Goldstein [24] also reported on
unsteady longitudinal rolls taking over for Ra > 104 over the interval 5≤ θ≤ 25◦. By means
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of numerical simulations, Busse and Clever [25] could confirm that a three-dimensional
“wavy” instability is the main mechanisms responsible for the emergence of the so-called
undulations patterns.

As even a cursory comparative assessment of Figures 11 and 18 would immediately
confirm, similar phenomena show up in the present circumstances when the lateral confine-
ment is relaxed. Indeed, the latter figure clearly reveals a tendency of the present system to
develop oblique rolls characterized by sinusoidal spatial distortions as the aspect ratio is
increased from 10.6 to 17.7 and the straight (parallel) sidewalls are replaced by a curved
boundary (although at this stage the role played in such a process by surface-tension effects
in the present case is not clear).

As a concluding remark for this section, we wish to remark that these arguments
should obviously be regarded for what they are, i.e., observations stemming from the
quest for universality classes through the observation of companion or somehow re-
lated phenomena. Nevertheless, they point to interesting similarities in the underlying
physics or mechanisms, which would require additional investigation in the frame of the
linear stability analysis approach or other numerical techniques. Some general conclu-
sions stemming from the present experimental work are elaborated accordingly in the
next section.

6. Conclusions

Hybrid Marangoni-buoyancy convection in a fluid domain with variable fluid depth
and inclined temperature gradient with respect to the horizontal direction has been investi-
gated in the attempt to enrich the current knowledge about the fluid-dynamic behavior
of these systems. In particular, the unique examined configuration should be regarded as
an intentional attempt to move beyond the models adopted so far by the community of
theoretical physicists and engineers, which has essentially been based on the paradigm of a
series of different idealized setups and has not yet branched out to heated systems with
irregular transversal thickness.

It has been shown that, in analogy with the companion cases represented by Marangoni
convection in horizontal layers with temperature gradient inclined to the free liquid-gas
interface and buoyancy convection in constant-thickness tilted enclosures, the preferred (or
dominant) mode of convection for relatively small tilt angles is represented by longitudinal
rolls. These manifest with a wavelength that increases with the layer depth. A relaxation in
the lateral confinement can also contribute to increase their transverse extension, which
indirectly proves that the sidewalls play role in the wavenumber selection mechanism in
the considered range of aspect ratios.

A coherent picture of the richness of possible scenarios in terms of roll transverse
size, longitudinal extension and orientation with respect to the tilt direction has been
provided by varying parametrically the system influential factors, namely the temperature
difference, liquid volume (average layer depth), inclination angle and the aspect ratio of the
fluid container.

It has been shown that the hallmark of the considered dynamics is a modulation of
the abovementioned transverse wavelength along the longitudinal direction, which should
be regarded as an important distinguishing factor with respect to the “similar” behaviors
displayed by these modes of convection in systems with a constant depth, regardless
of whether the main driving force is represented by thermocapillarity or buoyancy. An
increase in the temperature difference generally causes an increase in the longitudinal
extension of the rolls.

Future attempts shall be devoted to clarify the nature of the interesting roll pinching
mechanism (by which a single longitudinal roll can be split into two neighboring rolls
with smaller wavelength), found in the case for which the lateral confinement is significant
(small aspect ratio) and the layer depth is relatively small. Critical comparison with the
existing literature has revealed that although most of existing results can be organized
in well-studied universality classes, the interpretation of some experimental realizations
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is not always a relatively simple task. Factors contributing to the inherent complexity
of this objective are the essentially counter-intuitive non-linear behavior displayed by
these systems and the blending of convective modes (normally operating separately) due
to the nature of the specific problem considered here. Another open question relates to
the influence of container shape. Although it has been proven here that the patterning
behavior does not depend significantly on it (longitudinal rolls being selected over the
entire space of parameters) and that the main impact of a variation in the aspect ratio is
limited to a modification of the transverse roll extension, additional care shall be put to
discern separately the role played by the container aspect ratio and its shape. The latter
might indeed be the root cause of the differences observed in terms of monotonic or non-
monotonic nature of the curves providing the relationship between the roll wavelength
and the longitudinal coordinate.
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