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The interval discrete Fourier transform (DFT) algorithm can propagate in polynomial time signals carrying interval
uncertainty. By computing the exact theoretical bounds on signal with missing data, the algorithm can be used to
assess the worst-case scenario in terms of maximum or minimum power, and to provide insights into the amplitude
spectrum bands of the transformed signal. The uncertainty width of the spectrum bands can also be interpreted as
an indicator of the quality of the reconstructed signal. This strategy must however, assume upper and lower values
for the missing data present in the signal. While this may seem arbitrary, there are a number of existing techniques
that can be used to obtain reliable bounds in the time domain, for example Kriging regressor or interval predictor
models. Alternative heuristic strategies based on variable (as opposed to fixed) bounds can also be explored, thanks
to the flexibility and efficiency of the interval DFT algorithm. This is illustrated by means of numerical examples
and sensitivity analyses.
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1. Introduction

The consideration and quantification of uncertain-
ties in real data are of paramount importance for
the design and simulation of buildings and struc-
tures. Even small measurement errors can lead
to a wrong consideration of the input data and
result in a disastrous interpretation of the simu-
lation results, e.g. if an actually catastrophic result
is shifted into an acceptable range by not taking
uncertainties into account. Uncertainties should
therefore be considered in any case and included
in the simulation, also in order to determine possi-

ble safety margins. In order to safely design or to
assess the reliability and robustness of buildings
and structures that are subject to environmental
processes such as wind, earthquakes or waves
and thus exhibit dynamic behaviour, simulations
are indispensable. The discrete Fourier transform
(DFT) is an important tool in this field to deter-
mine the frequency components and their ampli-
tude of the environmental processes. Considera-
tion of uncertainties in the data, such as missing
data, should be combined with the DFT to obtain
reliable results.
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Some approaches for estimating power spectral
density (PSD) functions from signals with missing
data have already been proposed. In particular,
approaches treating missing data as normal dis-
tributed random variables and propagating them
through the DFT (Comerford et al., 2015; Zhang
et al., 2017). Another approach was presented by
Liu and Kreinovich (2010), where the fast Fourier
transform (FFT) and convolution were studied for
signals with interval and fuzzy uncertainty. An
algorithm to propagate interval signals through
the DFT to obtain exact bounds on the Fourier
amplitude was proposed by the authors of this
work in De Angelis et al. (2021), while the al-
gorithm is described in details and applied to an
example involving dynamic structural analysis in
Behrendt et al. (2022). The algorithm enables the
quantification of uncertainties in time signals and
to project them into the frequency domain. No
assumptions are made about the dependence and
distribution of the error over the time steps. Thus,
a bounded Fourier amplitude and a PSD function
can be computed, which can be used to analyse
system responses in the frequency domain, taking
into account these uncertainties. The objective of
this work is to investigate the capabilities of the
interval DFT in missing data problems. It also
aims to determine the severity of the missing data
and the possible impact on the interval DFT algo-
rithm. The quantity used to measure uncertainty in
this work is the area between the upper and lower
bounds. Contrarily, a Fourier amplitude without
uncertainty will have such an area equal to zero.

This work is organised as follows: Some the-
oretical background that is relevant for this work
is provided in Section 2. The problem of missing
data is elaborated in Section 4. In Section 3 the
interval DFT algorithm is described briefly. The
capabilities of said algorithm in combination with
missing data problems are explored in Section 5,
while the final conclusions are given in Section 6.

2. Preliminaries

This section introduces some fundamental theo-
retical concepts that will be required in this work.

2.1. Power spectrum estimation

Given a signal xn, represented as a zero mean
stochastic process. To examine the signal for its
frequency components, it can be transformed into
the frequency domain using the periodogram. The
periodogram is the squared absolute value of the
Fourier transform and reads as follows

ŜX(ωk) =
Δt2

T

∣∣∣∣∣
N−1∑
n=0

xn · e− 2πikn
N

∣∣∣∣∣
2

, (1)

where Δt is the time step size, T is the total length
of the record, n describes the data point index in
the record, N is the total number of data points in
the signal and k is the frequency number of ωk =
2πk
T .

2.2. Generation of artificial time signals

To generate an artificial time signal for simulation
purposes, the Spectral Representation Method
(SRM) can be utilised (Shinozuka and Deodatis,
1991). The SRM generates a time signal Xt based
on an underlying PSD function SX and carries
their characteristics. The SRM is

Xt =

M−1∑
m=0

√
4SX(ωm)Δω cos(ωmt+ϕm), (2)

with ωm = mΔω, m = 0, 1, 2, . . . ,M − 1,
where M is the total number of frequency points,
t as time vector and ϕm as uniformly distributed
random phase angles in the range [0, 2π].

As the underlying PSD function, a spectrum
derived within the Joint North Sea Wave Obser-
vation Project (JONSWAP) (Hasselmann et al.,
1973) will be used throughout this work. The
JONSWAP spectrum is an extension of the
Pierson-Moskowitz PSD function (Pierson Jr. and
Moskowitz, 1964) and is utilised to describe the
dynamic behaviour of sea waves in the frequency
domain.

3. The interval DFT algorithm

To transform signals into the frequency domain,
the DFT can be employed. The DFT converts a
signal x = x0, x1, ..., xN−1 to a Fourier sequence
z = z0, z1, ..., zN−1 for k = 0, ..., N − 1. Since
many signals are subject to missing data, these
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must be taken into account during the transfor-
mation in order to obtain reliable results. One
possibility is to reconstruct the data before the
transformation. However, since the DFT is very
sensitive to changes in the signal, as shown in
Section 4, it is more reasonable to fill the miss-
ing data gaps with intervals and propagate them
through the DFT. However, since the DFT is not
able to transform such uncertainties, an algorithm
was proposed that is capable to propagate interval
uncertainties through the DFT and thus calculate
exact bounds on the Fourier amplitude. This inter-

val DFT algorithm is briefly described here, for
a detailed explanation and examples the reader is
referred to Behrendt et al. (2022) and De Angelis
et al. (2021).

Based on the interval extension of the DFT,
obtained by replacing the real signal with their
interval values for each frequency number k

zk =
N−1∑
n=0

xne
−iak =

N−1∑
n=0

xn · [cos ak − i · sin ak] , (3)

with ak = 2πkn/N , the algorithm computes two
vertices for each iteration n, resulting from the
interval values of the n-th data point of the signal.
In each iteration step, the vertices are added to
the previous vertices. The convex hull is calcu-
lated from these. The points of the convex hull
are passed on to the next iteration step, while
the remaining vertices have no influence on the
calculation and are discarded. Once all points of
the signal have been iterated, the minimum and
maximum distance of the convex hull to the origin
of the coordinate system is determined, which
defines the interval bounds of the absolute value
of the transform

Ak = |zk| =√√√√[
N−1∑
n=0

xn cos ak

]2

+

[
N−1∑
n=0

xn sin ak

]2

. (4)

The absolute values of the points in the convex
hull are calculated for this purpose. If the origin
of the coordinate system is within the convex hull,

the lower bound is 0, otherwise it is defined by the
minimum absolute value. The upper bound is al-
ways determined by the maximum absolute value.
Thus, an upper and lower bound of the Fourier
amplitude can be computed for each frequency
number k.

4. Missing data

A common problem when using real data records
is that of missing data. The causes of missing
data range from simple measurement errors to
total sensor failure. It is possible that the sensor
is damaged by the event it is supposed to record,
e.g. an earthquake, and makes incorrect record-
ings or stops recording completely. In addition,
the sensors may be temporarily unavailable due
to maintenance. If the period of unavailability is
sufficiently short, intervals can be used to bridge
this gap. These causes introduce uncertainty into
the data series. Although there are various re-
construction methods, e.g. least squares method,
compressive sensing or autoregressive methods,
the method for reconstructing the signal in case of
missing data will not be considered further. Here,
the focus is on the performance of the proposed
algorithm rather than the reconstruction method.
The reconstructed data are represented by inter-
vals, accounting for uncertainties induced through
the reconstruction. Thus, the reconstructed sig-
nal is passed to the interval DFT algorithm as
an interval signal. Fig. 1 shows the signal under
investigation in this work with two examples each
with missing data. In this work, the same signal
is used throughout to ensure maximum compa-
rability of the different cases. If a signal in time
domain is certainly known, it can be transformed
to the frequency domain via the DFT without loss
of information. In fact, the DFT is sensitive to
small changes in the signal. To demonstrate the
sensitivity, the signal in Fig. 1, consisting of 64
data points, is investigated. The target spectrum,
i.e. the Fourier amplitude of the signal without
missing data computed with Eq. 1, is depicted
with the Fourier amplitudes of the same signal
with 5%, 10% and 25% missing data, which are
reconstructed by linear interpolation between the
two adjacent non-missing data points, see Fig. 2.
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Fig. 1. The signal under investigation with two exam-
ples each with missing data.
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Fig. 2. Influence of the linear interpolation on the
amplitude of the DFT.

The position of the missing data is randomly cho-
sen. The interpolated values are treated as discrete
values instead of intervals first. Although linear
interpolation is not considered as a reconstruction
method in this work, it can be used to illustrate the
sensitivity. It can be clearly seen that the transfor-
mations have the same shape and peak frequency,
but are in part very different from the target spec-
trum and are not as smooth. Since reconstructed
data accordingly do not allow a reliable trans-
formation into the frequency domain and do not
take uncertainties into account, it is reasonable
to derive bounds in which the actual spectrum
may be located. The algorithm presented in 3 is

applicable for this purpose.
Two reconstruction methods are utilised in this

paper:

(1) A method based on artificial inflation of the
“true” data point using the sample standard
deviation s of the entire signal. An interval of
height [−s, s] replaces the missing data.

(2) A method that replaces the missing data by
an interval determined by the minimum and
maximum value of the entire signal.

The sample standard deviation of the signal is
defined as:

s =

√∑N−1
n=0 (xn − x̃)2

N − 1
,

where x̃ is the sample mean of the signal.

5. Case studies

In this section, the influence of missing data on
the bounds of the estimated PSD is investigated.
Specifically, interval width, the number of miss-
ing data, the gap length, and the distribution of
missing data within the signal are examined. The
signal under investigation is generated by SRM
(Eq. 2) with the underlying PSD function given
in (Hasselmann et al., 1973). The positions of the
missing data in the signal are artificially generated
in random order. It is assumed that the missing
data is uniformly distributed within the signal. A
study is also conducted to investigate the influence
of the position of the missing data, comparing the
uniformly distributed missing data with binomi-
ally distributed missing data. In order to obtain the
best possible comparison, the same signal is used
in all studies of this work.

5.1. Sensitivity to interval uncertainty

Let ξ be the height of the interval gap, a.k.a.
interval uncertainty. To investigate the sensitivity
of the interval uncertainty ξ in time domain to
the interval uncertainty in the frequency domain,
the signal is randomly equipped with missing data
gaps of length lg ∈ {1, 3, 5, 7, 9, 11}, where the
gap length is given as the number of missing time
points.
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Fig. 3. Interval width of the bounded PSD function
at the peak frequency ωp (top) and the area between
upper and lower bound (bottom) for increasing interval
uncertainty ξ and different lengths of the gap lg ∈
{1, 3, 5, 7, 9, 11}.

The interval uncertainty ξ of these gaps is suc-
cessively increased from 0.1 to 10. To determine
the sensitivity, the interval width of the Fourier
amplitude at the peak frequency ωp, as well as
the area between the upper and lower bound are
determined. The results are depicted in Fig. 3.
For smaller gaps with low interval uncertainty, a
linear trend in the interval width at ωp appears
at the beginning, which later changes to a non-
linear trend. This occurs as soon as the lower
bound of the Fourier amplitude reaches 0 and only
the upper bound contributes to the interval width.
The increase is nevertheless moderate and not
extremely strong. The area between the bounds,
on the other hand, has a non-linear trend even
with low interval uncertainty and small gaps. This
non-linearity becomes stronger the larger the gap
becomes. This is due to the fact that the entire
frequency range is considered instead of only the
peak frequency ωp. At many frequency points, the
lower bound has already reached 0, while it still
higher at the peak frequency. For larger gaps, the
lower bound is mostly zero, which explains why
in Fig. 3 the start of the non-linear behaviour is
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Fig. 4. Signal with 5%, 10%, 25% and 50% missing
data reconstructed using method (1) and corresponding
bounded PSD functions.

appreciated for lower interval uncertainty.

5.2. Number of missing data

In the following example, the interval uncertainty
has been kept constant and corresponds to the
sample standard deviation s of the signal. The
number of missing data points, on the other hand,
has been gradually increased to investigate the
influence of the number of missing data on the
bounds of the PSD. In Fig. 4, the reconstructed
signals and the the bounds of the estimated PSDs
are shown for 5%, 10%, 25% and 50% missing
data in the signal. The results show that a small
amount of missing data (e.g. 5% or 10%) can be
captured well with the interval DFT algorithm.
The bounds enclose the estimated PSD function
of the discrete signal relatively tightly and are
therefore very useful for quantifying the uncer-
tainties. Also, the bounds of the PSD for a higher
amount of missing data in the signal (up to 50%
in this example) can still be considered, despite
the relatively wide bounds, e.g. for a worst-case
consideration where only the upper bound is used.
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Fig. 5. Signal with 5%, 10%, 25% and 50% missing
data reconstructed using method (2) and corresponding
bounded PSD functions.

In the following, the same example is shown,
but the data was reconstructed using method (2),
see Fig. 5 for the reconstructed signals and the
bounds of the PSDs in frequency domain.

The results also show here that small amounts
of missing data can be mapped well in the fre-
quency domain even with reconstruction method
(2). With higher numbers of gaps, however, the de-
termination of the bounds in the frequency domain
reaches its limitation, as the computed bounds are
very high and can no longer be used for practi-
cal purposes. For example, the bounds from the
previous example with 50% missing data have
a lower interval uncertainty than the signal with
25% missing data in this example. This yields
in particular that if there is little missing data,
reconstruction can be carried out conservatively
with wide intervals. Conversely, if the number
of missing data is large, a method with a more
accurate reconstruction is required. As a measure
for uncertainty, the area between upper and lower
bound is utilised. Fig. 6 shows this for an increas-
ing number of missing data recovered with the two
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Fig. 6. Area between upper and lower bound investi-
gated for the number of missing data.

reconstruction methods. Due to possible random
fluctuations, as the position of missing data is ran-
domly chosen, this simulation was carried out 100
times in order to average out these fluctuations.
As expected, there is a significantly higher area
between the bounds when using reconstruction
method (2) compared to reconstruction method
(1).

5.3. Gap size of missing data

Recall that gap size is given as the number of
missing time points, and it is also referred to as
gap length. To determine the influence of the gap
length, different scenarios were evaluated. The
gap lengths lg ∈ {1, 20, 40, 60} were artificially
inserted into the signal. The gaps were first recon-
structed with method (1). The signals and the cor-
responding transformations are shown in Fig. 7. It
can be seen that small gaps filled with the intervals
provide a good transformation and the bounds are
relatively tight around the exact spectrum. The in-
terval DFT algorithm can also handle larger gaps
well, although the bounds of the transformation
are comparatively large. Nevertheless, these can
be used, for example, to design for a worst-case
when only the upper bound with the largest energy
content is used for planning and simulation. For
these investigations, all examples with reconstruc-
tion method (2) are omitted, since it has been
shown that large gaps already lead to extremely
large bounds with reconstruction method (1) and
are practically no longer useful. Since the length
of the gap naturally corresponds to the number of
missing data, no significant differences between
Fig. 8 and Fig. 6 in the previous section can be



2559Proceedings of the 32nd European Safety and Reliability Conference (ESREL 2022)

0 0.5 1 1.5 2
Frequency (rad/s)

0

2

4

P
S

D
 (

m
2
/s

)

0 20 40 60 80
Time (s)

-2

0

2

4

W
av

e 
he

ig
ht

 (
m

)

0 0.5 1 1.5 2
Frequency (rad/s)

0

5

10

P
S

D
 (

m
2
/s

)

0 20 40 60 80
Time (s)

-5

0

5

W
av

e 
he

ig
ht

 (
m

)

0 0.5 1 1.5 2
Frequency (rad/s)

0

10

20

P
S

D
 (

m
2
/s

)

0 20 40 60 80
Time (s)

-5

0

5

W
av

e 
he

ig
ht

 (
m

)

0 0.5 1 1.5 2
Frequency (rad/s)

0

10

20

30

P
S

D
 (

m
2
/s

)

0 20 40 60 80
Time (s)

-5

0

5

W
av

e 
he

ig
ht

 (
m

)

Fig. 7. Signals with a gap of length lg ∈
{1, 20, 40, 60} of missing data reconstructed by
method (1) and corresponding bounded PSD functions.
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Fig. 8. Area between upper and lower bound investi-
gated for the length of the gap.

detected. This indicates that the position of the
missing data has a minor role in determining the
uncertainty, but the number has a major role. Nev-
ertheless, for completeness the influence of the
distribution of the missing data will be investi-
gated in the next section.

5.4. Distribution of missing data

This example is used to investigate the influence
of the distribution of the missing data within the
signal. For the sake of brevity, only the results
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Fig. 9. Influence of the distribution of missing data
within the signal for 4, 8, 16 and 32 missing data
reconstructed with method (1).

for reconstruction method (1) are shown. In ad-
dition, it has been shown in the previous sections
reconstruction method (2) cannot be used for real
phenomena if the number of missing data is suf-
ficiently high, as the bounds are extremely large.
For the investigations a uniform distribution and
a binomial distribution were utilised to randomly
generate the missing data and to investigate their
influence on the transformation to the frequency
domain. The interval PSDs of the reconstructed
signal with 4, 8, 16 and 32 missing data are de-
picted in Fig. 9. It can be seen that the influence
of the position of the missing data is of minor rel-
evance. Although the transformed signals shown
are only specific cases, they are nevertheless rep-
resentative of the general case. This statement
can be supported by the fact that this simulation
has been carried out several times, but the re-
sults are always identical. The transforms look
almost identical in each case, regardless of the
distribution of the missing data. In addition, the
interval widths at the respective frequencies, such
as the peak frequency, are very similar and the area
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between the bounds are also almost identical.

6. Conclusions

In this work, the interval DFT algorithm has been
investigated for its ability to transform signals
with missing data reconstructed by intervals. Dif-
ferent scenarios have been considered, such as
the influence of the interval width, the number
of missing data, the length of the gap of missing
data and the distribution of the missing data in the
signal. It was shown, that the largest influence was
exerted by the interval uncertainty in the signal
and the number of missing data, while the distri-
bution of the data and their position is of minor
importance. In addition, no indications could be
found of an influence whether the data are miss-
ing at individual points or appear as a large gap.
It was found that too large intervals often lead
to extremely wide bounds, which are usually no
longer usable for practical purposes. If the number
of missing data is sufficiently small, however, a
good transformation can be computed even with a
conservative estimation of the intervals, in which
the bounds are close to the actual spectrum. With
a larger number of missing data or larger gaps,
it is also possible to plan for the worst-case by
considering only the upper bound, provided that
the interval width is reasonably chosen. It has also
been shown that the potential energy content of
the PSD can change significantly depending on
the choice of intervals. In summary, the interval
DFT algorithm provides excellent results for un-
certain data. However, it should be noted that the
results are highly dependent on the reconstruction
of the data. Thus, it is highly recommended that
in the case of missing data, the interval DFT
algorithm should be employed with an advanced
reconstruction method in order to obtain reliable
results.

Replicability

The software for computing the interval DFT can
be accessed in a single instance via GitHub at:
https://github.com/
interval-fourier-transform/
application-to-missing-data.
The code, examples and numerical results pre-

sented in this paper are therefore fully replicable.
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