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Abstract: Constraint effect existing in the cracked structures plays a vital role in monotonic
loading conditions and affects the material fracture behaviour, it is not clear whether the
constraint affects the cyclic plastic responses in the cyclic loading condition. In this research,
the laboratory compact tension (CT) and central-cracked tension (CCT) specimens with
different in-plane and out-of-plane constraints were selected to explore the constraint effect
on the ratchet limit and cyclic plastic behaviour numerically by the liner matching method
(LMM). The results show that the plastic shakedown load domain and low cycle fatigue (LCF)
life are compressed dramatically by increasing the in-plane constraint effect, while the out-
of-plane constraint effect elevates the capability to resist ratcheting failure. In addition, the
ratcheting boundary of the cracked specimen is much more sensitive and vulnerable under
the influence of the high in-plane constraint effect. Moreover, the unified constraint
parameter A,, is suitable to measure the strength of compound constraint under cyclic loading
conditions, and there is a salient linear relation between constraint parameter \/A—p and cyclic
plastic responses (including ratchet limit and alternating plastic strain range) of the cracked
specimen. This correlation is very meaningful for evaluating the ratchet limit and low cycle
fatigue (LCF) life of cracked structures in terms of different levels of constraint conditions
(including different in-plane, out-of-plane, and compound constraint conditions), where the

constraint effect is calibrated based on the unified constraint parameter A,.
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Effect of constraint on cyclic plastic behaviours of cracked bodies and the establishment of unified constraint correlation

Nomenclature
Abbreviations
BCs boundary conditions
CT compact tension
CCT central-cracked tension
DSCA direct steady cyclic analysis
EPP elastic-perfectly plastic
FEA finite element analysis
LCF low cycle fatigue
LMM Linear Matching Method
PEMAG plastic strain magnitude
3D three-dimensional
Variables
Apggg area surrounded by equivalent alternative plastic strain isoline
A unified parameter for quantifying both in-plane and out-of-
p plane constraints
A . area surrounded by equivalent alternative plastic strain isoline
ref in a standard test
E Young's modulus
F cyclic time-dependent surface load
F constant component of surface load
I strain energy function
P cyclic component of surface load
R? correlation coefficient
St surface subjected to surface load
Su surface subjected to displacement constraint
vV body volume
w width parameter of CT and CCT specimens
Max peak value of the bending moment within the load cycle
a initial crack length
t time during the varying load history
v Poisson's ratio
At time increment during the load history
A a load parameter
5. linear elastic stress corresponding to the time-dependent load
Y condition
6{; constant elastic stresses
63 time-dependent elastic stresses
a;j stress solution of the general cyclic load condition
o stress at yield state to derive the Minimum Theorem
o stress state under yield condition
gy yield stress to derive the ratchet limit
Os material yield strength under room temperature
0o subsequent yield strength in DSCA iteration
Pij constant residual stress
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time-dependent residual stress

hydrostatic component of residual stress under equilibrium
condition

deviatoric component of residual stress under equilibrium
conditon

plastic strain rate

kinematically admissible strain rate

exact stress solution

equivalent ratcheting strain

plastic strain tensor

increment of plastic strain in terms of time ¢,
initial estimation of Ae;

deviatoric component of compatible strain increment
deviatoric component of plastic strain increment

hydrostatic component of compatible strain increment
yield condition function

a plastic multiplier

shear modulus
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1. Introduction

Constraint is the resistance of a structure against plastic deformation [1], which is
closely related to the specimen dimension and can be segregated into in-plane constraint and
out-of-plane constraint based on the crack plane. The specimen dimensions in the direction
of the growing crack, including the crack depth and specimen width, directly affect the in-
plane constraint. The specimen dimension parallels the crack front, which includes specimen
thickness, directly determining the out-of-plane constraint.

Given that constraint can significantly affect the material fracture resistance, it is
essential to understand its effect on material fracture behaviour clearly. Therefore, a lot of
studies have been done on the effect of constraint on the material fracture behaviour under
monotonic loading, and different fracture constraint parameters and theories, such as K-7[2],
J-Q [3, 4], J-A> [5], Tz [6-8], ¢ [9-12], 4, [13-15], and A4 [16] have been developed to
characterise and analyse the constraint effect. In addition, to deal with the high-temperature
structural integrity assessment falling into the creep regime, the constraint parameters Q*
[17] and C*-O* [18] were proposed, with the recent findings of the constraint effect on creep
crack initiation reported in Ref. [19].

In addition, as an important factor that affects the stress and strain fields at the crack tip,
constraint not only exists in the structures and affects the material fracture behaviour under
monotonic loading mentioned above, but also changes the cyclic plastic response of cracked
structures (including ratcheting and low cycle fatigue (LCF)) under cyclic loading.
Ratcheting failure is one of the three typical cyclic states (elastic shakedown, plastic
shakedown and ratcheting) of material and engineering structure under cyclic loading when
load condition is outside the plastic shakedown region, which ultimately leads to intolerable
progressive plastic deformations and significantly reduces the residual life of the material

and engineering structure. Another structural response concerning cyclic load conditions is
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the plastic shakedown or alternating plasticity, with the load condition lying lower than the
ratcheting boundary. Under the alternating plasticity state, the LCF damage accumulates
gradually in the local region, finally leading to the fatigue crack initiation in terms of the
local plastic strain amplitude [20]. Since the elastic stress singularity at the crack tip makes
the elastic shakedown condition invalid and meaningless, the finite elastic shakedown limit
does not exist anymore [21, 22]. On the contrary, the procedures for identifying the ratchet
limit and alternating plasticity are still valid due to the closed cycles of plastic strains
occurring at the crack tip, enabling the evaluation of the finite ratchet limits. Thus, it is
significant to investigate the cyclic plastic response of the material and cracked engineering
structure considering the constraint effect.

Due to the high sensitivity of the crack tip to the cyclic structural responses [23],
enormous properly refined elements should be involved during discretizing of the cracked
components, especially for the crack tip location [24] where the gradients of stress and strain
are susceptible to the crack size. Hence, given the better balance between computational
accuracy and efficiency, several numerical procedures were developed and devoted to
addressing the ratcheting of a material or engineering structure with a crack. Chen et al. [21,
22] proposed the Linear Matching Method (LMM) and applied it to study the effect of
circular holes on the ratchet limit in a centre-cracked plate. Li et al. [25] analysed the ratchet
limit of a pipe with an axisymmetric circumferential crack in a mismatched weld. Tong et al.
[26] predicted the crack growth rate in a vacuum environment by including both ratcheting
strain and accumulated inelastic strain near the crack tip. In addition to these main factors
affecting the ratchet limit including cyclic load type, load level, crack location and size, the
majority of current understanding attributed the influence of the crack on the ratcheting
behaviour to the local highly discontinuous geometric effects and the related examinations

mainly concentrated on the distribution rules and shape of the cyclic plastic zone [27, 28].
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To reasonably address the structural integrity assessment containing defects, it is crucial
to deal with the constraint effect in the detailed calculations of structural response, and hence,

the engineering standards [29-32] have incorporated the constraint effect into the analysis
procedures. Several numerical investigations of the constraint effect on fatigue crack
evaluation were reported by Refs. [33-35], which defined and utilized the constraint
parameters to describe the underlying influence of the constraint effect on the predictions of
crack propagation life. Furthermore, the studies of constraint effect matching between the
laboratory standard specimens and actual engineering components were explored, with
specified applications to the steam turbine blade [36] and cracked pipeline [37] elaborated
under monotonic load conditions.

However, the effect of constraint on the ratchet limit and alternating plasticity in
different cracked specimens has not been studied clearly. And so far, there is no evidence to
show whether there is a certain correlation between the constraint effect and the cyclic plastic
response or whether there is a suitable constraint parameter that is able to characterise the
influence of the constraint effect on the cyclic plastic response.

In this research, the first motivation is to investigate the effect of constraint conditions
on the cyclic responses of cracked structures, including the reverse plasticity and ratcheting
behaviour. And this analysis is aiming at establishing ratcheting boundaries for the cracked
specimens as well as revealing the influence mechanisms of different constraint conditions.
And the second purpose is to find an appropriate constraint effect parameter which has the
capability to clearly depict the relationship between the ratchet limit and the strength of
constraint and the relationship between the cyclic plastic strain range and the strength of
constraint in terms of the cracked specimen. It is also intended to explore the potential of
such a relationship in assessing cracked engineering structures. Last but not least, the third
aim is to verify all the numerical processes which are applied in the virtual experiments when

deriving the pertinent constraint parameter.
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The structure of this manuscript is outlined as follows:

In Section 2, the numerical method, LMM procedures, to deal with the cyclic plastic
responses is elaborated. Then, the selected experimental specimens, the laboratory compact
tension (CT) and central-cracked tension (CCT) specimens with different in-plane and out-
of-plane constraint conditions, are described in Section 3. And in Section 4, the interactive
boundaries of ratcheting and constraint effect are constructed, with the mechanisms of the
constraint effect on the ratchet limit and alternating plastic strain range in different cracked
specimens analyzed comprehensively. Furthermore, the unified constraint parameter A, is
employed to reflect the strength of both in-plane and out-of-plane constraint conditions
during ratcheting and alternating plasticity analyses. And the linear correlation between the
parameter \/A—p and the cyclic plastic response of the cracked specimen is also derived. Next,
a series of numerical verifications are presented in Section 5, where the effectiveness and
accuracy of the proposed analysis strategy are demonstrated in detail. In the last section, the

main conclusions of this study are summarized.

2. Numerical procedures

2.1.  Definition of cyclic load history

When an elastic-perfectly plastic (EPP) made structure is subjected to a general cyclic
load, this condition can be decoupled into cyclic and constant components. It can be assumed
that a structure is subjected to a cyclic time-dependent surface load F(x;, t) applied on the
part of the structure surface Sr. On the rest surface S,,, the displacement rate should be equal
to zero. The process is considered over a full cycle from ¢ = 0 to t = At. After decomposing
the cyclic load condition into a cyclic and constant part [38], it can be represented by the

following load:
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F(x;,t) = AF(x;) + P(x;, t) (1)
here A is a load parameter, F(x;) is the constant load component and P (x;, t) is the cyclic
part. The linear elastic stress corresponding to the time-dependent load condition is calculated
by Equation (2):

61 (e ) = 265 + 65 (x4, ) 2)
Here it can be seen that by changing the load parameter A, the whole process during a full

cycle can be taken into account.

2.2.  Asymptotic cyclic solution

There are three components inside one typical response cycle: the elastic response which
is a transient response accumulated up to the beginning of the cycle, and a residual component
making contributes to the remaining change in the cycle [39]. The stress solution of the
general cyclic load condition is comprised of the time-dependent and constant residual stress
component, which is expressed by Equation (3):

0;j (xx, t) = 65 (xp, t) + Py (xi) + pi (xpe, £) (3)
where 6;; is the elastic component, and p;; is a constant stress field on equilibrium with a
zero surface boundary condition state, corresponding to the residual stress field at the start
and end of the cycle. And the time-dependent residual component over the cycle meet the

condition:

2.3. Minimum Theorem in Excess of Shakedown

The plastic strain is defined by a convex yield condition:
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floyj) <0 (5)
and the associated flow law is:
of
g =a—, f=0 (6)
Y aO'l'j

where ¢ is a plastic multiplier, and the maximum work principle should be:

(of —0i;)é5; =0 (7)

where g/ is the stress at yield state, f (ol-cj) = 0, associated with the flow law above, with the

p

plastic strain rate £;;

= &;. And o;; represents any stress state that meets the yield condition,

f(al-*j) <0.

Here a strain energy function [21] is defined as

At _
15, 0) = | | (05 - 265 - o8 0)) &5 dedv ®)
V70

where sf] is the kinematically admissible strain rate.

There also exists a load parameter so that
£ (265 + 68 t) + fiy (i) + Pl (2, ) < 0 ©)
and that
1(¢5,2) = 1(£5,2) (10)

where sls] is the exact solution.

2.4.  The determinations of time-dependent residual stress field and plastic strain range

The whole numerical strategy contains two processes. Step one is to implement a direct
steady cyclic analysis (DSCA) to address the time-dependent residual stress field and the

corresponding plastic strain range due to the cyclic load condition. Step two is to calculate
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the ratchet limit by performing a general shakedown analysis [40], during which the
convergent constant residual stress solution is acquired with the elastic stress solution scaled.

It can be assumed that in a deviatoric stress component space, the plastic strain occurs
only at the load vertexes, which corresponds to N time points, ty, t,, ..., ty, in the cyclic load

condition, leading to Aef; = X)_; Ag[}. Here Ae]; is the increment of plastic strain in terms of

time t,,. The strain energy function is approximated by the following equations:
N
1(e5,)= ) I" (11)
n=1

1 (8e, pyy(6)) = fv {onaell - (68(tw) + pij(ta)) Aeli} av (12)

where the strain increment is compatible and the residual stress field is equilibrium.
Considering that based on isotropic elastic properties and a von Mises yield condition,

the shear modulus [i,,; is defined by matching condition linearly,
oy = 2y (Al (13)
where gy, is the Mises yield stress, and the initial estimation of Ael-nj is set to be equal to Asl-nji.

The following linear equations can be solved :

, 1 / / 1

Tf _ f f Tf _ f
ASU = ZAPZ +A€l-nj ’Agkk = 3—KAka (14)

’ 1 Y
Ae?jf = —{65(t) + pij(tn-1) + Ap?jf} (15)

Z.Uni
where

Pij(tae1) = pij(to) + Apli + Apfi + -+ Apl™Y,  pii(te) = py; (16)

It should be noted that the mark ' means the deviatoric component, and the subscript kk
represents the hydrostatic component.
An efficient numerical strategy is proposed to address the linear equations. At the first

load point t;, the iteration is to calculate the time-dependent residual stress field Apilj

10



Effect of constraint on cyclic plastic behaviours of cracked bodies and the establishment of unified constraint correlation

corresponding to the elastic solution 6@(1:1). Ap;j is considered as the time-dependent
residual stress field for the nth load point during mth cycle, where n = 1,2,...,N and m =
1,2, ..., M. The time-dependent residual stress field for all load points at each cycle should be
computed, and after satisfying the convergence, the sum of every time-dependent residual
stress field at each load point should be equal to zero. At the same time, the constant residual

stress field can be derived by

N N N
Py =) Dol + ) Bpl, +ot ) Bol, 17
n=1 n=1 n=1

Accordingly, the plastic strain amplitude for the load point n is evaluated by
P 1 NY ’
Ag;(ty) = 20, (Uij (tn) + pij(tn)) (18)

Then, at the end of each iteration, the subsequent yield strength a§*(t,) at the load
instance t,, associated with the current plastic strain is re-calculated if needed when the strain
hardening model is involved in the material property. And the linear matching condition is

able to be updated at the last step of each iteration process by

Ams1(tn) = fn(t) 76" (tn)
7 (85t + P (1)

(19)

The detailed numerical procedure of the Direct Steady Cycle Analysis (DSCA) is

provided in Fig. 1, where the cyclic plastic response is given out iteratively.

11



Effect of constraint on cyclic plastic behaviours of cracked bodies and the establishment of unified constraint correlation

[Prepa.re the elastic stress solutions d;;(t,) for the N load insmnces]

m=m-+1 ]
Set direct cycle number m

n=n+1

Set iteration number n

o [ Pass in the starting stress before the nth load instance at mth cycle ]

A{P(x, ty) i = Gy () + s Bsy Al (e ty) + X5 ApP(x, 1)

]

o [ Calculate the residual stress field Ap[}‘ (x, t,) at ]

the load instance t,, for m cycle

Calculate plastic strain amplitude for nth load instance

e Aeff (x,t,)" = |20 (x, t), AP} (x, 8)]

= et 85 Ce.tn) + 0} (x|

o Determine the yield stress for strain
hardening model or EPP model

o Update the linear matching condition g, 1 by the
calculated yield stress

No

If n equals N?

No

If the convergence
condition is satisfied?

Output the cyclic response including the total strain
range the stress state at each load instance

Fig. 1. Detailed iteration process of the DSCA procedure for cyclic plastic response

calculation

2.5. Numerical procedure for ratchet limit calculation under the LMM framework

Under the LMM framework, the numerical procedure to calculate the ratchet limit
contains two stages. In the first stage, the time-dependent residual stress related to the cyclic
component of the load condition is acquired [38] by the proposed DSCA procedure as shown

in section 2.4, where the LCF life is able to be evaluated by means of the obtained cyclic

12
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strain range. Then, in the second stage, the ratchet limit can be addressed by the established
shakedown analysis procedure [40] based on the upper bound shakedown theory in Equation
(20), with the augmented elastic stress field by the changing residual stress history calculated

in the first stage.

At At
J. f&ijsfjdthzf fafjefjdth (20)
0 \%4 0 \%4

6ij = 165 + 61%(3(](' t) + pl-j(xk, t) (21)
Given the von Mises yield condition and the associated flow rule, the strain energy

associated with the yield state can be rewritten by

At NI =
f j ofef;dtdV =f Z UiCjnAginjdV = j z oy&(Aef;)av (22)
o Jv vV oo V=1

where
2
e‘(Aei”j) = §A£i"jAei"j (23)

Finally, the upper bound ratchet limit multiplier is expressed iteratively by a series of
monotonically reducing upper bound ratcheting multipliers, defined by Equation (24), to
predict the converged structural ratchet limit,

_ fV Zg=1 O'yg(ASS)dV - fV 211\{:1 (63(1:11) + pl](tn)) ASZ}dV

- (24)
J, 65(zg=1 Ae{;)dv

A

and the physical meaning of this load multiplier is the maximum capacity of the structure
with a predefined cyclic load condition to withstand an additional constant load before

ratcheting.

3. CT and CCT specimens with different constraint conditions

13
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In this section, the virtual compact tension (CT) specimen and central-cracked tension
(CCT) specimen are selected as the numerical models to investigate the influence of the
constraint effect on the structural cyclic responses including the alternating plasticity and the
ratcheting. The flowchart below displays the whole analysis procedure and application plan

of the numerical strategies illustrated above.

CT and CCT specimens with
different crack parameters

e

| | Different constraint I
conditions

| { Plane stress Plane strain
| model model

e g gyt

e e

|
DSCA analysis LMM
framework |

Cyclic plastic strain range

|

|

LMM Ratcheting analysis |
| !
|

|

Ratcheting boundary

Step-by-step analysis

Alternating plasticity Verification Ratcheting failure

Fig. 2. Analysis strategy and application of the LMM DSCA and ratcheting analyses

3.1.  The design of CT and CCT specimens

Two sets of specimens containing compact tension (CT) specimen and central-cracked
tension (CCT) specimen, with different loading configurations and geometrical features, are
used in the subsequent finite element analysis (FEA), displayed in Fig. 3. To examine the
in-plane constraint effect, four series of crack depths ratios denoted as a/W = 0.1, 0.3, 0.5

and 0.7 (W = 32mm) are set for the CT and CCT specimens, reflecting the intensity of the
14
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constraint conditions, from low to high. On the other hand, plane stress and plane strain 2D
conditions are employed respectively to distinguish the difference between out-of-plane
constraint effects [41, 42], where the plane strain model provides the highest out-of-plane
constraint condition for the cracked specimen, compared to the plane stress model with the

lowest out-of-plane constraint condition.

/\ Cyclic bending moment
Constant tensile force } /\,Cyclic bending moment /—\

(I) CT ' ] I T I I T ]Um:farm tensile load

CCT

]
\

le——] 2a

2W=64mm

P
M
(a) (b)
Fig. 3. Loading configurations and geometries of the (a) CT specimen and (b) CCT

specimen

3.2.  Descriptions of material property and FEA models

Both types of specimens are made of low alloy steel SA5S08 CL.3 which is widely used
for pressure vessels in nuclear engineering [43, 44]. The cyclic behaviour of the material is
described by the Ramberg-Osgood (R-O) model to provide the stress-strain relationship for

the following FE analysis [45], and the cyclic response is approximated as follows,

15
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0 =+ () (25)
F=_E 26
" 2(1+v) (26)

where &, is the total true strain amplitude, o, is the total stress amplitude, £ is the multi-
axial Young's modulus, K = 660 and n = 0.116 are the material parameters for the cyclic
stress-strain curve model under room temperature, E = 200G Pa is the modulus of elasticity
[44, 46, 47], and the Poisson's ratio v is defined to be 0.3.

Since the 2D model can completely describe the in-plane constraint effect, and the plane
strain and plane stress model are capable of maximising the difference between in-plane and
out-of-plane constraint effect, the 8-node quadrilateral plane strain and plane stress elements
with reduced integration CPE8R and CPS8R [48] respectively are adopted to discretise the
CT and CCT specimens in ABAQUS. Besides, around the crack tip, to reflect the highly
complicated stress and strain fields and the gradients of various physical quantities, a fine
mesh configuration having a focused ring of elements surrounding the crack front is used
with a small initial root radius (2 um) at the crack tip (blunt tip) to enhance convergence of
the nonlinear iterations, which is shown in Fig. 4 (in the red rectangle).

Due to the symmetry condition of the two types of specimens in the vertical direction,
half models are created to save computing resources. For the CT specimen, a constant tensile
force is applied on the left loading hole (see Fig. 3 (a)), and the CCT model is subjected to a
constant tensile load which is exerted on the top surface (see Fig. 3 (b)). To simulate the
effect of the cyclic bending moment history in Fig. 5, an equivalent cyclic linear distribution
of stress is applied to the top boundary of each specimen. Unlike the CT specimen which
presents 1 symmetry plane, the CCT specimen normally presents 2 symmetry planes.
However, the applied cyclic bending moment on the top boundary leads to loading conditions

that are not usual in classic CCT specimens, i.e., one loading symmetry is lost. Therefore,

16
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only one symmetric condition is applied on the symmetric plane for both the CT and CCT
specimen in the presence of the top bending moment as shown in Fig. 3 (b), and the half
model is adopted for the study of both the CT and CCT specimens.

Moreover, both models are well constrained along the vertical direction, and another
extra node is constrained in the horizontal direction to prevent rigid body displacement in
each case. The spectrums of time-dependent loads in Fig. 5 depict the cyclic modes of
bending moment and tensile load, where all the reference loads are set to be one unit firstly,

and then gradually scaled to the ratchet limit during the LMM ratcheting analysis.

(b)

Fig. 4. FEA model and the feature of crack tip: (a) CT specimen and (b) CCT specimen

=l . .
2 =8 Cyclic bending moment
g Mmax
EEEEEER
£ ;
= .
() [ ]
- []
(o] [ ]
:?'2' ]
>‘ -
O .
8 = 2 4 6 8 10
2t = = Time
= -
= - .
= - —=— Constant tensile load
E L} n
E‘ ] ]
Z =
: u L]
o [ ] L]
@) L] ]
] ] >
0 2 4 6 8 10
Time

Fig. 5. Load spectrum of cyclic bending moment and constant tensile load
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4. Effect of constraint on the ratchet limit and plastic strain range

The ratcheting boundary is capable of distinguishing different types of failure modes,
including elastic shakedown, plastic shakedown or alternating plasticity and progressive
plasticity or ratcheting behaviour. In this section, by repeatedly adopting the LMM ratcheting
analysis at different levels of the cyclic load conditions, a series of ratchet limit boundaries
of the provided load combinations are built for the CT and CCT specimens based on the

presented LMM DSCA and ratcheting programs.

4.1.  Ratcheting boundary of CT specimen with different constraint conditions

In the case of the CT specimen, the ratcheting boundaries under different constraint
conditions are calculated by LMM ratcheting analysis considering a sequence of different
cyclic bending moment levels, which are described in Fig. 6, where the horizontal and
vertical axes represent the constant tensile force applied on the loading hole and the cyclic
bending moment, respectively. It can be observed from both plane stress and plane strain CT
specimens that, with the increasing in-plane constraint (a/W'), the acceptable plastic
shakedown region (including elastic and plastic shakedown or alternating plasticity) is
compressed inward continuously. That means, resulting from the enhancement of the in-
plane constraint effect, the capacity of the structure against cyclic loads is severely weakened,
which is similar to the effect of reducing the fracture resistance of the structure.

Traditionally, there should be a linear relationship between the limit load of the structure
and the effective cross-section. Conversely, as the dimension of the crack grows linearly, the
limit capability of the structure that should have been linearly decreasing shows a highly
nonlinear trend. Compared to the results of CT specimens with low constraint (a/W = 0.1
and a/W = 0.3), the ratcheting boundary shrinks inward more obviously, and the magnitude

of change is also more significant in the CT specimens with high constraint (a/W = 0.5 and
18
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a/W = 0.7), which reflects that the higher constraint effect brings more remarkable change
to the ratcheting boundary. In other words, the fluctuation of the ratchet limit is more
sensitive under the high constraint effect, and, accordingly, the ratcheting boundary reduces
more drastically and nonlinearly, which is caused by the complex response of the ratchet
limit to the interaction of the high constraint effect and the reduction of the effective section.

Besides, in terms of out-of-plane constraint effects, by comparing plane stress and plane
strain models with the same degree of in-plane constraint condition (a/W') and load
conditions, it can be seen that the ratchet limit of the plane strain model is higher than that of
the plane stress model. Although the plane strain model corresponds to a higher out-of-plane
constraint effect, considering that the ratchet limit is a measure of the overall capacity of the
whole structure, the increase in thickness conceals the weakening by the high out-of-plane

constraint effect, resulting in the ratchet limit greater than plane stress model.

4E+3
—— (T a/W=0.1 Plane stress 4E3 b == CT a/W=0.1 Plane strain
~—o— CT a/W=0.3 Plane stress —8— CT a/W=0.3 Plane strain
) =—de— CT a/W=0.5 Plane stress E e C'T 2/W=0.5 Plane strain
28 3E+3 #— CT a/W=0.7 Plane stress ZE == CT a/W=0.7 Plane strain
= ¥ Reverse plasticity condition = B3 ¥ Reverse plasticity condition
5 5
£ =
: :
o2 F3 a0 2E+3
g . g :
g Ratchetlng zone = Ratchetmg zone
2 2
e o
S 1643 \ S b
> >
] [}
wstlc shakedwon zone\ Fﬁ\‘splastic shakedwon zone
OF+0 1 \I 1 1 1 OE+0 e 1 B} 1 1
0.0 0.5 1.0 1.5 2.0 25 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0
Constant tensile force (kN) Constant tensile force (kN)
(a) (b)

Fig. 6. Ratcheting boundary of CT specimen: with (a) plane stress condition and (b) plane

strain condition

4.2.  Ratcheting boundary of CCT specimen with different constraint conditions
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For the case of the CCT specimen, by employing the same numerical procedure to
implement LMM ratcheting analysis, the ratcheting boundaries under different constraint
conditions are constructed below in Fig. 7. Compared with the CT specimen mentioned
above, a similar phenomenon can be noticed in both plane stress and plane strain models that
the acceptable plastic shakedown region under each ratcheting boundary keeps remarkably
shrinking as the in-plane constraint increases.

In addition, it is worth pointing out that although when the crack dimension (a/W) is
between 0.1 and 0.5, these three ratcheting boundaries (the curves in black, red and blue)
have a coincident segment in the interval of elevated cyclic bending moment level (inside the
dotted rectangle), the ratcheting boundaries corresponding to crack sizes of 0.3 and 0.5 start
to deviate from the ratcheting boundary with the lowest in-plane constraint (a/W = 0.1)
successively. Forced by a stronger constraint effect in the CCT specimen, when considering
the highest in-plane constraint (a/W = 0.7), this ratcheting boundary (the curves presented
in green) is completely separated from the previous three curves, where the value of reverse
plasticity limit due to the cyclic bending moment is much lower than the previous three
curves, which finally leads to the minimum plastic shakedown area.

Here it should be clarified that the constraint effect introduced by CCT specimens is
weaker than that of CT specimens, hence the ratcheting boundaries of CCT specimens have
a specific dense overlap area inside the dotted rectangles highlighted in Fig. 7, leading to a
weaker separation of each boundary under the elevated cyclic bending moment level.
However, the CT specimen, which symbolises a higher constraint effect, has a clearer degree
of separation between each ratcheting boundary shown in Fig. 6. Hence, a general conclusion
can be drawn that the ratcheting boundary of the cracked specimen is much more sensitive
and vulnerable under the influence of high constraint effects.

Similarly, considering the out-of-plane constraint effect between CCT plane stress and

plane strain models, the acceptable plastic shakedown regions (areas under the corresponding
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ratcheting boundaries in Fig. 7) of the plane strain model are much broader than that of the
plane stress model, where the thickness is dominant in the comparative analysis. In other

words, the out-of-plane constraint effect elevates the capability to resist ratcheting failure.
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Fig. 7. Ratcheting boundary of CCT specimen: with (a) plane stress condition and (b)

plane strain condition

4.3.  Unified correlation between constraint and the ratchet limit

To characterise the in-plane and out-of-plane constraint effect numerically, the unified

measure parameter A, was proposed by Yang et al. [15], which is defined as follows:
Ap = APEEQ/Aref (26)

Here, Apggq 1s the area surrounded by the equivalent plastic strain isolines ahead of the crack

tip, and A, 1s the reference area surrounded by the isolines in the standard specimen, which
is selected following the requirement of Ref. [49, 50], with the geometrical feature defined
asa/W = 0.5.

In this study, the isoline of effective ratcheting strain €r4¢cheting = 0.2 ahead of the

crack tip is used to calculate the Apggq, where the effective ratcheting strain describes the
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net increment of the plastic strain after one entire load cycle (including one loading stage and
one unloading stage), and A, is the reference area measured at the ratcheting state in the
standard test with a standard CT plane strain model (a/W = 0.5).

The areas surrounded by the &-4¢cheting = 0.2 isolines are shown in Fig. 8 to Fig. 11
below. For each type of specimen, the ratcheting strain is calculated under the same level of
cyclic bend moment, with the constant load located slightly outside the ratcheting boundaries
in Fig. 6 and Fig. 7 constructed by LMM analyses. This is intended to avoid the numerical
error for which the ratcheting strain is too weak to identify due to the disturbance with the
load condition point just located on the ratchet limit boundary, and, consequently, to maintain
the fair ratcheting level when demonstrating different constraint conditions.

As crack size a/W increases from 0.1 to 0.7, the in-plane constraint effect strengthens
gradually, and, as a result, the areas (in red colour) surrounded by the &-4¢cheting = 0.2
isolines show a decreasing trend in both CT and CCT specimens. In addition, by comparing
the areas surrounded by the &4¢cpeting = 0.2 isolines of plane stress and plane strain model
under the same a/W level (e.g., comparing the results in Fig. 8 (a) and Fig. 9 (a)), the results
of plane strain models are much lower than those of plane stress models, where the strongest
out-of-plane constraint condition of the plane strain model [51] inhibits the development of
ratcheting strain at the crack tip during the load combination outside the ratcheting boundary.
Here, the plastic strain around the edge of the loading hole is generated by the contact stress
between the supporting rollers and the inner surfaces of the loading hole during the movement
of the rollers. However, as the loading hole is quite far from the crack tip, the ratcheting strain
around the loading hole will not affect ratcheting results at the crack tip. Therefore, there is
little impact of the ratcheting strain around the loading hole on the results in the paper.
Another noticeable difference is that due to the higher out-of-plane constraint level of plane

strain models, relative to plane stress models, the shapes of areas of &,4¢cneting = 0.2 isolines
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of the plane strain model present a drop shape, which is more concentrated at the crack tip.
However, in the plane stress model, the shapes of areas of &,4¢cneting = 0.2 isolines present

a more widely distributed semi-ellipse.

(d)a/W = 0.7 (c) a/W = 0.7

Fig. 8. The ratcheting strain contours of CT Fig. 9. The ratcheting strain contours of CT

plane stress model with different a/W plane strain model with different a/W
(a)a/W = 0.1 (a)a/W = 0.1
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(b) a/W = 0.3 (b) a/W = 0.3

(c)a/W = 0.5 (c)a/W = 0.5

(d) a/W = 0.7 (d) a/W = 0.7

Fig. 10. The ratcheting strain contours of Fig. 11. The ratcheting strain contours of
the CCT plane stress model with different  the CCT plane strain model with different

a/W a/W

Fig. 12 shows the unified constraint parameter A, under different constraint conditions.
It can be found that the unified constraint parameter A, is also suitable for measuring the
compound constraint effect of cracked specimens with cyclic loading conditions. Quite
similar to the case of monotonic loading condition, as the constraint effect enhances (for the
in-plane constraint condition, it refers to the increase of a/W crack dimension, and regarding
the out-of-plane constraint condition, it means changing the thickness from plane stress to
plane strain), the unified constraint parameter A, reflects a negative correlation with the
constraint condition. At the same time, a lower level of A, stands for a highly constrained
condition, where only limited ratcheting strain develops, while a higher magnitude of 4,
indicates a loss of constraint with a much broader ratcheting strain distribution around the
crack tip region.
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In addition, Fig. 13 further reveals that under the identical predefined level of cyclic

bending moment, the ratchet limit of the cracked specimen and the unified constraint

parameter \/A, approximately show a salient linear correlation, reflecting the weakness of

the ratchet limit due to the enhancement of the constraint effect. It is worth noting that

although this linear relationship between the constraint parameter /A, and the ratchet limit

is established by considering two extreme out-of-plane constraint states (i.e., the plane strain

and plane stress states), for the actual 3D cracked structures, the data points should be on the

correlation line. The correlation is very meaningful for the assessment of the ratchet limits of

cracked structures in terms of different constraint conditions (including different in-plane,

out-of-plane, and compound constraint conditions), where the constraint-related ratchet limit

is able to be calculated through it directly.

6
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== CT Plane stress model
=== (T Plane strain model

0.1 0.2 0.3 0.4 0.5 0.6 0.7
alW
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il CCT Plane stress model
=@ CCT Plane strain model

0.0 0.1 0.2 0.3 04
a/W

(b)

Fig. 12. The unified constraint effect measurement of cracked specimens under different

constraint conditions for (a) CT specimen and (b) CCT specimen
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Fig. 13. The general relationship between the unified constraint measurement,/A,, and

the LMM ratchet limit under cyclic bending moment condition: (a) CT specimen and (b)

CCT specimen

4.4.  Effect of constraint on the plastic strain range and the unified correlation

Given that the structural low cycle fatigue failure and life are closely related to the
amplitude of alternating plastic strain at the critical locations, it is meaningful to reveal the
influence of the constraint effect in the cracked structure on the amplitude of alternating
plastic strain. Therefore, based upon the DSCA procedure under the LMM framework
introduced by Sections 2.2 and 2.4, two series of fatigue analyses for both CT and CCT
specimens are implemented to acquire the convergent varying residual stress field and
amplitude of alternating plastic strain range at the crack tip. Here, the load condition points
are predefined to be lower than the values of the ratchet limit under both plane stress and
plane strain conditions, which are displayed by the purple star points in Fig. 6 and Fig. 7,
slightly falling into the reverse plastic zone of specimens with a/W = 0.7.

Regardless of the CT or CCT specimen, with the in-plane constraint gradually

strengthening, the amplitude of the alternating strain at the crack tip has an apparent upward
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trend, which is depicted by the two sets of closed stress-strain hysteretic curves in Fig. 14
and Fig. 15. Moreover, it is worth noting that there is a threshold of crack size at which the
high constraint effect intervenes and intensively changes the cyclic strain range. For both
specimens, when the a/W parameter is below 0.5, the increment of strain range for each size
is almost uniform, while a surge of plastic strain range occurs with the crack parameter
changing to 0.7 (see the green hysteresis loop in Fig. 14 and Fig. 15). However, the CCT
specimen is not as sensitive to the constraint effect under the low in-plane constraint
condition, which is reflected by the fact that when parameter a/W equals 0.1, and its cyclic

strain range is still in a pure elastic state (see the short black dash curve in Fig. 15), resulting

in much higher LCF life.

= CT /W=0.1 Plane stress| 600
=T 2/W=0.3 Plane stress|
sl CT 2/W=0.5 Plane stress
o= CT &/W=0.7 Plane stress|

Stress (MPa)

Stress (MPa)

600

400

T T
005 0.000 0.015f 0.020

Strain

(2)

Strain

(b)

Fig. 14. Saturated hysteresis loops of CT specimen under reverse plasticity condition: (a)

under plane stress condition and (b) under plane strain condition
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Fig. 15. Saturated hysteresis loops of CCT specimen under reverse plasticity condition:

(a) under plane stress condition and (b) under plane strain condition

The unified constraint parameter A,, is also adopted to further characterise the influence
of the strength of constraint effect on the alternating plastic strain based on the DSCA results.
There is a slight adjustment that since under the plastic shakedown load conditions, the local
plastic region around the crack tip is not fully developed as in the ratcheting cases, the Apggg
to define the unified constraint parameter A, is adjusted to the area surrounded by the
alternating plastic strain isolines ahead of the crack tip. In this section, the alternating plastic
strain range is selected to be 0.02 to determine the isolines ahead of the crack tip. In Fig. 16,
there is a certain correlation between the unified constraint parameter \/A—p and the
alternating plastic strain range at the crack tip, showing that as the compound constraint effect
strengthens, the alternating plastic strain range increases linearly, which directly results in
sharply reduced LCF life. Although there are only two extreme out-of-plane constraint states
(i.e., the plane strain and plane stress states) exhibited here, the linear relationship line of
specific 3D cracked structures should exist accordingly. This linear correlation is capable of

functioning as the reduction coefficient for assessing the alternating plastic strain range and
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the LCF life of cracked structures once the constraint effect strength is calibrated according

to the parameter A,,.
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Fig. 16. The general relationship between the unified constraint measurement /A, and

the alternating plastic strain under cyclic bending moment condition: (a) CT specimen

and (b) CCT specimen

5. Verifications and discussions

5.1.  Strategy of validation

The comparison of the numerical solutions with experimental data is always beneficial.
However, in terms of this study, the experimental results are more suitable for verifying the
trend and rule that dominate the failure mechanisms, since it is almost impossible for the
numerical results to completely coincide with the results of real experiments due to many
inevitable uncertain factors in the experiment process. Therefore, in this research, numerical
verifications were implemented to verify the LMM ratcheting analysis which is applied in

the virtual experiments when deriving the pertinent constraint parameter.
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To verify the effectiveness of the ratcheting boundaries calculated by LMM ratcheting
analysis, it is not necessary to verify all these ratcheting boundaries for all cases investigated,
and we only need to verify the accuracy of ratcheting boundaries for some typical conditions.
For this consideration, only the LMM ratcheting boundaries for both the CT specimen and
CCT specimen with a/W=0.5 (Shown in Fig.17) were verified. ~Although the ratcheting
boundaries will be different when using a different value for a/W as shown in Figs. 6 and 7,
it will have no impact of using a different value for a/W on the validity of the verification
process. This is because the Linear Matching Method is a general numerical approach, and
the accuracy of the method does not rely on the geometry adopted. Two sets of virtual
numerical tests are designed for both CT and CCT specimens by adopting the detailed
ABAQUS non-linear analysis. The specimen whose crack size parameter a/W is equal to
0.5 is defined as the standard specimen and selected for validation purposes, with the same
cyclic hardening material property (defined in Section 3.2) and BCs (illustrated by Fig. 3)
adopted in the FEA model.

The multi-step FEA is implemented according to the load history in Fig. 5, where the
maximum value of bending moment within the per load cycle and the constant value of the
tensile load are determined by four pairs of condition points shown in the LMM ratcheting
boundaries for standard CT and CCT specimens with a/W = 0.5 (see Fig. 17). The green
and pink condition points inside the general ratcheting region represent the alternating plastic
condition related to fatigue failure, while the blue and yellow points above the boundary
prescribe the ratcheting condition (progressive plastic condition).

The criterion for verification is to witness a transition of dominated mechanism from
the non-ratcheting to the ratcheting failure on both sides of the boundary. If the boundary is
effective, there should exist a state of alternating plasticity with the load condition inside the
boundary, and at the same time, under the load point outside the boundary, the ratcheting

behaviour should be observed. To further decide the cyclic state during the load cycle
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progresses, the accumulation of time-dependent effective plastic strain is extracted from the

key node at the crack tip, which is defined by the ABAQUS variable plastic strain magnitude

PEMAG [48] (PEMAG= E ePl: gPl where £P! characterizes the plastic strain tensor). And

the history of PEMAG is able to identify whether there is a ratcheting or non-ratcheting state

for structures under cyclic load conditions.
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Fig. 17. Load conditions for the verification of the LMM ratcheting boundaries: (a)

5.2.

In

Standard CT specimen (a/W=0.5) and (b) Standard CCT specimen (a/W=0.5)

Verification of CT specimen model

the case of standard CT specimen, when the load combinations in Fig. 17 (a) are

under the reverse plasticity condition, after the first load cycle (including loading and

unloading processes), the plastic strain continues to fluctuate, and the amplitude finally

converges to a fixed amplitude, which is displayed by the blue curves of plastic strain

histories in Fig. 18. From another two blue curves in Fig. 19, it can be observed that with the

crack tip entering the plastic shakedown state, except for the first cycle, all the subsequent
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hysteresis loops always remain closed, and there is no net increment of plastic strain during

this process.
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Fig. 18. History of plastic strain magnitude at the crack tip: (a) standard CT specimen
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Fig. 19. Cyclic stress-strain response at the crack tip: (a) standard CT specimen under

plane stress condition and (b) standard CT specimen under plane strain condition
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Instead, after the load condition points slightly rise to the ratcheting side, the net increase
in cyclic plastic strain begins to occur, and it accumulates unstoppably during each cycle until
progressive plastic collapse occurs. This process is described by the plastic strain history and
stress-strain hysteresis curves shown in Fig. 18 (b) and Fig. 19 (b). Compared with the
alternating plastic behaviour, the materials yield zone where progressive plastic strain occurs
extends to a much broader range than the case of reverse plasticity condition, which is highly

consistent with the failure mechanisms predicted by LMM ratcheting analysis.

5.3.  Verification of CCT specimen model

To further explain the alternating plasticity at the crack tip of standard CCT specimen
when the load condition points fall into the reverse plasticity zone in Fig. 17 (b), by tracking
the historical information of stress and strain at the crack tip, a series of converged cyclic
plastic strain ranges and closed hysteresis loops can be observed clearly from the blue curves
in Fig. 20 and Fig. 21. In addition, similar to the phenomenon of the CT specimen above,

the plastic yield zone, as well as the cyclic plastic strain response, are generated only near

the crack tip
07k = CCT a/W=0.5 Plane stress model showing reverse plasticity CCT a/W=0.5 Plane strain model showing reverse plasticity
: e CC'T 2/W=0.5 Plane stress model showing ratcheting CCT a/W=0.5 Plane strain model showing ratcheting
06 L Condition G 0.06 L Condition H
oskore - -\ - . . . g - A N N WY A
= =
£ <
£ g
B 04f z 004
2 =
w o
= 03F Z .
- =
..................... I =
02F 0.02
01 -4 « « - - - - .- - = - . - - = L.
Y Condition F
Condition E
00 1 1 1 1 1 1 1 1 000 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12
Step Step
(a) (b)

33



Effect of constraint on cyclic plastic behaviours of cracked bodies and the establishment of unified constraint correlation

Fig. 20. History of plastic strain magnitude at the crack tip: (a) standard CCT specimen

under plane stress condition and (b) standard CCT specimen under plane strain condition
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Fig. 21. Cyclic stress-strain response at the crack tip: (a) standard CCT specimen under

plane stress condition and (b) standard CCT specimen under plane strain condition

Compared to the standard CT case, the ratcheting strain at the standard CCT specimen
crack tip develops more slowly when the load combinations lie slightly outside the ratcheting
boundary, which is reflected by the red ratcheting curves in Fig. 20 and Fig. 21, where the
increment of cyclic plastic strain during every cycle accumulates gradually at a low speed.
This fact also provides sufficient evidence for the above prediction of failure mode

determined by the LMM ratcheting analysis.

6. Conclusions

In this research, with the constraint effect involved, cyclic plastic responses of the
cracked structure are investigated by using the direct method. The constraint-related

ratcheting boundary of the cracked specimen is well-built, and the influence of the constraint
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effect on the ratcheting boundary is clarified. In addition, the fracture mechanics constraint
parameter Ap is generalized to measure the constraint-related alternating plasticity and
ratcheting resistance.

The main conclusions of this study are as follows:

(1) The high in-plane constraint effect keeps compressing the capacity of both CT and
CCT specimens against ratcheting failure due to cyclic load conditions as the in-plane
constraint increases. With regard to the out-of-plane constraint effect, the acceptable plastic
shakedown regions in the plane strain model are larger than in the plane stress model since
the out-of-plane constraint effect elevates the resistance of ratcheting failure.

(2) The ratcheting boundary of the cracked specimen is much more vulnerable under the
influence of the high in-plane constraint effect. And there is a significant nonlinear
relationship between the weakening of the structural capacity against cyclic load conditions
and the strengthening of in-plane constraint.

(3) The unified constraint parameter A, is employed to measure the strength of
compound constraint under cyclic loading conditions, showing that this unified constraint
parameter is suitable for both monotonic and cyclic loading conditions. And a salient linear
relation between parameter \/A—p and cyclic plastic responses (including ratchet limit and
alternating plasticity) of the cracked specimen is demonstrated, aiming at evaluating the
ratchet limits and alternating plastic strain range (associated with LCF life) of cracked
structures in terms of different constraint conditions.

(4) As the load condition point falls into the reverse plasticity zone, there is a threshold
of crack dimension at which the high constrain effect intervenes and intensively expands the
amplitude of alternating plastic strain around the crack tip, leading to a sharp reduction in

low cycle fatigue life.
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(5) The ratcheting and alternating plasticity behaviours of standard CT and CCT
specimens, predicted by the LMM framework, are verified by a detailed ABAQUS step-by-
step analysis. The load condition points located at both sides of the ratcheting boundary show
different failure mechanisms, which are completely consistent with those obtained by LMM

ratcheting analysis.
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