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Abstract Richards equation describes water transport in soils, but requires as input, soil
material property functions specifically relative hydraulic conductivity and relative diffu-
sivity typically obtained from the soil-water retention curve (SWRC) function (involving
capillary suction head). These properties are often expressed via particular functional forms,
with different soil types from sandstones to loams represented within those functional forms
by a free fitting parameter. Travelling wave solutions (profile of height é against moisture
content @) of Richards equation using van Genuchten’s form of the soil material property
functions diverge to arbitrarily large height close to full saturation. The value of relative
diffusivity itself diverges at full saturation owing to a weak singularity in the SWRC. If
however soil material property data are sparse near full saturation, evidence for the nature
of that divergence may be limited. Here we rescale the relative diffusivity to approach unity
at full saturation, removing a singularity from the original van Genuchten SWRC function
by constructing a convex hull around it. A piecewise SWRC function results with capil-
lary suction head approaching zero smoothly at full saturation. We use this SWRC with the
Brooks-Corey relative hydraulic conductivity to develop a new relative diffusivity function
and proceed to solve Richards equation. We obtain logarithmic relationships between height
é and moisture content © close to saturation. Predicted é values are smaller than heights
obtained when solving using the original van Genuchten’s soil material property functions.
Those heights instead exhibit power law behaviour.

1 Introduction

Modelling flow in porous media is important not only in groundwater flow but in many other
areas such as suspension dewatering (Aziz et al., 2000; Buscall and White, 1987) and fluid
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recovery, e.g. oil recovery (Ahmed, 2006; Grassia et al., 2014). Study of this phenomenon
requires detailed and careful formulation of the governing equations which depend not
only on the fluid, but also on the properties of the porous media in question. In particular,
Richards equation (hereafter RE) is the fundamental equation used to describe groundwater
flow (Richards, 1931).

In order to solve RE, we require soil material property (hydraulic) functions, namely,
capillary suction head, relative hydraulic conductivity (RHC) and relative diffusivity (RD).
Using the soil-water retention curve (SWRC) which gives the relationship between capillary
suction head and moisture content present in the soil, the latter two functions can also be
derived (van Genuchten, 1980). Usually, an analytical SWRC is used with a predictive con-
ductivity model (hereafter PCM) to determine the RHC (van Genuchten, 1980; Assouline,
2001). This RHC is then used with the derivative of capillary suction head to determine the
relative diffusivity. Since the SWRC is used to predict these other hydraulic functions, it is
important to have a reasonably accurate representation of the retention curve.

A number of functional forms for SWRC are available in literature (Assouline et al.,
1998; Brooks and Corey, 1964; Fredlund and Xing, 1994; van Genuchten, 1980). Among
those commonly used are the ones proposed by Brooks-Corey (Brooks and Corey, 1964)
and van Genuchten (van Genuchten, 1980). The Brooks-Corey SWRC model is described
as accurate at low moisture content but less accurate near full saturation (Assouline et al.,
1998; Stankovich and Lockington, 1995). Additionally, it goes to a finite capillary suction
head value at full saturation, whereas zero capillary suction is expected in that limit. The van
Genuchten SWRC model is similar to Brooks-Corey at low saturation but matches field data
more accurately at higher saturation than the Brooks-Corey SWRC does (Assouline et al.,
1998; Stankovich and Lockington, 1995; Vogel and Cislerova, 1988). It goes to zero suction
pressure at full saturation, but at the expense, as we will see, of introducing a singularity
near full saturation. Specifically, the derivative of the suction pressure is infinite at full sat-
uration. The van Genuchten model achieves this by introducing an inflection point in the
SWRC which is absent in the Brooks-Corey model (Stankovich and Lockington, 1995). In
van Genuchten’s SWRC, the derivative of the SWRC increases moving in either direction
away from the inflection point. We shall focus on the van Genuchten SWRC in this paper.
The concern addressed here however is that when one is trying to fit van Genuchten’s SWRC
to experimental data, unless a significant amount of experimental data are available in the
neighbourhood of full saturation, it is uncertain whether the particular singular behaviour of
the fitted van Genuchten model predicted in that limit really is an accurate reflection of the
true SWRC. In view of that, there is even scope for exploring variants of the SWRC which
do not exhibit such singularities.

As mentioned earlier, a so-called predictive conductivity model (hereafter PCM) can
be employed with a SWRC function to obtain the relative hydraulic conductivity (RHC)
(Assouline and Tartakovsky, 2001; Burdine, 1953; Mualem, 1976; van Genuchten, 1980).
The derivation and application of a PCM is discussed further in Appendix A. By definition,
the RHC should approach unity as the system approaches full saturation. It is defined as
conductivity relative to the conductivity at full saturation. As we see in Appendix A, the
singularity in the SWRC is needed to keep the RHC finite at saturation, at least if a PCM is
used. Between the two most commonly used PCM, namely the Burdine (1953) and Mualem
(1976) models, the Mualem model is claimed to match field data more accurately and is thus
more commonly used (Assouline and Tartakovsky, 2001; van Genuchten, 1980). Using the
Mualem PCM, the singularity in the SWRC predicts a RHC that goes to unity abruptly, again
with a derivative that is singular. Similarly, due to this SWRC singularity, the relative diffu-
sivity (which is obtained as a product of the relative hydraulic conductivity and the derivative
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of the capillary suction head) diverges at full saturation (Morrow and Harris, 1965), making
it more difficult incidentally to attain that saturated state. Another consequence of this (as
Appendix A explains) is that, if we alter the SWRC to avoid a singularity at full saturation
the PCM fails to converge, we must also alter the conductivity model employed.

As previously deduced (Boakye-Ansah and Grassia, 2021), Richards equation admits
travelling wave solutions (profile of height & against moisture content @) using the hy-
draulic functions given by van Genuchten (1980). These travelling waves were shown to
have known asymptotic analytical forms both in the limit of very low (® < 1) and large
(O =~ 1) moisture content. The obtained analytical travelling wave solutions show a power
law behaviour in these limits. In particular at @ = 1, the travelling wave solution diverges to
infinity as a power law due to the behaviour of relative diffusivity at full saturation. Specif-
ically, height é scales as a negative power of (1 — @), the exponent of the power law de-
pending on soil properties. Thus, ® only approaches full saturation over very large vertical
distances, or equivalently at given height &, the system can remain surprisingly far away
from full saturation (details in Appendix B).

Previous work (Boakye-Ansah and Grassia, 2021) has shown strong physical and math-
ematical analogies between foam drainage and Richards equation, foams having a capillary
pressure (analogous to the SWRC) and also an analogue of a relative hydraulic conductivity
and a relative diffusivity. Unlike the case with Richards equation, these functions do not
exhibit singularities in the limit as a foam breaks up into a bubbly liquid (the analogue of
what would be considered full saturation in a porous medium). The resulting travelling wave
solution for profile of height & against moisture content @ no longer has a power law diver-
gence, but rather diverges less strongly, i.e. logarithmically. Near saturation conditions are
thereby attained at far more modest heights. An interesting question is whether, in the case
of soils with singularities in the SWRC removed, the behaviour will be similar to the orig-
inal travelling wave solutions for soils, or whether instead they will be more akin to those
results for foam drainage.

To summarise, this work seeks to explore the possibility and consequence of removing
the singularity from the SWRC function, and to evaluate the impact of this change on the
travelling wave solution to Richards equation. We shall explore numerical and approximate
asymptotic travelling wave solutions when the singularities for these soil material properties
are relaxed. We find that the travelling wave solutions obtained show a logarithmic law in
the region of large moisture content as has been obtained for the two foam drainage equation
variants in the same limit.

This paper is laid out as follows: in Section 2, we review the fundamental equations
that govern fluid flow in unsaturated soils and in foams. We focus on Richards equation
and its dimensionless form, and we give the foam drainage equations and corresponding
solutions also. In the next section after that, namely Section 3, we analyse the equations
used to describe the soil material property functions showing how singularities can be re-
moved by suitably modifying the material properties in the governing equation. If SWRC
data are sparse near full saturation, there is limited justification (at least based on curve
fitting alone) for selecting the original singular SWRC over the non-singular variants we
derive. We present the results and discussion for profile of heights & vs moisture content
© in Section 4, and then conclude the paper in Section 5. A key result we will emphasise
is that close to saturation, the travelling wave solutions from the modified RE behave more
similarly to the foam drainage solutions, than to the original RE ones.
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2 Governing Equations

We now present the governing equations that we shall use in this work, namely, Richards
equation and foam drainage equation. The travelling wave solutions for foam drainage are
available (Boakye-Ansah and Grassia, 2021; Cox et al., 2000; Verbist et al., 1996) and shall
thus not be rederived. The solutions are merely quoted in this paper. Later on, we also
rescale the Richards equation to match the foam drainage equation by rescaling the relative
diffusivity to be unity at full saturation since the foam drainage diffusivities already have
that property. This will allow for easier comparison of solutions.

2.1 Foam Drainage Equations

We know from literature that there are two main equations that are used to describe drainage
in foams. These are respectively the channel-dominated foam drainage equation (CD FDE)
(Verbist et al., 1996; Weaire and Phelan, 1996) and the node-dominated foam drainage equa-
tion (ND FDE) (Koehler et al., 1999, 2000), and they differ according to whether dissipation
in the foam is assumed to take place in Plateau border (PB) channels or vertex nodes, respec-
tively. The equations are thus given in dimensionless form as

2
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where equations (1) and (2) are respectively the channel-dominated and node-dominated
foam drainage equation. Here, 7 is a rescaled dimensionless time and & is a rescaled di-
mensionless vertical coordinate measured upward. Details of how to make the equations
dimensionless can be found in Boakye-Ansah and Grassia (2021). Also, ® denotes here not
the absolute moisture content in the foam, but rather the relative moisture content, relative
to the point at which the foams breaks up into a bubbly liquid. By analogy with Section 2.2
presented later on, we observe that the analogous values to relative hydraulic conductivity
0% & 3/ 2) and relative diffusivity (\/@ & 1) are known (for CD and ND FDE respec-
tively), and these go to finite unit values when the system reaches full saturation (i.e. ® = 1).
We examine the travelling wave solution @ (&, t) = ©(& + v1) for foam drainage, where v
is a dimensionless wave velocity. If we consider ® = 1 upstream and ® = 0 downstream,
then it is possible to show that v = 1 (both for CD and ND FDE). After taking the first in-
tegral (Boakye-Ansah and Grassia, 2021), we can compute the shape of the travelling wave
expressed in the form & vs ®. We deduce for CD FDE,

d/de =1/(Ve (1-0)), 3)

and for ND FDE,
ds/de = 1/(6 (1-0)). )

Integrating again, we obtain for CD FDE,

E = 2 arctanh \/6, (®)]
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and for ND FDE, .
£ =2log (VO/(1-V0O)). (©6)

Their asymptotic solutions are for CD FDE,

g, ~2vo &l ~log(1/(1-0))+log4, ™

o<1
while for ND FDE, we deduce

N

5 okl
where the terms log 4 in equations (7)—(8) are needed to match with equations (5)—(6). The
behaviour in the ® — 0 limit are clearly very different (5 — 0 in one case and 5 — oo in the
other), but we focus here on the ® ~ 1 behaviour. It is clear that the ND FDE predicts a é
roughly twice the CD FDE value.

~log (O); é‘ _ ~2log (1/(1-0)) +log 4, ®)

2.2 Richards Equation

In solving for the Richards equation, we have previously used (Boakye-Ansah and Grassia,
2021) a diffusivity function that diverges at full saturation. Indeed soil-water diffusivity
functions that diverge at full saturation are commonly employed to solve Richards equa-
tion (Ahuja and Swartzendruber, 1972). This is certainly the case using the van Genuchten
(1980) model and it is unavoidable with that model (see Appendix A). Clearly, if diffusivity
diverges at full saturation, there is no scope to rescale it to obtain a relative diffusivity that
is unity in that limit. This behaviour does not then allow for an equal comparison with foam
drainage, neither with the channel-dominated case nor with the node-dominated FDE since
their relative diffusivity functions (v/@ and 1 respectively) go to unity at full saturation.
In what follows, we depart from the van Genuchten model in order to formulate a variant
of Richards equation with a finite relative diffusivity in the ® — 1 limit that allows for a
rescaled relative diffusivity (given in Section 3.3) which is equal to 1 when moisture con-
tent is unity (® = 1). For the moment however, we consider Richards equation as originally
formulated.

2.2.1 Rescaling Richards Equation

The moisture-based Richards equation is given as (Philip, 1957; Celia et al., 1990),
00/dt—V-D(0)VO —dK(0)/dz=0. ©)]

Here, 6 is volumetric moisture content, ¢ is time, D(0) is diffusivity, K(0) is hydraulic
conductivity and z is depth of infiltration (measured positive upward). The relative/rescaled
moisture content which describes the volumetric moisture content 8, is given as

@:(e_er)/(es_er)v (10)

where 6, and 6, are residual and saturated moisture content respectively.
After suitable nondimensionalization of equation (9), we deduce (details are given in
Boakye-Ansah and Grassia (2021))

90 9 90 9K,(0)

o7 98 Pr@gF ——5¢

=0, an
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which is the dimensionless Richards equation. Here 7 is dimensionless time, & is dimension-
less spatial coordinate (measured upwards), K,(®) is relative hydraulic conductivity and
D, (@) is relative diffusivity. Note that

D,(©) =K,(0)|dH. /d6|, (12)

where H, (©) is dimensionless capillary suction head. There are various additional physical
effects which can be introduced now (Cuesta et al., 2000; Beliaev and Hassanizadeh, 2001;
van Duijn et al., 2018; Mitra and van Duijn, 2019; El Behi-Gornostaeva et al., 2019), such
as hysteresis (in which H depends upon whether ® is increasing or decreasing over time)
and dynamic capillarity (in which H. depends upon the rate of change of @, not just on ©
itself). Here however such effects are neglected and we treat H. simply as a function of ©.

The focus then is just upon the functional form of H. . More discussion of this functional
form of H,. will be given in Section 3. Strictly speaking, capillary suction head H is negative,
but we define H; = —H in order to obtain a positive quantity. However, H decreases as
O increases, so that dH, /d® is negative but its absolute value |dH, /d@| is positive. Here
lim g1 K, = 1 by definition. It then follows that lim ¢_; D, = lim g, |dH,./d6|.

Even though limg_,; K, = 1 as we have said, making equation (11) directly compa-
rable with the foam drainage equations (3)—(4) is problematic as was alluded to previ-
ously, since according to the van Genuchten formula for suction head H., it turns out
lim g1 |dH /d®| — oo. Thus, limg_,; D,(®) — . As already alluded to, having large
diffusivities close to full saturation is common and in fact is a part of the physics of soils
(Morrow and Harris, 1965): it implies that liquid is readily drawn away from high saturation
regions, such that it is often difficult to reach full saturation, although there are scenarios
in which full saturation can be reached even so (van Duijn et al., 2018; Mitra and van Duijn,
2019). In previous work, it has been found that approach to full saturation is very slow when
diffusivity is large (Boakye-Ansah and Grassia, 2021): approaching anywhere close to full
saturation was found to require very large distances within a soil, or equivalently over a spec-
ified distance, soils could remain quite some amount away from full saturation. Having large
(i.e. diverging) diffusivities in soils makes it challenging though to carry out a like-for-like
comparison between flow of moisture in soils (the present section) and drainage of foams
(section 2.1).

We can however resolve this by capping the value of dH, /d® at some value 3 rather
than letting it diverge as van Genuchten would (more details of this in Section 3.3). We
then take D, = BD, with D, being a rescaled relative diffusivity. This helps to achieve our
aim of making the Richards equation relative diffusivity comparable to the foam drainage
relative diffusivity (see Section 3.3), although possibly at the expense of making some mod-
elling errors for soils very close to full saturation. We now choose £ = B!t and &£ = B~ '&.
From these definitions and equation (11), we obtain a new dimensionless form for Richards
equation,

a—‘?—iﬁr(@)a—(?f aK’(A@) =0. (13)
It 3¢ 9 d¢
This form of Richards equation is scaled to be equivalent to the foam drainage equations (1)—
(2) since both relative hydraulic conductivity and relative diffusivity are scaled to become
unity at full saturation.

Following from previous derivations, we look for travelling wave solution to Richards
equation of the form @ = @(§ + v1). If we impose conditions @ = 1 upstream, and @ =0
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downstream, then again v = 1 and the equation governing é vs O turns out to be,

dé b.(®
& _ Do) (14)
d® 6 -K.(0)
upon which we shall base our solutions (and then compare with equations (5)—(6)).
Another way of writing the above equation (upon multiplying through both sides by )
is

d D, (©
_5 — # (15)
d® 0-K,(0)
We can now change the variable from ® to H = —H. . Using equation (12), it follows
d K.(H
& K#H) . (16)

dH — O(H) - K.(H)’

where on the right hand side we have now inverted the expression for capillary suction
head into a function of the form ®(H), and have also recognised that hydraulic conduc-
tivity K, can be written in the form K, = K,(H). This then is a travelling wave equation
derived from a so called head-based form, rather than a moisture-based form of Richards
equation (Celia et al., 1990). The equation avoids using D,(®) and hence, even without
imposing a cap on diffusivity, avoids dealing with any awkward divergence in D,(®) as
full saturation is approached. However, whereas the original variable @ covered the domain
0 < ® < 1, the values of H now cover the domain —eo < H < 0. It is unclear therefore how
to compare such a solution for & vs H in the case of soils with the solutions for the foam
drainage equations, which were not specifically formulated to cover the exact same domain
of capillary suction pressures. It is for this reason that we prefer in the present paper to work
with equation (14) in spite of the capped diffusivities.

The solutions to Richards equation will be studied in further detail in Section 4. Before
that however, we need to supply the soil material property functions K,(®) and D,(®).

3 Soil Material Property Functions

In this section, we consider the equations that we shall employ in this paper to model the
properties of the porous media. We first study the capillary suction head by formulating a
new equation based on the existing van Genuchten one. The new equation goes smoothly to
zero suction at full saturation and is realised by constructing a convex hull around the orig-
inal van Genuchten capillary suction head. We subsequently focus on the relative hydraulic
conductivity model we shall use, and thence develop the relative diffusivity function.
Throughout, we work in terms of dimensionless variables in a similar fashion to what
was done by Boakye-Ansah and Grassia (2021): the conversions between dimensional and
dimensionless variables are again detailed by Boakye-Ansah and Grassia (2021).

3.1 Capillary Suction Head
Brooks and Corey (1964) proposed a SWRC (head) function given as

Hy=0""* (17)
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where A is the pore-size distribution parameter. This particular SWRC is reported to be
very accurate in the case of dry systems (@ < 1) but less so as @ — 1 (Assouline et al.,
1998; Stankovich and Lockington, 1995; Vogel and Cislerova, 1988). Note in particular that
this function does not go to zero (H; # 0) as ® — 1. To address this van Genuchten
(1980) modified equation (17) by choosing a formula that agrees with it in the dry (@ < 1)
limit but which has H;y — 0 when ® — 1 albeit with an abrupt approach to H; — 0.
The van Genuchten (1980) SWRC function has been described as performing better than
the Brooks-Corey SWRC function near full saturation (Assouline et al., 1998). The van
Genuchten SWRC function is given as

O=[1/(1+H)]":  He=(@©'"-1)'/" He=(© M- 18

where in the first instance m and n are independent parameters but for the Mualem predictive
conductivity model (PCM) (van Genuchten, 1980), m = 1 —1/n (and the Brooks-Corey A
can be identified with A = m/(1 —m)). The parameter m can be considered to determine
the type of soils, with m — 1 corresponding to sandstone and significantly smaller m (down
to about m = 1/2) corresponding to clayey loams. Appendix A discusses how m influences
pore size distribution, particularly in the limit of large pores. The Mualem relation, namely
m = 1— 1/n used by van Genuchten (1980), fits experimental data less well than keeping m
and n general, but since a general form leads to more complicated expressions for material
property functions (van Genuchten and Nielsen, 1985), we choose to retainm = 1 —1/n as
per van Genuchten (1980).

Note that, the derivative of equation (18) diverges as ® — 1. In this limit equation (18)
can be written as

H,~((1-0)/m)'™, (19)
so that i 0 )
+ |~ —-m . —m
<6 |~ o (1-0)™" (20)

If the data that one is using to fit the H; vs © profile comes primarily from the dry re-
gion (O < 1), it may be difficult to distinguish the Brooks-Corey head function from the
van Genuchten head function. Under these circumstances, it may also be difficult to decide
whether the details of how the van Genuchten head function approaches zero in the @ — 1
limit are correct. Indeed, it may even be difficult to decide whether the SWRC/head function
really exhibits a singular behaviour approaching full saturation. Alternatives to equation (18)
are therefore worth exploring.

3.1.1 Developing New Head Function

We can identify a point at which equation (18) definitely differs from equation (19), namely
an inflection point at which equation (18) admits d2H+ /d@2 = 0, whereas equation (19)
never has an inflection point. We identify the inflection point of equation (18) by setting a
double differential to zero as

PH,  (14+m(1—m) (@7 Ym 1)  (1—m) (@ V/m_1)"1-m

e m? el/mt2 ©2/m+2 =0, @h

for which we obtain
O = (1+m)™", (22)

the value of which is given for different soils in Table 1.
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As alluded to above, this inflection point in the van Genuchten SWRC equation (18) indi-
cates a clear departure from the Brooks-Corey SWRC equation (17). It marks a point where
|dH, /d®| in the SWRC stops decreasing and starts increasing again. The Brooks-Corey
SWRC by contrast has a [dH, /d®| that decreases monotonically. If the parameter m in the
van Genuchten SWRC has been estimated based on fitting to data with ® < G;,q it becomes
very difficult to distinguish the van Genuchten SWRC from the Brooks-Corey SWRC. In a
situation like that, we can modify the van Genuchten SWRC by constructing a convex hull
around it. The convex hull will agree with the van Genuchten SWRC for ® < 1, but with
instead Hy — 0 as ® — 1, albeit now having |dH, /d®| being a monotonically decreasing
function as © increases (hence, no inflection point). If available data for constructing the
SWRC tend to be weighted towards small @, there is little evidence to support choosing the
original van Genuchten SWRC over the convex hull variant.

The convex hull can be constructed in a (®,H ) plot, by finding a so-called point of
tangency 6, and drawing a straight line from (6, H, (6)) to (1, 0). The value of @ is less
than ®;,q and satisfies

H, ()

-9 =\
' |dH, /dO|g_g,

(23)

where @ is the value of © at tangency for each profile with different m (different soil type).
We obtain
m o (©7"=1) o 1—m
s (e
(1—=m) g (I+1/m 1—me ™

1-6,= 24)

after some algebra. The exact value for @; for each m is obtained via a Newton-Raphson
method, and it markedly decreases as m — 1. Table 1 gives the @, values for three different
soil types. Note that ©; < @y, always. Having identified &, we define the new (piecewise)
head function as

H.(0), if ©@ < 6,
Hewen) O =4 1 (@)oo, — |dF1. /4Olo_0 (0 -8, i£O>06, =
+(®)o=6, — |dH/dO|e=a\( ), if® > 6.
Substituting equation (18) into equation (25), we obtain
(@ 1/m _q)l-m if® <6,
Heon (©@.m) =4 1/m 1— e pym
+< 6W)( m) (@ 1/ _l)l—m_ ( m) . (@t ) (@_@t)7 1f@>@t,
t m @H—l/m
t
(26)
which can also be presented as
(@ 1/m _q)l-m if® < 6
H+(new)(@7m) = 27)

(1-m) (@ "" =)™
m @ll-H/m

(1-0), if0 > 8.

Fig. 1 shows a profile of equations (18) and (26). In contrast with equation (18), by con-
struction equation (26) goes smoothly to zero at full saturation. Additionally, as anticipated
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—Silt Loam, m=0.5146 15
—Guelph Loam, m=0.6377
—Hygiene Sandstone, m=0.9038
n ~~SL convex hull

GL convex hull
-~ HS convex hull

Head, H.
Head, H,

=
B3

0
0 0.5 1 0.5 X 0.7 0.8

Moisture content, © Moisture content, ©

(@ (b)

Fig. 1 Capillary suction head equation (26) profile for three soil samples. The solid lines are plotted using
equation (18) whereas the thinner dashed or dotted lines represent those from equation (27). The profile in (a)
covers the entire moisture content range while (b) is a zoomed in view near @ — 1.

there is no inflection point in this latter equation. Instead, |dH. /d®| decreases monotoni-

cally until @, after which it remains fixed. Indeed

(1=m) (@1/m —1)=m
m @l-H/m ’
= y (28)
(L=m) (& 1*]) . ifO >0,
m @-H/m
t

if ©@ <6,

dH+(new)
do

Note that although equations (25)—(26) clearly give a different function from equa-
tion (18) by introducing a convex hull, we have not introduced any additional free-fitting
parameters in equations (25)—(26). The parameter O is a well defined function of m, not a
free parameter. Thus equations (25)—(26) can be viewed as a variant of equation (18) that
approaches H; — 0 smoothly as ® — 1 but which does not contain any additional fitting
parameters. Not introducing new parameters was the rationale for using a convex hull here
rather than some other variant of the original van Genuchten SWRC.

In the various calculations that follow, we use the function H ey exclusively instead
of the original H, . For compactness of notation, we now start to denote this simply by H_..

Table 1 Soil-specific properties of the three example soils. Values of m are reported in van Genuchten (1980).

Soil m Ot O  |dH,/d®lo—e  cm om
Silt Loam 05146 0.8076  0.5996 3.2330 02918  0.1194
Guelph Loam 0.6377 0.7301  0.4395 25327 02243 0.1085

Hygiene Sandstone  0.9038  0.5588  0.1039 1.4085 0.0759  0.0471
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3.2 Relative Hydraulic Conductivity

The relative hydraulic conductivity (RHC) of porous media is used to describe the relation-
ship between unsaturated hydraulic conductivity and moisture content (Assouline and Or,
2013; Or and Assouline, 2013). It is required for formulation of Richards equation (RE) de-
scribing unsaturated flow in soils. RHC may be obtained experimentally but this is tedious,
time consuming and expensive (Assouline, 2001; Assouline et al., 1998; Or and Assouline,
2011). Thus, a model or mathematical function that can predict RHC is usually employed
(Assouline, 2001). One such model is the predictive conductivity model (PCM). The way
in which a PCM converts a H; vs © profile into a K, vs O is detailed in Appendix A. A
specific RHC is obtained by inserting a particular soil-water retention curve SWRC function
in this PCM. The theory underlying these PCMs involves a number of assumptions which
are never perfectly accurate, so whilst the PCM is often useful, it does not provide an ex-
act representation of K, vs ® (Or and Assouline, 2013; van Genuchten and Nielsen, 1985;
Vogel and Cislerova, 1988). Thus, even deploying a PCM it is not always possible to obtain
RHC which closely match field data (Or and Assouline, 2011; Stankovich and Lockington,
1995; van Genuchten and Nielsen, 1985) making it problematic to rely on the PCM formu-
lation (Vogel and Cislerova, 1988) to give values for RHC in any soil study.

Since K, is a relative hydraulic conductivity (i.e. relative to full saturation), we expect
that K, — 1 as @ — 1. For a H; vs ® model that fails to fall to zero at full saturation, it turns
out that K, — 1 in a non-singular fashion. By contrast, for a H; vs ® model that falls to zero
at full saturation but does so abruptly (i.e. |dH, /d®| — o at ® — 1), K, still manages to
reach unity at full saturation but has a singularity dK,/d® — o as ® — 1 (van Genuchten,
1980). However, for a H vs @ model, such as we study here, that approaches zero smoothly
(with finite dH, /d® as ® — 1 and H, — 0), it turns out that the PCM does not converge.
The issue (as explained in the appendix) is that almost all the flow at full saturation is through
the largest pores, meaning that slightly below saturation, where these largest pores are no
longer filled with liquid, the flow is in relative terms much smaller than at full saturation.
The PCM then predicts negligible flow except at full saturation.

In other words, the hydraulic conductivity is so strongly weighted to the largest pores
that the computation is sensitive to the largest pore size in a given sample. Convergence
in the PCM would be obtained when one has hardly any pore space in the largest pores,
or equivalently hardly any pore space in the pores with the smallest capillary suction i.e.
|d®/dH,| — 0 as 1/Hy — oo, or |dH /d®| — o as H; — 0. This is however not the case
when equation (26) is used.

To summarise, given the convex hull SWRC in equation (26), we find that using the
Mualem PCM yields equations for RHC which do not converge. Thus, we are unable to
use the PCM to obtain an RHC expression using the head function we have derived via
the convex hull. To avoid these issues, we abandon the PCM for our convex hull head
function and employ instead a RHC equation that does not exhibit singular behaviour near
full saturation. Specifically, we use the Brooks and Corey RHC (Brooks and Corey, 1964).
We use this RHC function in the interest of simplicity (van Genuchten and Nielsen, 1985;
Vogel and Cislerova, 1988) and also because it follows a similar pattern to what is seen in
the FDE, namely a power law function of saturation albeit with different exponents in the
power law between the FDE and RE. It is given as

K, (©) = @3/** = @l/2+2/m 29)

where A =m/(1—m). This profile is shown in Fig. 2. In addition to this, the RHC for the two
foam drainage variants (Koehler et al., 1999, 2000; Verbist and Weaire, 1994; Verbist et al.,
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1996; Weaire and Phelan, 1996) are also plotted (@ and @3/2 respectively for channel- and
node-dominated FDE). What we notice is that RHC for soils tends to be less than that for
foam.
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0.8F---Guelph Loam, m=0.6377
—Hygiene Sandstone, m=0.9038

0.6
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0 0.5 1
Moisture content, ©

Fig. 2 Plot of RHC profile for three soil samples based on equation (29) and the two FDE variants. The
analogous RHC values for channel-dominated FDE (equation (1)) and node-dominated FDE (equation (2))
are ©2 and ©3/2 respectively.

3.3 Relative Diffusivity

In what follows, we develop a rescaled relative diffusivity (RD) function that goes to unity
when moisture content approaches unity at full saturation, which matches the behaviour
within the two foam drainage equations (FDESs), thereby allowing for a “fairer” comparison
between soils and foams. Once the SWRC and RHC are defined, these two soil material
functions are used to determine relative diffusivity (RD) (van Genuchten, 1980). This can be
accomplished using equation (12). We therefore first define the RD using our newly defined
head function equation (26) and the Brooks and Corey (1964) RHC functions equation (29)
as

(1*1"’[) @l/m—l/Z

. if @ <
m (@—1/"171)”17 1 @_@t
D,(0) = n (30)
(l_m) . (@t 1 1_1) " 61/2-!—2/1'117 1f@>@t
m @t + /m

We then obtain a rescaled D, (@) by dividing both parts of the equation (30) by B defined as
the (fixed) value of |dH,./d®| for ® > @, according to equation (28). That this is the ® — 1
limit of D, follows from equation (12) remembering from (29) that K, — 1 as ® — 1. Hence,
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A

D,(®) is given below as,
1/m=1/2
@HM%QWWJWEgWZB? ife <6
D.(®)= (€2Y)

e'/2+2/m if® >0,

The prefactor in second part of equation (30) has been scaled out when ® > @ in this new
formula for the relative diffusivity. Meanwhile, the prefactor of the first part of equation (31)
which hereafter we denote c,, decreases as m — 1 as shown in Table 1. Equation (31) is
shown in Fig. 3.
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Fig. 3 Relative diffusivity profiles for three soil samples based on (29) and channel-dominated foam drainage.
The solution for node-dominated foam drainage is identically unity for all values of ® and is thus not dis-
played. In the case of soils, the slope of D, is discontinuous at @, although D, is continuous. In the case
of hygiene sandstone, the change in slope is not shown explicitly, as @, is then quite a small value, and the
change in slope is difficult to see.

From Fig. 3, we observe that by design when ® = 1, we have D,(®) = 1. We compare
the profile of relative diffusivity for three soil samples, and the channel-dominated foam
drainage in this plot. The node-dominated profile is not shown as it is identically unity at
all values of ®. The soils (especially loams and particularly Silt Loam, &, = 0.5996) tend
to show an observable kink in D, when ® = @,. Even though dH. /d® and hence D, are
continuous at @, the values of d*H /d®? and hence dD, /d® are not.

This new format rescaled relative diffusivity D,(®) will be used in Section 4 to obtain
the travelling wave solution for Richards equation (32).

4 Results: Solution to Richards Equation

We solve for the travelling wave solution to Richards equation for different soil types using
the known Brooks-Corey RHC function equation (29) and the modified relative diffusivity
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function equation (31). From equation (14), we obtain the following expressions,

) 1m—1/2

I+1/m o—1/m _ \m ©)
) (CX (6 1) /0 (@ 1/m —1)m(@ —@1/2+2/m)
E= (32)

e @l/2+2/m
o O— @1/2+2/m

de, ife <6

40 +&(e), ifO>0,.

These integrals cannot be solved analytically, hence, we employ Simpson’s rule to obtain
numerical solutions, similar to what was done in Boakye-Ansah and Grassia (2021). The so-
lution for different soil types are shown in a profile in Fig. 4 for each soil type. Additionally,
the profiles of channel- and node-dominated foam drainage are also shown.
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Fig. 4 Profile of numerical travelling wave solution (using Simpson’s rule) to equation (32) for three soil
samples.

We see that the behaviours both as ® — 0 and © ~ 1 are very different between foams
and soils. The & values in soils are very slow to increase when ® < 1, and (at least when
soil diffusivities are capped as we have assumed here) the increase in & at ©® — 1 is also
somewhat slower compared to foam (in other words full saturation is approached at a more
modest height). These limiting cases are discussed next.

4.1 Asymptotic Behaviour of Solutions

Although analytic solutions to equation (32) are not available in general, it is possible to
study analytically how the solution to Richards equation behaves in the limit of small or
large ®. We deduce that the Richards equation travelling wave equation (14) approaches

) D,(0)/0, ife <1,

déN

©~\ b .. (3
(—eykm-1n "~
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where K/(1) here denotes dK,/d®|e—.

For ® < 1, from equation (31), we obtain for ﬁ,(@)/@ =~ cm®1/’”_'/2 where as was
mentioned earlier ¢, = /™. (@, /™ — 1)". Meanwhile, the relative diffusivity D,(1) =
limg_,1 D,(®) equals unity, whereas the denominator of the second part of equation (33)
has been obtained via Taylor series expansion in the ® ~ 1 limit. Note that K/(1) equals
(4+m)/(2m) and decreases monotonically as m — 1. Hence,

o e @V/M=1/2, ife <1
— = (34)
de

2m/((4—m)(1-©)), fO~1.
Integrating equation (34), we obtain

- @Y/ 2Fm ifeO <1
sO)~ (35)
(2m/(4—m))-log(1/(1-0))+¢2, fO=1.

where é, = ¢ - 2m/(2+m), this value being reported in Table 1 and &; is a value that can
be obtained by matching to the solution of equation (32) via Simpson’s rule to an arbitrary
O value (O = 0.9, say) in that limit.

In the dry limit (@ < 1), we observe that the asymptotic approximation exhibits a
power law behaviour. This power law behaviour is no different from what was observed
in Boakye-Ansah and Grassia (2021) except for having a different prefactor owing to replac-
ing D, by D,. On the contrary, the large @ behaviour is very different from what was found
in Boakye-Ansah and Grassia (2021) being not a power law but rather a logarithmic law
instead. Specifically, & exhibits a logarithmic law behaviour in the limit where ® — 1. This
then is a manifestation of the convex hull SWRC that we have employed here, not neces-
sarily capturing all the physics of soils close to full saturation. The logarithmic law found
here approaches close to full saturation even at comparatively modest &, whereas the power
law solutions of Boakye-Ansah and Grassia (2021) using the original SWRC need larger
distances to approach close to full saturation, i.e. the approach to full saturation is rather
more difficult to achieve in that case (see Appendix B).

The foam drainage equations also exhibit logarithmic behaviour in these limits, but with
a different prefactor multiplying the logarithm, 2 for the ND FDE (equation (4)), 1 for the
CD FDE (equation (3)), and 2m/(4 — m) for soils with m < 1 here. Clearly, the & values
predicted for soils are less than those for the FDE.

Fig. 5 shows a comparison of the numerical solution to equation (32) and its analytical
solutions in equation (35). We observe from these profiles that the analytical solutions in
Fig. 5(a) are slight overestimates as m — 1 although it must be stated that the scale of the
graph is very small (on the order of 1073) indicating that & increases only very slowly with
O for small ® < 1. The approximation for Silt Loam (m = 0.5146) is very accurate. Note
also that increasing m increases £ monotonically in Fig. 5(a). This monotonicity was not
seen uniformly in Boakye-Ansah and Grassia (2021) because of the different way in which
prefactors depended on m in the scaling used there.

Likewise in Fig. 5(b), the profiles for é are overestimated by the @ = 1 asymptotic
formulae for all m values, but these overestimations are small in relative terms for each
m. The difference between numerical and asymptotic analytical solutions is far less signif-
icant than the difference between soils samples and foam drainage in Fig. 4. The solutions
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Fig. 5 Profiles of numerical and asymptotic travelling wave solutions to Richards equation in the limit (a)
0 < 1, (b) © =~ 1. The numerical solutions are the solid lines while the approximate analytical ones are the
dashed lines.

show a slower growth in é in soil than foam as shown in Fig. 4 (whereas with the origi-
nal SWRC, RHC and RD, the growth was as mentioned like a power law, not a logarithm
and hence was much more rapid: see Boakye-Ansah and Grassia (2021) and see also Ap-
pendix B). This then indicates an important qualitative change in the travelling wave solu-
tion as our original SWRC is replaced by a convex hull SWRC. With the original SWRC,
Boakye-Ansah and Grassia (2021) found heights attained for soils to be much larger than
for foam. Here however, the foams attain greater heights & than the soils at given ©.

The logarithmic law (equation (35)) obtained here for the shape of the travelling wave
profile close to full saturation is actually unsurprising. We are using Brooks-Corey type
RHC, K, = ©'/2+2/™ (defined here without applying any PCM) but a monotonically de-
creasing |dH. /d®| (obtained here via applying convex hull to the van Genuchten-Mualem
SWRC). Qualitatively however this is similar to using a Brooks-Corey RHC along with a
Brooks-Corey SWRC H, = @ (1=")/m (the latter also gives a monotonically decreasing
|dH, /d®|, and leads to D, = ©'/2+1/™)_ Although the Brooks-Corey SWRC clearly does
not give vanishing head at full saturation, modifying it to H, = —1 4 @~ (1=")/m (whilst
keeping the RHC unchanged) does give vanishing head in that limit and moreover (like the
aforementioned convex hull SWRC) still captures the correct power law SWRC behaviour
for dry soils such that @ < 1. The above mentioned change in H, (introducing an additive
constant) has no effect whatsoever on |[dH, /d@|, hence no effect whatsoever on D,(®), nor
on é vs ©, which remains unchanged from the Brooks-Corey case. However these Brooks-
Corey type formulae (i.e. power laws for K,(@) and D,(®) in terms of @) qualitatively
are the same as what is found for channel- or node-dominated foam drainage (again K,(®)
and D,(©) are power laws, just with different powers). Since the foam drainage cases lead

to logarithmic & vs @ behaviour near saturation (see equations (7)—(8)), it is unsurprising
that the Brooks-Corey predictions for soils do so also. Moreover since D,(1) = 1 regard-
less of whether we use a Brooks-Corey SWRC or a convex hull constructed around a van
Genuchten SWRC, and since the K,(®) we use is the same in either case, it follows that
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equation (33) remains unchanged near ® ~ 1. The ® — 1 prediction of equation (35) is
therefore exactly the same as what a Brooks-Corey model would predict.

5 Conclusion

We have considered the travelling wave solution for Richards equation using a modified rela-
tive diffusivity function that goes to unity smoothly at full saturation, and a relative hydraulic
conductivity function that goes to unity smoothly in the same limit. Here we achieved this
by employing a new capillary suction head expression for unsaturated soils constructing a
convex hull around the existing van Genuchten SWRC. Our head expression goes to zero
smoothly at full saturation for all soil types. This is in contrast to the Brooks-Corey SWRC
which does not go to zero, and the van Genuchten SWRC which goes to zero but does so
abruptly in a singular fashion. If data used to estimate the SWRC are weighted towards
the dry limit, it may be difficult to distinguish these different SWRC, but the predictions
they make in the wet limit are very different. We also note that with our chosen convex
hull SWRC, we used a Brooks-Corey RHC rather than a PCM, which would not have con-
verged. Employing a Brooks-Corey RHC is compatible in any case with the approach in the
foam drainage equation. The solutions of Richards equation were obtained via Simpson’s
rule, while asymptotic analytical solutions were also derived for very low moisture content
(O < 1), and systems near full saturation (@ ~ 1).

We found that for the soils, using these modified material properties, we obtain trav-
elling wave solutions & vs @ that follow a logarithmic law as in foam drainage as ©® —
1. The foam heights & for a given saturation ® are however larger than those for the
soil solutions. Moreover, clayey soils (smaller values of parameter m) attain even lower
heights than porous sandstones (m close to unity). The previous Richards equation solutions
(Boakye-Ansah and Grassia, 2021) that were obtained without rescaling the relative diffu-
sivity to unity at full saturation reached even larger heights as ® — 1. These diverged as a
power law rather than logarithmically and were therefore even larger than the foam drainage
solutions. We infer then that generally, depending on the scaling of relative diffusivity near
full saturation, we may obtain either power law or logarithmic law travelling wave solutions
to Richards equation. Changing the nature of the SWRC close to full saturation thereby
changes the nature of the travelling wave close to full saturation also.
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A Theoretical Basis for the Predictive Conductivity Models

This appendix outlines the basis for predictive conductivity models (PCM). Although we do not ultimately
apply a PCM in our analysis, we include this appendix to demonstrate why a soil-water retention curve
(SWRC) that goes to zero smoothly at high saturation is incompatible with convergence of a PCM hence the
reason a PCM was not employed in our analysis. Conversely, we show why the SWRC (if it goes to zero
at all at full saturation) must do so abruptly in order for the PCM to converge, and moreover why the PCM
approaches unity abruptly at full saturation in that case. Full details of the theory presented in this section are
given in Burdine (1953); Brooks and Corey (1964, 1966); Mualem (1976).

The reason why PCM have been developed in the first place is that the experimental determination of rel-
ative hydraulic conductivity (RHC) is often considered complicated and expensive (Or and Assouline, 2011).
Thus, for many practical applications, it can be advantageous to attempt to determine RHC mathematically
from SWRC data which are based on soil pore-size distribution. The more commonly used PCM (Burdine,
1953; Mualem, 1976) that link SWRC to RHC functions assume a simple pore geometry and link capillary
properties of pores to RHC. However, as we will see, they also impose a constraint on the SWRC if the RHC
is to converge.

A typical PCM leads to a general expression given as

0 1 L
/ —Sd@// —540
Jo HY Jo HY

where k, §, ) are model parameters. It is found that k =2, § =2, and 1 = 1 for the Burdine model (Burdine,
1953), and k = 1/2, 8 = 1, and ) = 2 for the Mualem model (Mualem, 1976). We focus on the derivation of
the Mualem model.

n

K.(©) =0~ (A. 1)

A.1 Mualem’s Predictive Conductivity Model

Mualem (1976) considers a homogeneous porous medium with a set of interconnected pores defined by their
radius r, and a pore-water distribution function f(r)dr. The contribution of filled pores of radii between r and
r+ dr to the volumetric moisture content 8 (rescaled here as @) is

f(r)dr=do(r). (A.2)

Considering a porous slab of thickness Ax, the pore area distribution at the two slab sides is assumed to

be identical. The probability a(r,p) of a pore of size r to r+ dr at location x encountering a pore of radius p
top+dp atx+Axis

a(r,p) = f(r)f(p)drdp. (A.3)
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More generally, the probability of connection for a pore of radius between r and r + dr to a pore of radius
between p and p + dr may be given as

a(r,p):G(r,p)f(r)f(p)drdp, (A.4)

where the function G(r,p) accounts for partial correlation between the pores r and p at a given moisture
content @. In what follows, two pores in series with radius r and p respectively are replaced by a single
equivalent pore radius R and it is assumed that G(r,p) can be expressed as a function G(R). To determine
conductivity, this connection probability needs to be weighted by a local hydraulic conductivity for each
equivalent pore.

Mualem (1976) considers a pair of capillary elements whose lengths are proportional to their radii to
replace the pore configuration, and estimates the local hydraulic conductivity as proportional to rp or more
specifically as T'(r,p)rp where T(r,p) is a correction due to tortuosity. Again, it is assumed that 7'(r,p) can
be expressed as T'(R) where R is a single equivalent radius. The term in rp comes about as follows. Two pores
in series (length /, and I, respectively) are replaced by a single equivalent pore (length L). The pressure drop
across the equivalent pore is assumed to be the same as the total pressure drop along the two original pores in
series. Since Poiseuille pressure drops scale as (8/7)uQL/R* (and u is viscosity and Q is flow rate, which is
the same in all cases), it follows

L/R* =1,/r* +1,/p*. (A.5)

Moreover, since the volume of the equivalent pore is assumed to be the same as total volume of the two
original pores, it follows that
LR* = 1,r* +1,p% (A. 6)

Significantly, the length of the equivalent pore need not be the same as the total length of the two original
ones. Finally the aspect ratio of the pores is assumed fixed, hence

L/r=1lp/p. (A.7)

The above constitute 3 homogeneous linear equations (A. 5)-(A. 7) in 3 unknowns L, [, and [,. Non-trivial
solutions only result if the determinant of the system of equations is zero. This provides a condition linking
R to r and p, specifically

R=\/rp. (A.8)
Taking the local hydraulic conductivity proportional to rp as was suggested above is equivalent to taking the
conductivity of equivalent pore properties to R* which is what is expected for a single pore. Solutions can now
be obtained for /, and /, assuming L is given. It is necessary to fix the value of L since when the determinant
vanishes, the equations are not all linearly independent.

L =Lr*p /(P +p?), lp =Lrp* /(PP +p3). (A.9)

Note that
L+l =Lrp(r+p)/(F* +p*) (A. 10)

which is always smaller than L. Note however that the volume of the equivalent pore is the same as the sum of
the volumes of the two original ones by construction. Once we have established the size of a single equivalent
pore, we have also established the liquid saturation, since we consider that the medium is filled up to pores of
a given size but no further. Supposing we can re-write the tortuosity and connectivity factors as functions of
O (instead of in terms of r and p, or in terms of R), it follows that the hydraulic conductivity K is (assuming
Tmin and Ppi, are minimum sizes)

K=T(0)G(O) [ rfr)ir /p"_ pf(p)dp. (A 11)

and relative hydraulic conductivity is (assumng Ry, and R, are minimum and maximum sizes)

R Rinax :
/ rf(r) dr/ / rf(r) dr} . (A. 12)
 Rinin J Rinin

Here we have exploited the fact that the integrals over r and p are the same, and the denominator of equation
(A. 12) is a normalisation condition. The important point here is that unless f(r) decays quite rapidly as
r becomes large (decaying faster than 1/r%), K does not converge, or equivalently the denominator of K,
diverges, making K itself tend to zero.

K.(0)=T(0)G(0)
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If too much volume is associated with the large pores, which only fill near saturation, effectively all the
flow at saturation is dominated by transport through those large pores, and in relative terms, below saturation
flow is negligible. In situations like that, we can expect to see large variations in conductivity between rock
samples, since the presence of slightly different numbers of large pores in different samples may influence
hydraulic conduction.

The tortuosity correction factor 7(®) that is applied, and the connectivity correlation factor G(®) are
assumed to be power-law functions of @, and are replaced by a single factor @*. Substituting k = 1/2 (fit
by Mualem (Mualem, 1976; Assouline, 2001) to 45 soil samples) within the that term, applying the capillary
law relating pore radius to capillary head r = C/H,. where C is a constant (independent of geometry), and
using equation (A. 2), we obtain for equation (A. 12)

.0 //]d@

As noted in the main text, there are convergence issues here if H; is too small for too large a frac-
tion of the volume in the limit as Hy — 0. If, for example, H; =~ |dH. /d®|g@—;(1 — O) for some finite
|dH /d®|e—, then 101 dO/H, diverges. As mentioned earlier, the issue is that there is now so much volume
in large radius (small H ) pores that almost all conduction occurs through large pores. A larger (i.e. singular)
|dH, /d®| resolves the issue by having less volume in such small H; pores. The SWRC selected by van
Genuchten (van Genuchten, 1980) typically has for @ close to 1

Kr(@):@'/2 . (A. 13)

Hy~(1-0)/m)'™: 0~ (1-—mH/"™), (A. 14)

for some value m < 1 (typically with m close to 1 for sandstones, and m significantly less than 1 for loams).
Here we recognise via equation (A. 2), that

40 4O dH,

_ . A. 15
=g~ o .15
and also recognise that (as alluded to earlier),
H =S (A. 16)
r
It follows then that in the limit of large r (i.e. small H)
m m/(1—m) C
f(r) (] _ m) + }’2
m cm/(-mc
(1 —m) pn/(1=m)y2
1/(1—m)
m__C (A.17)

~ (1 —m) r2-m/—m

Notice how this function decays in the large r limit. If m is close to 1 (e.g. sandstone), f(r) decays very
rapidly at large r, so there are comparatively few pores that are much larger than the sample average. If m
is rather smaller than unity (e.g. loam), the population of pores that are significantly larger than the sample
average increases. Certainly, the average pore size in loam tends to be much smaller than in sandstone but that
effect is already accounted for in our dimensionless system. What we are considering here is not the average
pore size, but rather the pore size distribution relative to that average. Note that in the limit as m — 0, hence
with a non-singular H; o (1— @), it follows via (A. 17) that f(r) becomes proportional to #~2, and (as noted
earlier) the denominator of (A. 12) then fails to converge as Ry,;4x — oo. Yet again this demonstrates that there
are now, in relative terms, so many large pores that almost all the flow is passing through them, so the (total)
conductivity we compute is sensitive to what exactly the largest pore size Ry iS. AS Ryax — oo, the hydraulic
conductivity up to any finite pore size R < R, is then negligibly small compared to the conductivity through
the very largest pores, so that relative conductivity K, (considered only up to that finite pore size) tends to
zero.

Assuming on the other hand that 0 < m < 1 so that equation (A. 13) does indeed converge, notice however

K, 1 |/2 ] l
d ~ “x . @ d@/( d@> . (A.18)
0 0

e~ e
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The consequence of having H. — 0 abruptly as @ — 1, e.g. H; scaling as proportional to (1 — ©)% for
some 0 < a < 1 with & = 1 —m here (see equation (A. 14)), is that dK, /d® also diverges as (1—0) % in
that same limit. A singular Hy vs © relation leads to a convergent K, vs ® but not a convergent dK,/d®
vs O, at least in the PCM adopted here. The only way to keep dK,/d® from diverging is to take o — 0, i.e.
m — 1. However that means according to (A. 14) that H; must stay non-zero as full saturation is approached.
Returning to the case 0 < m < 1 however, the value of D,(®) predicted by the PCM meanwhile is divergent,
since D, = K,|dH; /d®| (van Genuchten, 1980), and since we require dH,. /d® to diverge in order to have a
convergent K., it necessarily follows that D, diverges.

In conclusion, using the predictive conductivity model PCM we have a choice between a system in
which H; remains non-zero at full saturation (in which case K, converges to unity at @ — 1 with finite
dK,/d® there), or a system in which H; approaches zero smoothly at full saturation (in which case K is not
well defined in the PCM, since conduction is dominated by the flow through the largest pores in the sample,
hence is extremely sensitive to the particular sample), or else a system in which Hy — 0 and K, — 1 at full
saturation, but necessarily with mild singularities in that limit (both |dH /d®| and |dK, /d®| diverge at full
saturation). In the main text, we have avoided with issue by abandoning the PCM.

B Appendix B

This appendix summarises some of the findings from Boakye-Ansah and Grassia (2021) regarding how travel-
ling wave solutions of Richards equation behave when using the original van Genuchten (1980) soil material
property functions. The relevant solutions are presented here for ease of comparison with those presented in
the main text that use modified soil material property functions.

The profile of the travelling wave to Richards equation previously obtained within the limit of the special

case we consider is q DO
9 __ DO , (B. 1)
d® 06-K,.(0)

which is analogous to equation (14) (identical to equation (15)). In the case of equation (B. 1) above, the

original D, and K, functions given by van Genuchten are used in its solution.

Near O ~ 1,

dH, | (1-m)

de |7 pu-m

is the approximation used which is the derivative of the original van Genuchten SWRC in the same limit
(Boakye-Ansah and Grassia, 2021). The denominator of equation (B. 1) is also scaled as

D.(0)~ (1-0)™", (B.2)

O-K ~(1-K)—(1-0). (B.3)

If K, — 1 abruptly as ® — 1, then typically, 1 — ® < 1 — K. As explained in Boakye-Ansah and Grassia
(2021) moreover

2
1-K ~ W(lf@)"’. (B.4)
Hence,

df |JdH,/dO| A& (1-m)

© S T-K©) a0 e 7O ®.5)
for which we obtain -
_ (] _m)m " 1-2m

g =co+ 2(2"’1—1) (1 @) s (B. 6)

where ¢ is an integration constant. Here we are primarily interested in m values 0.5 < m < 1 so that —1 <
1 —2m < 0. Note that this is a power law for £, hence it grows more rapidly than the logarithmic law discussed
in the main text. We have expressed this in terms of a variable & rather than a rescaled variable E which was
not used in Boakye-Ansah and Grassia (2021) owing to equation (B. 2) diverging in the ® — 1 limit. However,
for comparison we can convert from & to E by dividing through by the capped maximum value of |dH, /d®|
given in Table 1.
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