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Abstract
The modeling and analysis of superconducting coils is an essential task in the design stage of
most devices based on high-temperature superconductors (HTS). These calculations allow
verifying basic estimations and assumptions, proposing improvements, and computing
quantities that are not easy to calculate with an analytical approach. For instance, the estimation
of losses in HTS is fundamental during the design stage since losses can strongly influence the
cooling system requirements and operating temperature. Typically, 2D finite element analysis is
used to calculate AC losses in HTS, due to the lack of analytical solutions that can accurately
represent complex operating conditions, such as AC transport current and AC external applied
magnetic field in coils. These 2D models are usually a representation of an infinitely long
arrangement. Therefore, they cannot be used to analyze end effects and complex 3D
configurations. In this publication, we use the homogenization of the T-A formulation in 3D for
the analysis of superconducting coils with complex geometries where a 2D approach cannot
provide accurate analyses and verification of assumptions. The modeling methodology allows
an easier implementation in commercial software (COMSOL Multiphysics) in comparison with
the currently available 3D H homogenization, despite the complexity of the geometry. This
methodology is first validated with a racetrack coil (benchmark case) by comparing the results
with the well-established H formulation. Then, the electromagnetic behavior of coils with more
complex geometries is analyzed.

Keywords: T-A formulation, 3D modeling, homogenization, high-temperature superconductors,
AC losses, superconducting coil
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1. Introduction

The electrical properties of high-temperature superconductors
(HTS) inspired several applications in different fields such as
electrical machines [1–3]; fault current limiters [4]; magnets
for scientific research [5]; energy storage [6] and transmission
[7]. The design of these devices usually require an electro-
magnetic analysis that allows verifying rated characteristics
(i.e. power, torque, efficiency) as well as studying the beha-
vior under different operating conditions. Moreover, losses
in the superconducting tapes and wires must be estimated to
design the cooling system. These AC losses can be decisive
for the practical and economic realization of superconducting
devices.

Several analytical solutions were developed to estimate
losses in HTS tapes [8, 9], and infinite stacks of tapes [10–
12]. However, these solutions are only valid under specific
operating conditions such as AC transport current or applied
uniform magnetic field. Therefore, they cannot be directly
used to estimate losses in most superconducting machines and
equipment. For these reasons, numerical models are typically
used to analyze the electromagnetic behavior and estimate
losses in the HTS tapes and coils. Different methods can be
used for this purpose, for example: finite-element [13], integ-
ral equation [14], variational [15] or spectral [16] methods.
Among the various finite-element models, two formulations
have become very popular: the first one is based on the mag-
netic field strength (H⃗) and was already used to study numer-
ous applications [17, 18]. The second one was introduced in
[19] and is based on the current vector potential (T⃗), used
previously in [13] for AC calculations, and magnetic vector
potential (A⃗). This T-A formulation is mostly used to ana-
lyze superconducting layers by applying a thin strip approx-
imation. The approximation allows a reduction of dimensions
that decreases the number of degrees of freedom and compu-
tation time. Therefore, it was used to study the cross-section of
magnets [5] and electrical machines with hundreds and thou-
sands of tapes [20–23].

Most of the FEM-based models used to study supercon-
ducting devices are 2D. They usually represent the cross-
section of an infinite long or axisymmetric arrangement.
Therefore, the end effects are not considered. Moreover, com-
plex geometries and operating conditions such as saddle coils
and twisted stacks of tapes under an external magnetic field
cannot be analyzed with a 2D model. For these reasons, sev-
eral efforts were made for the development of tools and meth-
odologies that allow 3D modeling of HTS coils [24–28]. As
part of these efforts, in 2014 the 3D H homogenization was
introduced with the model of a racetrack coil [29]. However,
this approach requires the implementation of high resistivity
layers in the homogenized domain. Five years later, the 3D
homogenized T-A formulation was proposed by Huang et al
[30], who used it to calculate the AC transport losses of HTS
racetrack coils.

In this work, we expand the current knowledge by using
the homogenization of the T-A formulation for the simulation
of complex 3D HTS coils. The modeling approach is based

on normal vectors defined by a local curvilinear coordinate
(CC) system that considers the continuous shape and position
of the tape and coil. Therefore, this general definition allows
an easy implementation of the model despite the complex-
ity of the geometry. The dependence of the critical current
density on the magnetic flux density magnitude and direction
can be taken into account by using the projection of the mag-
netic field in the direction of the unit vectors of the curvilinear
system.

In this publication, we first describe the derivation of the
governing equations in section 2, with particular emphasis on
the implementation of the normal vectors and how they can
be defined in a commercial software (COMSOL Multiphys-
ics). Second, we describe the HTS tape that was used in all
the simulations (section 3). Then, we validate the modeling
approach with a racetrack coil geometry that is considered
a benchmark case (section 4), by comparing the results with
the well-established H formulation [29]. After the validation,
the model and analysis of more complex geometries are intro-
duced: saddle coil (section 5), D-shape coil (section 6), and
twisted coil (section 7). Finally, the main conclusions of this
work are summarized in section 8.

2. T-A formulation and homogenization

In this section, we first present a small review of the T-A for-
mulation and homogenization to set the basis that allows us
to extend these concepts to 3D complex geometries. Then, the
3DT-A homogenization is explained based on unit vectors that
are perpendicular to the flat face of the tape, and can be defined
from the geometry of the coil.

2.1. T-A formulation

The first applications of the T-A formulation to study super-
conducting devices by using FEMwere introduced in [19, 31].
These works presented the T-A formulation as an efficient
approach to model HTS tapes with a high aspect ratio.

This formulation of Maxwell’s equations couples the cur-
rent vector potential T⃗ and magnetic vector potential A⃗,
which are defined by the current density J⃗ and magnetic flux
density B⃗:

J⃗=∇× T⃗, (1)

B⃗=∇× A⃗. (2)

The magnetic vector potential is computed in all the
domains under study by using Maxwell-Ampere’s law (µ is
the relative permeability of the material):

∇×
(
1
µ
∇× A⃗

)
= J⃗. (3)

The magnetic flux density is computed based on the mag-
netic vector potential and equation (2). The current vector
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Figure 1. T-A formulation in 3D. T⃗ is computed only in the
superconducting domain (depicted in blue) while A⃗ is computed
everywhere. The tape’s thickness is collapsed into a
superconducting layer and the current is enforced by giving proper
values of T at the edges of the tape [32].

potential is calculated only in the superconducting domain by
using Maxwell–Faraday’s law:

∇× (ρHTS∇× T⃗) =−∂B⃗
∂t

. (4)

The current density in the superconducting domain is com-
puted based on the current vector potential and equation (1).
Then, J⃗ can be used to calculate A⃗, which couples equation (3)
and equation (4). The resistivity of the superconducting mater-
ial is typically modeled with a power-law E⃗− J⃗ relation [33]:

ρHTS =
Ec

Jc(B⃗)

∣∣∣∣∣ J⃗

Jc(B⃗)

∣∣∣∣∣
n−1

. (5)

An approximation is done by considering that the supercon-
ducting layer in the tapes under study (for instance rare-earth
barium copper oxide/REBCO tapes) has a very large width-
to-thickness ratio. Therefore, we can collapse the thickness of
the tape (δ) as shown in figure 1. As a consequence, the cur-
rent is able to flow only in a superconducting sheet and T⃗ is
always perpendicular to this sheet. For this reason, the current
vector potential can be expressed as T · n⃗ (⃗n is a unit vector
perpendicular to the superconducting layer) [19].

The transport current can be imposed by setting the bound-
ary conditions for T at the edges of the tape, as it is shown in
equations (6) and (7):

I=
¨

S
J⃗ · d⃗s=

¨
S
(∇× T⃗) · d⃗s=

˛
∂S
T⃗ · d⃗l, (6)

I= (T1 − T2)δ. (7)

Therefore, the transport current can be imposed with a non-
unique combination of values for T1 and T2, such as: T2 = 0
and T1 = I/δ, T1 = I

2·δ and T2 =− I
2·δ or any other values that

express the same condition [34].
In this publication, we use the order of the elements for dis-

cretization described in [32] (linear elements for T⃗ and quad-
ratic elements for A⃗) to avoid possible spurious oscillations.

Figure 2. T-A homogenization in 3D. The superconducting sheets
are replaced by a homogeneous block. The scale current density J⃗s
is introduced as a source term and boundary conditions T1 and T2

are applied to the upper and lower boundaries.

2.2. Homogenization in 3D

The homogenization technique assumes that the supercon-
ducting tapes that are wound in coils can be represented by
an anisotropic bulk that can reproduce the overall electromag-
netic behavior of the coil [35]. This allows reducing the num-
ber of degrees of freedom and the computation time. The tech-
nique was implemented by using the T-A formulation in 2D in
[32, 36]. Therefore, we follow a similar approach to extend
the homogenization into the 3D analysis of superconducting
coils.

The procedure is summarized in figure 2. We start from the
arrangement of tapes modeled in the T-A 3D formulation as
sheets and define a cell unit around them (with the same height
of the superconducting tape and thickness Λ). The main char-
acteristics of the tapewill be impressed in this cell unit to trans-
form the stack of tapes into a block. The scaled current in the
homogenized bulk is defined for the A⃗ calculation as:

J⃗s =
δ

Λ
J⃗. (8)

In principle, the homogenization makes use of Maxwell’s
equations in the same way as the 3D T-A formulation. There-
fore, we keep the thin strip approximation of the tape that
allows reducing the current vector potential into a scalar quant-
ity. This means that even if the tapes are replaced by a homo-
geneous bulk, the current can only flow in the plane parallel to
the original superconducting sheets. For example, in the zoom
presented in the bottom left corner of figure 2, the current can
only have Jy and Jz components and the current vector poten-
tial only has a Tx component. The new homogenized block
can be seen as a highly compressed group of superconducting

tapes. To represent a general geometry, we assume n⃗=

nxny
nz


and express equation (1) as:JxJy

Jz

=


∂(T·nz)

∂y − ∂(T·ny)
∂z

∂(T·nx)
∂z − ∂(T·nz)

∂x
∂(T·ny)

∂x − ∂(T·nx)
∂y

 . (9)
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The magnetic vector potential is calculated in all the
domains and we solve the current vector potential only in the
superconducting domain by using Maxwell-Faraday’s law:

∂(Ez)
∂y − ∂(Ey)

∂z
∂(Ex)
∂z − ∂(Ez)

∂x
∂(Ey)
∂x − ∂(Ex)

∂y

 · n⃗+


∂(Bx)
∂t

∂(By)
∂t

∂(Bz)
∂t

 · n⃗= 0, (10)

where n⃗ can be easily determined in the T-A formulation
because it is the vector perpendicular to the superconducting
sheet. Therefore, it is usually defined by default in commer-
cial software like COMSOL Multiphysics. However, once the
stack of tapes is replaced, it is not easy to define n⃗ inside the
bulk. We have no longer a reference surface from which we
can define the normal vector. A similar issue can be found in
the 2D T-A homogenization when complex (rotated or curved)
cross-sections are modeled in 2D. In this work, we present two
alternatives to address this issue. First, we can analytically cal-
culate n⃗ by following the geometrical path of the tape before
homogenization. If the tape is parallel to the y− z plane then:

n⃗= î=

10
0

 . (11)

If the tape is wound in a circular shape with the center in the
origin, then n⃗ will be parallel to the radial vector in cylindrical
coordinates ρ̂:

n⃗= ρ̂=


x√
x2+y2
y√
x2+y2

0

 . (12)

The normal vector can also be analytically defined by domains
to represent more complex geometries as the one shown in the
right corner of figure 2. In this case, n⃗= î in the straight section
and n⃗= ρ̂ in the circular one. However, these analytic expres-
sions can become very complex if we change the geometry of
the coil, for example by introducing twisted or curved non-
circular sections. Therefore, a second and more general solu-
tion is a CC system defined in the superconducting domain.
This approach creates a local coordinate system with curved
lines that follow the shape of the superconducting domain [37],
as it can be observed in figure 3 for the geometry described in
figure 2. The unit vectors of this local coordinate system can be
defined for all possible geometries and used as normal/tangen-
tial vectors. This approach can be implemented in COMSOL
Multiphysics by using the CC module.

Finally, we have to establish the boundary conditions
to solve our problem. The homogenized bulk represents a
densely packed group of HTS sheets. Each one of these sheets
should transport the same current as its original counterpart
[32]. Therefore, we apply Dirichlet boundary conditions to
the boundaries that correspond to the edges of the tape, as
expressed in equation (7). Neumann boundary conditions are
applied to the boundaries that correspond to the flat side of the
tape:

Figure 3. Curvilinear coordinate (CC) system example for the
geometry shown in figure 2. The CC system is defined based on the
surface/boundaries of the 3D domain, which allows the definition of
the base (unit) vectors of the system. These vectors can be used as
references of the directions perpendicular to the wide face of the
tape (e⊥), parallel to the wide face of the tape (e∥), and tangential to
the winding direction (et).

∂(nx � Tx+ ny � Ty+ nz � Tz)
∂n

= 0, (13)

as it is explained in the diagram presented in figure 2.
It is worth pointing out that this modeling approach is valid

under low-frequency (transport current and magnetic field)
conditions. Since the methodology is based on homogeniza-
tion and thin strip approximation, the detailed structure of the
HTS tape is not modeled. For high-frequency conditions, the
different layers and materials of the tape play a key role in the
estimation of AC losses [38–40]. Therefore, the homogeniza-
tion of the T-A formulation in 3D is no longer accurate for AC
loss estimations.

3. Description of the HTS tape

The HTS tape used in all the simulations that we present in
this publication is the one reported in [29]. This allows dir-
ect comparison and validation of the modeling approach with
the well-established 3D H homogenization. The critical cur-
rent density dependence on the magnetic field amplitude and
direction is described by the following equation:

Jc(B∥,B⊥) =
Jc0[

1+
√

(B∥k)2 +B2
⊥/Bc

]b , (14)

where B∥ and B⊥ are the parallel and perpendicular
components of the magnetic flux density, and the paramet-
ers Jc0, k, Bc and b have the following values 49 GAm−2,
0.275, 32.5 mT and 0.6 [29]. This is a tape with a critical
current (Ic) of 160 A at 77 K self-field. The behavior of the
critical current density described in (14) can be better appre-
ciated in figure 4, where Jc(B∥,B⊥) was plotted by consid-
ering four different magnetic field magnitudes with different
directions.
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Figure 4. Critical current density behavior of the HTS tape for an
external magnetic field magnitude of 50, 100, 150 and 200 mT. An
angle of 0◦ represents a field perpendicular to the wide face of the
tape; an angle of 90◦ represents a parallel one.

4. Racetrack coil model and analysis

In this section, we study the racetrack coil presented in
[29]. This kind of coil is used for example in the rotor
of superconducting electrical machines for wind turbine
applications [41]. They have two straight and two round parts
as shown in figure 5, where the dimensions of the racetrack
coil under analysis are also given. The critical current of the
coil was estimated by using the methodology described in [42]
in a 2D model that represents the cross-section of the middle
of the straight part of the coil. According to this approach
and the average criterion, the critical current of the coil
is 100 A.

The normal vector (⃗n) can be defined in this case by domain
by following the original path of the superconducting tape or
by using a CC system, as it was mentioned in section 2. We
used both approaches in this case and obtained identical res-
ults. For this reason, we only present in this publication the
results of the model that uses the CC system.

We assume in this section the same parameters presented in
[29] to model the superconducting tape. Similar to what was
done in [29], we modeled only one-eighth of the coil by taking
advantage of the symmetries.

The critical current density dependence on the magnetic
field magnitude and direction was modeled by using the par-
allel (B∥) and perpendicular (B⊥) components of the magnetic
flux density [29]. For this reason, these components were also
calculated by domain. In the circular section, they were com-
puted as B∥ = Bz and B⊥ = Bρ, by assuming that the circular
region is centered at the origin. In the straight section, they
were computed as B∥ = Bz and B⊥ = Bx, by considering that
the straight region is parallel to the y axis.

The normalized current density in the cross-sections of
the racetrack coil for AC transport current (f = 50 Hz and
Ipeak = 100 A) without external magnetic field, when the
current is equal to zero (after the first half period of the

Figure 5. Geometry and dimensions of the racetrack coil under
study [29]. The coil is made with 50 turns of HTS tape, which
creates a stack 4 mm wide and 20 mm height in the cross-section of
the coil. All the dimensions are in millimeters.

sinusoidal cycle), is shown in figure 6. In this figure we can
also observe a comparison of the normalized current density
distribution obtained with the 3D H homogenization and 3D
T-A homogenization, at the middle of the straight and circu-
lar sections. The current density distribution obtained by using
the 3D T-A homogenization is in good agreement with the one
computed with the 3D H homogenization. The small differ-
ences close to the edges can be related to the considerations
and assumptions made in the implementation of the homogen-
ization of the T-A and H formulations in 3D. The implemen-
ted T-A formulation is based on a thin strip approximation that
constraints the current to flow only in the plane parallel to the
flat face of the tape (does not allow current sharing between
tapes or subdomains of the homogenize coil) and allows redu-
cing the current vector potential T⃗ into a scalar quantity. How-
ever, it cannot properly consider the influence of the magnetic
field parallel to the superconducting tape [19]. Moreover, the
currently available 3D homogenization of the H formulation
[29] cannot prevent current sharing between tapes or subdo-
mains of the homogenized coil. For this reason, it requires
the implementation of high resistivity layers inside the homo-
genized superconducting domain to minimize current sharing
between tapes or subdomains of the homogenized coil. Fur-
thermore, the high resistivity layers restrict the mesh in the H
formulation.

The current density distribution is similar along the coil.
We only observed a small difference between the middle of
the straight and circular sections when the current is close to
its maximum value, as it was reported in [29]. Figure 7 shows
the losses due to AC transport current estimated with the 3D
T-A homogenization model. The results are in good agreement
with the 3D H homogenization calculation for all the studied
current values, with a maximum relative error lower than 2%.

The main advantage of the 3D T-A homogenization is that
it is relatively easy to implement. In particular, it does not
require 2D integral constraints or high resistivity zones to pre-
vent current sharing between subdomains of different groups
of tapes. This restriction, which is quite tricky to implement in
the 3D H homogenization [29], is included in the essence of
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Figure 6. Normalized current density (J/Jc) in one-fourth of the racetrack coil for AC transport current (f = 50 Hz and Ipeak = 100 A) when
the current is equal to zero, after the first half period of the sinusoidal cycle. A zoom in the middle of the circular section and the straight
section of the racetrack coil is shown on the right, where a comparison between the 3D H and T-A homogenization results is presented.

Figure 7. Estimation of losses in the racetrack coil due to AC
transport current (f = 50 Hz) as a function of the current amplitude
by using the T-A 3D homogenization and the H 3D homogenization.

the T-A homogenization by applying the thin strip approxima-
tion which constraints the current to flow in the plane parallel
to the tape and allows reducing the current vector potential
into a scalar quantity. Moreover, the proposed normal vec-
tor approach (based on a CC system definition) allows sim-
ulating any geometrical arrangement. Therefore, it represents
an effective and practical tool for the analysis of complex
geometries.

5. Saddle coil model and analysis

Since the modeling technique was already validated in the pre-
vious section, we can proceed with the analysis of more com-
plicated geometries that are currently being investigated for
the development of superconducting devices.

The second case of study is a saddle coil. This is a
non-planar coil with two straight and two curved parts,
which allow a 90% rotation of the cross-section between the
middle of the circular and the straight region. The geometry
and dimensions of the coil are presented in figure 8. Only
one-fourth of the coil was modeled by taking advantage of the

Figure 8. Geometry and dimensions of the saddle coil under study.
The coil is made with 50 turns of HTS tape, which creates a stack
4 mm wide and 20 mm high in the cross-section of the coil. All the
dimensions are in millimeters.

symmetries. As it was done in the previous section, the crit-
ical current was estimated with a 2D model by following the
procedure described in [42] and using the average criterion.
The critical current of the coil is 100 A. This critical current
was verified with a 3D simulation where the current of the coil
was ramped up (100A s−1) until the critical current of the tape
was reached. In this simulation, we saw at 100 A the full pen-
etration of the coil with critical current density, and a change
of the slope in the instantaneous losses which represents the
operational limit established by the critical current.

The geometry of the saddle coil is more complex than the
racetrack coil. Moreover, the ratio of the coil dimension to the
HTS conductor generates a problem with a large number of
degrees of freedom. Therefore, a compromise between mesh
density (computation time) and accuracy must be found. In
the simulations presented in this section, a quadrilateral mesh
with 36 elements along the tape width and 10 elements along
the stack height is used in the cross-section of the coil. Free
tetrahedral mesh is used in the surrounding air domain and the
whole geometry has 16 322 elements in total, which results in
230 898 degrees of freedom.

This type of coil is used in proposed for the rotor and
stator of superconducting electrical machines, where a proper
inclination of the straight section can lead to a significant
reduction in AC losses [43–45]. Two operating conditions are

6
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Figure 9. Distribution of the current components inside the saddle
coil when the current reaches the maximum value. From top to
bottom: x-component (Jx), y-component (Jy) and z-component (Jz).
The total current is depicted in light blue arrows at the bottom.

analyzed in this section, AC transport current with and without
AC externally applied magnetic field.

5.1. AC transport current without magnetic field

The AC transport current (without external magnetic field)
operating condition is easier to analyze for this complex
geometry. Therefore, it was chosen as the first step in the
analysis of the coil. Since this is a non-planar coil, the cur-
rent vector has x-component, y-component and z-component
(figure 9). In the middle of the straight section, the current

flows parallel to the x-axis. The curved section works as a
transition zone for the current vector from the x-direction to
the y-direction, by following the winding and position of the
tapes. Due to the complex behavior of the current density (⃗J)
in 3D geometries, the cartesian components (Jx,Jy,Jz) are not
suitable for representation purposes. A possible way to over-
come this problem is to use the norm of J⃗. However, we would
not be able to appreciate the two fronts of currents in oppos-
ite directions during the AC cycle. Therefore, we use the dot
product between the current density vector and the tangential
vector parallel to the winding direction (⃗et):

J⃗ � e⃗t
Jc(B∥,B⊥)

. (15)

The dot product between this unit vector, parallel to the lon-
gitudinal direction of the tape, and the current density keeps
the same module and direction of J⃗, by having a positive/neg-
ative value when the current density is in the same/opposite
direction of e⃗t. The parallel and perpendicular (to the wide
face of the tape) components of the magnetic field required
for the local computation of Jc(B∥,B⊥) can also be calculated
in a more general expression with the dot product between the
magnetic field and the other two unit (base) vectors associated
to the definition of the CC system:

B∥ = B⃗ � e⃗∥, (16)

B⊥ = B⃗ � e⃗⊥. (17)

In figure 10 we represent the current density behavior in
the coil for an AC transport current with a peak value of 100
A and frequency f = 50 Hz, when the current is equal to zero,
and after the first half period of the sinusoidal cycle. The cur-
rent density penetration and behavior is very similar in the
middle of the straight and circular sections. There is only a
very small difference between the inner and the outer part of
the curved section, indicated with green arrows as A and B in
figure 10. This small difference is an effect of the self-field
of the coil, which tends to be higher inside the coil than out-
side. According to these results, a 2Dmodel that represents the
middle of the straight section of the saddle coil can provide
a good approximation of the current density behavior and a
first estimation of the AC losses. This bi-dimensional model
is simpler, faster, and easier to implement; and is commonly
used to have first estimations of important parameters such as
AC losses and magnetic field. Therefore, we decided to build
the 2Dmodel to verify whether this assumption is valid for the
proposed case study.

Figure 11 shows the current density behavior obtained with
the 2D model that represents the middle of the straight section
of the coil, for the same operating point and condition used in
figure 10. The current density behavior is similar between the
2D and 3Dmodels for the straight part of the coil. In the curved
section, there is a small difference. As mentioned before, this
difference is related to the self-field in 3D, which is a result
of the interaction of the different parts (straight and curved) of
the coil and cannot be taken into account by a 2D model.
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Figure 10. Normalized current density in the saddle coil computed
with the 3D T-A homogenization model, for AC transport current
(f = 50 Hz and Ipeak = 100 A) when the current is equal to zero, and
after the first half period of the sinusoidal cycle. The current density
is normalized with the critical current density by using equation (15)
to reflect the two fronts of current (positive and negative) in the
direction tangential to the winding.

Figure 11. Normalized current density in the middle of the straight
section of the saddle coil computed with the 2D T-A
homogenization model, for AC transport current (f = 50 Hz and
Ipeak = 100 A) when the current is equal to zero, and after the first
half period of the sinusoidal cycle.

Figure 12 presents the behavior of the AC transport losses
calculated with the T-A 3D and 2D homogenized models.
The losses estimated with both models are in good agreement
for all the range of current amplitudes under analysis, with a
maximum relative difference of 8.4%. The small differences
noticed in the current density in the curved section do not have
a meaningful impact on the AC transport losses. These dif-
ferences vanish in the behavior of the whole coil, where the
straight part behavior is dominant in the AC transport losses.
This effect can be related to the length of the straight section
in comparison with the curved one. For this reason, the 2D
approximation cannot be directly extrapolated to more curved
and complex geometries such as the one presented in section 7.
These results confirm the aforementioned hypothesis. The 2D

Figure 12. AC transport losses comparison between the 3D T-A
homogenization and the 2D T-A homogenization model that
considers the cross-section of the middle of the straight part of the
coil.

model can be used as a first estimation of important parameters
such as AC transport current losses for this specific case. How-
ever, the magnetic field around the coils in most of the prac-
tical applications is a combination of self-field and interaction
with the environment. This yields a more complex operating
condition that a 2D model cannot fully predict.

5.2. AC transport current and AC external magnetic field

In this sub-section, we analyze the behavior of the saddle coil
in the case of AC transport current (with a peak value of 100 A
and frequency f = 50 Hz) and AC external magnetic field. The
external magnetic field is uniform, sinusoidal (100mT inmag-
nitude and frequency f = 50 Hz) and applied in the z-direction,
in phase with the magnetic field produced by the coil. This can
be seen as the magnetic field produced by the rotor of an elec-
trical machine that reaches one of the stator superconducting
coils. However, the magnetic field in the stator of a supercon-
ducting electrical machine is more complex than the presen-
ted operating condition. In an electrical machine, the magnetic
field changes around the stator and is not necessary sinus-
oidal in time (it depends on the properties of the materials, the
machine and coil design. . .) [45]. Therefore, the case presen-
ted in this subsection is a simplified version of a more complex
operating condition, which allows us to study the behavior of
the coil with AC transport current and AC external magnetic
field. The analysis is not intended to predict the behavior of
the coil in an electrical machine environment.

Figure 13 presents a diagram of the applied magnetic field
in the coil. The external magnetic field is depicted with dashed
blue arrows and the self-field of the coil with black continuous
arrows. The transport current direction inside the coil is rep-
resented with red arrows. Since the external magnetic field
is in the z-direction and in phase with the self-field of the
coil, we can expect a higher magnetic field magnitude in the
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Figure 13. Diagram of the applied magnetic field in the saddle coil. The external magnetic field is depicted with dashed blue arrows and the
self-field of the coil with black continuous arrows. The transport current direction inside the coil is represented with red arrows.

Figure 14. Normalized current density in one-fourth of the saddle coil for AC transport current (f = 50 Hz and Ipeak = 100 A) and external
magnetic field (f = 50 Hz and Bext = 100 mT) in z-direction and in phase with the coil self-field, when the current is equal to zero and after
the first half period of the sinusoidal cycle. A Zoom in the curved section of the coil is presented on the right to show the transition between
a full and partial penetrated area.

inner part (where the external and self-field are in the same
direction) and lower in the outer part of the coil (where the
external and self-field are in opposite direction). Moreover,
the external magnetic field will be perpendicular to the tape
in the straight section and parallel in the curved one. This will
create a more complex behavior than in the transport current
operating condition.

Figure 14 shows the current density behavior when the
transport current is equal to zero, and after the first half period
of the sinusoidal cycle. As it can be observed, the straight
section is fully penetrated with critical current density. We can
notice one front of current coming from the inner side of the
homogenized stack, and a very thin current front in the outer
part of the middle of the straight section (where the external
and self-field are in opposite directions). The curved section
shows a transit behavior in space from a fully penetrated zone
(straight part) to a partially penetrated one. In the middle, we
can notice two fronts of current penetrating the stack at the
top and bottom. The inner part is fully penetrated, but the outer

part has gray areas that show a partial penetration of the current
in the coil. In comparison with the transport current operating
condition (figure 10), this behavior indicates that the external
magnetic field has a stronger influence in the straight section
of the coil than in the curved one, due to the torsion of the
stack in the geometry of the coil from the straight part (where
the external magnetic field is perpendicular to the tape) into
the curved part (where the external magnetic field is parallel
to the tape).

The total AC losses in the coil for this operating condition
are 3.62 J per cycle, which represents more than three times the
AC losses of the transport current case with the same current
amplitude (0.95 J per cycle).

As it was done in the transport current simulation, a 2D
model of the middle of the straight section is built with
transport current and an external magnetic field applied in the
z-direction. An average turn length is considered to extrapolate
the results and estimate the losses of the whole coil with the 2D
model. The total AC losses estimated with the 2D model are
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Figure 15. Geometry of the D-shaped coil with the design
parameters taken from [48]. The HTS conductor cross-section is
used for the case study. All the dimensions are in millimeters.

4.03 J per cycle. The 2D model overestimates then the losses
by 10.17% in this case. This difference can be related to the
previously explained behavior in the curved part of the coil
and can be more significant if the ratio between the straight
part length and the curved part length is lower.

The complex current density behavior and the big increase
in the AC losses observed in this sub-section (compared with
the transport losses case) suggest that a 3D approach is bet-
ter suited for the analysis of this operating condition. This 3D
approach provides a more accurate estimation of losses and
allows an electromagnetic analysis that cannot be done with a
2D approximation.

6. D-shape coil model and analysis

In this section, the geometry of a D-shaped coil, used in Toka-
mak fusion devices, is investigated [46, 47]. The shape and
dimensions of the coil are shown in figure 15 (design para-
meters presented in [48]). The geometrical design of this type
of coil features a straight inner leg and curved segments with
different radii. This geometry is reduced to a quarter model by
considering symmetry with the horizontal and vertical planes
at the center of the coil.

Figure 16. Transport losses for the D-shaped coil model in 3D
compared to the simplified axial symmetric 2D model. The 2D
model uses the mean radius of the D-shaped coil.

Due to the high ratio of the coil dimension to the HTS con-
ductor cross-section, the model has a large number of degrees
of freedom. To keep the simulation within a manageable time-
frame, the meshing of the geometry needs to be carefully
chosen. It is important to use as few elements as possible
while not compromising the accuracy of the model. This lim-
its the number of elements that can be used to mesh the HTS
conductor cross-section. By using a structured, quadrilateral
mesh in the superconducting domain (10 elements equally
spaced along the tape width and 8 elements along the width
of the stack) and a free tetrahedral mesh in the surrounding
air domain, the whole geometry can be meshed with 22 822
elements in total, resulting in 293 477 degrees of freedom.

In the first step, the modeling approach with the D-shaped
geometry is validated by using the same HTS cross-section
presented in the previous section. For the validation, the
transport losses of the 3D model are compared to a 2D axial
symmetric model. The mean radius is calculated from the
height and width of the 3D geometry (Rm = 145 m) to approx-
imate the D-shaped coil in 2D. The results for the comparison
of transport currents ranging from 30 A to 120 A are shown in
figure 16. It can be seen that the agreement between themodels
is very good, with a maximum relative difference of 12.9%.

Subsequently, a study case for a load cycle is evaluated by
using the HTS cross-section shown in figure 15. The critical
current for this coil is 60 A. In the first second of the load cycle,
the transport current is ramped up from 0 to 50A, followed by
a 2 s relaxation time. Then the current is ramped down over
1 s from 50 to 0A, and at the end another 2 s are given as
relaxation time. This load cycle is shown in figure 17 by the
red dashed line. The blue and green dashed lines correspond to
the power dissipation calculated with the 2D, and 3D models
respectively.

There are two distinct peaks in the losses, which occur at the
end of each ramp phase (up/down). During the ramp-up of the
current, the losses of the 3D model show a ripple effect, which
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Figure 17. Current ramp-up/down process (load cycle) and
instantaneous losses in the D-shaped coil model computed with the
3D and 2D T-A homogenization models.

can be attributed to themesh distribution of the conductor area.
This behavior is amplified at lower currents, if we keep the
same mesh, and it can also be observed in coarsely meshed
2D models.

The instantaneous losses at the end of the ramp-up phase
at 1 s are 1.69 W for the 2D model and 1.61 W for the 3D
model. For the second peak at the end of the ramp-down phase
at 4 s, the instantaneous losses are 0.26 W and 0.39 W, for
2D and 3D respectively. The evaluation of the losses for the
whole load cycle shows that there is a discrepancy, and the 2D
model underestimates the losses for this complex geometry by
11.54%. The losses amount to 0.69 and 0.78 J for the whole
load cycle, for the 2D and 3Dmodels respectively. In figure 18,
the current penetration is shown at 2.5 s (during the stabiliz-
ation after the initial ramp phase) and at 5.5 s (after the ramp
down). On the left side of the figure, the locations of the CP are
indicated in the geometry. The current distribution is shown in
the respective CP of the 3D model and compared to the solu-
tion from the 2D axial symmetric model. In the cut planes CP
in and CP out, the distribution is almost identical to the 2D
model. The largest difference can be observed in the CP of the
segment with the smallest radius (CP R1). The current pen-
etration at the inside of the coil is higher than at the outside
of the coil. This can be explained by the influence of the self-
field, which is larger in the inner part of the segment with the
highest curvature. The 2D and 3D models show a good agree-
ment. The computation time for a 1 s ramp phase is about
20 h for the 3D model, while the 2D model finishes within
minutes. For a detailed investigation of a D-shaped coil, the
3D model can provide a better understanding of the electro-
magnetic behavior.

7. Twisted coil model and analysis

We study in this section a more complex geometry that has
no straight parts. The twisted coil has only curved sections
with a continuous twist along the length of the coil. The model

and development of coils with this kind of geometry can be
beneficial for the fusion sector [49], [50]. However, the case
under analysis is not part of any specific application. As men-
tioned in section 5, the detailed geometry and electromagnetic
environment are necessary for any analysis of superconduct-
ing devices and applications, since they can strongly influence
the losses and electromagnetic behavior of the coils. There-
fore, this case of study can be seen as a complete curved and
twisted coil analysis that shows the potential application of
the modeling approach in a coil similar to the one used in the
fusion sector.

The geometry and dimensions of the coil are presented in
figure 19. As it can be noticed, it has one plane of symmetry.
Therefore, only one-half of the coil was modeled. The critical
current of this coil is 60 A.

Due to the complex shape and general dimensions of the
coil, the mesh of this geometry must be done carefully to keep
the problem within a manageable number of degrees of free-
dom that provides a good compromise between accuracy and
computation time. In the simulations presented in this section,
a quadrilateral mesh with 16 elements along the tape width and
5 elements along the stack height is used in the cross-section
of the coil. The number of elements along the length of half of
the coil is 36 and free tetrahedral mesh is used in the surround-
ing air domain. The whole mesh has 25 828 elements, which
results in 327 891 degrees of freedom. The model has a com-
putation time of 57 h in an Intel Xeon Gold 6242 2.80GHz—
2 processors—computer with 64 logical processors and 384
GB of RAM. A more detailed mesh was not feasible in this
case, since it increases the computation time to one week
(or more).

We considered a DC transport current as the operating con-
dition of the coil. For this reason, we simulate the current
ramp-up/down process as one possible test or operating cycle.
As it was done in the previous case study, we first ramp-up
the current from 0 to 50A (83.33% of the critical current) in
1 s and wait 2 s as relaxation time. Then, we ramp-down the
current from 50 to 0A in 1 s and wait 2 s as relaxation time.
The overall load cycle and losses behavior can be observed in
figure 20. We have two peaks in the losses of the coil related
to the ramp-up/down periods of the current. These losses were
estimated by using the aforementioned 3D approach and a sim-
plified 2D T-A homogenized model of the cross-section of the
coil. The 3Dmodel estimates a peak in the instantaneous losses
due to the first ramp of 1.61 W and the 2D model estimates
a peak of 1.40 W. This difference can be related to the fact
that the 2D model cannot consider the continuous twist and
curves along the length of the coil. Similarly, the 3D model
also estimates a slightly higher value for the second peak in
the instantaneous losses due to the second ramp (0.24 W), in
comparison with the 2D model (0.16 W). The losses estim-
ated in the whole load cycle are 0.70 J and 0.61 J, for the 3D
and 2Dmodels respectively. The 2Dmodel underestimates the
total losses by 13.29%.

Figure 21 shows the behavior of the current density in half
of the coil at t= 5.5 s (during the relaxation time after the
ramp-down). In this figure, the red line highlights the position
of the same side of the coil cross-section along the twist. The
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Figure 18. Normalized current density at the indicated cut planes (CP) of the 3D model in comparison with the simplified 2D model. The
red lines indicate the inside of the coil. The current penetration is shown at t= 2.5 s (during the relaxation time after the ramp-up phase) at a
constant current of 50 A, and at t= 5.5 s (during the relaxation time after the ramp-down phase) at a constant current of 0 A.

Figure 19. Geometry and dimensions of the twisted coil under
study. The coil is made with 100 turns of HTS tape, which creates a
stack 4 mm wide and 4.65 mm height in the cross-section of the
coil. All the dimensions are in millimeters.

current penetration is sometimes higher on one side of the
homogenized stack, sometimes higher on the other side, and in
some cases looks symmetrical. This behavior is related to the
interaction of the current density with the self-field produced

Figure 20. Current ramp-up/down process (load cycle) and
instantaneous losses behavior in the twisted coil computed with the
3D and 2D T-A homogenization models.

by different parts of the curved and twisted geometry, which
can cause local higher penetration and saturation of current.
This behavior cannot be reproduced by a 2D model. Figure 21
also shows the current penetration in the 2D T-A homogen-
ized model for the same time reference. As it can be observed,
the current penetration is more symmetrical in the 2D model.
This can cause the discrepancies in the estimation of losses
presented before. These discrepancies can be higher depend-
ing on the geometry, local effects, and operating conditions.
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Figure 21. Normalized current density in one half of the twisted coil at t= 5.5 s (during the relaxation time after the ramp-down process).
A zoom in the cross-section of the coil at three different locations is presented on the left together with the behavior of the normalized
current density in the 2D model at the same instant in time.

In this case of study, the 2D T-A homogenized model can
provide a first estimation of the losses due to the current
ramp-up/down process (without external magnetic field).
However, a 3D model can provide a better electromagnetic
analysis of local effects (current saturation and high penetra-
tion zones) that can cause higher losses at different operating
conditions or electromagnetic environments.

8. Conclusion

The 3D T-A homogenization modeling technique was used
to study the behavior of superconducting coils with complex
3D geometries under different operating conditions. The pro-
posed normal vector approach based on a CC system definition
allowed an easier implementation (in comparison with the cur-
rently available 3D H homogenization) despite the complex-
ity of the geometry. Therefore, it represents a practical tool
for the analysis of HTS devices with complex shapes at low
frequency. For high-frequency conditions, the different layers
andmaterials of the tape play a key role in the estimation of AC
losses. Therefore, the homogenization of the T-A formulation
in 3D is no longer accurate for AC loss estimations.

We validated first the modeling approach with the racetrack
coil studied in [29] by comparing the results with the 3D H
homogenization technique. Then, we modeled and analyzed
a saddle coil, which represented a case study with poten-
tial applications in the magnet and superconducting electrical
machine sectors. The operating conditions under study were
AC transport current and AC transport current with AC extern-
ally applied magnetic field. We compared the results with a
2D T-A homogenized model, which gave a good approxima-
tion of the losses for the first operating condition, but cannot
be used for the electromagnetic analysis of the second one.
The validity of this 2D approximation can be affected by the
length of the straight section of the coil, in comparison with

the curved one. Therefore, 2D simulation results cannot be
directly extrapolated to more complex geometries (such as the
twisted coil).

A D-Shape coil and a twisted coil (without straight parts)
were also modeled and analyzed. These cases have potential
applications in the fusion energy sector. The operating condi-
tion considered for these coils was DC transport current. For
this reason, the ramp-up/down process was simulated.

For the coils simulated in this publication, the losses due
to AC or the ramp-up/down process can be estimated with a
2D model. This approach provides a good approximation and
offers a great reduction of degrees of freedom due to the reduc-
tion of dimension. Therefore, it represents a good compromise
between accuracy and computation time. However, the beha-
vior of the coils due to transport current and external mag-
netic field can be more complex. For this operating condition,
the 3D model can provide a better estimation of losses and
detect zones with local saturation of current, as was seen in the
saddle coil simulations. The operating conditions of HTS coils
in the majority of applications (such as electrical machines
and fusion experiments) involve transport current and mag-
netic field. In these cases, the study of the interaction with
other coils, magnets, and materials in intricate 3D geometries
is only feasible with a 3D model.

These analyzes show the versatility of the modeling
approach and its efficiency for AC loss estimation in coils.
Moreover, the studies support and encourage the modeling and
development of HTS coils with complex geometries, neces-
sary to overcome the technological challenges of supercon-
ducting devices in multiple fields and applications.
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