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ABSTRACT. The equations of stationary compressible flows of active liquid crystals are con-
sidered in a bounded three-dimensional domain. The system consists of the stationary Navier-
Stokes equations coupled with the equation of Q-tensors and the equation of the active par-
ticles. The existence of weak solutions to the stationary problem is established through a
two-level approximation scheme, compactness estimates and weak convergence arguments.
Novel techniques are developed to overcome the difficulties due to the lower regularity of
stationary solutions, a Moser-type iteration is used to deal with the strong coupling of active
particles and fluids, and some weighted estimates on the energy functions are achieved so
that the weak solutions can be constructed for all values of the adiabatic exponent v > 1.

1. INTRODUCTION

Active hydrodynamics refer to dynamical systems that are continuously driven out of equi-
librium state by injected energy effects on small scales and exhibit collective phenomenon on
a large scale, for example, bacterial colonies, motor proteins, and living cells [2,32,33]. Active
systems have natural analogies with nematic liquid crystals because the particles exhibit a
orientational ordering at a high concentration due to the collective motion. In comparison
with the passive nematic liquid crystals, the system of active hydrodynamics is usually unsta-
ble and has novel characteristics such as low Reynolds numbers and very different spatial and
temporal patterns [22,42]. We refer the readers to [8,22,26,33,35,41,42] and their references
for the physical background, applications and modeling of active hydrodynamics. Theoretical
studies on active liquid crystals are relatively new and have attracted a lot of attention in
recent years. For example, the evolutionary incompressible flows of active liquid crystals were
studied in [9,27] and the evolutionary compressible flows were investigated in [10,36]. In
this paper we are concerned with the stationary compressible flows of active liquid crystals,
described by the following equations in a bounded domain @ C R3 :

div(pu) =0,
u-Ve— Ac= gy,
div(pu & u) + Vo7 — div (Sus(Vut) + S1(Q) + Sa(c, Q) = po, (1.1)

@Q —b <Q2 - %tr(@2)1> — AQ = g3,

where p, ¢, u denote the total density, the concentration of active particles, and the velocity
field, respectively; the nematic tensor order parameter @ is a traceless and symmetric 3 x 3

u-VQ + QN - QQ + c.Qtr(Q%) +
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matrix, p7 is the pressure with adiabatic exponent v > 1, and the functions g; (i = 1,2, 3) are
given external force terms. We denote the Navier-Stokes stress tensor by

Sns(Vu) = p <Vu + (Vu)T) + Adivul, (1.2)

where (Vu) ' denotes the transpose of Vu, I is the identity matrix, and the constants , A
are viscous coefficients satisfying the following physical requirement:

w>0, p+3X>0. (1.3)

In (1.1), @ = 1(Vu— (Vu) "), and the additional stress tensors are:

$1(Q) = -VQ® VQ + %\VQP]I + % (1+56(@) (@)L, (1.4)

and
Sa2(c, Q) = QAQ — AQQ + 0.c%Q, (1.5)

where ¢, > 0 and o, € R are given constants. The corresponding evolutionary equations
of compressible active liquid crystal flows can be found in [10]. The equations (1.1) can be
regarded as the stationary version of the evolutionary equations in [10] through the time-
discretization and play an important role in the long-time behavior of active hydrodynamics.
However, the mathematical analysis of the stationary equations (1.1) remains open. The aim
of this paper is to construct the weak solutions to the stationary equations (1.1) subject to
the following structural conditions:

dc = 0Q
u = 0, a—n = O, a—n = 0, on 8(9, (16)
and
/ p(x)dx =my >0 and / c(x)dx = my > 0, (1.7)
@ @

where n denotes the outward unit normal vector of the boundary 00O, m1 and msy are given
constants. We remark that the two conditions on the total mass and the total active particles
in (1.7) guarantee that the density function p and the particle concentration ¢ are uniquely
determined. For the modeling and analysis of the )-tensor systems of nematic liquid crystals
we refer the readers to [5,7,23,30,44] and references therein.

We now introduce some notation that will be frequently used throughout this article.
For given symmetric matrices A = (aj;)3x3 and B = (b;j)3x3, denote tr(AB) = A : B =
Zij:l aijbij, tr(A?) = |A]?, and S5 = {A = (aij)sx3 : aij = aji, tr(A) = 0}. For two
vectors a, b € R?, denote a - b = Z§=1 a;b; and a ® b = (a;bj)3x3. Denote the Sobolev spaces
(cf. [1]) by

wkr = wkr(©), P =W, HF=W"2 pe[l,o0, keN,.

Additionally, we use W*P(O, R?) and WH*P(O, S3) for the Sobolev spaces valued in R? and
Sg, respectively. We denote by |O| the measure of the domain O, and write [, f(z)dz as [ f
for simplicity of notation.

We shall establish the existence of weak solutions to the problem (1.1)-(1.7) defined as
follows.
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Definition 1.1. The function (p,c,u, Q) is called a weak solution to the boundary-value
problem (1.1)-(1.7) if there is some exponent p > 3 such that

p>0, ¢>0 ae inO,
pELP(0), ceH*0), ueH)(ORY), Qe H*O,57),
satisfying the following properties:
(i). The equations (1.1) are satisfied in the sense of distributions, (1.6) holds true in the
trace sense, (1.7) holds true for given my > 0 and mgy > 0;

(ii). (1.1), is satisfied in the sense of renormalized solutions, i.e., if (p,u) is extended by
zero outside O, then

div(b(p)u) + (V'(p)p — b(p)) divu =0, D'(R?),

where b € C1([0, 00)) with V/(z) = 0 if z is large,
(iii). (1.1), and (1.1), are satisfied almost everywhere in O.

We are ready to state our main result.

Theorem 1.1. Let O C R3 be a bounded domain with smooth boundary. Assume that the
adiabatic exponent v > 1, the constants my > 0 and mo > 0, and the functions

g1 € L®(0), g2 € L®(O,R?), ¢3¢ L>(0,S3) (1.8)

are given. Then there exists a small constant my that depends on my, ¢y, 0w, f, A, ¥, 91| Lo,
lg2llzee, ||lgsllzee and |O|, such that if

ms € (0, my], (1.9)
the problem (1.1)-(1.7) admits a solution (p,c,u, Q) in the sense of Definition 1.1.

Remark 1.1. The smallness assumption (1.9) is a technical condition that is mainly used to
overcome the strong nonlinearity caused by the concentration c¢ of active particles.

Remark 1.2. In fact, Theorem 1.1 still holds true in the case when c is any positive constant
(hence mg = ¢|O)).

We shall prove Theorem 1.1 by constructing approximate solutions and a two-level limiting
procedure. The approximate solutions are constructed in light of time-discretization technique
from the evolutionary equations in [10], and the limits are based on standard compactness
theories developed in [10,16,31,37]. However, new difficulties arise due to the lower regularity
of stationary solutions, strong nonlinearity and complex coupling of active particles and fluids.
In order to make our ideas clear we comment on our approach and novelty below.

We begin in Section 2 with suitable linear equations to construct the approximations of
system (1.1). For a given function v in the set {v € W>®(O,R?), v =0 on 00}, we impose
the transport equation (1.1); with the extra diffusion €2Ap and obtain p = p[v, €| in Lemma
2.1. With the force term g; given in (1.1), we can solve ¢ = c[v,€]. Having p = p[v, €]) and
¢ = c[v, €] in hand, for a given v and a given function Q in the set {Q € W2>(0O,R?), g—g =
0 on O} we are able to construct the solution to a linear system of @) in terms of v and
Q. In the same manner, we consider the approximate momentum equations (2.8) and solve
u = ufv, Q, e]. We should point out that the appearance of highest derivative of @ due to
(1.5) requires W3P regularity for Q. Moreover, since Vv and g3 are only in L, we adopt
the ideas in [11] and use a global mollification technique such that the above approximation
is smooth.



4 Z. LIANG, A. MAJUMDAR, D. WANG, AND Y. WANG

The approximate equations (3.1) come from the linear equations in Section 2 and will
be solved using the Schaefer Fixed Point Theorem (cf. [15]). The approximate solutions are
constructed by a two-level approximation scheme involving the artificial viscosity and artificial
pressure. However, the strong nonlinearity in the quantities

/C2Q:Vu and /cu-Vc

causes new difficulties in closing the basic a priori estimates. To this end, we explore a
Moser-type iteration such that ||¢||z= can be bounded by ||¢||;1 = m2, and hence we are able
to control the above mentioned nonlinear terms provided that some small assumption on msy is
made. In this connection, we are allowed to close the energy estimates to obtain the existence
of approximate solutions, and further improve the regularity of the solutions by a bootstrap
argument.

Next we shall take the limit in the approximate solutions as first ¢ — 0 and then § — 0
through the weak convergence arguments. We remark that the nonlinear coupling of ¢ and @
in the momentum equation makes the limiting process much more subtle. For example, for
the integral quantity

[ (@2 - 2Q1Q¥) 0,008 50,

the e-limit is not obvious because both AQ?J and 0; A71(p.) are only weakly convergent.
Fortunately, we can overcome the difficulty using the integration by parts as well as the
symmetry of Q; see (4.36) for a detailed explanation.

One disadvantage for the stationary problem is that it has no useful information on the
density other than ||p|/z1, which is very different from the evolutionary equations for which
the higher regularity ||p||zv with v > 1 is available. As a consequence we have extra difficulties
in taking é-limit procedure (especially if v > 1 is close to 1). Taking account of the ideas
in [19,25,28,29], we use the refined weighted estimates on both pressure and kinetic energy
functions. However, the involvement of ¢ and ) makes the proof much more complex and
delicate. We utilize different weighted functions in dealing with the boundary case and interior
case, and finally succeed in obtaining the uniform estimates for all adiabatic exponent v > 1
under the smallness assumption (1.9). This is different from our previous papers [28, 29]
for Cahn-Hilliard/Navier-Stokes equations where the restriction v > % seems to be critical
because the pressure depends both on the density and the concentration. Once the Proposition
5.1 is obtained, we are able to use the standard compactness theories in [16,31] to take d-limit
and complete the proof of Theorem 1.1.

The rest of paper is organized as follows. In Section 2, we introduce some linear equations
and their preliminary existence results that will be used in the construction of approximate
solutions. In Section 3, we construct the approximate solutions by a two-level approximation
scheme involving the artificial viscosity coefficient ¢ > 0 and the parameter § > 0 in the
artificial pressure, and prove the existence using the fixed point argument. In Section 4, we
take the limit as € — 0 of the approximate solutions for any fixed § > 0, and finally in Section
5 we take the limit as § — 0 for the vanishing of the artificial pressure and conclude the
existence of weak solutions.
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2. PRELIMINARY RESULTS ON LINEAR EQUATIONS

In this section we present some linear equations, in preparation for constructing the ap-
proximate solutions to the problem (1.1)-(1.7) in (3.1) next section.
Define the following function spaces:

W™ (0,R%) i= {v € Wh(O,R%), v =0 on 90},

W2>(0,83) = {Q € W2>(0,S3), 2—2 =0on 8(’)},

W = Wy (O,R?) x W2%(0, 8.

Now let € € (0,1) and p € (1,00) be fixed. Recall m; and mgy defined in (1.7). The first
lemma is for the solvability of a relaxed transport equation with dissipation from [37].

Lemma 2.1. [37, Proposition 4.29] For any given v € Wol’oo((’),R?’), there exists a unique
solution p = p[v] € W2P(O) to the following problem

ep +div(pv) = EAp + 6%, % =0 on 00, (2.1)

such that
ez/Vp-Vn—/pv'VnJrE/(p—po)n:O, ne C>(0). (2.2)

Moreover,
p=0ae inO, |pllpn=mi, |pllwzr < Cle,p,mi, O, |v]lwi). (2.3)

Lemma 2.2. For any given g1 € L*(O) and v € WOI’OO(O,R?’), the following problem

0
v-Ve=Ac+ g, /c:mg, 8—620 on 00, (2.4)
n
has a unique nonnegative solution ¢ = c[v] € W*P(O).
Proof. Consider the approximate equation
ac—l—v-Vc:Ac-l-gh—l-a@ ac (0,1). (2.5)

or

Following the proof of [37, Proposition 4.29], we see that (2.5) has a solution ¢, = ¢4 (v) €
W2P(0) (1 < p < o), satisfying

o >0 ae, O, ol =ma, |callwzr < C(p,ma, O, ||v||ie).
Then, taking the limit o — 0T, we complete the proof. ([

The following two lemmas can be obtained from the elliptic theory (see [21]).

Lemma 2.3. For any giwen (v,Q) € W, the following problem

(C - C*)Q + C*Qtr(Qz) —b <Q~2 . %tr(@2)]1>

AQ—eQ=F'(v,Q):=v-VQ+ 5

+QUR) — ()@ — (g9), (26)
9Q

o =0 on 00,
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has a unique solution Q = Q[v, Q| satisfying
1Qllws.» < CIIF |lwrp < o0, (2.7)

where ¢ = c[v] is solved in Lemma 2.2, and (Q) = (Vo) — (Vo)) with (f) being a smooth
approximation of function f globally in O.

Remark 2.1. We use the smooth approximations (Q) and (g3) to guarantee that F'! belongs
to WP, Such approximations can be obtained through the global mollification (f) = n. * f
with 7 the Friedrichs mollifier (see e.g., [15]). Due to the Neumann boundary condition, we
impose € to guarantee that the values of function @ is uniquely determined.

Lemma 2.4. For any given (v,Q) € W, the following problem
divS,s(Vu) = F%(v, Q) := epv + div(pv @ v) + V(6p* + p7) + 2Vp - Vo

— div (-vcz QVQ+ %!VQF]I + %tr(@z)ll + %(W(Q2))2H>

(2.8)
—div (QAQ — AQQ + 0.¢°Q) — pgo
(u=0, on 90,
has a unique solution u = ulv, Q| satisfying
[l < CIF?| e < 0. (2.9)

where both € € (0,1) and 6 € (0,1) are fized constants; p = p[v], ¢ = c[v] and Q = Q[v, Q] are
determined in Lemmas 2.1-Lemma 2.3.

Remark 2.2. The artificial pressure 6p* is used to improve the integrability of density, which
will be used in subsequent analysis.

3. APPROXIMATE SOLUTIONS

In this section we construct the approximate solutions to the problem (1.1)-(1.7). Have
the existence results for the lineaized problems in Lemmas 2.1-2.4, we consider the following
nonlinear approximate system:
epe + div(peue) = €2 pe + €po,

Ue - vce = Ace + g1,
divS,s(Vu,) = F2(u, Q.),

AQe = €Qc + Fl(uea Qs)a (3.1)
Ope B dce 0Qc
o 0, u.=0, 5 0, o 0 on 00,

/pE:ml7 /CE:m27

where py = %, the functions F'' and F? are taken from (2.6) and (2.8) respectively.
The theorem below states the existence of solutions to problem (3.1).
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Theorem 3.1. Assume that (1.8) holds true and € is sufficiently small. Then there is a small
mao < mg, the problem (3.1) admits a solution (pe, ce, e, Q) satisfying, for any p € (1,00),

0<pe € W(O),  lpellro) = ma, (3:2)
0<ce € WHP(0),  lee|lproy = ma, (3.3)
u. € W?P(O,R?), Q. W3P(0,Sp). (3.4)

Proof. The proof is based on the Schaefer Fixed Point Theorem (see, e.g., Chapter 9, Theorem
4 in [15]). Thanks to Lemmas 2.1-2.4, for any given (v,Q) € W, we have

(e, Qe) = Afv, Q) == (ufv, Q. Q[v, Q). (3.5)

By (2.7) and (2.9), it is clear that the operator A : W — W is compact. A straightforward
computation shows that A is continuous; see, e.g., [10]. In order to apply the Schaefer Fixed
Point Theorem, we need to prove the following proposition:

Proposition 3.1. Assume that (u., Q¢) is a solution to the equations (2.6) and (2.8). Then
the set

3.6
for some t € [0,1], and pe = p[ue), ce = cu] (36)

{(uE,QE) ew

(u€7QE) = tA[ue’QE] }

s bounded.

From Proposition 3.1, we may use the Schaefer Fixed Point Theorem to conclude that
(ue, Q) = Alu, Q] with p. = plu] and ¢, = c[u]. This together with Lemma 2.1 and
Lemma 2.2 guarantee the existence of the solution (pe, ¢, u., Q) to the problem (3.1) for any
fixed € > 0. Consequently, the estimates (3.2)-(3.3) follow directly from (2.3) and Lemma 2.2.

We now prove Proposition 3.1 as well as (3.4), leading to the complete proof of Theorem
3.1. We will drop the subscript € and use (p, ¢, u, Q) to denote (p, ¢, ue, Q) for the sake of
simplicity. Observe that (p, ¢, u, Q) solves

(ep +div(pu) = €Ap + epo,
u-Ve=Ac+ g,

AQ = eQ +tF'(u,Q),

divS,s(Vu) = tF%(u, Q), (3.7)
Op _ _g 9 _, 99 _
a—n—O, u=20, Z?n_o’ o =0, on 00,

/p:ml, /C:TTLQ.
\

To prove Proposition 3.1, it suffices to show that there is a constant M < oo independent of
t such that

[(w, @)lw < M. (3.8)
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3.1. Basic inequalities. Multiplying (3.7); by £|u|? and (3.7), by u respectively, we get

%t /(p+ po)luf® —I—t/u- V (6p* +p7) + u/ IVul? + (A + p) / |divul?
= t/pgg ‘u— t/AQ (u-V)Q + %divutr(@z) (1 + %*tr(Cf)) (3.9)
+t/div(QAQ — AQQ)u — to, /C2Q : Vu,

where we have used (1.4) and the following computation
/div <—VQ O VQ + %IVQP) u
— [a@Q Q" w + 5 [woaal = [ 20 @-v)a.
By (3.7),, one deduces
[u-vnt )= [onv (G 20)
= 6/ <%p3 3 - 10”*) (p = po) + 62/V (4?6[)3 + ﬁfﬂ*) -Vp

> 9 A 094 1 5 2 22 219,312
_€/<3p +7_1p> €/<3p0—|—7_1p0>—|—€/<5|Vp| +7|Vp2|>

Then substituting the above estimate into (3.9) gives

t 5 1 4
6—/(/)ero)!u\z +6t/ 2+ —0 +62t/ 3|V + <[ V2|
2 3 v—1 ¥
—I—,u/|Vu|2+()\—|—,u)/|divu|2
5, 1
<et gpo‘i'ﬁﬂo +t [ pg2-u
- ) . (3.10)
—t/AQ (u-V)Q + gdivutr(Q )(1+ Su(Q ))

—|—t/diV(QAQ — AQQ)u — tO'*/C2Q : Vu

) 1 -
—. 4 9% E .
= 6t/<§p0+7_1p0> +i:1 —[7,.
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Next, following [10] we multiply (3.7); by —AQ + Q + c.Qtr(Q?) to obtain

/ AQR+(1+¢) / VQP + e / (11 + c.lQl") + te. / (101" + e.|Ql")

- 2tc*/AQ . Qir(Q?) +t/ (6—26*)

Q: (AQ - Q — e.Qtr(Q%)

+t [b <Q2 - %Htr(cf)) (-5Q+Q+ (@) +t [(@0) - (0)Q): 20
(3.11)
~t (@) - @Q): @+ Q@)+t [uQ: (5Q - Q- e.Qur(@?)

1 / (93): (—0Q+Q + e.Qir(Q?)

7
=: Z Jj.

J=1

3.2. Uniform in ¢ and ¢t estimates. Now we estimate the terms on the right-hand side in
(3.10) and (3.11). In this subsection, the generic constant C' may rely on A, u, mq, 9, 7, |O|,
Cxs Oy ”gl”Lo"7 H92HL°°7 Hg3HL°°7 but not on ¢ and e.

Direct calculations show

Jy = —2tc*/|VQ|2tr(Q2) —tc*/|Vtr(Q2)|2 <, (3.12)

Jo = t/u VQ: (AQ - Q — . Qtr(Q?))

(3.13)
= t/u VQ:AQ — t/u- v (%(tmf) + %*((ter))2> =1,
and by the fact that @ is symmetric and € is skew-symmetric, one has
Js =t /(QQ - 0Q): (Q + c.Qtr(Q%) =0. (3.14)
Moreover, we have the following computation:
Lt di=t [ dv(@a@ - 5QQu-+t [QW@) - ©)Q): 4Q
= t/div(QAQ — AQQ)u —|—t/(QQ - QQ): AQ
+t [ (@) - @Q) - Q) - @Q): 40 (3.15)

—t [ @) - (9)Q) - @) - Q) 40
< 1C)|(Vu) — Va2 [ Q< [ AQ) 2
< 1C)|(Vu) — Va2 (1QI2: + 15QI2.)

where the last equality is from [9, Lemma A1], and the last inequality is from the interpolation
inequality.
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As a result of (3.12)-(3.15), inequalities (3.10) and (3.11) provide us

) 4 5
S Jow e [ (o4 g0 ) v [ (aviR + 2wt
e [1wup+ [18aR+ [19R +te. [ Q1 + el (3.16)

< Ct+ Ctl[(Vu) — Vul 2 (|Q1%4 + |AQI2) + I + Is+ Jo + J5 + J7.
By (1.8), we have
1] + | J3] + | J7]
< Ctllgallze=llpll s llullzs + Co(L + llgsliz2) (1AQN L2 + Q176 +1)

(3.17)
<crroiplzy + 5 [1op+ % [vue+ ] [1a0r,
- L5 4 4 4
and
L]+ 1.2
< Ctlel Qe Val s+ Ct(1 + o) (1@ 1515 + 1M +1) g 1

6 tc 6, M 2 1 2
< Ct+ Ctllellze + -7 [ QP + 7 [ [Vul+ - [ AQI%.
Substituting (3.17) and (3.18) into (3.16) leads to

0 4 .
[+t +e [ (gfﬁ ; ﬁp) e <5|vp2|2 n ;ww)
+ / Vuf? + / AQP + / QP + / (11" +1QI°) (8.19)

<C+Clel s + Cllelze + ClVa) = Vull 2 (1QNLs + 1 AQIL2) -

Observe that the constant C' in (3.19) is independent of €, then we may choose e sufficiently
small and use the standard properties of mollification such that C|[(Vu) — Vu|2 < 1 to
obtain

1) v
6/(/) + po)lul® + 6/ (gp“ + %ﬂ) + 62/ <5!Vp2!2 + %!VW!Q)
+ / Vul? + / AQP + / vQP + / (11" +1QI°) (8:20)

<C+ 0ol g + Cllellzee-

3.3. e-dependent regularity. Thanks to ||p||;1 = m; and the interpolation inequalities, it
follows from (3.20) that

Jormitve [ (500450 ) e [ (a9 Siwaie)
s [vap s [iner+ [war+ [ (et +ier) (321)

<C 1+ lefb~),

where and in the rest of this subsection, the constant C' may rely on e.
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In order to bound ||¢[[z~ in (3.21), we need the following lemma:
Lemma 3.1. There exist constants C' and Cy depending only on |O| such that
lellzee < O+ [l o) (1 + [lg1]| oo Jma. (3:22)

We will continue the proof of Theorem 3.1 and postpone the proof of Lemma 3.1 to the
end of this section. With the help of (3.22) and (1.8), we estimate (3.21) as

0 1 4 5
2 9 4 y 2 SV 212 + ZIv,p3 |2
e/(p+po)\uy +6/<3p +fy_1p>+6 /< V2| +fyy pzy>

+ [1val+ [1aQk+ [1var+ [ (Qr + Q)

< C (14 |lefg) 2
< C (1+m8|vuls)
<2C,
where the last inequality is valid if
ms < (20)° 7. (3.24)

We remark that, by (3.24), the choice of mg depends only on my, ¢, o, u, A, 7, € 9§, |O|,

lg1[zoo, [lg2llLoe, llgallzoe-
Having (3.23) obtained, we multiply (3.7), by ¢ and utilize (1.8) to deduce

/ Vel < / gl + / - Velld

< lellzee(lgillze + Vel 2 [Vl z2) (3.25)
< %chug +C.
If we multiply (3.7), by —/\c, we obtain
/\ACP < / g1 Ae| + [u - Vel
< OlAdll2(T+ Vel s Vall2)

. . (3.26)
S Ol Al 21+ ([ Vel Z | Acl 72 [Vl 2)
< S1Acla + CIVela.
The last two estimates (3.25) and (3.26) guarantee that, for small ms,
IVelZz + 1 Acl72 < C. (3.27)
We next consider the Neumann boundary problem:
Ap =divb with 9| _ 0. (3.28)

onloo
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Lemma 3.2. [37, Lemma 4.27] Let p € (1,00) and b € LP(O,R3). Then the problem (3.28)
admits a solution p € WP(0O), satisfying

[vo-vo=[v:96. v oec@)
and the estimates
IVplle < Clp, [OD[bllr  and  [[Vpllwre < C(p, |O)([[bllLe + [|divd]|ze).
Lemma 3.3. [37, Lemma 3.17] There is a linear operator B = (B, B2, B) which satisfies
(i) Let LP := {f € L? | [ f = 0} with p € (1,00). Then,
_ 3 _
B(f): TP v <W01’p> . divB(f) = fae.in O, ¥ felIp.

(ii) For any g € LP(O,R3) with g - n|so = 0,
IVB(f)llzr < Cllfllze,  I1B(divg)l|lze < CligliLe,
where the constant C' depends only on p and |O|.

Rewrite (3.7), as
2 Ap = div(pu + eB(p — po)). (3.29)
Applying Lemma 3.2 to (3.29), and using (3.23), Lemma 3.3, we find
IVplls < Cllpa+ B(p = po)llza
< Cllpullzs + CIIVB(p = po) | 14
1
< Clulgsllp?is + Cllp = polls < C,
then using LP estimate on (3.29) yields
lpll2 < Clldiv(pu + eB(p = po))ll 2

3.30
< Cllu- Vp -+ peiva g2 + CJdivB(o — o)1 < O (330

By virtue of (3.23) and (3.27), one has |[u-VQ + tF'!(u, Q)le,% < C, and hence
1Rl 53 <C (3.31)

from (3.7),. By (3.30) and (3.31), we deduce |[tF?(u, Q)HL% < C, which together with LP
regularity and (3.7), imply

lull, 3 <C. (3.32)
Finally, using (3.27), (3.31), (3.32), and LP regularity, we obtain from (3.7), that
lellwz2r <€ (p <6). (3.33)

As a result of (3.30)-(3.33), using bootstrap procedure generates, for p € (1, 00),

I, )llwer < C; [Qllwsr < C.

We have completed the proof of Proposition 3.1 and (3.4), except that we still need to prove
Lemma 3.1. O

The last part of this section is to give a proof of Lemma 3.1.
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Proof of Lemma 3.1. The proof of Lemma 3.1 is based on a Moser-type iteration technique.
Fix g € O. Let Bg = Bgr(xo) C O be a ball centered in xg with radius R < 1, and let n(z)
be a smooth cut-off such that, for all g <r<r <R,

2
nz)=1if z€B,, nx)=0if ¢ By, |Vnl < s

In the sequel, we assume ||g1 [ < 1. Otherwise, we will multiply (3.7), by (2||g1|r) ! and

consider s—S——.
7 2flgallzee ]
A simple computation shows

4 4
—/nchAc: ﬁ/nQWCTP—i—m/nc%anchydx

> /%WJ?F—%/WW@“,

and

With the above two inequalities, and the fact that p?|| glﬂlg;l is uniformly bounded for any

p > 1, we multiply (3.7); by n*c? (p > 1) to obtain

/772 ‘ch#

2
dx < c/(yvn\2+n2\u12) Can +Cp2/772cp91

r!

2
3
< ClulfZ (/ 0—3“’2“)> +c/\vny2cp+1+c,
B,

where the constant C' may rely on R and |O| but not on p.
Owing to the Sobolev embeddings (cf. [1]), for f € Hi(Bgr) one has ||f|ze < C||Vfllze.
Thus,

2
3
3(p+1)
< Clul, </ o ) w0 [Pt otlaliy (ga

gc(/%wf¥P+/f“Nmﬁ,
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which together with (3.34) give us the following estimate:

2

1 ) 3
</ c3(p+1)>3 < Clull2, (/ c—“pz*”) +c/\vny2cp+1+c
e BT'/
2
9 1 se |
SC ||U‘|L6+m /BT/C 2 +C.

R 1
r'=rp_1 and Tk:§<1+—>7 k=1,2,..,

(3.35)

Choosing

ok
we obtain from (3.35) that

1
2
</ 03(P+1)> < C(1+ [[ulf3g)23¢+D (/ 0—3(”2“)) LC. (3.36)
Bry, Bry_y

3(p+1) . . . .
If [c 2~ is bounded uniformly in p, then (3.22) follows directly by taking p — oo,
. . 3(p+1) . . .
subject to a subsequence. Otherwise, f ¢ 2 — oo as p goes to infinity. Hence, without loss
3(p+1)

of generality we may assume that [¢ 2 > C for all p > 1 and rewrite (3.36) as

1
2
(/ 63(p+1)> <C(1+ ||11H?i6) 23(k+1) </ cw> . (3.37)
Bry, Bry_y

Selecting w = 2k=1in (3.37), one has

1

3 1 B
</ c2k> < C(1+ [[ul3s) 28+ <ﬁ/ & 1) :
Brk Tk—1

which yields by the deduction argument

1
oF
</ c2’“> gc(1+|yuuig)“2b/ g gc(1+|yuuig)“/ E] (3.38)
By, Bpr Br

where
[o¢] o0
1 3(k+1)
k=1 k=1
Sending k — oo in (3.38) yields
2
sup ¢ = lim / 2 <C(1+ HuH?}JG)a/ 2. (3.39)
:CEB% k—o0 Br Br
2

Then (3.22) follows from (3.39) together with the fact ¢ > 0 and |[|c[|;1 = mo.

We remark that for the case of boundary points, we can apply local flattening technique
since the domain has smooth boundary 0O; while in the case when xy € O is near the
boundary, we follow similarly the ideas in [28, Section 4]. Therefore, we complete the proof
of Proposition 3.1 as well as (3.4) and hence the proof of Theorem 3.1.
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4. e-LIMIT FOR THE APPROXIMATE SOLUTIONS

In this section, we shall take the e-limit of the approximate solutions obtained in Theorem
3.1 as e — 0 for fixed § € (0,1), and prove the existence of solutions to the following problem:

Theorem 4.1. Under the same assumptions as in Theorem 3.1, the system
div(pu) =0,

u-Ve— Ac =g,

div(pu @ u) + V (6p* + p7) — div (Sps + S1(Q) + S2(e, Q)) = pgo,

. 1 (4.1)
wVQ+ Q- 00 +eQu@) + o (@2 Ju@n) - 20—
B dc 0Q
u=0, %—0, %—0, on 00,
admits a solution (p,c,u, Q) in the sense of distributions for any 6 € (0,1), satisfying
/p:ml, 0<peL’(0), /c:mg, 0<ce H*0), (4.2)
uc HYO,R?), Q€ H*(0,S)). (4.3)

In particular, (4.1)5 and (4.1), are satisfied almost everywhere in O, and (4.1); holds in the
sense of renormalized solutions, namely,

div(b(p)u) + (V' (p)p — b(p))divu =0 in  D'(R?),
where b(z) = z, or b € C1([0,00)) with ¥'(z) =0 for large z.

Proof. We shall establish the uniform in e estimates on the solutions (pe, e, ue, Q) obtained
in Theorem 3.1 and then take the limit as ¢ — 0. We remark that the idea of the proof is in
the spirit of the arguments for the steady Navier-Stokes equations; see, e.g., [28,37,38]. In
this section, the constants C' and Cy are generic and independent of e.

Firstly, it follows directly from (3.20) that, if 1 <y < 2,

1Qellzs + IV uclZ + IVQel 72 + [AQel + € Vpel:

ol
<NQel}s + IV uelZe + IVQs + 1AQeZ: + € (IVp2 132 + IVA2E:)  (4.4)
<CH+Clpell? g + Cleclzee

while in the case of v > 2, we replace the artificial pressure dp? in (3.1) with dp? + §p?, and
repeat the deduction of (3.20) to conclude that

X
1Qcll7s + IVuel7z + IVQelIF2 + [AQe]72 + € <||Vp§||iz +Vpe Iz + IIVpeHiz)

) . (4.5)
<+ Cllpely + Cleclfe.
From (4.4) and (4.5) we conclude that, for all v > 1,
Qe 4 + IVuel[f2 + IVQelF2 + 1AQc] 72 + €[ Voell7 (16)

<C(1+lpel?g + leellfe ) -
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It follows from (1.8), (4.6), and (3.22) that

C
[eellzoe < C (1 +[ful[ze)™" (1 + [lgr [z )me

3\
<O (1Nl g + lleclt=) " me

<C+ C’m2||PeH§1g + C’mzHCeH?i% 1)
<20+ Cmape| .
where the last inequality is valid as long as mo is chosen sufficiently small.
Lemma 4.1. Let (pe, ce,ue, Qc) be a solution in Theorem 3.1. Then
lp2 + pI* | < €, (4.8)

provided that mo is sufficiently small.

Proof. Let B be the Bogovskii operator (see Lemma 3.3). Multiply (3.1); by B(pe — po) to
obtain

/(5/)3 + ) pe
= / (0p2 + p) po — /pegz - B(pe — po)
+ E/peue - B(pe — po) + Ez/vf)e -VuB(pe — po) — /peue ®u. : VB(pe — po)
+ /M(VuE +(Vue) ") : VB(pe — po) + MdivuedivB(pe — po)
1
+ / <§|VQ€|2]I - VQE ©) er) : VB(pE - /00)
1 2 Cy 2 .
4y [ (@) (1+ S1r(@?) divB(. ~ po)
+ / (QeLQ. — AQLQe) - VB(pe — po) + / 0.2Q. - VB(pe — po)
10
i=1
Using ||p||1 = mq and interpolation, one has
1
Ko+ Ko < O g [ (602 4+ 1) + Clodl g 1980 = ool
1
<Cot 3o [ @+ ) + Cliod gl = molos

T:
< C+%/(5p§+pl“)'
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Thanks to (4.6) and (4.7),

K5 = —/,ogu6 ®@ue : VB(pe — po)
< lloell, 12 el 361V B(pe = po) |
< Cllpell iz (1+ lecl ¢ ) VB (o = po)ll s

)
< Sl + .

In a similar way, one deduces
9

Ks+Ki+ > Ki < (ellpellrz + € Voellz2) [luel g [1B(pe — po)ll Lo
1=6

+C (IVuell 2 + [IVQel74) IVB(pe — po) |l 2

+C (14 |Qell s + 12Qcl 12 l|Qcll z6) VB (pe — po) |l s
< CHPsHi% |B(pe — po)|lw1a

1)
< §||Pe\|i5 + C.

Finally, using (4.6) and (4.7), one deduces
Ky = /U*C?Qe : VB(pe — po)
< leelZo IQell LIV B(pe — po)l g
< Cma(1+ [lpell )
< C + Cma|p||S4.
Substituting the last three inequalities into (4.9) and taking mgy small, we get
[ @ty < o Cmallp < 2
The proof of Lemma 4.1 is completed.
With (4.8) obtained, we deduce from (4.6) and (4.7) that
lecllzoe + 1Qellza + IVuellZe + IV QellZ2 + [AQelZ + | Vellz2 < C.

Then multiply (3.7), firstly by ¢, and then by —Ac, to deduce
[Veellrz + | Acel| 2 < C.

17

(4.10)

(4.11)

(4.12)

As a result of (4.8), (4.11), and (4.12) we can take e-limit of (pe, cc, ue, Q) subject to some

subsequence so that, as € — 0,
pe — pin LN LYHL,
(Vue, V2Q.,Ve,) = (Vu, V2Q, Ve) in L2
u —u, (Q,c)—(Q,c) in W (1<p<6),
(Vue) = Vu, (g3) = g3 in L%
epe = 0, epeue — 0, €2V,OEV11€ — 0, E2Vp€ —0 in L.
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and moreover, it follows from (4.13) and (4.15) that
1

pt—=pt in LI, p) =77 in L7, pu—puin L7, (4.18)

where and hereafter the weak limit of a function f is denoted by f. Therefore, with (4.13)-
(4.18) in hand, we are able to pass the limit as ¢ — 0 and obtain the following equations in
the weak sense:

div(pu) =0,

u-Ve— Ac= gy,

div(jpu®@u) +V <5F + W) — div (Sps + S1 4+ S2) = pge, (4.19)
& VQ + QQ—QQ + c.Qtr(Q%) + (6_720*)62 —b <Q2 - %tr(@2)1> — AQ = g3.

In addition, (4.2) and (4.3) follow from (3.2), (3.3), (4.15), and (4.29) below. The next lemma
shows that (p,u) is a renormalized solution to (4.19),.

Lemma 4.2. Assume that (p,u) is a weak solution to (4.1),, p € L*(O) and u € H}(O,R3).
If we extend (p,u) by zero outside O, we have

div(b(p)u) + (b'(p)p — b(p))divu =0 in D'(R?), (4.20)
where b(z) = z, or b € C1([0,00)) with ¥'(z) =0 for large z.
Proof. The detailed proof is available in [38, Lemma 2.1]. O

In order to complete the proof of Theorem 4.1, we need to verify

pt=p' pT=p". (4.21)
To this end, let us define

pha(p+2),  p<m
C([0,50)) 3 bu(p) = "

1
(n+1)In(n+1+-), p>n+1.
n

We see that b,(p) — plnp a.e. because of the fact: p € L'. Select b, in (4.20) and send
n — oo to obtain

div(upln p) + pdivu =0 in D'(R3).
This implies
/pdivu = 0. (4.22)

On the other hand, multiplying (3.1); by b},(pe) gives
0000 = batpdivec = [ poti(o0) — [ 08000~ ¢t [ Hito0IVo.P

< e/pobél(pe) —e/peb;(pg). -
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Recalling (4.8) and the definition of b, one deduces that

(/ pobi, (pe) + / pob;(pe)>
{pe<n} {pe>n}

= lim
n—oo
< li In( +1)+ Pe +C i { > n}
< lim n(pe + — im meas [{x; pc > n
n—o0 {peﬁn} 0 ,0 n ,Oe _|_ % n—o0 p
: 1 . PoPe
< lim poln(pe + —) + lim
o0 J{1/2<pe<n} ( ") n=oo ) pet
<C.
Similarly,
lim [ peby,(pe) < C.
n— oo
Therefore, taking sequentially n — oo and € — 0 in (4.23), using (4.22)
/pdivu = li]r%/pedivu6 <0= /pdivu. (4.24)
e—
Now define the following effective viscous flux
F. = 0p* + p? — (2p + Ndivu, and F = 6pt + p7 — (21 + M)divu (4.25)
Lemma 4.3. Under the assumptions in Theorem J.1, the following property holds
iy [ opF. = [0, ¥ o€ CRO) (4.26)

e—
Let us continue to prove (4.21) with the aid of (4.26). The proof of Lemma 4.3 is postponed

to the end of this section
Sending ¢ — 1 in (4.26), using (4.24) and (4.25), we get
ol (4.27)

: 5 +1 —
lg%/(&)ﬁp? ) S/p(5p4+/ﬂ)

According to (4.27), we have
/(5F+p’7+1> = ligg)/ (0p2 +p7 ™) < /p (5F+p’y>

which implies
/5<,0?—E> 2/([)’7*1 —pp’y) >0
where the last inequality is due to the convexity. Next, for given constant 8 > 0 and n €

(4.28)

C>(0),
—(p+61m))

0< / (o2 = (p+ B)") (pe
/(p — pep — peBn— (p+ Bn)*pe+ (p+ Bn)°)
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By (4.28), sending € — 0 yields
0< / (F — ppt = p B+ (p + 677)4677) < / (—? +(p+ 577)4> B,
Replacing — 3 with § in the argument above, and then sending 8 — 0, we get

/(p“—F)n:O,

which implies p? = p*, and thus p. — p a.e. in O due to the arbitrariness of 7, and hence for
all s € [1,5), from (4.13),

pe = p in L°. (4.29)
As a result of (4.29) and (4.13), we obtain (4.21) and thus complete the proof of Theorem
4.1. U

It remains to prove Lemma 4.3.
Proof of Lemma 4.3. Let A™'(h) = K  h be the convolution of h with the fundamental
solution K of Laplacian in R3. For convenience, we write (3.1)5 equivalently as

epeul + 9;(pealul) + OF, + 2 Vp, - Vul
= pegh + pAu;
1 2 1 2 S 2
— 9, (9,Q0,Q0) + 50IVQ + 50, (@)1 + Sr(Q2))
+0; (QFAQY ~ AQFQE +0.c2QY), =123,

(4.30)

where the Einstein summation is used on k, j, and F, is taken from (4.25).
Making zero extension of p. to the whole space R?, multiplying (4.30) by ¢9;/A~!(pe) with
¢ € C3°(0), we deduce

/¢peFe
= - /&A‘l(pe)@iqﬁ (0p¢ + pd = (p + Ndivu,) — /psgéqﬁ@iﬁ‘l(/}e)
+ M/ (00BN (p )0 — w0 (pe )i + peue - Vo)
- [ paduioge0n (o)~ [ potuio00.07 (o)
1 2 1 2 Cu 2 -1 (4.31)
# [ (5 [1VQP + 5@+ (@) ) (2605700 + )
- [ 0.0 0:60:87p0) + 00,0:871 ()
—I-/ (QikAij — AQ*QM 4 O*C?Qij> (3j¢5iﬁ_1(ﬂe) + ¢8jaiﬁ_1(ﬂe))

+ E/psui¢aiA_1(pe) + e /vPe : Vui¢aiA_1(pe)7
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where the second line on the right-hand side is due to

/ Oyul (B (p )06 + 0;0,07 (pe)o)

= / (Ojul0;, A (pe)Dip — 1L0;0: " (pe)Djd + peue - V) + / pedivucg.

Making use of

e(pe — po) + div(peu) = €div(loVp) in R?,
we write the third line on the right-hand side of (4.31) as

- [ it (o)~ [ peudulonan e

—— [ piuidy00.07 (o) + / W' [0 (ped) — pewd 00,8 (po)]
—/Peuléﬁbai@jﬁ_l(ﬂeug)

— [ puiij00.87 (0 + [ wi6 [p0.0,87 peud) ~ poud00is” ()]

— € /peui(baiA_l(div(lone)) + e/peuiqﬁ(?iA_l(pE — po)-
Substituting (4.32) into (4.31) gives us

/ PpeFe

= — /@'A_l(ps)@(b (0p2 + p? — (n+ N)divu,) — /pegéqﬁ@iﬁ‘l(ps)
b [ (uon T (90350 - wi0,0.87 (p)0j6 + peu, - Vo)
- /ps@uiajé@iﬁ‘l(m) + /uitb [pe0:0; A7 (peud) — peuld;0,07 (pe)]
# [ (519G + 5@+ Ger(@2) ) (2905700 + 00
- [ 000G 0:00.87p) + 90,0:87(p0)
+ [ (@2 - 2QIQH) (0,00:7 (p) + 60,07 (0)
+ / 0. 2QY (900,57 (pe) + 60;0:0 (o))
~ ¢ [ a0, 87 div(10Vp) - Ve Vulodi s (o)

s [ palons 2o~ po)

11
. €
=Y T,
n=1

21

(4.32)

(4.33)
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where T denotes the n'® integral on the right hand side of (4.33).
On the other hand, if we multiply (4.19), by ¢9;A™1(p), we obtain

/¢pF = /OA )0i¢p 5,0 +p7 — (/H')\)leu) — /pgéczb@zﬁ‘l(p)
i [ @ua.87 (00,0~ w087 (0)0j6 + pu- o)
- [ wwiog0n o)+ [ o (00,087 ow) - pwd0.87 o)
+f (% [1vQP + ser@a+ %tr(@%)) (0360571 (p) + 6p)
- /@'Q@Q (000,07 (p) + ¢0;0:7 1 (p)) .
+ [ (@20 - 5Q%QH) (200,871 (0) + 60,0.87(p)
-+/aw%y%@¢&A4@ﬂ+¢@@Ar%m)

9
=: ZTn

In terms of (4.33) and (4.34), to prove (4.26) it suffices to check

imT7y =1, (n=1,2,---,9) and lm7; =0 (n=10,11).
e—0 e—0

In fact, by the Mikhlin multiplier theory (cf. [43]), and the Rellich-Kondrachov compactness
theorem (cf. [15]), one has

;0N (he) = 0;0,AY(h) in LP, 9;ATH(he) — O;ATH(R) in LY, (4.35)

where ¢ < (1/p —1/3)"1if p < 3 and ¢ < oo if p > 3. By (4.35), as well as (4.13) and (4.15),
we have

7 = [ (QFAQH - 2Q1Q ) (360,87 (p) + 60,0.87(p0)
— [ (VQIvaQH - vQIvQR) (000,07 (po) + 60,07 (p)
+ [ (@90~ VQFQH) ¥ (0,60.87 (00 +00:0:87 5.)
— [ (VQIval - vQIvQH) (26087 ) + o) (430
=+ [ (VY@ - vQVQH) (26087 p) + 60)

_ / (QAQ — AQQ) (9,60, (p) + bp)
=1y,
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where the third equality is valid after summing up 7,7 = 1, 2, 3, due to the fact that the matrix
Q) is symmetric and the following computation:

[ (@9Qk - vQIQH)  (0,60:87 00 + 000:875.)
+ [ (@VQk — VQQE) ¥ (000,87 ) + 00:0,575.)
= [ (QIVQH ~ VQI*QF) ¥ (9,60.87(p) + 60,0.87 (p0)

+ [ (@FVaQE — VQIQ) ¥ (010,87 ) + 00:0,575.)
=0.
Next, utilizing (4.8), (4.13)-(4.18), and (4.35) again, we deduce that
im 7 =1T,, fori=1,2,3,4,6,7,9,
e—0
and
Wm 7€ =T, for i = 10,11.
e—0
In order to justify
lgl(l) Ts =T, (4.37)
we present the following Lemma (cf. [18]):
Lemma 4.4 (div-curl). Let % + % = % and 1 <r,ri,ro < 0o. Suppose that
ve—vin L' and w,— w in L.
Then,
vE&-@JA_l(wE) — wE&-@jA_l(vE) — ’Uaiajﬁ_l(w) — w@Z@jA_l(v) in LT, (Z,j = 1, 2,3).

Taking v, = peug and we = p,, we obtain (4.37) by Lemma 4.4. The proof of Lemma 4.3 is
thus completed.

5. VANISHING ARTIFICIAL PRESSURE

In this section, we will complete the proof of Theorem 1.1 by taking the limit as § — 0 in
the solutions (ps, ¢s, us, @s) obtained in Theorem 4.1.

5.1. Refined estimates on energy function. We first derive the refined estimates on
(ps, s, us, Qs) uniform in §, which helps us relax the restriction on ~.

Proposition 5.1. Let (ps,cs,us,Qs) be the solution obtained in Theorem 4.1. Then, under
the assumptions in Theorem 1.1, the following inequality holds for all s € (1, %),

1805 + p3 s + 11Qs s + [lusll s + IV Qs + llesllze < C, (5.1)
where, and in what follows, the constant C' is independent of 6.

The proof of Proposition 5.1 borrows some ideas developed in [19,28,34,40]. We present
the details below through several lemmas.
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Lemma 5.1. Let (ps,cs,us,Qs) be the solution obtained in Theorem 4.1. Then there are
constants C' and C7 independent of § such that,

lel6o + / (IVusl? + |AQs 2 + [V Qal? +1Q5%)
(5.2)

< C (1+ llosusllzr +mallosus 35 )
provided that mo is sufficiently small.

Proof. Using the same computation as that in (3.12)-(3.15), we multiply (4.1); by us and
(4.1), by —AQs + Qs + ¢ Qstr(Q%) to deduce

p [ 1vus+ ) [ldivas?+ [18Qs2 + [ 19 + e, [ (sl + e sl
< / psga - us + / (@; tr(Q3)1 > (=0Qs + Qs + . Qstr(Q3))

+ / 931 (—AQs5 + Qs + . Qstr(Q3))

—o. [Gassvus+ [ L7200 (40 - Qs - e utr(@)

From (1.8) it follows that

/ <Q5 tr(QF)I > (-AQs + Qs + c*Qatr(Qﬁ))‘

+ ‘/93 ((—AQs5 + Qs +C*Q5t7’(Q§))‘
< O+ 11Qsl74 + llgsllz2) (1AQslI 2 + 1QsI36 + 1)
<0+ Z*/|Q5|6 /IAQ5|2

and

C§ — Cx
—0. /CgQa : Vus + / %Qa H(AQs — Qs — C*Q(;tr(Q?))‘
< Olles e 1Qall e IV sl 2 + €1+ feslom) (1Qall 21 2@z + 1Qs1lEs +1)
c? 1
<CCllali+ 5 [1ad + 5 [ [vuil+ 7 [ 1805

The last three inequalities provide us

[1vusk+ [18ai+ [1vQs + [ 1@ <+ Cleslfe + lpsusle. (53)
With the aid of (5.3) and (3.22), we choose my sufficiently small such that
les |l o < C(L A+ Jusll o) (1 + llgallzoe )ma

1
< C(1+ llesllFoe + llpausl|21) ma
oy
<2C + Cmal|psus| /3

which together with (5.3) lead to the desired estimate (5.2). O



WEAK SOLUTIONS FOR STATIONARY ACTIVE LIQUID CRYSTAL FLOWS 25

Lemma 5.2. Let (ps,cs,us,Qs) be the solution obtained in Theorem 4.1. Then, for any
s € (1, %), the following inequality holds true

1804 + pFllze < C (1 -+ llpshus ?lloe +mallpsus 35 (5.4)
provided that me is sufficiently small.

Proof. As in Lemma 3.3, we introduce the Bogovskii operator
B:=B(h— (h)o) with (h)o = yoy—l/h.

Then, for any h € L+ with s € (1, %), Lemma 3.3 implies
1Bl + IVBlz2 + VB = < CIAl, ;. (55)

s—1 — s—1

Multiplying (4.1)4 by B gives
/ (605 +p3) h
= (h)o/(5p§+p}) —/pgz-B(h— (h)o)+/Sns : VB
—/P6u5®U:VB+/Sl:VB+/82:VB
< O|Ihll, = 11805 + 3l + ClIBllz + C[|[Vus| 2] VB 2

s—1

+C (llpslus® + Qs + Qs +1Qsl* + IVQsl + Qs5Qsl1) VB =, )

B

< Cllhll, 2 (L+ 11605 + p3llcr + llpslusl||zs + [[Vus]|z2)

s—1

+ClIAll, =y (1€2Qs + 1Qs” + 1Qs|* + [V Qs + Qs 2Qs 1 1+)

where, for the last inequalities, we have used (1.4), (1.5), (1.8), (5.5) and ||ps|/1 = mi. Due
to the arbitrariness of h € Ls=1, it yields from (5.6) that

1605 + pillLs < C (14 1605 + pdlIps + llpshus |l s + [[Vus|r2)
+C|Qs + Qs> + Qs + IVQs)* + Qs 2Qs5]| s
1
< 1605 + p3llcs + (1+ llpshus|*llzs + [ Vus]l2)
+C|12Qs + Qs> + |Qs|* + 1VQs)* + Qs AQs5 || s
Since s € (1,3), one has
163Qs + Qs + |Qs]* + |VQsI* + Qs AQs] s
<C(1+ llesl e + 1Qsll1s + IV Q51172 + 18Q5]72)
< C (14 llesllFoe + 1QslI%s + IVQs72 + |AQs]72) -
Therefore, substituting it into (5.7) and utilizing (5.2) we obtain (5.4). O

Next, we shall deduce a weighted estimate on both the pressure and kinetic energy.
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Lemma 5.3. Let (ps,cs,us,Qs) be the solution obtained in Theorem 4.1. Then, for any
a € (0,1) and s € (1, %), the following inequality holds true
5pk + pd + pslus?) (z
sup / (905 + s Pi|a6| ) ( )da:

< C (1 + lipslusl e + malpsus 357 )

provided that mo is sufficiently small.
Proof. We adopt some ideas in [19,28,34], and divide the process into two cases.

Case 1: The boundary point case x* € 9O.

As in [45, Exercise 1.15] we introduce a function ¢(z) € C2%(O) that behaviors like the
distance when x € O is near the boundary and is extended smoothly to the whole domain O,
and moreover,

$(z) >0 in O and ¢(z) =0 on 9O,
|¢(2)| > ki if 2 € O and dist(z, 00) > ko,

- - (5.9)
r— -7z
Vo= = — if € O and dist(xz, 00) = |z — 2| < ko,
@ el 0O =S
where the positive constants k; and ko are given. Following [19], we define
\Y _
&(x) = $(@) ¢(x)L = with z, 2" € O. (5.10)
(#(@) + | — 2|77
It follows from (5.9) that, for all points z satisfying dist(z, 00) < kg,
6 < b+ |r—2*|78 < Clz — 2], (5.11)
owing to ﬁ > 1. By (5.10), a careful computation gives
; 0;0; 0;¢0;
96t — ¢9; ¢ia+ ¢ ¢La
(¢+le—a7=)  (¢+lo—av7)
w2 (5.12)
$0;90; ¢ $0;p0j|x — x*|2== o
-« —« , 1,7 =1,2,3.
2 \yat+l 2 o+l
(¢+ o —ar75) (¢+ 1o —av=)
Thus, [V&| € L for all ¢ € [2,2). In view of (5.10)-(5.12), one has
_ 2
C+ﬁ2le£2—C+(l2Q) ’V(b‘ 2 N\«
<¢ tlo—2 ’H) (5.13)
el O
| — a*|™
In addition, by (5.9),
Oi(x — ) 0,90,
0,0 = (z=2) 9699 (5.14)

¢ ¢
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Hence, if we multiply (4.1); by &, we find

/ (6p5 + p}) dive + /p5U5 ®ug: VE

- / (Sua(Vus) +51(Qs) + Sales, Qs)) : VE — / psgs - €.

Making use of (1.2), (1.4), (1.5), (1.8), (5.13), and the fact £ € Wol’g, one deduces

‘ [ ©0u(%0) +51(@0) + Sates, Q01 : ¥~ [ e 5‘

< C(a) (1+IV0s]l 2 + 19Qs [ + 1Qsl* + Q5] AQs| + Qs 3 )
< C(e) (1+ [Vusllzz + 14Qs]22 + IV QslZ2 + 1Qsl1 ks + llesllEoe)

and

(9p5 +p3)
ONBy, () |7 —2*|*

/ (605 + py) dive > —C/ (6p5 +p}) +C

By (5.14),
/ Ppsus ® usd;0;p _/ ps|us|? _/ ps|us - Vo[
2 \a 2\« 2\
(p+l—arz2)" J (¢+lo—aslz=)" (640 —arz=)

which along with (5.9), (5.11), (5.14) and the Schwarz inequality imply

/06116 ®@ug: V§
_ ps|us|® B ¢ps(us - Vo)
/ <¢+ |$—$*|ﬁ>a a/ <¢+ |x—a:*|%>a+1
_a/¢p5<u5-V|x—:s*|ﬁ><us-v¢>
(6+ 2 —ar=)™"

B ps|us|? [ éps(us - Vo — 2*[75 ) (us - Vo)
- a)/(¢+|x—:c*|22a)“ J (64 [z —av2)™"

2
- (1—04)/< ps|us|? )a —C’/ ¢*ps|us|?|x — x*|2=a

- 2 a+2
N e (6+1a—a2'%)

pslus|?

>C — Cllpslus|*||:-
ONBy, (@) T — @*|*
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(5.15)

(5.16)

(5.17)

(5.18)
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Therefore, the inequalities (5.15)-(5.18) yield that, for some C' independent of x*,

/ (6p3 + pi + pslusl?) (z) "
OﬂBkQ(x*)

| — x|«
< C (1605 + pllz1 + llpslus|*ll 1)
+C ([[Vuslize + 12Qs]72 + IVQsl72 + 1Qs 76 + llesllFec)

<€ (14 IoshusPls + mallpsusliS).
where the last inequality follows from (5.4) and (5.2).

Case 2: The interior point case v* € O.
We set dist(z*, d0) = 3r > 0. Define the smooth cut-off function

x(z) =1if z € B.(z*), x(z)=0if 2 ¢ By,.(z*), |Vx(z) <2r!

Multiplying (4.1)5 by ‘w ‘a x? yields

3— x—ax*
4 ¥ . 2
/®%+%)Ej—gx+/mw®umv<m_ﬂpx>
2/(Sns(vua) +$1(Qs) + Sa2(cs, Qs)) : V <ﬁx2> —/,0692 : ﬁxz
Vx - (z —a")

- 2/ (5P§ +P:5Y) XW

A simple calculation shows

J _ (p*)]
| — a*|@

Oi(2) — (z*)7) 5 (a7 — (&"))(2" — (z*)") , ad — (a*)
‘x_x*‘a X @ ‘x_x*‘a+2 X"+ 2x ‘.’L’—Z’*‘a iXo
thus, for some constant C' independent of x* and r,
fomerns:v (W"2>
> (11—« / Pcs!ué\ /Xﬂ6(u6 V) (us - (z — "))
B |z — z*|*
l—a ,05|116|2 _c ps|us|*
T2 |z — x*|* Bor(z* )\ By (z%) |T — |

where we have used

Vx|lx — 2| <4, V x€ Ba(z%)\B,(z%).

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)
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Observe from (5.20) and (5.22) that V( X2) € LY for all ¢ € [1,2). By the similar

argument to (5.16), one has, for some constant C' independent of r,

\wr\“

‘ / (Sns(Vus) + $1(Qs) + S2(c5.Q5)) : V (“””‘—’ff)

| — @
—x*
Psg2 - ’a

<C(1+ IIVuaHLz +12Qs]32 + VQsl72 + Qs 1s + llesll3oe )

and

(905 +nj)

<c s+ ps).
Bor(z*)\By(z*) 1T — *|*

Vx - (x—a*
‘—2/(5,0§+Pg) X|ZE£—$*|Q)

due to (5.23). Therefore, taking the above inequalities into accounts, utilizing (5.2), we deduce
from (5.21) that

/ (905 + 5 + pslus®) (@) |
XT
By (z*)

|z — x*|@

< C (14 [[Vuslire + 12Qs072 + IVQsl72 + 1Qs 16 + llesllFec)
(0p5 + p§ + pslus]?) (z)

+C dx
BQT(ZE*)\BT(ZE*) |3§‘ . x*|a (524)
< C (1+ llpsluslPllzs +mllosuslS*)
Lc (05 + py + pslus|®) @) 5

Bor(z*)\ By (z*) |z — x*|>

It remains to estimate the last term appeared in (5.24). To this end, we adopt the ideas in [28]
and discuss two cases: (1) * is far away from the boundary; (2) z* is close to the boundary.
(1) Assume dist(z*, 00) = 3r > %2 with ko given in (5.9). Then

/ (6% + pf + pslus|?) (a;)dx
Bar (x*)\ By (z*)

|z — x*|@

<k / (005 + P + pslus|?) (5.25)
Bar (z*)\Br(z*)
<C (14 IoshusPles + mallpsusliS).

where the last inequality follows from (5.4).
(2) Assume that z* € O is close to the boundary. By (5.9), we have

|z* — % = dist(z*, 00) = 3r < % with z* € 00,

and hence,
Al —z*| > |z — 2%, V x¢ B.(z"). (5.26)
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Making use of (5.26) and (5.19), we get

(6p5 + py + pslus|?) (x)

C o dx

Bay (x*)\ By (z*) |IIT -t |
s (905 + 25 + polusl?) (@) (5.27)
> ONBy, (5 ]a: — ;Z'*’oc

< (1 llpalus Pl + mallosus] S
In summary, substituting (5.25) and (5.27) back into (5.24) yields
/ (5pf;1 + pg + ,06|116|2) ($)dx
Br(z*) |z — x*|* (5.28)
< C (1 lpshus Pl e+ mallosusl 35 )

where the constant C' is independent of z*. The combination of (5.19) with (5.28) yoelds the
desired estimate (5.8). O

Lemma 5.4. Assume that u € H}(O,R3) and f(z) > 0 a.e. in O. Then there is a constant
C' depending only on |O| such that

flx
/O |u|2fd;p < C’HVuH?{é(O) /o z E i*‘dzn, (5.29)

as long as the right-hand side quantity is finite.

Proof. The proof is based on the Green representation and integration by parts; see, e.g., [40,
Lemma 4]. O

Lemma 5.5. Let § = 72—;1 € (0, 3). Then,

/ pslus|??=9 < C. (5.30)
Proof. Denote by
A:/pé‘u(;,?(?—@)'

Noting ||ps|| 1 = m1, we have

3—260 1

1
2(2-0)

losuslizr < lloshus* =157 [losll 77 < CAZE, (5.31)
and
1 (1-0) 1
loslusl®ll, g < lloslus P21 sl 377 < CATT. (5.32)

Thanks to (5.31), it follows from (5.2) that

oG + / (IVusl? + 1AQsl2 + IVQsP? + Qsl°)
) 50y (5.33)
< C <1 + A2@-0) m2A2(29)> .
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A direct calculation shows

) (=16
pols20=0) < pilu? >1“’ () ! 7 (5.31)
‘x—x*‘ ‘x—x*‘a ’x—x*‘a |$_ |a+ (E{ 1‘;‘9) ' '
Noting that 6 = V , we have a + z(l ()1) 0,3) if v € (2151, 1), thus
1
/ e dr < C.
|z — *|* T o0
Therefore, by (5.8), (5.31), (5.32), we integrate (5.34) to obtain
2(1-6)
/pa\ucs\ @) 1o < 0 4 p&!ucs\ d +/
|z — x| |z — x* \x—x!o‘
(6p3 + +
< O+0/ Ps p5 P&::ﬂ )( )dx (535)
—z*

3C
<C (1 FATD 4 myATe- e>>

From the definition of A, (5.33) and Lemma 5.4, we obtain
pslus[*" % (x)

A < |[|Vul)2, sup / ——dx
=10} \x - ’
3C 2(1-0)
<C <1+A2(219> +m2A2(2—19>> sup /95‘115’ . (x)dx,
ZE*E@ ’x — T ’

which together with (5.35) implies

3Cy

AL 1—|—CA2(2 9 + moA -0 9>

Since 6 € (0, 3), we choose may < 1 sufficiently small to conclude (5.30). The proof of Lemma
5.7 is completed. O

Finally, Proposition 5.1 is a direct consequence of Lemmas 5.1-5.5.

5.2. Vanishing artificial pressure. Now we take the limit as § — 0 in the spirit of [10,37,
38]. Thanks to (5.1), the following estimate follows similarly to (3.27):

IVeslirz + [ Acsllz < C. (5.36)

With (5.1) and (5.36) in hand, we are allowed to take the following limits as § — 0, subject
to a subsequence,

(Vus, VZes, V2Q;5) — (Vu, Ve, V2Q) in L?, (5.37)
us — u in Lpla (667 Q5) - (Cv Q) in W (1 <p1 < 6)7 (538)
Spi =0 in D', ps—pin L%, for all se (1, g) (5.39)

As v > 1, we can choose s € (1, 3) such that vs > 3. Then, from (5.38)-(5.39) one has

6
psus — pu, in LP? for some po > 5 (5.40)
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and from (5.38)-(5.40), for some p3 > 1,
p(gugug — pu'n/,
QFAQY — QT AQY, (5.41)
QY (Dpuf — Dyuf) — Q" (O’ — djut),

in LP3. Using (5.37)-(5.41), we take 0-limit in (4.1) and obtain the equations in the sense of
distributions:

(div(pu) = 0,
u-Ve— Ac =g,
div(pu ® u) + Vp7 — div (S,,5(Vu) + S1(Q) + Sa(c, Q)) = pgo,

2y, (c—c) 2 1 2 (542)
u-VQ+ 002 -0Q+aQr(@) + —5—Q —b{ Q" — otr(@)1) — AQ = g3,
dc 0Q
u—O, a—n—O, 8—n—0, on 00.
Additionally, (1.7) follows from (3.2)-(3.3), (5.38), (5.39) and (5.50) below.
Next, we define an increasing and concave function Ty (z) € C([0,0)), satisfying
Tp(z) =z if 2 <k, Ti(z)=k+1if z2>k+1. (5.43)
Clearly, for any 1 < p < o0,
Ti(ps) = Te(p) in L7 (5.44)

Lemma 5.6. Let (ps,us,cs,Qs) be the solution obtained in Theorem 4.1. Then,

lim / Ti.(ps) (pg — (2 + N)divus) = / Ti.(p) (p7 — (20 + A)divu), (5.45)
where Ty, is defined in (5.43).

Proof. With the help of (5.37)-(5.41), we may slightly modify the argument of Lemma 4.3 to
complete the proof of Lemma 5.6. The detail is omitted here. O

Since T}, is concave, one has

(0] = p") (T(ps) — Tu(p)) = (Tilps) — Tu(p)) ™"
Then, from (5.45), (5.39), p7 > p?, and Ti(p) < Tk(p), we obtain

(2p+ ) (%i_)r%/ <Tk(p5)divu(5 - T(p)divu)

= lim / (Thon)o} ~Tio) 7)

—tim [0}~ ") Tulow) ~ Th0) + [ 7= ) (Telo) - Ti) (40
> lim [ (o5 = p7) (Ti(ps) — Tr(p))

> lim [ (Tulps) = Tulp))*
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Noticing that divus € L? is bounded uniformly in ¢, and

tim, [ (@lon)* = [ (T)

20 lim || Tk (ps) — Ti(p) |l 12
J—0

> Clim (| Tk(ps) = Te(p)llzz + 1 T(p) = Telp)llz2 )

one has

> (2p+ ) lim / (Tk(pé) = Tis(p) + Ti(p) — Tk(ﬂ)) divus (5.47)
= (2u+A) lim / (Tk(P6) — T(ﬂ)) divus

= (21 + ) lim / (Tk(p(;)divu(; . Tk(p)divu) .
0—0
In terms of (5.46) and (5.47), it holds that
lim [k (05) — Te(p) o1 < C, (5.48)
0—0

where the constant C' is independent of k£ and d.
We remark that (5.48) measures oscillation of the density, which helps us prove that (5.42),
holds in the sense of renormalized solutions as in [37].

Lemma 5.7. [37] For the solution (p,u),

div(b(p)u) + ('(p)p — b(p))divu =0 in D'(R?), (5.49)
where b(z) = z, or b € C1([0,00)) with ¥'(z) = 0 for large z.
Proof. Thanks to Lemma 4.2, we see that (ps,us) is a renormalized solution. If we multiply

the equation (4.20) satisfied by (ps,us) by Tk(ps), and use (5.43), (5.37)-(5.41), (5.48), we
conclude (5.49) by taking § — 0 and then & — oco. The detailed proof may be found in [37]. O

In order to complete the proof of Theorem 1.1 we only need to verify
P’ =p7. (5.50)

To this end, it suffices to prove the strong convergence of ps in L' by (5.39). The idea is
to compare the limit of the renormalized solution (ps,us) with (p,u). In more detail, we
introduce

zln z, z < k;
L, = T
k zlnk‘—l—z/ I;(;)ds, z> k.
k

A direct computation shows that

k
C([0,00)) N CL((0,00)) 3 by(2) = Li(z) — <lnk + /k o T’;(j) + 1) 2,

and moreover, b'(z) = 0if z > k+ 1 and b} (2)z — bi(2) = Tj(2). In view of Lemma 4.2 and
Lemma 5.7, one has

0 = div(br(p)u) + Tx(p)divu
= div(Lg(p)u) + Ty(p)divu, in D(R?),
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and
0 = div(Lg(ps)us) + T (ps)divus, in D(R?).

Integration of the difference of above two equations leads to
/(Tk(p)divu — Tk (ps)divugs) = 0,
which along with (5.46) and the fact divu € L? implies

CllTele) - TP lze = (2u+ ) [ (2ulo) - Tolp)) diva
= (2u+ ) / (Tk(p(g)divug - T@)dm) (5.51)

> [ @) - Tt
Recalling Proposition 5.1, we have ||ps||z+ < C. Thus, the limit

([ Ti(ps) = pslior = [1Tk(ps) = psll Lt (o5 2k))

< 2 lim {lpslizo (o5 2k1) (5.52)
; 1— Y —
< C Jim B sl 1o gy 2hy) = 0
is uniform in §. In a similar way,
A [Ty (p) = pll 1 = 0. (5.53)
— 00
Making use of (5.54)-(5.53), and
1T5(p) = Tk (ps)llzr < ClITik(p) — p+ ps — Ti(p)l 11

_ (5.54)
< (IT0) = ol + iy I7io0) = ol ).

we conclude
I
511101 llps — pll

< lim lim (llps — Tio(ps)ll 1 + 1Tk (ps) = Te(p)ll 2 + 1Tk (p) = pll1)

k—o0

=0.
The proof of Theorem 1.1 is completed.
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