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A B S T R A C T   

Cylindrical shell is a fundamental building block of many engineering structures. They are usually designed to be 
the primary load-carrying components to withstand different combinations of environmental loads. This paper 
presents a fibre-based approach to modelling the progressive collapse of cylindrical shells under combined axial 
compression and bending moment. In this method, the progressive collapse behaviour of cylindrical shells is 
incrementally evaluated by accounting for the local response of each fibre element. This approach offers a 
computationally efficient and robust scheme to compute the ultimate strength of cylindrical shells. Moreover, it 
enables the modelling of load-shedding between the buckled and intact shell elements on the compressive side, 
and the yielding failure on the tensile side, which appears to be ignored in existing design codes. Analyses are 
performed on cylindrical shells with a wide range of design parameters. Validation using the finite element 
method demonstrates a reasonably well performance of the proposed fibre-based modelling technique.   

1. Introduction 

Cylindrical shells are commonly used as structural elements in 
different engineering fields, such as offshore platforms supporting 
foundations and submarine pressure hulls in the maritime sector. They 
usually are designed as the principal load-carrying components to 
withstand axial compression, bending moment and external pressure as 
the resultants of the wind, wave and current actions. A rational evalu-
ation of the structural performance of these critical structural elements 
is crucial for the integrity and safe operation of infrastructure. Limit 
state design is the contemporary integrity and safety assessment phi-
losophy for marine structures [1]. Four types of limit state are typically 
assessed, i.e., serviceability limit state, accidental limit state, fatigue 
limit state and ultimate limit state. Whilst all criteria are important, the 
ultimate limit state is usually the basis for determining the principal 
structural scantling in an initial stage. 

In terms of the ultimate limit state assessment of cylindrical shells, 
there are several design guidelines issued by different certification au-
thorities, e.g., DNV [2], ABS [3], API, [4] and Eurocode [5], which 
include various analytical formulae to predict the ultimate strength of 
cylindrical shells. These formulations all appear to be an adaptation of 

the classical buckling strength formula, with different correction factors 
to account for the discrepancy between the theoretical estimation and 
physical experimental measurement. However, these analytical 
formulae only provide the estimation of the ultimate capacity of cylin-
drical shells but are unable to predict the load–displacement relation 
over the entire course of collapse, i.e., progressive collapse behaviour. 
Understanding the entire progressive collapse behaviour could have 
several benefits: 1) as the local failure progressively occurs before the 
ultimate collapse, the prediction of the entire progressive collapse 
behaviour can inform the structural designers of the most critical 
structural component; 2) the post-collapse unloading reveals the failure 
tolerance of the structures. If the cylindrical shell is part of a structural 
assembly, rapid post-collapse unloading would accelerate the collapse of 
the entire assembly. 

Furthermore, most of these code-based approaches predict the 
collapse strength under axial compression and bending moment using 
the same formulation. This is likely based on the assumption that the 
overall structural collapse due to the bending moment would occur 
when the furthest edge from the neutral axis reaches the compressive 
limit. This may be overly conservative as the cylindrical shell should 
generally be able to carry more external loads because of the load- 
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shedding between the buckled and intact elements. Thus, the critical 
buckling strength under pure bending can be appreciably larger than 
that under pure compression [6]. 

To account for the above considerations, the application of the 
nonlinear finite element method (NLFEM) considering both geometric 
and material nonlinearities may be the best solution. There are many 
studies on this topic performed by the nonlinear finite element method. 
Kim and Kim [7] conducted a parametric numerical study on unstiffened 
cylindrical shells under axial compression. Cerik [8] reported a nu-
merical investigation on the residual strength of ring-stiffened and 
orthogonally stiffened damaged cylindrical shells under axial compres-
sion. Li and Kim [9] presented a numerical analysis of unstiffened cy-
lindrical shells under axial compression. In particular, they investigated 
the sensitivity to initial geometric imperfection and compared the nu-
merical prediction with design code estimations. Nevertheless, 
nonlinear finite element analysis requires dedicated modelling exper-
tise, including geometry modelling, meshing [58], application of geo-
metric imperfection and calibration of numerical parameters. 
Furthermore, the required computational time is still a significant 
drawback, especially if many analyses need to be performed for different 
design alternatives, such as that in reliability analysis and structural 
optimisation. 

In this regard, a fibre-based modelling approach is proposed in this 
paper, which can provide more accurate ultimate strength prediction for 
cylindrical shells by considering load-shedding and remaining compu-
tationally efficient. The fibre-based approach is a displacement-driven 
numerical technique, which predicts the global collapse behaviour of 
cylindrical shells by evaluating the local fibre response due to the global 
load effect, e.g., axial compression induced by bending. In the remainder 
of this paper, a literature review of the fibre-based method is given in 
Section 2. The proposed fibre-based formulation is described in Section 
3. Comparison with the nonlinear finite element method is presented in 
Section 4 for a parametric range of structural dimensions and load 
combinations. The effects of various parameters on the behaviour of 
cylindrical shells are examined in Section 5. Conclusions and the rec-
ommended future works are summarised in Section 6. 

2. Literature review 

The fibre-based modelling has been extensively used for analysing 
the behaviour of concrete-filled and reinforced concrete columns in civil 
engineering. Compared with the conventional finite element method, 
the fibre-based approach saves the model development and computa-
tional time significantly. It has been proved to be an accurate numerical 
method for modelling the inelastic behaviour of composite columns 
[10–11]. Liang [12] developed a new numerical method based on fibre- 
based modelling technology for predicting the ultimate strength of 
double-skin concrete-filled steel tubular columns under axial compres-
sion. Liang [13] presented a mathematical model for simulating the high 
strength circular double-skin concrete-filled steel tubular slender col-
umns under eccentric loading. Ahmed et al. [14] analysed the preload 
effects using fibre-based approach on the performance of axially and 
eccentrically loaded square concrete-filled double steel tubular slender 
columns. Rizwan et al. [15] introduced a fibre-based model for rectan-
gular double-skin concrete-filled steel tubular short columns considering 
local buckling. Numerical analysis on rectangular double-skin concrete- 
filled steel tubular slender columns was presented by Rizwan et al. [16] 
using a fibre-based model considering local and global interaction 
buckling. Likewise, the effect of buckling interaction was investigated by 
Phan et al. [17] using fibre-based methodology for uniaxially com-
pressed square ultra-high-strength concrete-filled steel tubular slender 
beam-columns. Phan et al. [18] developed a fibre-based model for 
determining the structural behaviour of eccentrically loaded circular 
double-skin steel tubular slender beam-columns filled with ultra-high- 
strength concrete. Ahmed et al. [19] studied the circular double-skin 
concrete-filled stainless-carbon steel tubular columns under axial load 

and bending using a fibre-based modelling approach. Al-Jelawy and 
Mackie [20] developed a three-dimensional fibre-based model for pre-
cast and cast-in-place reinforced concrete columns. Aldabagh et al. [21] 
proposed a simplified predictive expression for predicting the drift limit 
states of reinforced concrete circular columns based on the numerical 
results by utilising the fibre-based model. 

In the maritime sector, this concept was applied by Dow and Smith 
[22] to develop the computer code FABSTRAN for predicting the pro-
gressive collapse and ultimate strength of beam-columns under axial 
compression, in which the stiffener of a stiffened plated structures was 
discretised into a set of fibres. A more common generalisation or vari-
ation of the fibre-based concept in the marine field is the Smith-type 
progressive collapse method or referred to as the incremental/iterative 
method in classification society rule [23]. It was initially developed in 
the 1970s to predict the ultimate strength of ship hull girders under 
vertical bending [24]. The progressive collapse approach was then for-
malised and validated for the first time by Dow et al. [25] using small- 
scaled box girder tests. The advancement to this method has 
continued in recent years. Benson et al. [26] extended the original 
approach by removing the interframe buckling assumption. This was 
driven by an adapted orthotropic plate theory developed in [27] to 
derive the load-shortening curves of the entire grillage rather than in-
dividual plate-stiffener combination (i.e., beam-column). An extended 
formulation was introduced by Syrigou et al. [28] to consider the effect 
of torsion. Li et al. [29–30] proposed a progressive collapse method to 
evaluate the strength degradation of ship hull girders due to extreme 
cyclic loads. Tatsumi et al. [31] extended the Smith method to account 
for the effect caused by the local bending of the double bottom of ships. 
Aside from various extended formulations, the Smith-type progressive 
collapse has been widely applied to evaluate the residual strength of 
damaged ship structures [32–33] and probabilistic assessment of ship 
structural strength [34–35]. 

A similar methodology to the Smith-type progressive collapse 
method was the Intelligent Supersize Finite Element Method (ISFEM), 
which was developed to resolve the high computational requirement of 
the conventional finite element method (FEM) [36]. The pioneering 
development of this approach, which was named the Idealised Struc-
tural Unit Method (ISUM), was reported by Ueda and Rashed [37]. In 
contrast to the conventional FEM, the ISFEM is said to be intelligent 
because the highly nonlinear behaviour of the large elements is educated 
or formulated in advance, generating a high level of intelligence in terms 
of judging the failure status and modes of such a large element. The 
ISFEM overcomes the high computational requirement in conventional 
FEM but still retains the versatility to analyse the nonlinear inelastic 
large deflection behaviours of different steel and aluminium structures, 
such as ship hulls, bridges, and cranes [38–40]. 

3. Methodology 

3.1. Global response formulation 

A fibre-based approach is developed herein as an efficient compu-
tational method for simulating the progressive collapse of cylindrical 
shells under combined compression and bending moment. The following 
assumptions are made for the development of fibre-based approach:  

1. The behaviour of each fibre is independent and can be represented by 
a load–shortening curve characterising its stress/strain response to 
in-plane load.  

2. The resultant strain at each fibre of the cross section follows a linear 
distribution through the section depth for a given bending moment 
increment during the entire progressive collapse process. 

3. The Euler column-type buckling is negligible, and the buckling fail-
ure occurs in an interframe manner, meaning that the failure will 
primarily be induced by buckling in localised region, i.e., shell 
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buckling in the case of unstiffened column, or bay buckling only in 
the case of ring-stiffened columns. 

The first assumption generally holds when each fibre within the 
cylindrical shell is primarily subjected to axial loading, i.e., either 
directly by axial compression or induced by global bending. The second 
assumption should be reasonable before the ultimate collapse occurs. 
The third assumption is valid for cylindrical columns with a small 

length-to-radius ratio or cylindrical shells with stocky transverse 
stiffening. 

The proposed fibre-based modelling consists of global response 
formulation and local response formulation. The formulation to simulate 
the global response of cylindrical shells under combined axial 
compression and bending moment is given in Equation (1) to Equation 
(5). 

ΔMm = Dm
zzΔϕm (1)  

Dm
zz =

∑n

i=1
km

i Ai
(
yi − ym

NA

)2 (2)  

km
i = ∂σm

i /∂εm
i (3)  

ym
NA =

∑i

1
yiAikm

i /
∑i

1
Aikm

i (4)  

Δεm
i =

(
yi − ym

NA

)
Δϕm (5)  

Mm+1 = Mm + ΔMm (6)  

ϕm+1 = ϕm + Δϕm (7)  

εm+1
i = εm

i + Δεm
i (8) 

where ΔMm is the bending moment increment at incremental step m, 
Δϕm is the curvature increment at incremental step m, Dm

zz is the 
nonlinear bending stiffness at incremental step m, km

i is the tangent 
stiffness of structural element i at incremental step m, ym

NA is the vertical 
coordinate of the instantaneous cross-sectional neutral axis of the cy-
lindrical shell, yi is the vertical coordinate of the neutral axis of struc-
tural element i, Ai is the cross-sectional area of the structural element i, 
Δεm

i is the strain increment of structural element i at incremental step m, 
σm

i is the instantaneous longitudinal stress of structural element i at in-
cremental step m, εm

i is the instantaneous longitudinal strain of structural 
element i at incremental step m. 

The computational procedure may be elucidated with reference to 
the flowchart shown in Fig. 1. Once the geometry, material property and 
pre-loaded compression are defined, the cross section of the cylindrical 
shell is first subdivided into a set of small fibres. Linear and uniform 
distributions of the longitudinal strain of fibre element induced by 
bending moment and axial compression respectively are assumed 
(Fig. 2). Each fibre element is assigned with a load-shortening curve to 
characterise its stress response to longitudinal straining induced by axial 
compression, bending moment and their combinations. Assuming that 
the cross section remains plane during the progressive collapse, cross- 
sectional curvature is applied incrementally about the instantaneous 
neutral axis. The incremental bending moment is computed with the 
applied curvature increment and cross-sectional bending stiffness (i.e., 
Equation (1)). The cross-sectional bending stiffness is evaluated by the 
elemental tangent stiffness. (i.e., Equation (2)). The element tangent 
stiffness is estimated as the derivative of the load-shortening curve at the 
instantaneous elemental strain (i.e., Equation (3)). In terms of pure 
bending, the initial elemental strain is specified as null. Conversely, in 
the case of combined compression and bending, the initial elemental 
strain is the resultant strain due to the pre-loaded compression. The 
position of the instantaneous neutral axis is updated at each incremental 
step through an adapted first moment of area of the cross section, which 
accounts for the loss of load-carrying effectiveness of each element (i.e., 
Equation (4)). The incremental longitudinal strain of each element is 
evaluated by Equation (5), which drives the update of elemental tangent 
stiffness for incremental calculation. Cumulative values of curvature, 
bending moment and elemental strain are obtained by Equations (6) to 
(8). They are output when the termination criterion is met, for instance, 
when the bending stiffness becomes negative or the post-collapse 
strength is reduced to half of the ultimate strength. 

Fig. 1. Flowchart of the proposed fibre-based modelling procedure.  
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3.2. Local response formulation 

Due to the global bending, each fibre element undergoes longitudinal 
in-plane loading, i.e. tension or compression. Elastic-perfectly plastic 
behaviour would be a reasonable approximation for the tensile response. 
To simulate the local response of fibre element under compressive lon-
gitudinal straining, i.e., compressive load-shortening curve, an efficient 
semi-empirical method is applied in this paper. Whilst this method was 
initially derived for stiffened plated structures under longitudinal 
compression [41], it is a generic formulation that can be applied to 
different structural stability and buckling collapse problems. In this 
approach, the load-shortening response of cylindrical shell under lon-
gitudinal loads is idealised as three distinct parts: initial elastic response, 
nonlinear response from the onset of buckling till attaining ultimate 
strength, and post-collapse unloading. As depicted in Fig. 3, the initial 
elastic response is governed by the initial stiffness. An arc-shaped 
approximation is employed for the nonlinear response from the onset 
of buckling till attaining ultimate strength, in which the tangent stiffness 
decreases from that specified for the initial elastic state to null at the 
ultimate limit state. As for the post-collapse response, a linear response 
is assumed in this paper for simplicity. Future works may consider a 
more realistic exponential post-collapse unloading behaviour. 

The expressions of the proposed method for simulating compressive 

load-shortening response are given as follows: 
σx
σY

= ETo
εx
εY 

for εx
εY

≤ εxe
εY 

(9). 
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=

σxu

σY
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]
for

εxe
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σY
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εx
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)
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where. 

ξ =
cos[tan−1(ETo) ](EToεxu/εY − σxu/σY )

1 − cos[tan−1(ETo) ]

εxe

εY
=

εxu

εY
+ ξsin

[
−tan−1(ETo)

]

The above formulation only provides a general framework to predict 
the compressive load-shortening response. The initial stiffness (ETo), 
post-collapse stiffness (ETp), ultimate strain (εxu/εY) and ultimate 
compressive strength (σxu/σY) are prescribed values which can be 
determined using any approach based on different model assumptions, 

Fig. 2. Fibre-based modelling of cylindrical shell under bending moment.  

Fig. 3. Schematics of local response formulation.  

Table 1 
Principal particulars of cylindrical shell models.  

No. L/R R/t L [mm] R [mm] t [mm] σY [MPa] E [GPa] 

1  0.4 50 2000 5000 100 355 207 
2  0.4 100 2000 5000 50 355 207 
3  0.4 200 2000 5000 25 355 207 
4  0.4 400 2000 5000 12.5 355 207 
5  0.6 50 3000 5000 100 355 207 
6  0.6 100 3000 5000 50 355 207 
7  0.6 200 3000 5000 25 355 207 
8  0.6 400 3000 5000 12.5 355 207 
9  0.8 50 4000 5000 100 355 207 
10  0.8 100 4000 5000 50 355 207 
11  0.8 200 4000 5000 25 355 207 
12  0.8 400 4000 5000 12.5 355 207 
13  1.0 50 5000 5000 100 355 207 
14  1.0 100 5000 5000 50 355 207 
15  1.0 200 5000 5000 25 355 207 
16  1.0 400 5000 5000 12.5 355 207 
17  1.2 50 6000 5000 100 355 207 
18  1.2 100 6000 5000 50 355 207 
19  1.2 200 6000 5000 25 355 207 
20  1.2 400 6000 5000 12.5 355 207  
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so that specific response characteristics and secondary load effects (i.e., 
external pressure and shear etc.) can be incorporated. 

4. Validation 

4.1. Test matrix 

A total of 20 cylindrical shell models have been compared, with the 
following parameters systematically varied:  

• Length to radius ratio: L/R = 1.2, 1.0, 0.8, 0.6, 0.4  
• Radius to thickness ratio: R/t = 50, 100, 200, 400 

The radius of all models kept the same as 5000 mm, and the other 
dimensions (length and thickness) were changed according to the non- 
dimensional parameters. The material yield stress (σY) and elastic 
modulus (E) were 355 MPa and 207GPa, respectively. Table 1 gives a 
summary of all models for comparison. As shown in [8,42–45], the 
radius-to-thickness ratio of cylindrical shell in maritime sector is typi-
cally in the range of 50 to 300. The length-to-radius ratio, considering 
bay length between transverse supports in the case of ring-stiffened 
cylinder, is normally in the range of 0.4 to 0.6. Hence, the test matrix 
in this work covers the common configuration of cylindrical shell 
structures used in marine infrastructures. Nevertheless, it is acknowl-
edged that the applicability of the proposed should be limited to the 
present test matrix until a more extended validation exercise is 
completed. 

For each case study model, the following load cases (5 scenarios) 
were considered:  

• Pure compression  
• Pure bending  
• Combined bending and axial compression with Nx/Nxu = 0.25  
• Combined bending and axial compression with Nx/Nxu = 0.50  
• Combined bending and axial compression with Nx/Nxu = 0.75 

To sum up, 20 × 5 = 100 test cases in total have been completed. 

4.2. Finite element modelling 

For validation purposes, equivalent nonlinear finite element analysis 

was performed. Four-node shell element was employed for the finite 
element modelling. Geometric imperfection was incorporated, in which 
the imperfection shape is described as follows: 

w(x, θ) = wmaxsin
(mπx

l

)
sin(nθ) (12) 

where a cylindrical coordinate is adopted. As depicted in Fig. 4, any 
position within the cylindrical shell is expressed by combining longi-
tudinal coordinate (x) and angular coordinate (θ). wmax is the maximum 

Fig. 4. Coordinate system of cylindrical shell.  

Table 2 
First-order buckling modes predicted by linear eigenvalue analysis.  

No. L/R [-] R/t [-] m n 

1  0.4 50 1 6 
2  0.4 100 2 6 
3  0.4 200 3 7 
4  0.4 400 4 10 
5  0.6 50 2 5 
6  0.6 100 3 6 
7  0.6 200 5 0 
8  0.6 400 7 0 
9  0.8 50 2 6 
10  0.8 100 3 9 
11  0.8 200 6 6 
12  0.8 400 9 0 
13  1.0 50 3 6 
14  1.0 100 5 6 
15  1.0 200 8 0 
16  1.0 400 11 0 
17  1.2 50 3 6 
18  1.2 100 4 9 
19  1.2 200 9 6 
20  1.2 400 13 0  

Fig. 5. Example illustration of first order eigen modes: non-rotational- 
symmetric versus rotational-symmetric (Magnification factor = 50). 
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imperfection magnitude; l is the length of the unstiffened shell or 
spacing between ring stiffeners; m is the number of half wave in the 
longitudinal direction; n is the number of full waves in the circumfer-
ential direction. In this paper, the imperfection shape (i.e., m & n) is 
determined based on a linear buckling analysis from which the first 
order eigenmode is utilised. The first order eigenmode was adopted 
because it is usually the governing buckling mode shape that leads to 
collapse of the cylindrical shell, although the actual as-built imperfec-
tion might be a weighted combination of different mode shapes and the 
first order eigenmode may not provide the worst-case scenario. In gen-
eral, the first order eigenmodes are of two forms, i.e., non-rotational- 
symmetric and rotational-symmetric. In the former case, the cylindri-
cal shell deflects in both longitudinal and circumferential directions 
(non-zero m & n). However, in the latter case, the cylindrical shell only 
deflects in the longitudinal direction and there is no variation in the 
circumferential direction (i.e., n = 0). As summarised in Table 2, non- 
rotational-symmetric eigenmode usually occurs in stocky cylindrical 
shells, and the rotational-symmetric eigenmode usually presents in 
slender cylindrical shells. An example illustration of these two eigen-
modes is given in Fig. 5 with a magnification factor of 50. The imper-
fection magnitude is determined by Equation (13) which was suggested 
in [46]. This specification of maximum imperfection magnitude is 
knock-down factor equivalent imperfection magnitude, i.e., the nu-
merical simulation can give a buckling load equivalent to applying a 
knockdown factor to the classical buckling load in which the knock 
down factor is specified according to the NASA SP-8007 Space Vehicle 
Design Criteria. 

wmax/t = 0.025
(

− 2.8 +
̅̅̅̅̅̅̅
R/t

√ )
(13) 

As the primary objective of this paper is to demonstrate and verify 
the proposed fibre-based modelling, the above specifications of geo-
metric imperfection are only referencing values. Nevertheless, it was 
highlighted through experimental studies reported in [47–49] that the 
buckling strength of cylindrical shell is highly sensitive to geometric 
imperfection (both imperfection shape/distribution and magnitude). In 
the light of predicting lower bound buckling strength, worst multiple- 
perturbation load approach appears to be more suitable, as compared 
with the single perturbation approach. More rigorous evaluation of the 
effect of geometric imperfection may also refer to [50–53] and others. 
The effect of fabrication-induced residual stress is also ignored in this 
study. As explained, this is out of the scope of the present study. With 
regards to cylindrical shells, the fabrication-induced residual stress may 
be developed by cold bending and/or welding. The former is required to 
form a curve plate from flat sheet, while the latter is needed to assemble 
the cylindrical shell by longitudinally welding several curved plates. In 
the case of ring-stiffened cylindrical shells, additional welding is 
required for joining the ring stiffeners onto the shell structures. Dedi-
cated research in this aspect may refer to [42,54]. 

In terms of the boundary condition and loading application for finite 
element modelling, a schematic illustration is provided in Fig. 6. For 
simulating the response under pure compression, both ends of the cy-
lindrical shell was simply supported. Axial displacement was applied to 
one end of the model via a reference point coupled to all nodes at the 
model end. This allowed a uniform displacement application and kept 
the loaded edge straight. For predicting the response under pure 
bending, simple support was considered at the unloaded end, and the 
loaded end was rigidly coupled to the reference point in which the 
rotational displacement was applied. With the loaded edge modelled as 
rigid, unrealistic local deformation can be avoided. Moreover, this 
modelling technique allows the translational movement of the load 
application point so as to simulate the progressive movement of the 
instantaneous neutral axis. For combined compression and bending, a 
two-step approach was adopted. In the first step, the uniform 
compressive force was applied as pre-loading. Whilst the boundary 
condition at the unloaded end was consistent with that in the pure 
compression case, the loaded edge was set to be free. This is due to the 
fact that the simulation of the neutral axis movement cannot be simu-
lated in the second step as a result of the fixed loaded edge. However, as 
the pre-loaded compression does not exceed the ultimate limit, the free 
boundary in the first step should not result in a substantial inconsistency 
between the combined load case and the pure load case. 

Fig. 6. Schematics of boundary condition and load application of finite 
element model. 

Fig. 7. Mesh convergence study.  
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Fig. 8. Comparison of load-shortening curves under pure compression.  
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Fig. 9. Comparison of bending moment versus curvature curves (Pure bending).  
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Fig. 10. Comparison of bending moment versus curvature curves (Combined bending and axial compression with Nx/Nxu = 0.25).  
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Fig. 11. Comparison of bending moment versus curvature curves (Combined bending and axial compression with Nx/Nxu = 0.50).  
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Fig. 12. Comparison of bending moment versus curvature curves (Combined bending and axial compression with Nx/Nxu = 0.75).  
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The mesh density also has a great influence on the collapse analysis 
of thin-walled structures. To this end, a mesh convergence study has 
been completed for the pure axial compression case. Different mesh 
densities were considered, with characteristic element sizes ranging 
from 50 mm × 50 mm to 300 mm × 300 mm. As shown in Fig. 7, the 
change in characteristic mesh size does not result in a significant vari-
ation in the predicted ultimate compressive strength of the stocky cy-
lindrical shell with L/R = 1.0 and R/t = 50. Conversely, a finer mesh 
leads to a smaller ultimate compressive strength prediction of a slender 
cylindrical shell with L/R = 0.4 and R/t = 400. The effect of mesh size 
converges when it is smaller than 100 mm × 100 mm. In the light of 
achieving reliable numerical prediction and reducing the computational 
cost, the mesh size 100 mm × 100 mm was adopted for the remaining 
analyses of this study. 

4.3. Results 

4.3.1. Comparison of Load-shortening curves under pure compression 
The characteristic load-shortening features, i.e., initial stiffness, ul-

timate strength, ultimate strain, and post-collapse stiffness, have been 
predicted by nonlinear finite element method and fed into the proposed 
empirical load-shortening formulation. In future work, a more dedicated 
analytical or data-driven approach can be utilised for deriving these 
characteristic features. However, this is out of the scope of the present 
paper. 

A comparison between the compressive load-shortening curves 

predicted by the nonlinear finite element method and the proposed 
empirical method is shown in Fig. 8. The pre-collapse regime of small 
radius-to-thickness ratio (i.e., stocky models) generally exhibits a linear 
response with an initial stiffness close to the material elastic modulus. 
This linear response would remain until a high load level, after which 
the load-shortening curve approaches the ultimate limit state with a 
relatively distinct transition. By contrast, the initial stiffness of large 
radius-to-thickness ratio cylindrical shells (i.e., slender models) shows a 
much lower value and gradually decreases until collapse as the axial 
compression is increased. The collapse of the cylindrical shells generally 
occurs with an ultimate strain close to the material yield strain. In terms 
of the post-collapse regime, the unloading response and post-collapse 
stiffness appears to be affected by the length-to-radius ratio. 
Regarding the cylindrical shell with small length-to-radius ratio, the 
post-collapse regime shows a less significant unloading. Conversely, 
there is great post-collapse unloading when it comes to cylindrical shells 
with large length-to-radius ratio. This is likely because of the localisation 
of buckling deformation in the post-collapse regime. In the pre-collapse 
regime, the buckling deformation develops generally following the 
initial geometric imperfection shape. After the ultimate collapse, the 
structural deformation will nucleate in localised region which reflects as 
steep post-collapse unloading in the load-shortening curve. The 
load–displacement response predicted by the proposed fibre formulation 
is closely correlated with that computed by the nonlinear finite element 
method. The largest discrepancy occurs in the post-collapse range. 
However, the prediction of post-collapse response has always been 

Fig. 13. Comparison of buckling modes in compression and bending moment of cylindrical shell with rotational-symmetric initial geometric imperfection.  

Fig. A1. Deformation contour plots of cylindrical shells at ultimate limit state (L/R = 0.4).  
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challenging, as it is governed by many interacting parameters such as 
slenderness, imperfection shape, imperfection magnitude and numerical 
solvers in the context of finite element analysis. For instance, it was 
reported by [53] and [55] that the use of the preferred buckling mode as 
the imperfection shape could lead to a non-conservative prediction of 
the post-collapse unloading. Further analysis will be presented in the 
following section to examine the effect of load-shortening curve 
formulation. A comprehensive examination of the effect of load- 
shortening curves on the ultimate bending strength of stiffened plated 
hull girders was given in [56]. 

4.3.2. Comparison of bending moment versus curvature curves 
The comparison of bending moment versus curvature relation pre-

dicted by the proposed fibre-based modelling and nonlinear finite 
element method is shown in Figs. 9, 10, 11 and 12 for the pure bending 

load case, combined load case with pre-compression of Nx/Nxu = 0.25, 
Nx/Nxu = 0.50 and Nx/Nxu = 0.75 respectively. Note that the bending 
moment shown in Figs. 9 to 12 is normalised by the corresponding 
plastic bending moment, excluding the effect of buckling. The pre- 
collapse responses in most cases are reasonably correlated between 
the two methods, except for the long and slender cylindrical shells under 
a pure bending moment (e.g., L/R = 1.0 & R/t = 200; L/R = 1.0 & R/t =
400; L/R = 1.2 & R/t = 400). In these cases, the fibre element-based 
method noticeably overestimates the pre-collapse response as 
compared with that predicted by finite element method. This is likely 
due to the change in the buckling mode of these shell structures 
(Fig. 13). Under pure compression, these structures show a rotational- 
symmetric deflection mode which would give a higher axial stiffness 
to the shell model. Thus, the underpinning load-shortening response 
used in the fibre-based method is embedded with higher axial stiffness. 

Fig. A2. Deformation contour plots of cylindrical shells at ultimate limit state (L/R = 0.6).  

Fig. A3. Deformation contour plots of cylindrical shells at ultimate limit state (L/R = 0.8).  
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By contrast, localised deformation is found when the shell structure is 
subjected to bending load, which eventually leads to a different collapse 
mode and would generally give a less stiff response. This discrepancy 
suggests that the derivation of the axial load-shortening curve of fibre 
element should consider the difference in buckling failure mode be-
tween compression and bending. In the meantime, it may be deduced 
that the sensitivity of cylindrical shells to geometric imperfection could 
differ between different load cases, even though the governing failure 
mode is compressive buckling. Comparison of the deformation contour 
plots of all cylindrical shell models are shown in the Appendix for 
different load cases (Figs. A1, A2, A3, A4, A5). 

The difference in the post-collapse response is relatively obvious. 
This discrepancy can be caused by a number of factors, such as the 
boundary condition and the numerical solver. When it comes to the pure 

bending load case, the difference is likely affected by the boundary 
condition specified in the present finite element model. As a single bay 
model is adopted, the boundary constraint may have a great influence on 
the deformation localisation in the post-collapse range. Thus, if the 
present finite element model was to be the representation of a ring- 
stiffened cylindrical shell (assuming no failure in the ring stiffeners), 
the present finite element prediction of the post-collapse unloading 
might be optimistic. 

The correlation between the ultimate bending strength predicted by 
the nonlinear finite element method and fibre-based modelling for cy-
lindrical shells is shown in Fig. 14, in which the sensitivities to load case, 
radius-to-thickness ratio and length-to-radius ratio are highlighted. The 
overall bias and coefficient of variation (COV) between the two ap-
proaches are 0.98 and 0.13, respectively, which indicates high accuracy 

Fig. A4. Deformation contour plots of cylindrical shells at ultimate limit state (L/R = 1.0).  

Fig. A5. Deformation contour plots of cylindrical shells at ultimate limit state (L/R = 1.2).  
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of the proposed fibre-based modelling with reference to the nonlinear 
finite element method. The prediction bias in all cases, i.e., different 
load cases, radius-to-thickness ratios and length-to-radius ratios, is in the 
range of 0.95 to 1.07. However, a larger prediction scattering is 
observed in the case of high pre-loaded compression (COV = 0.20), large 
radius-to-thickness ratio (COV = 0.26) or large length-to-radius ratio 
(COV = 0.24). In all these scenarios, it appears that convergence is 
difficult to achieve in the finite element simulations, as the cylindrical 
shells experience a fairly unstable load–displacement path. Further 
validation is required, in particular a dedicated experimental pro-
gramme, to demonstrate and verify the capability of the fibre-based 

modelling for these highly nonlinear cases. Nevertheless, it can be 
concluded that the proposed fibre-based method is well suited for pre-
dicting the ultimate strength of stocky cylindrical shells predominately 
under bending moment with moderate pre-loaded compression. This 
appears to be a common scenario in the maritime sector, such as the 
offshore wind structures where the turbine and nacelle induce pre- 
loaded compression to offshore support foundation, and the combina-
tion of wind/wave/current force induces a bending moment. 

Fig. 14. Correlation between the ultimate bending strength predicted by finite element method (FEM) and fibre-based modelling for cylindrical shells.  
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5. Parametric study 

5.1. Effect of fibre element size 

In the previous section, 72 fibre elements were used to mesh the cross 
section of the cylindrical shell. In this section, the effect of fibre element 
size is examined. A selection of the bending moment versus curvature 
curves predicted by different numbers of fibre elements (18, 36 and 72 
elements) are shown in Fig. 15. Note that the illustrated comparison is 
typical across all cases. The effect of fibre element size appears to be 
negligible. There is virtually no difference in the simulation of the initial 
response and ultimate strength. As a recommended practice, a smaller 
number of fibre element may be more efficient whilst the accuracy is not 
degraded. This reduction in computational time can be significant for a 
large amount of calculation iteration, such as reliability assessment and 
structural optimisation. Nevertheless, if one is interested in the pro-
gressive collapse behaviour of each element with a higher resolution, a 
smaller fibre element size should be adopted. 

5.2. Effect of local response modelling 

As shown in Figs. 9 to 12, the prediction of post-collapse behaviour is 
the largest discrepancy in the load-shortening curves predicted by the 
finite element method and the empirical local response formulation. In 
light of this, the local response modelling, in particular the post-collapse 
response, is examined in this section. Fig. 16 shows the comparison of 
bending moment versus curvature curves predicted by the fibre-based 
model using different load-shortening curve inputs for two cylindrical 
shells. It is clear that the progressive bending collapse response of stocky 
shell (e.g., L/R = 1.0 & R/t = 50) is relatively insensitive to the load- 
shortening curve input. However, the plastic bending moment, in this 
case, is still an appreciable overestimation compared with the ultimate 
bending moment considering buckling/plastic effect. The progressive 
collapse behaviour of slender shell (e.g., L/R = 0.6 & R/t = 400) is 
highly sensitive to the load-shortening curve input. The plastic bending 
moment is unrealistically optimistic in this scenario. If the load- 
shortening curve is incorporated with a perfectly plastic post-collapse 
response (i.e., without post-collapse unloading), the global structural 
system would not experience a clear ultimate limit state, despite the fact 
that the pre-collapse response is identical. This comparison suggests that 
the progressive collapse behaviour and ultimate strength prediction of 
slender cylindrical shells might be associated with a high degree of 
uncertainty, if different formulations load-shortening curves are 
employed. This observation aligns with that found in the stiffened plated 

structures [53]. In addition, it should be remarked that the bending 
moment versus curvature curves predicted by the proposed load- 
shortening curve formulation and FEM are well compared. This may 
further demonstrate the rationality of the proposed formulation. 

5.3. Comparison with codified methods 

A comparison between the fibre-based model, NLFEM and code 
formulae for predicting the ultimate bending strength are shown in 
Fig. 17 for the ultimate bending strength of cylindrical shells. The pre-
diction is compared only for the cylindrical shell of L/R = 0.4, since the 
code formulae is insensitive to the length-to-radius ratio. In the mean-
time, the ultimate bending strength is expressed in terms of a quasi- 
elastic manner based on elementary beam theory, as follows: 

σxu,b = Mu/πR2t (14) 

This is because all the code formulae are given in terms of bending 
stress. It can be seen from the comparison that the code formulae may be 

Fig. 15. Comparison of bending moment versus curvature curves based on 
different numbers of fibre elements. 

Fig. 16. Comparison of bending moment versus curvature curves predicted by 
different load-shortening curve formulations. 
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overly conservative with respect to NLFEM and the proposed method. 
Whist the difference in the embedded imperfection in different ap-
proaches causes uncertainty. The prediction discrepancy is likely due to 
the neglection of load-shedding during the progressive collapse of the 
cylindrical shell under global bending since most formulae assume that 
the entire collapse would occur when the outer fibre of the cylindrical 
shell fails. However, the shell structures still have the reserved effec-
tiveness to bear additional loads due to the load-shedding from 
collapsed element to intact element. 

6. Conclusions 

This paper has presented a fibre-based model for predicting the ul-
timate strength of cylindrical shells under combined axial compression 
and bending moment. The fibre-based model evaluates the progressive 
collapse behaviour by accounting for the contribution of local fibre 
element to the global structural system. The local response of the fibre 
element is encapsulated in a load-shortening curve which characterises 
its behaviour under longitudinal load effects. In this paper, an efficient 
empirical formulation has been applied to estimate the load-shortening 
curve of fibre elements. Validation has been completed using the 
equivalent nonlinear finite element method on a parametric range of 
cylindrical shell models and load combinations. The following conclu-
sions are drawn from this paper:  

• With reference to the equivalent nonlinear finite element method, 
the proposed fibre-based model shows an overall bias of 0.98 and 
COV of 0.13. This indicates its reasonably high accuracy and 
acceptable prediction scattering. Thus, the proposed fibre-based 
model can be concluded as a capable method to evaluate the pro-
gressive collapse and ultimate strength of cylindrical shell structures 
under combined axial compression and bending.  

• The largest prediction discrepancy is found in the cases with high 
pre-loaded compression, large radius-to-thickness ratio, or large 
length-to-radius ratio. In fact, the finite element simulation for these 
scenarios is susceptible to the convergence issue. Hence, to validate 
the capability of the proposed method, more dedicated investigation 
in particular experimental studies is required in the future.  

• The local response formulation provides an efficient and robust way 
to estimate the load-shortening curve of cylindrical shells with 
acceptable accuracy, provided that the four response characteristics, 
i.e., initial stiffness, ultimate strength, ultimate strain and post- 
collapse stiffness, can be reasonably estimated.  

• The effect of fibre element size appears to be a non-critical issue. 
Thus, as a recommended practice, a smaller element size may be 
adopted. This could potentially benefit structural reliability analysis 
and structural optimisation, in which case a large number of itera-
tions is needed.  

• The code formulae prediction seems to be overly conservative with 
respect to NLFEM and the proposed method. The difference in the 
embedded imperfection in different approaches causes uncertainty. 
The prediction discrepancy is likely due to the neglection of load- 
shedding during the progressive collapse of cylindrical shell under 
global bending, since most formulae assume that the entire collapse 
would occur when the outer fibre of the cylindrical shell fails. 

The present study has in principle proven the validity of fibre-based 
method to model the progressive collapse and ultimate strength of cy-
lindrical shells under combined compression and bending moment. To 
further refine this methodology and extend its capability, the following 
further works may be considered: 

• The sensitivity to geometric imperfection should be further evalu-
ated, especially for cylindrical shells with different critical buckling 
modes under axial compression and bending moment, i.e., slender 
structures. As shown by the present numerical results, the same cy-
lindrical shell structure will show a different buckling mode when 
subjected to bending moment, even though the initial geometric 
imperfection shape is specified in accordance with the first order 
eigenmode under pure axial compression. This implies that the 
derivation of elemental load-shortening curves should take into ac-
count of the difference due to the change of buckling mode shape.  

• The local response formulation should be refined with the aid of a 
data-driven approach to estimate the response characteristics. In this 
regard, many data analysis techniques can be employed, from simple 
regression to dedicated machine learning algorithms. With this data- 
driven model, the local response formulation can eliminate the use of 
numerical simulation, which further improves the computational 
efficiency.  

• The present fibre-based model is validated for bending and combined 
compression and bending. In the maritime sector, the effect of hy-
drostatic pressure should be considered. Future studies can be 
directed to incorporate hydrostatic pressure into the proposed 
computational scheme.  

• The proposed model is currently limited to the prediction of cross- 
sectional behaviour. Whilst this is sufficient for ordinary design 
assessment (e.g., assessing the ultimate strength), one may be 
interested in the global deformation of the entire cylinder. In this 
regard, a hybrid formulation incorporating the fibre-based method 
with a finite beam element framework would be a promising solu-
tion. The concept was applied by Li et al. [57] for stiffened plated 
girder, and similar development can be completed for cylindrical 
shell structures in the future. 
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