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ABSTRACT
This paper addresses the integrated optimization of the economic man-
ufacturing quantity and the condition-based maintenance policy of a 
deteriorating manufacturing system. The considered facility produces a 
single type of product and is inspected at the end of each production run. 
Upon inspection, two dependent indicators are revealed: one implies 
whether the production process is in control or not and the other one 
represents the deterioration level of the facility. The dependence between 
the two indicators is that whenever the facility deterioration exceeds a 
pre-determined level, the system becomes more vulnerable such that the 
production process may switch to the out-of-control state. In the out-of- 
control state, a proportion of defective items is fabricated. Considering the 
inter-dependencies between production process and machine degrada-
tion, this paper develops an integrated production and maintenance 
model to minimize the overall cost. The expected cost rate in the long 
run is taken as the objective function to assess the proposed model, where 
the joint optimization of the lot-sizing and the maintenance policy is 
developed. The problem is formulated in the context of a semi-Markov 
decision process and solved with the successive approximation method. A 
numerical example is given to illustrate the applicability of the proposed 
model.
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1. Introduction

With the development of the scientific and technological innovations, manufacturing process is 
changing rapidly to meet emerging demands. From the perspectives of manufacturers, they always 
intend to maximizing their profits by meeting the customer demand, preventing the shortage loss 
and controlling the inventory budget. The economic manufacturing quantity (EMQ) models 
(Chakraborty & Giri, 2012; Hadidi et al., 2012; Jiang & Farr, 2007; Park, 2021; Sana & 
Chaudhuri, 2010; Sarkar et al., 2014; Sicilia et al., 2014) have been proposed to address these 
objectives. In the classical EMQ models, a common assumption is that the facility will never 
deteriorate or fail during a production run. Therefore, the quality control process and the main-
tenance planning are regarded as independent events such that the corresponding strategies are 
developed separately.

However, in reality, even the sophistical facility with high reliability and superduty productivity 
may deteriorate due to the usage and aging. The facility deterioration will lead to decreased 
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performance with lower production rate, unsatisfied product quality (Hong-Fwu & Chen, 2018), 
etc. In addition, a sudden system failure and the corresponding maintenance may cease the 
production run and derange the production schedule. Glock (2012) and Glock et al. (2014) have 
stated that the deterioration of the machine had a significant effect on the product quality and the 
inventory cost. Hence, it is essential to jointly consider the EMQ and the maintenance policies 
(Abdur Rahim & Ben-Daya, 2012; Chakraborty & Giri, 2014; Ouaret et al., 2018; Sarkar et al., 2010).

With respect to the maintenance planning (Qiu et al., 2019; Scarf, 2007; Wang et al., 2020), 
condition-based maintenance (CBM) has received increasing attention in recent years. It allows to 
make maintenance decisions based on the sensor information with respect to the health condition 
of the system, especially when failure data are rare in highly reliable mechanical systems nowadays. 
In this framework, various models have been proposed to investigate the maintenance strategy, 
where the maintenance cost and the system availability are the most commonly used assessment 
criteria. Various system configurations, deterioration characteristics, inspection policies and main-
tenance criteria have been studied (Hu & Chen, 2020; Zhang et al., 2020, Zhang et al., 2020). The 
influence of the CBM on product scheduling and the integrated optimization of the EMQ and CBM 
have been investigated by several researchers. Boukas and Liu (2001) addressed the production and 
maintenance problem of a failure-prone manufacturing system which had three states following 
a continuous-time Markov chain. The optimal production and maintenance rates were discussed. 
Jafari and Makis (2019) also utilized a continuous-time Markov chain with three states to model 
a production system. By assuming that the non-failure states were partially observable, they derived 
the optimal Bayesian control policy in the semi-Markov decision process (SMDP) framework. Sloan 
and Shanthikumar (2000) developed a Markov decision process model to determine the main-
tenance and production schedules of a multiple-product, single-machine system. The impact of the 
machine condition on the yield of each type of the products was examined. Peng and van Houtum 
(2016) modelled the deterioration of the machine by a Gamma process and took the preventive 
maintenance (PM) threshold and the lot-sizing as the decision parameters in the evaluation of the 
joint optimization problem. Cheng et al. (2018) combined the health condition of the machine and 
the quality information in determining the optimal maintenance policy.

It can be observed that the above-mentioned integrated optimization of the EMQ and CBM 
models have considered only one indicator representing the facility condition. In effect, multiple 
dependent indicators can be utilized in the condition monitoring of the system. For instance, 
Mercier et al. (2012) measured the deterioration of the railway track geometry by a bivariate 
Gamma process which took the longitudinal and transversal levelling indicators into consideration. 
In the oil and gas production system, a throttle valve may fail due to the corrosion or a sudden 
failure (Zhang, 2018). Jafari and Makis (2015) presented an example: the level of metal particles in 
an engine oil or a vibration monitoring level the machine deterioration may indicate the deteriora-
tion of the system. They utilized a proportional hazards model to incorporate the covariates into the 
hazard rate function. Similar considerations can be found in Zheng et al. (2021) where decisions 
were made based on both the system deterioration and the system age. Some studies examine 
production systems with multiple components. In this scenario, the state of each component can be 
regarded as an indicator of the system state. Jafari and Makis (2016) and Zheng and Zhou (2022) 
considered a production facility with two components. However, there is little work considering 
multiple indicators in the framework of the joint optimization of the EMQ and CBM models.

In this study, we will consider the system that is described by two dependent indicators: one is 
modelled by a continuous state process, representing the deterioration of the facility, and the other 
one possesses only two observable states, indicating whether the production process is in control or 
not. Whenever the facility deterioration exceeds a pre-determined level, the system becomes more 
vulnerable and the production process may transfer to the out-of-control state. The facility is 
inspected at the end of each production run such that the true state of the system can be obtained, 
which contains the deterioration level and the in-control/out-of-control information.
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Generally, the quality of the product depends on the production process, and non-confirming 
quality products may occur whenever the production procedure shifts from its in-control state to 
the out-of-control state. Rosenblatt and Lee (1986) assumed that the system shifted to the out-of- 
control process with a certain time period where the produced items became defective. Sankar Sana 
et al. (2007) investigated an imperfect production process by assuming the mixture of the produc-
tions of the perfect and imperfect items, where imperfect items were sold at a reduced price. Malik 
and Sarkar (2020) considered a multi-product imperfect production system, where the defective 
rate was assumed to be a constant and defective items were abandoned. Under the budget, space, 
reliability and demand constraints, the total expected profit was selected as the objective function to 
assess the model. In this paper, we also consider that whenever the production process shifts to the 
out-of-control process, defective items are produced with a probability which depends on the 
system deterioration level: whenever the deterioration indicator exceeds a predefined threshold, the 
defective rate increases. Defective product can be repaired to the perfect state before sale. The 
defective rate on the joint optimization of the EMQ and CBM will be discussed in detail in the 
following context.

In a nutshell, for the decision-maker, when the production facility possesses two indicators and 
defective items are related to the system deterioration, how to determine the optimal production 
and maintenance scheduling? This study intends to address the problem as an integrated optimiza-
tion of the production lot-sizing and CBM policy. The expected cost occurred during the produc-
tion, and maintenance per unitary time is taken to implement the policy. We cast the problem into 
a semi-Markov decision process and solved it with the successive approximation method. The main 
contributions of this study are the following: 

• A joint optimization of the production and conditional-based maintenance policy is studied.
• Two dependent indicators are employed to represent the production and system conditions.
• The lot-sizing and the PM threshold are jointly optimized by minimizing the expected cost per 

unitary time in the infinite horizon. 

The rest of the paper is organized as follows: In Section 2, the problem statement, general model 
assumptions and system characteristics are given. In Section 3, the problem is formulated in the 
framework of the semi-Markov decision process. Section 4 deals with the derivation of the expected 
maintenance cost where the successive approximation method is proposed to solve the problem. 
The corresponding sensitivity analysis is also illustrated to show the applicability of the model. 
Finally, we make the conclusion in Section 5.

2. Model description

Consider a manufacturing system that produces a single type of product with the lot size Q in each 
production run. The production and demand rates are, respectively, p and d, p> d: The facility is 
subjected to deterioration, and its state is described by two dependent indicators. Indicator 1 has 
only two discrete observations representing whether the production process is in control or not. 
Indicator 2 is modelled by a monotonic, continuous process representing the degradation level of 
the system. Upon inspection, both of the two indicators can be perfectly observed. Define Xð1Þt as the 
value of indicator 1 with 

Xð1Þt ¼
0; if the production process is in � control at t;
1; if the production process is out � of � control at t:

�

Let T be the sojourn time that the production is in-control from its initial producing time with the 
cumulative density function (CDF) F and probability density function (PDF) f , respectively. Let 
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Xð2Þt be the deterioration of the system which is modelled by a homogeneous Gamma process with 
probability density function 

ψαt;βðxÞ ¼
βαt

ΓðαtÞ
xαt� 1e� βx; x � 0; (1) 

where Γ is a Gamma function with 

ΓðαtÞ ¼
ð1

0
vαt� 1e� vdv:

Thus, the degradation of the system is a monotonic process. Let σy be the first passage time 
corresponding to threshold y, y � 0, which is defined as 

σy ¼ infft � 0;Xð2Þt � yg:

Let GσyðtÞ be the distribution function of σy, then 

Gσy tð Þ ¼ P σy � t
� �

¼ P X 2ð Þ
t � y

� �
¼

Γ αt; yβð Þ

Γ αtð Þ
; (2) 

where Γð�; �Þ is the incomplete Gamma function with 

Γðα; xÞ ¼
ð1

x
zα� 1e� zdz:

The corresponding density function of σy is defined as gσyðtÞ:
The system failure time is defined as the time epoch whenever the degradation level firstly 

exceeds the pre-determined threshold L; L > 0: Whenever the system transfers to the out-of-control 
state, it can still fulfill its functionality but with imperfect performance by producing defective 
products. Besides, the two indicators are dependent: the system may shift to the out-of-control state 
from the in-control-state with probability μ if its deterioration level exceeds Ms, 0<Ms < L, 
μ 2 ½0; 1�. Thus, we have introduced two dependent indicators representing the facility state. One 
is discrete with only two states indicating whether the production process is in control or not. The 
other one is described by a Gamma process with non-decreasing trajectories and pure jump 
characteristic. As in the classical EMQ model, assume that the production run with product 
quantity Q is τ and the system is inspected at the end of each run. If the inspection result shows 
that the system is in a good working condition, no maintenance action will be implemented, and the 
machine will experience an idle time of period ðp � dÞτ=d. For simplicity, assume that both the 
control process and the degradation suspend during the idle period. The production process starts 
over whenever the inventory goes back to 0.

3. Maintenance model

To ensure the production quality and to avoid the economic loss, a maintenance policy will be 
employed to prevent the system from failure. This section discusses the CBM model within the 
manufacturing process. As mentioned before, the system is inspected at the end of each production 
phase. Upon inspection, we can observe the two system indicators as presented in Section 2. As the 
system sojourn time in the in-control state follows a generic distribution, we need to record the time 
elapsed in the in-control phase. Define ðSt;YtÞ as the tuple with St representing the passing time in 
the in-control state since its last adjustment and Yt representing the deterioration level at time t. 
The costs and the maintenance policy are given as follows: 

• The holding cost of each item per unitary time ch; ch � 0:
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• At the end of each production run, the system is inspected with cost cI and the inspection time is 
negligible, cI � 0.

• Whenever no system failure occurs, if the system is found in the ‘out-of-control’ state, it is 
adjusted to the ‘in-control’ state with cost cp1 and tp1 time units, cp1 � 0; tp1 � 0:

• Whenever the degradation level of the system exceeds a predefined threshold M, it is restored to 
the as-good-as-new state ð0; 0Þ with cost cp and time units tp, cp � cp1, tp � tp1:

• The system fails whenever its degradation level exceeds a predefined level L. The failure is self- 
announcing, and corrective maintenance is executed immediately with cost cf and time units tf . 
The system is restored to the as-good-as-new state ð0; 0Þ with the corrective maintenance, 
cf � cp, tf � tp:

• Besides the maintenance cost, economic loss may occur due to the restoration of the defective 
items and the time depletion caused by the maintenance actions. The loss cost is cl per unitary 
time. The product defectiveness occurs whenever the production process is out of control, cl > 0. 
The defective rate at time t depends on the deterioration state of the system. The defective rate is 
larger with severe deterioration. Here, we suppose that 

rt ¼

r0; Xð1Þt ¼ 1;Yt � Ms;

r1; Xð1Þt ¼ 1;Yt >Ms;

0; Otherwise:

8
<

:

• The restoration cost of each defective item is cd, cd > 0.
• Set-up cost cs, cs > 0, occurs after a corrective/preventive maintenance action due to the material/ 
repairment preparation, etc. 

Figures 1–3 show three scenarios that the system is intervened due to maintenance actions. 
In Figure 1, it is seen that during the manufacturing process, the control process and the 
system degradation level are inspected at the end of each production run. Whenever the self- 
announcing system failure occurs, meaning that the degradation level firstly arrives or exceeds 
the failure threshold L, the system is correctively renewed. Otherwise, if the system degradation 
level is between the preventive maintenance threshold M and the failure threshold L at the end 
of a production run, the system is preventively renewed, which is illustrated in Figure 2.

In Figure 3, the intervention also occurs upon the inspection, where the mechanical condition of 
the system is good with degradation level lower than M, but it is found in the out-of-control state. 
Hence, the manufacturing process is adjusted to the in-control process with degradation level 
remains unchanged. Our objective is to jointly optimize the production loss Q and the condition- 
based maintenance threshold M to achieve the minimization of the expected maintenance cost rate 
C1 Q�;M�ð Þ. The problem is formulated in the framework of a semi-Markov decision process. The 
transition kernel is presented in detail in the following discussions.

3.1. The transition kernel

With consideration of the maintenance actions, the system state can be classified as follows. 

• state ð0; 0Þ: the system is in its as-good-as-new state,

• state ðk; yÞ: the system stays in the in-control state at the kth production run since its last adjustment, and the 
degradation level of the system is y, k�0; 0< y � M;

• state ðPM1; yÞ: the control process is adjusted, 0< y � M,

• state ð0; yÞ: the system restores to the in-control process with age 0 and the degradation level of the system is 
y; 0< y � M,

QUALITY TECHNOLOGY & QUANTITATIVE MANAGEMENT 5



• state PMs: the system is preventively maintained.

The above states contain all the scenarios that can be observed upon the inspection. The 
transition kernels among them can be further calculated. Let pA!B be the transition kernel that 
the system state transfers from state A to state B. Whenever the system stays in ðk; yÞ, it is possible 
that at the next inspection, the system is still in control, and the deterioration level does not exceed 
M. Under this scenario, we have that 

pðk;yÞ!ðkþ1;y0Þ ¼ PðT > ðkþ 1Þτ;Yðkþ1Þτ 2 y0jT > kτ;Ykτ ¼ yÞ�μIfy�Ms;y0 >Msg;

þ PðT > ðkþ 1Þτ;Yðkþ1Þτ 2 y0jT > kτ;Ykτ ¼ yÞ (3) 

� ðIfy�Ms;y0�Msg þ Ify�Ms;y0�MsgÞ;

¼
�Fððkþ 1ÞτÞ

�FðkτÞ
ψατ;βðy

0 � yÞ

� ð�μIfy�Ms;y0 >Msg þ Ify�Ms;y0�Msg þ Ify >Ms;y0 >MsgÞ;

where μ is the probability that the system shifts to the out-of-control process by a sudden shock 
whenever the deterioration level firstly exceeds Ms. �μ ¼ 1 � μ, IA is the indicator function with set 
A. Definition of ψ can be found in Equation (1). F is CDF of the sojourn time of the ‘in-control’ 

Figure 1. Illustration of corrective maintenance.
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state, �F ¼ 1 � F: If the system state shifts to the ‘out-of-control’ process and the degradation level is 
still within the preventive maintenance threshold such that 

pðk;yÞ!ðPM1;y0Þ ¼ ð1 � �μPðT > ðkþ 1Þτ;Yðkþ1Þτ 2 y0jT > kτ;Ykτ ¼ yÞÞIfy�Ms;y0 >Msg

þ PðT < ðkþ 1Þτ;Yðkþ1Þτ 2 y0jT > kτ;Ykτ ¼ yÞ

� ðIfy�Ms;y0�Msg þ Ify�Ms;y0�MsgÞ;

¼ ð1 � �μ
�Fððkþ 1ÞτÞ

�FðkτÞ
Þψατ;βðy

0 � yÞIfy�Ms;y0 >Msg (4) 

þ
Fððkþ 1ÞτÞ � FðkτÞ

�FðkτÞ
ψατ;βðy

0 � yÞðIfy�Ms;y0�Msg þ Ify >Ms;y0 >MsgÞ:

In addition, the probability that the system is preventively replaced is 

pðk;yÞ!PMs ¼ ðGσM� yðτÞ � GσL� yðτÞÞ: (5) 

where G has been presented in Equation (2). Similarly, the probability that the system is correctively 
replaced is 

Figure 2. Illustration of preventive maintenance.
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pðk;yÞ!ð0;0Þ ¼ GσL� yðτÞ: (6) 

The transition probabilities for the remaining states are 

pðPM1;yÞ!ð0;yÞ ¼ 1; (7) 

pðPMsÞ!ð0;0Þ ¼ 1: (8) 

3.2. Expected sojourn times

Let Ts be the expected sojourn time given the initial state is s. Whenever the system state is 
s ¼ ðk; yÞ, meaning that the deterioration level is y at the kth production run since the last 
adjustment of the control process, for any k 2 , 0 � y � M, Tðk;yÞ can be calculated: 

Tðk;yÞ ¼ ð
Q
d
� τÞIfðk;yÞ�ð0;0Þg þ τ�GσL� yðτÞ þ

ðτ

0
ðt þmaxðuðtÞ; tf ÞÞdGσL� yðtÞ; (9) 

where uðtÞ ¼ p� d
d t. In addition, if τ< dtf

p� d , the integral on the right-hand side can be further given as 

ðτ þ tf ÞGσL� yðτÞ �
ðτ

0
GσL� yðtÞdt. Otherwise, it is equal to 

p
d τGσL� yðτÞ �

p� d
d

ðτ

dtf
p� d

GσL� yðtÞdt �
ðτ

0
GσL� yðtÞdt. 

Similarly, we have that 

Figure 3. Illustration of adjustment of the control state.
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TðPM1;yÞ ¼ maxð
Q
d
�

Q
p
; tp1Þ; (10) 

TPMs ¼ maxð
Q
d
�

Q
p
; tpÞ: (11) 

3.3. Expected costs

As a first step, the expected number of the defective items is calculated. Let Ndðk; yÞ be the expected 
number of defective products during the period that the initial state of the system is ðk; yÞ, k 2 , 
0 � y � M. If y >Ms, then we have: 

Ndðk; yÞ ¼ �GσL� yðτÞ
ðτ

0
r1pðτ � tÞ

f ðt þ kτÞ
�FðkτÞ

dt;

þ

ðτ

0
gσL� yðtÞ

ðt

0
r1pðt � vÞ

f ðvþ kτÞ
�FðkτÞ

dvdt;

¼
r1p

�FðkτÞ
ð

ðτ

0
�GσL� yðτÞðFðt þ kτÞ � FðkτÞÞdt;

þ

ðτ

0
ðGσL� yðτÞ � GσL� yðvÞÞðFðvþ kτÞ � FðkτÞÞdvÞ;

¼
r1p

�FðkτÞ

ðτ

0
ð1 � GσL� yðvÞÞðFðvþ kτÞ � FðkτÞÞdv:

Otherwise, whenever y � Ms, the expected number of the defective items depends on μ, the 
probability that out-of-control occurs due to the severe deterioration of the system. In this scenario, 
Ndðk; yÞ can be represented as 

Ndðk; yÞ ¼
r0p

�FðkτÞ
�GσMs � yðτÞ

ðτ

0
ðFðt þ kτÞ � FðkτÞÞdt;

þ
p

�FðkτÞ

ðτ

0
gσMs � yðtÞ�GσL� σMs

ðτ � tÞ

� ðr0

ðt

0
Fðvþ kτÞdv � r0tFðkτÞ þ r1�μ

ðτ

t
Fðvþ kτÞdvþ r1μðτ � tÞ�FðkτÞÞdt;

þ
p

�FðkτÞ

ðτ

0

ðτ

t
gσL� σMs

ðθÞgσMs � yðtÞ

� ðr0

ðt

0
Fðvþ kτÞdv � r0tFðkτÞ þ r1�μ

ðθ

t
Fðvþ kτÞdvþ r1μðθ � tÞ�FðkτÞÞdt:

Let Aðk;yÞ be the expected cost with system initial state ðk; yÞ until the next decision time epoch 
without consideration of the holding cost in the idle period, then 
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Aðk;yÞ ¼ cs þ �GσL� yðτÞðci þ ch

ðτ

0
ðp � dÞtdtÞ þ cdNdðk; yÞ

þ

ðτ

0
ðcf þ chð

ðt

0
ðp � dÞθdθþ

ðuðtÞ

0
ðp � dÞt � θddθÞ þ cld �maxðtf � uðtÞ; 0ÞÞdGσL� yðtÞ

¼

cs þ �GσL� yðτÞðci þ
ðp� dÞτ2ch

2 Þ þ ðcf þ cldtf ÞGσL� yðτÞ

þ
pðp� dÞch

2d

ðτ

0
t2dGσL� yðtÞ þ cdNdðk; yÞ; ifτ< dtf

p� d ;

cs þ �GσL� yðτÞðci þ
ðp� dÞτ2ch

2 Þ þ cf GσL� yðτÞ þ pðp� dÞch
2d

ðτ

0
t2dGσL� yðtÞ

þclðp � dÞτGσL� yðτÞ � clðp � dÞ
ðτ

dtf
p� d

GσL� yðtÞdt þ cdNdðk; yÞ Otherwise:

8
>>>>>>>>><

>>>>>>>>>:

Let Cs be the expected cost occurred with the system initial state s until the next decision epoch, 
then 

Cð0;0Þ ¼ Að0;0Þ: (12) 

Cðk;yÞ ¼
ðp � dÞ2τ2

2d
ch þ Aðk;yÞ: (13) 

Besides, the cost associated with the adjustment of the control process when the system degradation 
level is y can be obtained as: 

CðPM1;yÞ ¼ cp1 þ cldmaxðtp1 � ð
Q
d
� τÞ; 0Þ þ

ðQ
d�

Q
p

0
ðchðp � dÞQ=p � tdÞdt: (14) 

Similarly, given that the system is to be preventively renewed, the expected cost is 

CPMs ¼ cp þ cldmaxðtp � ð
Q
d
� τÞ; 0Þ þ

ðQ
d�

Q
p

0
ðchðp � dÞQ=p � tdÞdt: (15) 

We have derived all the elements corresponding to the semi-Markov decision process. To obtain the 
expected cost rate of the system in the long run, define πs as the stationary distribution of the 
corresponding embedded Markov chain of the SMDP, we have 

πð0;0Þ ¼ πð0;0Þpð0;0Þ!ð0;0Þ þ
X

k2N

ðM

0
πðk;yÞpðk;yÞ!ð0;0Þdyþ πPMs ; (16) 

π k;yð Þ ¼ π 0;0ð Þp 0;0ð Þ! k;yð ÞI k¼1f g þ ò

y

0
π k� 1;xð Þp k� 1;xð Þ! k;yð Þdx; k 2 N�; 0< y � M;

πðPM1;yÞ ¼ πð0;0Þpð0;0Þ!ðPM1;yÞ þ
X

k2N

ðy

0
πðk;xÞpðk;xÞ!ðPM1;yÞdx; 0< y � M;

πð0;yÞ ¼ πPM1;y; 0< y � M;
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πPMs ¼ πð0;0Þpð0;0Þ!PMs þ
X

k2N

ðM

0
πðk;yÞpðk;yÞ!PMs dy;

with the normalization condition 

πð0;0Þ þ
X

k2N

ðM

0
πðk;yÞdyþ

ðM

0
πðPM1;yÞdyþ πPMs ¼ 1: (17) 

Hence, we can obtain C1ðQ;MÞ as 

C1ðQ;MÞ ¼
πð0;0ÞCð0;0Þ þ πPMs CPMs þ

P

k2N

ðM

0
πðk;yÞCðk;yÞdyþ

ðM

0
πðPM1;yÞCðPM1;yÞdy

πð0;0ÞTð0;0Þ þ πPMs TPMs þ
P

k2N

ðM

0
πðk;yÞTðk;yÞdyþ

ðM

0
πðPM1;yÞTðPM1;yÞdy

: (18) 

The optimal lot size and the preventive maintenance threshold can thus be obtained as 

ðQ�;M�Þ ¼ argmin
ðQ;MÞ

C1ðQ;MÞ:

Various numerical methods can be used to solve Equation (18), for instance, the successive- 
approximations method, the degenerate kernel method, the spline collocation method, the 
Adomian decomposition method (Polyanin & Manzhirov, 2008), etc. We will use the successive- 
approximations method in this study to calculate the expected cost rate in the infinite horizon. As 
the support of the deterioration state is continuous, we first discretize it into N states where N is 
a large integer and the discretize step is δ ¼ M

N :Hence, the deterioration state is S ¼ fδ; 2δ; � � � ;Mg, 
and the system is said to be in state k whenever its deterioration falls in ððk � 1Þδ; kδ�. Besides, the 
sojourn time in the in-control state is finite with sojourn threshold Tmax such that 1 � FðTmaxÞ< ζ 
where ζ is a predefined number that approximates 0. For a given production run τ, denoted by 
nmaxðτÞ ¼ Tmax

τ , where x represents the ceil of x. Thus, the state space of the system can be given by 

Stotal ¼ K� S [ ð0; 0Þ [ PMs [ PM1 � S; (19) 

with K ¼ f0; 1; � � � ; nmaxðτÞg and S ¼ fδ; 2δ; � � � ;Mg. We can derive the stationary distribution 
and the function C1ðQ;MÞ, respectively. To find the optimum ðQ�;M�Þ, note that 0<M< L and 
the support of a production run is generally finite. Therefore, ðQ�;M�Þ can be obtained by the 
enumeration method. Algorithm 1 shows the procedure in detail.

Algorithm 1. Calculation of C1ðQ;MÞ
Input 1: Parameters setting: set a; b; α; β; L;Ms; r0; r1; τ, ζ , �, N;M,
Input 2: Set cd , cI , cp1, tp1, cp, tp, cf , tf , cl , cs .
Step 1. Determine nmaxðτÞ and the system state support by Equation (19).
Step 2. Initialization: initialize π under the normalization condition: 

P
s2Stotal

πs ¼ 1:
Step 3. Update πs with the discretized version of Equation (16), noted as πnew

s
Step 4. While jπs � πnew

s j > , "s 2 Stotal ,
Update πs by πs  πnew

s ;
Update πnew

s by the discretized version of Equation (16);
end While
Step 5. Calculate Cs by Equation (12)–(15),"s 2 Stotal .
Step 6. Calculate C1ðQ;MÞ by Equation (18).
Output: Optimum ðQ�;M�Þ : ðQ�;M�Þ ¼ argmax

Q;M
C1ðQ;MÞ.
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4. Numerical results

In this section, a numerical example is utilized to show the applicability of the proposed model. 
Consider a manufacturing system that produces a single type of product. The production and 
demand rates are, respectively, p ¼ 20, d ¼ 10. During the system operation, the production 
process may shift from the in-control state to the out-of-control state with sojourn time following 
a Weibull distribution with cumulative density function 

FðtÞ ¼ 1 � e� ð
t
aÞ

b
: (20) 

with parameters a ¼ 5; b ¼ 1:2: The system deterioration level follows a homogeneous Gamma 
process presented in Equation (1) with α ¼ 1; β ¼ 2. The system failure threshold is L ¼ 4. The 
system is vulnerable to external shocks whenever the deterioration arrives or firstly exceeds Ms ¼

2:5: The probability that the system shifts from the in-control to the out-of-control state due to the 
shock whenever the deterioration exceeds its pre-defined threshold is μ ¼ 0:1. Tmax is chosen to be 
30 and set ¼ 10� 4; δ ¼ 0:01: The defective rates are r0 ¼ 0:02, r1 ¼ 0:1: Tables 1 and 2 present the 
stationary probability that the system is renewed and that the system is preventively maintained, 
respectively, with various parameter settings. The other parameters are identical as given in the 
above. It can be observed that for a given preventive maintenance threshold, both πð0;0Þ and πPMs 

show increasing tendencies with respect to the inspection interval of the manufacturing equipment. 
This is due to the fact that the system inclines to fall into the preventive maintenance and corrective 
maintenance zone with longer inspection period. In addition, it is clearly shown that the system is 
more likely to be preventively renewed with a smaller preventive maintenance threshold.

To evaluate the proposed manufacturing and maintenance policy, the expected cost rate in the 
long-time horizon is utilized as the objective function, which will be examined in the following. 
First, the unitary costs and the maintenance times are listed in Table 3.

Figure 4 shows the variation of the expected cost rate in the long-run horizon with respect to the 
inspection interval with different settings of the failure threshold L and the preventive maintenance 
threshold M.

It is observed that the cost rate in the long run is smaller for the system with larger failure 
threshold L. This is due to the fact that the system reliability increases with the failure threshold L. 
Hence, less budget is needed to distribute to the manufacturing and maintenance process. Also, 
with a larger preventive maintenance threshold M, the cost is more significant due to the higher 
expected restoration cost of the nonconforming products and larger system failure probabilities 

Table 1. The stationary probability that the system is renewed πð0;0Þ with respect to various parameter settings.

τ 1:5 1:6 1:7 1:8 1:9 2:0

M ¼ 2:5 0.1692 0.1769 0.1836 0.1912 0.1977 0.2037
M ¼ 2 0.1950 0.2025 0.2107 0.2173 0.2246 0.2319
M ¼ 2:5; α ¼ 1:2 0.1937 0.2020 0.2104 0.2185 0.2266 0.2346

Table 2. The stationary probability that the system is renewed πPMs with respect to various parameter settings.

τ 1:5 1:6 1:7 1:8 1:9 2:0

M ¼ 2:5 0.1539 0.1597 0.1646 0.1698 0.1741 0.1784
M ¼ 2 0.1871 0.1940 0.2010 0.2073 0.2135 0.2194
M ¼ 2:5; α ¼ 1:2 0.1727 0.1784 0.1837 0.1882 0.1927 0.1968

Table 3. Parameter settings.

Parameters cd cI cp1 tp1 cp tp cf tf cl cs

Values 0.2 10 50 1 150 1 500 1 0.5 1
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during two consecutive inspection intervals. Under each scenario, the expected cost rate during the 
manufacturing and maintenance process is a convex function of the inspection interval in the 
considered range, which implies the existence of the optimal lot-sizing (Q ¼ pτ) for a given 
deterministic production rate in this case. Figure 5 illustrates the influence of the dependence effect 
between Xð1Þt , Xð2Þt and the out-of-control rate on the expected manufacturing and maintenance cost 
rate in the infinite horizon. Compared with the independence of the in-control/out-of-control state 
and the machine deterioration process (μ ¼ 0), the dependence induces negative effect on the cost 
budget, which indicates that it is necessary to consider the interactions between the indicators of the 
system state in evaluating the manufacturing and maintenance budget. Whenever the sojourn time 
in the in-control state degenerates to the exponential distribution, as illustrated in the diamond line, 
the cost induced in the manufacturing and maintenance process is smaller due to the lower shift to 
the out-of-control state of the equipment.

Figure 4. The variation of the expected cost rate in the long-run horizon with respect to the inspection interval τ.

Figure 5. The expected cost rate in the long-run horizon with different μ and b.
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Figures 6–7 further illustrate the optimal expected cost rate in the long run under the above two 
situations. Both the optimum achieves at τ� ¼ 1:7;M� ¼ 2:6, which indicates that the optimal lot- 
sizing is 34 and the optimal preventive maintenance threshold is 2.6, a little higher than Ms, the 
boundary between the two defective item rates. C1ðQ�;M�Þ arrives at 30.0496 and 29.2905, 
respectively, in the above scenarios.

Table 4 summarizes the optimal C1ðQ�;M�Þ with respect to various parameter settings of the 
system with the rest of the parameters remain unchanged as illustrated in Table 4. Some phenom-
ena can be observed from the table. It can be observed that with a larger demand requirement, the 
cost induced in the manufacturing and maintenance process is larger. With a larger d, the 
consumption of the product is quicker, while the transition time between two consecutive system 
states is smaller. Thus, the mean cycle is shorter. For instance, considering the scenario that no 
maintenance action is executed, the transition period decreases from 2τ to 7

4 τ. Meanwhile, the 
increase in the holding cost is not that significant. Thus, the cost rate decreases. We can also observe 
that the item defective rate may impact the optimal lot-size and the optimum cost. With a larger 
defective rate when the degradation level is below the threshold Ms, the optimum cost becomes 

Figure 6. The expected cost rate in the long-run horizon with different τ and M given μ ¼ 0:1.

Figure 7. The expected cost rate in the long-run horizon with different τ and M given μ ¼ 0.
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larger and the optimal lot size gets smaller. When the degradation level is beyond Ms, similarly, the 
lot-size becomes larger with a little milder defect rate. It seems that to optimize the cost induced in 
the manufacturing and maintenance process, the manufacturer intends to expand the production 
by choosing a larger production run with a lower product defective rate. In addition, by varying the 
failure threshold and the defective rate threshold, the corresponding optimal policies are also 
presented. We can find the variation of the optimal preventive maintenance threshold. For the 
system with a lower failure threshold, the optimal preventive maintenance threshold is lower and 
the optimum cost is higher due to the shorter expected lifetime of the machine. Also, the variation 
of the optimum cost with respect to the maintenance cost unit and the maintenance time is also 
illustrated. The cost increases with the corrective maintenance cost cf . It decreases with the 
maintenance time tf , as the same maintenance cost is shared in a longer period.

5. Conclusions

In this study, we have developed an integrated model that combines EMQ and CBM issues. Two 
dependent indicators are employed to represent the system states. One is modelled by a general 
distribution representing the sojourn time that the manufacturing process stays in the in-control 
state. One signifies the system deterioration which is described by a Gamma process with 
continuous state space and monotonic characteristic. When the manufacturing process is out- 
of-control or the system fails, costs are induced due to the quality loss, shortage loss, etc. For the 
production manager, how to schedule the inspection period to verify the system state? When the 
system state information is available, how to schedule the maintenance planning to control its 
production budget? We assess the problem by the expected cost including the holding cost, 
quality loss, inspection and maintenance costs per unitary time in the infinite horizon. The 
optimum of lot-sizing and the preventive maintenance threshold is derived. It can provide 
reference for the decision-maker in developing effective and integrated production and main-
tenance strategies.

Some issues could be further addressed in the future. First, this study considers a machine 
consisting of a single component producing a single type of product. A machine with multiple 
components and various configurations can be further evaluated. Secondly, the production and 
demand rates are supposed to be constant in our work. Random or stochastic production and 
demand rate is an interesting and challenging subject which can be further studied. Thirdly, we have 
assumed perfect inspection in this model, where the indicator information can be obtained perfectly 
upon inspection. An interesting topic is the imperfect inspection or partially revealed system state, 
where managerial decisions are based on imperfect information. These problems will be addressed 
in our further work.

Table 4. C1ðQ�;M�Þin the long run with various parameter settings.

Parameter settings                                      

d r0 r1 L Ms tf cf Optimum cost Optimum ðQ�;M�Þ

10 0.02 0.1 4 2.5 1 500 30.0496 (34, 2.6)
12 0.02 0.1 4 2.5 1 500 37.1434 (34, 2.6)
10 0.03 0.1 4 2.5 1 500 31.8492 (32, 2.6)
10 0.02 0.09 4 2.5 1 500 28.7408 (36, 2.6)
10 0.02 0.1 3.8 2.5 1 500 30.3345 (34, 2.5)
10 0.02 0.1 4 2.4 1 500 29.9857 (34, 2.5)
10 0.02 0.1 4 2.5 2 500 29.9286 (34, 2.6)
10 0.02 0.1 4 2.5 1 510 30.0952 (34, 2.6)
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