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Abstract—This study provides an analytical method to calcu-
late the non-line-of-sight (NLoS) channel impulse response (CIR)
in visible light communication (VLC) systems based on intensity
modulation anddirect detection (IM/DD). In thismethod, theNLoS
channel is decomposed into a number of components with different
propagation categories. These propagation categories are defined
according to the number of reflections and the reflective surfaces
that the light undergoes. The CIR corresponding to each light
propagation category is analysed, and the overall NLoS CIR is
approximated by the combination of the calculated CIR compo-
nents in different propagation categories. The proposed method
poses the major advantage of offering accurate results with very
low computational complexity. Typically, a NLoS CIR with a time
resolution of 0.1 ns can be generated within a second in MATLAB.
Furthermore, the derived analytical results could be used as an an-
alytical tool for the VLC channel characterisation study in future
research.

Index Terms—Channel impulse response, computational
complexity, non-line-of-sight channel (NLoS), visible light
communications.25

I. INTRODUCTION

W ITH the emergence of ‘smart’ devices and the increase
in wireless Internet access demand, the existing radio

frequency (RF) spectrum resources will no longer fulfil the re-
quirement of the future wireless data traffic. In order to avoid the
potential spectrum crisis, many technologies using higher fre-
quency spectrum resources have been considered by researchers.
Visible light communication (VLC) is one such technique. The
main idea of VLC is to convert the existing light sources into
wireless access points to provide wireless communication func-
tionality [1]. Many experimental studies have demonstrated that
single-link light-emitting diode (LED)-based VLC systems can
achieve data rates in the scope of Gbps [2], [3]. In addition to the
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feature of high transmission capability, many unique character-
istics of VLC, such as improved security, license-free spectrum,
make it a promising technology for various future applications.
Many studies on indoor optical wireless have shown that

the effects of a non-line-of-sight (NLoS) channel also plays
an important role in VLC systems [4]. In RF communications
(microwave, millimetre-wave), the NLoS paths are normally
formed by the effects of specular reflections, diffractions by
surrounding objects. Therefore, the channel impulse response
(CIR) of the signal via theseNLoS paths showsmultiple ‘spikes’
with discrete delays. The strength of these ‘spikes’ is dominated
by the transmitter-receiver separation, which can normally be
characterised by a free-space path loss (FSPL)-based model [5].
In contrast, the NLoS channels in VLC systems are normally
caused by diffused reflections due to the smaller wavelength of
visible light. This phenomenon creates a countless number of
reflection paths, and the corresponding CIR shows as a con-
tinuous waveform. The characteristics of this continuous CIR
depends not only on transmitter-receiver separation, but also
on many other parameters such as orientation and reflectivity.
Consequently, a simple FSPL model is unable to characterise
the NLoS channel.
Low-cost LEDs and photodiodes (PDs) are typically used in

both wireless infrared (IR) communication systems and VLC
systems. In addition, the signal propagation characteristics in
wireless IR and VLC systems are similar as both systems use
adjacent optical spectrum. Consequently, a number of methods
developed for simulating wireless IR communication channels
can be used for VLC studies [6], [7]. A widely used determin-
istic NLoS CIR calculation method has been proposed in [4].
In this method, a cuboid room with internal surfaces causing
diffused reflections is considered. The internal surfaces are di-
vided into a large number of small reflecting elements. With the
given locations and orientations of the transmitter and receiver,
an accurate CIR result can be obtained by calculating the in-
teraction between each pair of elements. The main drawback
of this approach is its extremely high computational complex-
ity. It takes several days to calculate a CIR result for a small
room considering up to 3rd order reflections with a moderate
time resolution. In order to reduce the computation time, im-
proved methods based on the DUSTIN algorithm [8] and the
Monte Carlo simulation [9] have been proposed. Both meth-
ods reduce the computation time significantly. Especially for



2 JOURNAL OF LIGHTWAVE TECHNOLOGY

the Monte Carlo method, an accurate CIR result can be ob-
tained within a period of several minutes. A physical model of
the IR channel using a sphere environment approximation has
been proposed in [10] to approximate the frequency response
of NLoS channels. It has been pointed out in [11] that since a
typical incoherent visible light source has a broad optical spec-
trum, the methods developed in wireless IR communications
cannot be directly used in VLC channel calculation. The depen-
dency on light wavelength is considered in the deterministic CIR
calculation method for the CIR calculation in VLC [11]. User
mobility is taken into account in [12]. VLC channel characteri-
sations based on the commercial optical design software Zemax
is considered in [13]. Most of the aforementioned studies of
VLC channel modelling offer results for special configurations,
where generalisations are not straightforward.
In some VLC studies, such as multiple-input multiple-output

(MIMO) in VLC [14] or networked VLC [15], a large number
of channel samples are required to evaluate the system per-
formance. If the deterministic or Monte Carlo method is used100

to generate the channel with NLoS components, it would take101

a considerable amount of time over many years. The chan-102

nel model considering only line-of-sight (LoS) propagation is103

widely used because the VLC channel is generally dominated104

by the LoS path and the calculation has a very low computa-105

tional complexity. An analytical closed-form expression for a106

NLoS CIR with a ceiling-bounce model in a diffused IR link107

has been derived in [16]. Motivated by this approach, in this108

study, we extend the work in [16] and propose an analytical109

method to calculate the NLoS CIR for VLC links. The cur-110

rent paper is an extended version of the previous study in [17].111

Firstly, we decompose the complicated NLoS channel into a112

number of components with less-complicated light propagation113

categories. These propagation categories are defined according114

to the number of reflections and the reflective surfaces that the115

light undergoes. Secondly, the analysis of the channel with each116

category is carried out, and the corresponding CIR analytical117

expressions are obtained. Finally, the overall CIR is approxi-118

mated as a superposition of these CIRs for each category. It is119

shown in this paper that the proposed method provides an effi-120

cient tight approximation for NLoS VLC CIRs considering up121

to 2nd order reflections.122

The remainder of this paper is arranged as follows. The
analysis methodology presented in this study is introduced in124

Section II. A preliminary single reflection CIR calculation is in-125

troduced in Section III. The detailed analysis of the component126

NLoS CIRs and the corresponding analytical results are pre-127

sented in Section IV. The final approximated overall NLoS CIR128

calculation is presented in Section V. In addition, the calcula-129

tion accuracy and computation time is evaluated and compared130

with the state-of-the-art method in this section. Conclusions are131

drawn in Section VI.132

II. NON-LINE-OF-SIGHT CHANNEL ANALYSIS METHODOLOGY133

In this section, the methodology of the proposed approach
to analyse the NLoS channel in typical indoor environments135

such as cuboid rooms is presented.Multi-path reflections caused136

by internal surfaces inflict major NLoS channel components. 137

It is assumed that the room’s internal surfaces cause diffused 138

reflections with fixed reflectance. In addition, a transmitter and 139

a receiver are defined with specified locations. In this study, we 140

are interested in calculating the normalised optical CIR. In the 141

CIR calculation, we consider the detected optical power at each 142

time instant on the receiver PD detector with a unity optical 143

power radiated from the transmitter optical source. Without loss 144

of generality, the optical CIR is normalised by time. This metric 145

has also been used in many other publications [4], [18]. Note 146

that an incoherent light source is assumed to be used. Therefore, 147

the power of the optical signals can be incoherently added in the 148

CIR calculation as the phases of optical signals are uncorrelated. 149

For the convenience of analysis, the entire NLoS CIR can 150

be decomposed into multiple components with respect to the 151

number of reflections occurred as: 152

hNLoS(t) =
∞∑

i=1

h[i](t), (1)

where h[i](t) represents the component CIR with light undergo- 153

ing exactly i reflections. Despite the decomposition according 154

to the number of reflections, the complexity of each component 155

is still too high to conduct tractable analysis. In order to fur- 156

ther decrease the analytical complexity, each component CIR 157

h[i](t) is further decomposed according to the light propagation 158

category. A number of major light propagation categories are 159

considered in this study. 160

In the case of h[1](t), there is only one propagation category: 161

light travels from the transmitter to one of the four walls, and 162

after the reflection it continues to propagate to the receiver, as 163

shown in Fig. 1(a). This light propagation category is called 164

the transmitter-to-wall-to-receiver (TWR). For the channel of 165

this category, the signal only interacts with a single surface. 166

Consequently, the relationship between the geometric charac- 167

teristics and the time delay characteristics of the channel is 168

tractable for analysis as demonstrated in [16]. In the case of 169

h[2](t), light propagation between different surfaces exists. The 170

different combinations of these propagations between different 171

surfaces lead to four light propagation categories as shown in 172

Fig. 1(b), (c), (d) and (e). For example, in one of the categories, 173

the emitted light from the transmitter propagates via the floor 174

and ceiling and incidents to the receiver. For convenience, this 175

category is called the transmitter-to-floor-to-ceiling-to-receiver 176

(TFCR). Similarly, the other three categories are the transmitter- 177

to-wall-to-ceiling-to-receiver (TWCR), the transmitter-to-wall- 178

to-wall-to-receiver (TWWR) and the transmitter-to-floor-to- 179

wall-to-receiver (TFWR) categories. The analytical complexity 180

of these categories is higher than that of TWR as the CIR calcu- 181

lation of these categories requires integrations over two surfaces. 182

However, it is demonstrated that via appropriate approximations 183

and simplifications, analytical CIR expressions can be obtained 184

for several dominant categories. The resulting expressions have 185

one or two one-dimensional (1-D) integrations with finite lim- 186

its. The channel categories due to higher order reflections can 187

also be defined in a similar manner, but are omitted due to 188

the exponential growth of analytical complexity as the order of 189

Efficient analytical calculation of non-line-of-sight channel impulse response in visible light communications
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Fig. 1. (a) Light propagation in transmitter-to-wall-to-receiver case. (b) Light propagation in transmitter-to-floor-to-ceiling-to-receiver case. (c) Light propagation
in transmitter-to-wall-to-ceiling-to-receiver case. (d) Light propagation in transmitter-to-wall-to-wall-to-receiver case. (e) Light propagation in transmitter-to-floor-
to-wall-to-receiver case. (f) The notations of important geometric parameters.

reflections increases. Fortunately, it is shown in the final results190

that the omission of these higher order reflection components191

causes an acceptable loss in accuracy.192

Ideally, the entire NLoS CIR should be the superposition193

of the CIR components considering all propagation categories.194

However, the channel with some categories is so complex that195

the corresponding expression is unavailable. Therefore, the su-196

perposition of the CIRs with part of the categories that dominate197

the NLoS channel is used to approximate the overall NLoS CIR.198

In this paper, the expressions for the CIR with TWR, TFCR and199

TWCR categories are derived and used to estimate the NLoS200

CIR. For the case of TFWR, the channel interacts with the wall201

and the floor. Therefore, the CIR is only perceivable when the202

link is next to one of the walls. In addition, the reflectivity of203

floor is typically low (0.2 to 0.4 [19]), which further decreases204

the significance of the channel of TFWR category. For the case205

of TWWR, the CIR is only perceivable when the link is next206

to one of the room corners. As long as the room is not small,207

this condition can be treated as a minor case. The power of208

the channels caused by high order reflections is expected to be209

low due to the significant path loss. Because of these reasons,210

the omission of the TFWR channel, the TWWR channel and211

other channels due to higher order reflections are expected to212

cause minor error in the NLoS CIR estimation. The analysis of213

the reflection and obstruction caused by other opaque objects,214

such as human bodies or furniture, is complicated, and many215

characteristics of these effects have not been investigated yet.216

Therefore, the impact of these issues are not considered.217

III. PRELIMINARY218

In this section, a NLoS channel with a single diffused reflec-219

tion by an infinite plane is considered. A closed-form expression220

Fig. 2. The deployment of a single reflection light propagation channel.

for calculating the impulse response of this link in a special case 221

is presented in [16]. However, the CIR analytical result for the 222

general case will be frequently used in the CIR analysis of var- 223

ious categories in Section IV in this paper. For the convenience 224

of the following analysis, we extend the work in [16] and present 225

the expression for the general case here. 226

Fig. 2 shows the setup for a single reflection channel. A light 227

source with a Lambertian emission order of m and an orientation 228

of �os = [x̃s , ỹs , z̃s ] is Ls away from the plane. The Lambertian 229

emission order m determines the radiation pattern of the light 230

source, which is related to the light source half-power semiangle 231

φ1/2 by m = −1/ log2(cos (φ1/2)). A receiving element with 232

a physical area of Ar and an orientation of �or = [x̃r , ỹr , z̃r ] 233

is Lr away from the plane. Both the light source and the re- 234

ceiving element have the projection points on the plane. The 235

distance between the two projection points is Lb . The effective 236

reflectivity of the surface is ρ. The field of view (FoV) of the 237

receiving element is ψFoV . The CIR for this single reflection 238

link is concluded in the following proposition. 239

Proposition 1: With specified values for m, Ar , ρ, Ls , Lr , 240

Lb , �os , �or and ψFoV , the impulse response for a single reflection 241

Efficient analytical calculation of non-line-of-sight channel impulse response in visible light communications
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channel can be calculated as:242

�
�os ,�or

{m,Ar ,ρ,Ls ,Lr ,Lb ,ψFo V } (t) =
ρ(m + 1)LsLrAr

2π2

× U
(

t − L0

c

)∫ 2π

0
rθ (t)f(rθ (t), θ)

drθ (t)
dt

dθ, (2)

where243

f(r, θ) =
(

r (x̃s cos θ + ỹs sin θ) +
LsLbx̃s

Ls + Lr
+ Lsz̃s

)m

×
(

r (x̃r cos θ + ỹr sin θ) − LrLbx̃r

Ls + Lr
+ Lr z̃r

)
1FoV

×
(

r2 +
2LsLbr cos θ

Ls + Lr
+ L2

s +
L2

sL
2
b

(Ls + Lr )
2

)−m + 3
2

×
(

r2 − 2LrLbr cos θ

Ls + Lr
+ L2

r +
L2

rL
2
b

(Ls + Lr )
2

)−2

, (3)

rθ (t) =
ct

√
cθ (t) −

(
c2t2 − L2

0
)
(Ls − Lr ) Lb cos θ

2 (c2t2 − L2
b cos2 θ) (Ls + Lr )

, (4)

drθ (t)
dt

=
2c2tLb cos θ (Ls − Lr )

(
L2

b cos2 θ − L2
0
)

2(Ls + Lr ) (c2t2 − L2
b cos2 θ)2

− c
(
c2t2 + L2

b cos2 θ
)√

cθ (t)

2(Ls + Lr ) (c2t2 − L2
b cos2 θ)2

+
c3t2 (Ls − Lr )

2 (
c2t2 − L2

0
)

(Ls + Lr ) (c2t2 − L2
b cos2 θ)

√
cθ (t)

+
2c3t2LsLr

(
2c2t2 − L2

0 − L2
b cos2 θ

)
(Ls + Lr ) (c2t2 − L2

b cos2 θ)
√

cθ (t)
, (5)

L0 =
√

L2
b + (Ls + Lr )

2 , (6)

cθ (t) = 4LsLr

(
c2t2 − L2

b cos2 θ
) (

c2t2 − L2
0
)

+ (Ls − Lr )
2 (

c2t2 − L2
0
)2

. (7)

Proof: The basic idea of this proposition is given as follows.244

Each light ray is reflected by a point on the reflection plane.245

The location of the point is defined by a polar coordinate system246

(r, θ). Firstly, the differential of the channel gain via each path247

is calculated. Then, the light signals via the paths with the same248

length arrive at the receiver at the same time. The accumulation249

of these signals form the response at a certain time delay. The250

expression (3) is proportional to the channel gain via each path.251

The expression (4) corresponds to the reflection points that lead252

to the paths with the same time delay. Expression (6) corre-253

sponds to the shortest reflection path. More details about the254

derivation of Proposition 1 is given in Appendix A.255

In Proposition 1, c represents the speed of light, U(u) is256

the the unit step function, and 1FoV is an indicator function,257

which guarantees only the signals propagating within the FoV258

of receiver and light source coverage contribute to the CIR. The259

indicator function 1FoV equals 1 if it satisfies the following260

Fig. 3. Single reflection CIR results calculated using (2) and the Monte
Carlo method. Configurations: Ar = 1 cm2 , ρ = 0.65. Setup 1: φ1/2 = 60◦,
ψFoV = 90◦ Ls = 2 m, Lr = 1 m, Lb = 3 m, �os = [1, 0, 0] and �or =
[−1, 0, 0]. Setup 2: φ1/2 = 40◦, ψFoV = 90◦ Ls = 1 m, Lr = 1 m, Lb =
1.5 m, �os = [0, 0, 1] and �or = [0, 1, 0]. Setup 3: φ1/2 = 60◦, ψFoV = 45◦

Ls = 3 m, Lr = 2 m, Lb = 1.5 m, �os = [0, 0, 1] and �or = [0, 0, 1].

conditions: 261

r(x̃r cos θ + ỹr sin θ) − x̃r Lr Lb

Ls +Lr
+ z̃rLr√

r2 − 2Lr Lb r cos θ
Ls +Lr

+ L2
r + L2

r L2
b

(Ls +Lr )2

≥ cos ψFoV , (8)

r(x̃r cos θ + ỹr sin θ) +
x̃sLsLb

Ls + Lr
+ z̃sLs ≥ 0, (9)

where (8) is the condition that the incident angle is within the 262

receiver FoV and (9) is the condition that the radiant angle is 263

within the coverage of the light source. Note that the orienta- 264

tion vectors �os and �or are defined based on a reflection plane 265

orientation of [0, 0,−1] as shown in Fig. 16 in Appendix A. 266

A. Comparison With Monte Carlo Simulation Results 267

Fig. 3 shows three example CIRs calculated using the pro- 268

posed method (2) and that using the Monte Carlo method [9] 269

with various configurations. In the Monte-Carlo simulation, 270

5 × 107 iterations have been carried out for each result in this 271

study, which is sufficient to obtain accurate results [9]. The 272

size and the reflectance of the environment is defined in a way 273

that is similar to the ideal condition specified for the analytical 274

model. For example, in the single reflection channel model de- 275

fined in this section, a single reflective plane with infinite size is 276

assumed. In order to approximate this condition, a sufficiently 277

large ceiling plane of size 50 m × 50 m is defined and the reflec- 278

tivity of the remaining surfaces are set to zero. The agreement 279

between the curves generated using (2) and that simulated using 280

the Monte Carlo method proved the calculation accuracy of the 281

proposed method with various link configurations. 282

B. Comparison With Experimental Results 283

In this subsection, an experiment is presented to validate the 284

single reflection CIR analytical result. In this experiment, a LED 285

torch (light source) and a positive-intrinsic-negative (PIN) diode 286

detector (receiving element) are deployed next to a large board 287

with light reflective paper causing diffused reflections, as shown 288

in Fig. 4. Note that the measurement system used has a limited 289

power budget to overcome the effects of noise at the detector. 290

Therefore, we tried to adjust the experiment setup geometry to 291

achieve a NLoS link with a higher channel gain. Both the light 292

Efficient analytical calculation of non-line-of-sight channel impulse response in visible light communications
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Fig. 4. Single reflection CIR calculation validation experiment setup.

source and the detector are positioned 15 cm away from the re-293

flector (Ls = Ls = 0.15 m). The separation between the source294

and detector projections on the reflector is 30 cm (Lb = 0.3 m).295

The source and the detector are orientated to the same area on296

the reflector. Specifically, the angle between the source orienta-297

tion vector �os = [0.766, 0, 0.643] and the source / detector LoS298

path is 40◦, as shown in Fig. 4. The angle between the detector299

orientation vector �or = [−0.643, 0, 0.766] and the LoS path is300

50◦. The reflectance of the paper board used is 0.97 [20]. The301

used LED torch has a narrow beamwidth. The measured radia-302

tion pattern is presented in the bottom-right sub-plot in Fig. 4. A303

Lambertian pattern with a half-power semiangle of φ1/2 = 5.3◦304

offers a good approximation to the measured pattern as shown305

in Fig. 4. Due to the use of an optical concentrator, the FoV306

of the PIN diode detector is decreased to 20◦. Despite the fact307

that there is no obstruction between the source and the detec-308

tor, there is no LoS transmission path in this setup due to the309

narrow beam of the source and the small FoV of the detector.310

In the experiment, an arbitrary waveform generator (AWG) is311

used to generate an analogue impulse signal with a pulse width312

of 800 ns. Via a LED driving circuit, the impulse signal is am-313

plified and converted to a positive unipolar waveform. After the314

electrical-to-optical conversion via the light source and trans-315

mission through the NLoS channel, the optical signal is received316

by the detector and converted to a current signal. Afterwards,317

the current signal is amplified by a transimpedance amplifier318

(TIA) and the impulse response waveform is captured by an319

oscilloscope.320

The experimental result of the single reflection channel is321

presented in Fig. 5. In order to mitigate the effect of noise,322

the oscilloscope is operated in the averaging mode. This means323

that the presented result is the average of 16384 detected re-324

sponses. Note that the obtained experimental result also in-325

cludes the impulse response of the measurement system (AWG,326

LED, PD, TIA). Therefore, when comparing the experimental327

result with the analytical result, the CIR calculated using (2)328

should be convolved with the impulse response of the measure-329

ment system. The measurement system impulse response can330

be obtained via the following process: 1) firstly, we conduct a331

LoS CIR measurement with the source and the detector facing332

each other. The separation between the source and the detec-333

tor is 30 cm. The measured CIR result is denoted as �LoS(t).334

2) then, we analytically calculate the LoS path loss GLoS . 3)335

Fig. 5. Single reflection CIR results calculated using (2) and obtained in the
experiment. The result calculated using (2) has been convolved with the impulse
response of the measurement system.

finally, the measurement system impulse response can be found 336

as: �ms(t) = �LoS(t)/GLoS . The convolution of �ms(t) and the 337

analytical result calculated using (2) is also shown in Fig. 5. 338

It shows a close match with the experimental result, which 339

validates the proposed method using (2). Also note that the pre- 340

sented results in Fig. 5 are the captured voltage signal in the AC 341

coupling mode, where the DC component is removed from the 342

captured signal. Therefore, the results have negative values. 343

IV. DETAILED ANALYSIS OF COMPONENT NON-LINE-OF-SIGHT 344

CHANNEL IMPULSE RESPONSE 345

In this section, the CIR analysis for the channel with TWR, 346

TFCR and TWCR categories are presented. A cuboid room with 347

a size of lx × ly × lz is defined. The considered orientation of 348

the light source in this study is towards the floor as this is 349

the most common light deployment in practice. The considered 350

orientation of the receiver PD detector is towards the ceiling. 351

The reason for this is two-fold. Firstly, the proposed method 352

aims at providing an efficient CIR calculation for other VLC 353

research, and a detector orientation of directing upwards is used 354

in many VLC studies. In addition, this configuration leads to 355

CIR results with reasonable complexity, which is one of the 356

research objective of this study. In practice, the fixed direction 357

of PD detector can be achieved by using a mechanical design or 358

by installing multiple PD detectors with different orientations 359

on the receiver. 360

For the convenience of description, a number of parameters 361

related to the positions of the transmitter and the receiver are 362

defined. As shown in Fig. 1(f), the ceiling, the floor and one 363

of the walls are used as references. zs denotes the distance 364

from the transmitter (ceiling) to the floor plane; zr denotes 365

the distance from the receiver to the floor plane; Ds denotes the 366

distance from the transmitter to the wall plane; Dr denotes the 367

distance from the receiver to the wall plane; the transmitter and 368

the receiver have projections on the line where the floor plane 369

and the wall plane intersect, and the distance between these two 370

projection points is denoted as W ; considering the projections 371

of the transmitter and the receiver on the floor plane, the distance 372

between these two projection points are denoted as Ŵ . These 373

parameters are also illustrated in Fig. 1(f). 374

Efficient analytical calculation of non-line-of-sight channel impulse response in visible light communications
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TABLE I
DEFAULT CONFIGURATION OF THE SYSTEM PARAMETERS

Fig. 6. Light propagation geometry in TWR category. Setup 1

The configurations of the parameters listed in Table I are375

used if they are not specified. Note that the selected reflectivity376

is based on the requirement on the reflectance of indoor internal377

surfaces, which is specified in [19].1378

A. Transmitter-to-Wall-to-Receiver Channel Impulse379

Response (TWR)380

The channel with TWR category undergoes a single re-381

flection bounced by a wall plane, which can be treated as382

a special case single reflection channel as shown in Fig. 6.383

Therefore, the CIR of TWR category is a direct application of384

Proposition 1 and can be readily calculated using (2). Fig. 6385

shows that the input values for Ls , Lr and Lb should be Ds , Dr386

and Lb,twr =
√

W 2 + (zs − zr )2 , respectively. By comparing387

the geometry shown in Fig. 6 and that shown in Fig. 2, it can be388

found that the segment between the projections of the transmitter389

and the receiver is tilted relative to the floor plane. As described390

in Section III, the orientation vectors of the transmitter and the391

receiver is defined based on the Cartesian coordinate system392

with the x direction parallel to that segment. Therefore, this393

tilting leads to a transformation of the transmitter and receiver394

orientation vectors. Note that both the orientations of the trans-395

mitter and the receiver are parallel to the wall plane. In addition,396

1Ceiling: 0.7 to 0.9, walls 0.5 to 0.8, floor: 0.2 to 0.4.

Fig. 7. NLoS CIR results with TWR category. Setup 1: φ1/2 = 60◦, ψFoV =
90◦, Ds = 1 m, Dr = 1 m, W = 1 m and zr = 0.75 m. Compared to the
configuration in setup 1, Ds , Dr , W are modified to 0.5, 2, 1.5 m in setup 2,
φ1/2 , ψFoV are modified to 40◦, 45◦ in setup 3, and zr is modified to 0.75 m
in setup 4.

the tilting of the orientations depends on the ratio between W 397

and zs − zr . Consequently, the transformed orientation vectors 398

should be: 399

�os,twr =
[
zs − zr

Lb,twr
,

W

Lb,twr
, 0

]
, (10)

�or,twr =
[
−zs − zr

Lb,twr
,− W

Lb,twr
, 0

]
. (11)

Therefore, the expression for the CIR with TWR category can 400

be calculated as: 401

h
[1]
twr (t) = �

�os , tw r ,�or , tw r

{m,Ap d ,ρw ,Ds ,Dr ,Lb , tw r ,ψFo V } (t) , (12)

where ρw denotes the reflectance of the wall and Apd denotes 402

the physical area of the receiver PD detector. 403

Fig. 7 shows a number of CIRs in the TWR category with dif- 404

ferent setups calculated using (12). The corresponding CIR re- 405

sults generated using the Monte Carlo method are also presented 406

in Fig. 7. The agreement between the CIR results generated by 407

different methods validates the CIR calculation expression in 408

TWR category (12). 409

B. Transmitter-to-Floor-to-Ceiling-to-Receiver Channel 410

Impulse Response (TFCR) 411

In the TFCR channel category, the light undergoes two re- 412

flections bounced by ceiling and floor, respectively. In order 413

to find the CIR expression for this NLoS category, a point lo- 414

cated at �ab on the ceiling is considered as shown in Fig. 8. For 415

the convenience of calculation, the whole space is defined by a 416

three-dimensional (3-D) cylinder coordinate system r-θ-z. The 417

origin is defined at the point right below the receiver on the floor. 418

Thus, the coordinates of the point �ab can be defined as [r, θ, zs ]. 419

Firstly, we treat point �ab as a ‘detector’ and consider a single 420

reflection channel from the transmitter bounced by the floor 421

to point �ab , which is defined as transmitter-to-floor-to-ceiling 422

point (TFC) channel. In this case, the ‘detector’ is facing the 423

floor and has an infinitely small physical area of dA. Intuitively, 424

the differential of the TFC CIR can be calculated using (2) as: 425

dh�ab

tfc(t) = �
[0,0,1],[0,0,1]
{m,dA,ρf ,zs ,zs ,r̃ ,90◦}(t), (13)

where ρf denotes the reflectance of the floor and r̃ is the length of 426

the segment between the projections of transmitter and receiver 427

Efficient analytical calculation of non-line-of-sight channel impulse response in visible light communications



CHEN et al.: EFFICIENT ANALYTICAL CALCULATION OF NLoS CHANNEL IMPULSE RESPONSE IN VLCs 7

Fig. 8. Light propagation geometry in TFCR channel.

on the floor, which can be calculated using the law of Cosine as:428

r̃ =
√

r2 + Ŵ 2 − 2rŴ cos θ. (14)

the area differential dA can be converted to rdrdθ in a cylinder429

coordinate system. Assume that the reflectivity of the ceiling430

is ρc . After the light signal reaches point �ab , ρc of the incident431

optical power is reflected and a fraction of the reflected power is432

incident to the receiver. In addition, the transmission from point433

�ab to the receiver leads to a further delay of τ�ab
c2r . Therefore, the434

CIR from the transmitter bounced by the floor and ceiling point435

�ab to the receiver can be found as:436

dh�ab

tfcr(t) = ρcG
�ab
c2rdh�ab

tfc

(
t − τ�ab

c2r

)
, (15)

where G�ab
c2r corresponds to path loss of the transmission from437

point�ab to the receiver. In conjunction with the receiver position438

of (0, 0, zr ), the path loss can be found as [21]:439

G�ab
c2r =

Apd1c2r
FoV cos φc2r cos ψc2r

πD2
c2r

=
(zs − zr )2Apd1c2r

FoV

πD4
c2r

,

(16)

where Dc2r is the Euclidean distance between point �ab and the440

receiver, and the indicator function 1c2r
FoV determines whether the441

incident signal is within the FoV of the receiver. It is defined that442

1c2r
FoV = 1, if the incident angle ψc2r to the receiver is smaller443

than the receiver FoV, which corresponds to the condition that444

cos ψc2r = (zs − zr )/Dc2r ≥ cos ψFoV . Otherwise, 1c2r
FoV = 0.445

With the defined coordinate system, the distance Dc2r can be446

calculated as Dc2r =
√

r2 + (zs − zr )2 . Then, the delay can447

be calculated as τ�ab
c2r = Dc2r /c. Note that (15) only accounts448

for the channel via point �ab . In order to get the entire CIR449

for the TFCR category, the channels via all points on the ceiling450

should be considered. This leads to an integration over the whole451

ceiling plane. By inserting (13), (16) into (15) and carrying out452

the integration over the ceiling plane, the CIR for the TFCR453

category can be found as:454

h
[2]
tfcr(t) =

∫ π

−π

∫ ∞

0

ρc(zs − zr )2Apd1c2r
FoV

πD4
c2r

× �
[0,0,1],[0,0,1]
{m,rdrdθ,ρf ,zs ,zs ,r̃ ,90◦}

(
t − Dc2r

c

)
, (17)

which can be directly calculated using the standard numerical 455

method. However, the computation complexity is very high as 456

it requires solving three numerical integrations. 457

In order to reduce the computational complexity of the CIR 458

calculation, a simpler approximated expression can be used as 459

a substitution of the exact expression with a minor loss in ac- 460

curacy. In a special case of r̃ = 0, expression (13) can be sig- 461

nificantly simplified. It has been found that expression (13) can 462

be approximated by this simplified spacial case expression with 463

appropriate scaling as: 464

dh�ab

tfc(t) ≈ FtfcU
(

t − Dtfc,�ab

c

)
�

[0,0,1],[0,0,1]
{m,rdrdθ,ρf ,zs ,zs ,0,90◦}(t)

=
(m + 1)rdrdθρf zm+3

s Ftfc

π(c/2)m+5tm+6 U
(

t − Dtfc,�ab

c

)
, (18)

where Dtfc,�ab
=

√
4z2

s + r̃2 is the length of the shortest path 465

in the single reflection channel from transmitter via the floor 466

to point �ab , the unit step function is used to make sure the 467

CIR has non-zero value only after the minimum delay and Ffcr 468

represents the scaling factor. Many potential functions for Ftfc 469

can be found by using curve-fitting tool. Here, we have chosen 470

the following function for the scaling factor: 471

Ffcr = βtfc
r̃2

z2
s

+ 1, (19)

where the factor βtfc is related to the Lambertian emission 472

order m, and a suitable function for βtfc is found to be 473

0.006242(m + 0.2578)2 + 0.1328. The approximation by us- 474

ing the scaling factor (19) is found to be accurate in the region 475

of interest. In addition, this scaling factor provide an opportu- 476

nity to further simplify the final CIR expression, which will be 477

shown in the following derivations. The details and accuracy 478

of this approximation has been demonstrated in Appendix B. 479

By inserting (18) into (17), the CIR expression for the TFCR 480

category can be simplified as: 481

h
[2]
tfcr(t) =

∫ π

−π

∫ ∞

0

2m+5Apdcρf ρc(m + 1)zm+3
s r

π2(zs − zr )−2 (r2 + (zs − zr )2)2

×
Ftfc1c2r

FoVU
(
t − D t f c r , �a b

c

)
drdθ(

ct − √
r2 + (zs − zr )2

)m+6 , (20)

where the term Dtfcr,�ab
denotes the length of the shortest prop- 482

agation path via point �ab in the TFCR channel. Its value can be 483

calculated as: 484

Dtfcr,�ab
=

√
4z2

s + r2 + Ŵ 2 − 2rŴ cos θ

+
√

r2 + (zs − zr )2 . (21)

The term with unit step function in (20) indicates that h
[2]
tfcr(t) is 485

non-zero only when ct ≥ Dtfcr,�ab
, which leads to the following 486

Efficient analytical calculation of non-line-of-sight channel impulse response in visible light communications



8 JOURNAL OF LIGHTWAVE TECHNOLOGY

inequality:487 (
c2t2 − Ŵ 2 cos2 θ

)
r2 + c2t2 (zs − zr )

2

−
(
c2t2 − Ŵ 2 − (zs + zr ) (3zs − zr )

)
Ŵ cos θr

− 1
4

(
c2t2 − Ŵ 2 − (zs + zr ) (3zs − zr )

)2
≤ 0. (22)

With the satisfaction of (22), the integration limits in (20)488

can be changed to finite values, and the unit step function in489

(20) can be changed to U(t − Dtfcr,min/c), where Dtfcr,min =490 √
(3zs − zr )2 + Ŵ 2 . Thus, (20) can be further modified as:491

h
[2]
tfcr(t) =

∫ r2

r1

∫ ϑ

0

2m+6Apdcρf ρc(m + 1)zm+3
s rFtfc1c2r

FoV

π2(zs − zr )−2
(
ct − √

r2 + (zs − zr )2
)m+6

×
U

(
t − D t f c r , m in

c

)
dθdr

(r2 + (zs − zr )2)2 . (23)

Note that in the modification (23), the expression is multiplied by492

a factor of 2, and the lower limit of the integral with θ is change493

to 0. This is because expression (20) is reflection symmetric494

with respect to the x-axis. The integration limits r1 and r2 in495

(23) can be calculated by solving the inequality (22) with r as496

the unknown variable. The boundary values of r can be found497

as:498

r1 =
Ŵ

(
c2t2 − ctfcr,1

) − ct
√

ctfcr,2

2
(
c2t2 − Ŵ 2

) , (24)

r2 =
Ŵ

(
c2t2 − ctfcr,1

)
+ ct

√
ctfcr,2

2
(
c2t2 − Ŵ 2

) , (25)

where ctfcr,1 = Ŵ 2 + (zs + zr )(3zs − zr ) and ctfcr,2 =499

(c2t2 − ctfcr,1)2 − 4(zs − zr )2(c2t2 − Ŵ 2). Then, the solu-500

tion to the integration limits are r1 = max(r1 , 0) and r2 = r2 .501

The integration limit ϑ can also be calculated by solving the502

same equation originated from (22) with θ as the unknown. The503

solution to the limit ϑ is found as:504

ϑ =⎧⎪⎪⎨
⎪⎪⎩

arccos

⎛
⎝2ct

√
r2 +(zs−zr )

2−c2t2 +ctfcr,1

2rŴ

⎞
⎠ : r ≥ −r1

π : r < −r1

,

(26)

The approximation in (18) makes (23) a simple function of θ.505

This creates an opportunity to solve the integral with respect506

to θ, thereby further simplifying (23). Therefore, the final CIR507

expression for the TFCR category can be written in a form with508

Fig. 9. NLoS CIR results with TFCR category. Setup 1: φ1/2 = 60◦, ψFoV =
90◦, Ŵ = 0 m and zr = 0.75 m. Compared to the configuration in setup 1, Ŵ
is modified to 3 m in setup 2, φ1/2 , ψFoV are modified to 40◦, 45◦ in setup 3,
and zr is modified to 1.5 m in setup 4, respectively. The configuration of the
remaining parameters are listed in Table I.

Fig. 10. Light propagation geometry in TWCR channel.

a 1-D integral as (27). 509

h
[2]
tfcr(t) =

2m+6cApdρf ρc(m + 1)
π2 (zs − zr )

−2 z−m−1
s

U
(

t − Dtfcr,min

c

)

∫ r2

r1

ϑ
(
βtfc

(
r2 + Ŵ 2 − 2rŴ sin ϑ

ϑ

)
+ z2

s

)
r1c2r

FoVdr(
r2 + (zs − zr )

2
)2

(
ct −

√
r2 + (zs − zr )

2
)m+6

(27)

Fig. 9 shows a number of CIRs of the TFCR category with 510

different setups calculated using (27). In addition, the corre- 511

sponding CIR results generated using the Monte Carlo method 512

are also presented in Fig. 9. The agreement between the CIR 513

results generated by different methods validate the CIR calcu- 514

lation expression in TFCR category (27). 515

C. Transmitter-to-Wall-to-Ceiling-to-Receiver Channel 516

Impulse Response (TWCR) 517

In the TWCR category, the ceiling and wall are considered as 518

shown in Fig. 10. The boundary of the ceiling and wall planes 519

is the line of their intersection, and these two planes extend 520

Efficient analytical calculation of non-line-of-sight channel impulse response in visible light communications
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infinitely to other directions. Again, a point located at �ab on the521

ceiling is considered, as shown in Fig. 10. This time the space is522

defined by a 3-D Cartesian coordinate system x-y-z. The origin523

is defined at the projection point of the transmitter on the wall524

plane. Thus, the coordinate of the ceiling point �ab is defined at525

(x, y, 0). Similar to the CIR calculation for the TFCR category,526

a single reflection channel from the transmitter to the ceiling527

point �ab is considered, except that the channel is resulted from528

the reflection by the wall plane. It is defined as transmitter-to-529

wall-to-ceiling point (TWC) channel. Again the corresponding530

CIR can be calculated using (2) as:531

dh�ab
twc(t) = �

[0,1,0],[0,1,0]
{m,dA,ρw ,Ds ,x,|y |,90◦}(t). (28)

In a Cartesian coordinate system, the detection area differential532

dA can be converted to dxdy. Next, the LoS transmission from533

the ceiling bouncing point�ab to the receiver is considered, which534

introduces a further attenuation and an extra delay on top of the535

TWC channel. The resulting CIR can be found as:536

dh�ab
twcr(t) = ρcG

�ab
c2rdh�ab

twc

(
t − τ�ab

c2r

)
, (29)

which is the same as (15) except the category of the single reflec-537

tion channel. The LoS path loss G�ab
c2r is again calculated using538

(16). The additional delay is again τ�ab
c2r = Dc2r /c. However,539

due to the use of a different coordinate system, the calculation540

of the Euclidean distance follows the expression below:541

Dc2r =
√

(zs − zr )
2 + (x − Dr )

2 + (y − W )2 . (30)

In order to calculate the final CIR for the TWCR category, all542

of the paths reflected by the ceiling are considered, which leads543

to an integration of (29) over the ceiling plane as:544

h
[2]
twcr(t) =

∫ ∞

−∞

∫ ∞

0

ρc(zs − zr )2Apd1c2r
FoV

πD4
c2r

× �
[0,1,0],[0,1,0]
{m,dxdy ,ρw ,Ds ,x,|y |,90◦}

(
t − Dc2r

c

)
. (31)

In order to reduce the complexity of (31), we can use a sim-545

pler approximated expression for (28). It has been found that546

the special case of y = 0 m in the calculation of (28) leads to a547

simpler and closed form expression. Similar to the approxima-548

tion in (18), the following expression with magnitude scaling549

and minimum delay control is used to approximate the exact550

CIR (28):551

dh�ab
twc(t) ≈ Ftwc�

[0,1,0],[0,1,0]

{m,dxdy ,ρw ,D̂s ,x̂,0,90◦}

=
ρw D̂sx̂B

(
m+2

2 , m+2
2

)
r2twc(t)FtwcU

(
t − D tw c , �a b

c

)
dxdy

π 2 t
2m (m+1)

(
1 + D̂ 2

s

r2
tw c (t)

)m −1
2

(
c2 t2

4 − (D̂ 2
s −x̂2 )2

4c2 t2

)3 ,

(32)

whereDtwc,�ab
=
√

(Ds + x)2 + y2 is the length of the shortest552

path in the single reflection channel from the transmitter via the553

wall to point �ab , B(u1 , u2) is the β-function that is defined as:554

B(u1 , u2) =
∫ 1

0 vu1 −1(1 − v)u2 −1dv, and 555

r2twc(t) =
c2t2

4
+

(
D̂2

s − x̂2
)2

4c2t2
− D̂2

s + x̂2

2
. (33)

In the approximated expression (32), Ftwc is the scaling factor. 556

Suitable functions for Ftwc can be obtained by using curve 557

fitting tools. The following function is one of them: 558

Ftwc =

⎛

⎝1 +
y2 + βtwc,1

y 3 |x−Ds |3
(x+Ds )4

(x + βtwc,2Ds)2

⎞

⎠
− 1

2

, (34)

where βtwc,1 = 0.8125 and βtwc,2 = 0.8088e−0.6878m + 559

0.5304e−0.007006m are found to provide an accurate approxi- 560

mation. Note that expression (2) has been used in both (28) and 561

(32). The values for Ls and Lr are Ds and x in (28). However, 562

they have been substitutedwith D̂s and x̂ in (32). This is because 563

a simple linear scaling by Ftwc cannot provide an approxima- 564

tion with sufficient accuracy. The values for Ls and Lr have to 565

be manipulated based on the parameter Ds , x, y and m in order 566

to achieve an accurate approximation. In addition, the minimum 567

delay control is realised by this step. The following functions 568

for D̂s and x̂ are found to provide accurate approximations: 569

D̂s = βtwc,3Dtwc,�ab
, (35)

x̂ = (1 − βtwc,3)Dtwc,�ab
, (36)

where βtwc,3 = Ds((Ds + x)2 + 4y2(m0.045 − 1))−
1
2 is found 570

to provide an accurate approximation. Note that the approxima- 571

tion in (32) is more complex than that in (18). This is because the 572

factors in approximation (32) are functions of four parameters 573

Ds , x, y and m. In contrast, the factors in (18) are functions of 574

two parameters m and r̃ only. The details and accuracy of the 575

approximation (32) are provided in Appendix C. 576

Thus, by inserting (32) into (31), the CIR expression for the 577

TWCR category can be calculated as: 578

h
[2]
twcr(t) =

∫ ∞

−∞

∫ ∞

0

2m ρw ρcApdD̂s x̂B
(

m+2
2 , m+2

2

)
1c2r

FoV

π 3 D 4
c 2 r (t−D c 2 r

c )
(m+1)(zs −zr )2

(
1 + D̂ 2

s

r2
tw c (t−D c 2 r

c )

)m −1
2

×
r2twc

(
t − Dc 2 r

c

)FtwcU
(
t − D tw c r , �a b

c

)
dxdy

(
(ct−Dc 2 r )2

4 − (D̂ 2
s −x̂2 )2

4(ct−Dc 2 r )2

)3 , (37)

where Dtwcr,�ab
denotes the length of the shortest propagation 579

path via point �ab in the TWCR channel. Its value can be calcu- 580

lated as: 581

Dtwcr,�ab
=
√

(zs − zr )
2 + (x − Dr )

2 + (y − W )2

+
√

(Ds + x)2 + y2 . (38)

The unit step function in (37) indicates that h
[2]
twcr(t) is non- 582

zero only when ct ≥ Dtwcr,�ab
, which leads to the following 583

Efficient analytical calculation of non-line-of-sight channel impulse response in visible light communications
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inequality:584 (
c2t2 − W 2) y2 − W

(
c2t2 + 2 (Ds + Dr ) x − (zs − zr )

2

−W 2 − D2
r + D2

s

)
y + c2t2 (Ds + x)2 − 1

4

(
c2t2 − W 2

+ 2 (Ds + Dr ) x − (zs − zr )
2 − D2

r + D2
s

)2

≥ 0. (39)

With the satisfaction of (39), the integration limits in (37) should585

be changed to finite values, and the term with the unit step586

function in (37) can be replaced by U(t − Dtwcr,min/c), where587

Dtwcr,min is the length of the shortest propagation path in the588

TWCR channel. It can be calculated as:589

Dtwcr,min =

√
W 2 +

(
Ds +

√
(zs − zr )

2 + D2
r

)2

. (40)

Thus, (37) can be further modified as (41) shown at bottom590

of this page. The integration limits y1 and y2 in (41) can be591

calculated by solving the equation originated from inequality592

(39) with y as the unknown variable. The solutions to y1 and y2593

can be found as:594

y2 =
W

(
c2t2 − ctwcr,1 + 2 (Ds + Dr ) x

)
+ ct

√
ctwcr,2

2 (c2t2 − W 2)
,

(42)

y1 =
W

(
c2t2 − ctwcr,1 + 2 (Ds + Dr ) x

) − ct
√

ctwcr,2

2 (c2t2 − W 2)
,

(43)

where ctwcr,1 = (zs − zr )2 + W 2 + D2
r − D2

s and ctwcr,2 =595

(c2t2 − ctwcr,1 + 2(Ds + Dr )x)2 − 4(c2t2 − W 2)(Ds + x)2 .596

To ensure the existence of the real-value solution to y1 and y2 ,597

the term ctwcr,2 have to be greater than zero, which leads to the598

solution to the integration limit x:599

x =

(√
c2t2 − W 2 − Ds

)2 − (zs − zr )
2 − D2

r

2
(√

c2t2 − W 2 − Ds − Dr

) . (44)

Fig. 11 shows a number of CIRs of the TWCR category with600

different configurations calculated using (41). In addition, the601

corresponding results generated using the Monte Carlo method602

are also provided for comparison. The agreement between the603

CIR results generated by different methods validate the CIR604

calculation expression for the TWCR category (41).605

V. OVERALL NON-LINE-OF-SIGHT CHANNEL606

IMPULSE RESPONSE607

In conjunction with the analytical results for component CIRs608

in different light propagation categories, the overall CIR can be609

Fig. 11. NLoS CIR results with TWCR category. Setup 1: φ1/2 = 60◦,
ψFoV = 90◦, Ds = 0.5 m, Dr = 0.5 m, W = 0.5 m and zr = 0.75 m. Com-
pared to the configuration in setup 1, Ds , Dr , W are modified to 1, 2, 2 m in
setup 2, φ1/2 , ψFoV are modified to 40◦, 45◦ in setup 3, and zr is modified to
1.5 m in setup 4, respectively. The configuration of the remaining parameters
are listed in Table I.

Fig. 12. A cuboid room of size lx × ly × lz with transmitter and receiver
location of �as and �ar , respectively.

accurately approximated. Note that the TWR, TWCR compo- 610

nent CIRs are with respect to a single wall. Since there are 611

four walls in a typical room, the overall NLoS is the super- 612

position of four TWR, four TWCR and one TFCR component 613

CIRs. In order to calculate each component CIR, the related 614

geometric parameters should be calculated based on the given 615

information. The known information includes the room dimen- 616

sion lx × ly × lz , the position of the transmitter�as = [xs, ys , zs ] 617

and the position of the receiver �ar = [xr , yr , zr ], as shown in 618

Fig. 12. The geometric parameters that requires calculation in- 619

clude Ds,n , Dr,n , Wn , Ŵ . Note that the subscript n = 1, 2, 3, 4 620

is used to distinguish the same type of parameters with respect 621

to different walls. The cases with n = 1 and n = 2 correspond 622

to the wall with y = 0 and y = ly , respectively. The cases with 623

n = 3 and n = 4 correspond to the wall with x = 0 and x = lx , 624

respectively. The calculation of these parameters can be straight- 625

forwardly inferred from Fig. 12 using Euclidean geometry. The 626

equations for the calculation are concluded in Table II. 627

h
[2]
twcr(t) =

2m ρw ρcApdB
(

m+2
2 , m+2

2

)
π3(m + 1)−1 (zs − zr )

−2

∫ y2

y1

∫ x

0

1c2r
FoV D̂s x̂r2

twc
(
t − Dc 2 r

c

)FtwcU
(
t − D tw c r , m in

c

)
dxdy

D4
c2r

(
t − Dc 2 r

c

) (
1 + D̂ 2

s

r2
tw c (t−D c 2 r

c )

)m −1
2

(
(ct−Dc 2 r )2

4 − (D̂ 2
s −x̂2 )2

4(ct−Dc 2 r )2

)3
(41)

Efficient analytical calculation of non-line-of-sight channel impulse response in visible light communications
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TABLE II
CALCULATION OF GEOMETRIC PARAMETERS

Fig. 13. NLoS CIR results with different configurations. The sub-plot (a), (b),
(c) and (d) correspond to the link setup 1, 2, 3 and 4, respectively. In addition
to the results generated using the proposed method, those generated using the
Monte Carlo method considering any order of reflections and considering 1st
and 2nd order reflections are also presented.

TABLE III
LINK CONFIGURATIONS CORRESPOND TO THE NLOS CIR RESULTS SHOWN IN

FIG. 13

Then, the overall NLoS CIR can be calculated as the sum of628

the nine component CIRs as:629

hNLoS(t) ≈
4∑

n=1

h
[1],{Ds , n ,Dr , n ,Wn }
twr (t) + h

[2],{Ŵ }
tfcr (t)

+
4∑

n=1

h
[2],{Ds , n ,Dr , n ,Wn }
twcr (t), (45)

where h
[1],{Ds , n ,Dr , n ,Wn }
twr (t), h

[2],{Ŵ }
tfcr (t) and h

[2],{Ds , n ,Dr , n ,
twcr630

Wn }(t) can be calculated using (12), (27) and (41), respectively.631

A. Channel Impulse Response and Frequency632

Response Results633

Fig. 13 shows the NLoS CIR results based on (45) in compari-634

son to the results from using the Monte Carlo method. The setups635

of the analytical calculations and corresponding simulations are636

listed in Table III. A small square room and a longer rectan-637

gular room are considered in setup 1 and setup 2, respectively.638

A much larger room is considered in setup 3 and setup 4. A 639

half-power semi-angle of φ1/2 = 60◦ and a receiver FoV of 640

ψFoV = 90◦ are used in setup 1, 2 and 3. In setup 4, φ1/2 = 40◦ 641

and ψFoV = 45◦. In setup 1, the transmitter and the receiver 642

are close to each other, the size of the room is relatively small, 643

and the link is sufficiently close to the walls. Consequently, the 644

overall magnitude of the NLoS CIR is relatively higher, and the 645

responses due to 1st order reflections dominate the NLoS CIR, 646

especially for the responses with short delays. In setup 2, the 647

increased indoor space and the increased transmitter receiver 648

separation leads to a NLoS CIR with a decreased magnitude. In 649

setups 3 and 4, the considered transmitter/receiver positions are 650

further away from the walls. Consequently, the magnitude of the 651

CIRs due to 1st order reflections decreases significantly. Com- 652

pared to setup 3, smaller transmitter half-power semiangle φ1/2 653

and receiver FoV ψFoV are used in setup 4. Consequently, the 654

magnitude of responses with longer delays is decreased. This 655

is because the majority of the detected signal with a long delay 656

is launched from the transmitter in a very large radiant angle, 657

and very little optical power is radiated in the side directions of 658

the transmitter with a small φ1/2 . In addition, a signal with a 659

long delay is also likely to reach the receiver with a very large 660

incident angle, which cannot be detected by a receiver with a 661

small ψFoV . 662

The accuracy of the approximation using the proposed 663

method varies with the time delay. For the responses with short 664

delays (roughly the first 10 ns), the proposed method offers ex- 665

cellent accuracy. For the responses with medium delay (roughly 666

another 10 ns after the short delay), the proposed method under- 667

estimates the CIR due to the omission of the response caused by 668

part of the 2nd reflections with TWWR, TFWR categories and 669

higher order reflections. For the responses with a long delay, the 670

proposed method over-estimate the CIR compared to the results 671

generated using the Monte Carlo method considering the 1st and 672

2nd order reflections. This is because the proposed CIR calcula- 673

tion method with each propagation category omits the effects of 674

the boundary of the surfaces, which introduces extra responses 675

with a long delay. However, this over-estimation is lower than 676

the responses caused by higher order reflections. From a dif- 677

ferent point of view, it slightly compensates the omission of 678

the higher order reflections. In addition, the approximation ac- 679

curacy is also related to the size of the room. The proposed 680

method offers a better approximation in a large indoor environ- 681

ment (setup 3 and setup 4) compared to the cases in a smaller 682

indoor environment (setup 3 and setup 4). 683

Fig. 14 shows the corresponding magnitude response of the 684

NLoS channels. It can be observed that with the presence of 685

a LoS path between the transmitter and the receiver, the ac- 686

curacy of the approximation using the proposed method varies 687

with frequency. For the magnitude response with extremely low 688

frequency (<5 MHz), the proposed method underestimates the 689

response relative to the case with the Monte Carlo method con- 690

sidering any order of reflections. However, comparing with the 691

Monte Carlo method considering the 1st and 2nd order reflec- 692

tions, the proposed method offers a similar magnitude response. 693

For the magnitude response with low frequency (5–50 MHz), 694

the three curves are close to each other with a slight mismatch. 695

Efficient analytical calculation of non-line-of-sight channel impulse response in visible light communications
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Fig. 14. NLoS magnitude response results with different configurations. The
sub-plot (a), (b), (c) and (d) correspond to the link setup 1, 2, 3 and 4, respectively.

TABLE IV
SETUP CONFIGURATIONS IN THE COMPUTATION TIME EVALUATION

For the magnitude response with high frequency (>50 MHz),696

the three curves are virtually identical.697

B. Computational Time Evaluation698

The calculation of (12), (27) and (41) requires solving only699

one or two 1-D numerical integrals. Therefore, the computa-700

tional complexity of (45) is very low. In this section, the compu-701

tation time of the proposed method is evaluated compared with702

that of the state-of-the-art methods. In this study, the numerical703

integrations in (45) are implemented based on the Trapezoidal704

rule, and the interval for each definite integral is divided into N705

bins. The greater the number of the bins, the more accurate the706

calculated result. Since θ is the variable in the integral (12), the707

number of bins in the integral (12) is defined as Nθ . Similarly, the708

numbers of bins in the calculation of (27) and (41) are defined as709

Nr and Nx (Ny ), respectively. It has been empirically identified710

that Nθ = 50, Nr = 50 and Nx = Ny = 30 offer reasonably711

accurate NLoS CIR results with a short computation time.712

The impulse response of a channel is in the form of a contin-713

uous signal. In the actual CIR calculation, the result with a fixed714

time resolution is produced. By increasing the time resolution,715

a clearer view of the CIR can be obtained to characterise the716

channel with a wider frequency range. Two link setups are sim-717

ulated to test the computation time while using three different718

methods. The configuration is listed in Table IV. The used half-719

power semi-angle is φ1/2 = 60◦, and the remaining parameters720

are the same as those listed in Table I. The first link considers721

a small room with a closely located transmitter and receiver722

in the centre. The second link considers a larger room with723

a distant separation between the transmitter and the receiver.724

Fig. 15 shows that the required computation time in Matlab725

Fig. 15. NLoS CIR computation time with different calculation methods.

varies with the time resolution Δt. The considered calculation 726

methods include the deterministic method proposed in [4], the 727

Monte Carlo method proposed in [22] and the proposed method 728

in this study. To ensure the fairness of the comparison, up to 2nd 729

order reflections are considered in the deterministic method and 730

Monte Carlo method. With the deterministic method, the block 731

size is configured based on the time resolution as Ae = 2c2Δt2 732

[8]. With the Monte Carlo method, the ray-tracing process is 733

repeated until the normalised mean square error (NMSE) of 734

the CIR result is less than 2.5 × 10−3 . Calculating low time 735

resolution CIR (Δt > 0.7 ns), the deterministic and Monte 736

Carlo methods are able to calculate the results with a com- 737

putation time in the range of a few seconds to about 100 s. With 738

the same time resolution, the proposed method is able to fin- 739

ish the calculation with a computation time of less than 0.1 s. 740

With the decrease of Δt, the required computation time for all 741

three methods increases. The required time for the determinis- 742

tic method increases significantly. In the case of Δt = 0.1 ns, 743

the computation time for the deterministic method is in the 744

range of several hours to more than three days. This is because 745

the increased time resolution leads to a significantly increased 746

number of blocks that are smaller in size. Since the deterministic 747

method considers all possible propagation paths between blocks 748

and their combinations, the increased number of blocks signif- 749

icantly increases the computational complexity. In addition, in- 750

creasing the room size requires a greater number of blocks to fill 751

the larger internal surface area. Therefore, for the deterministic 752

method, the computation time also increases significantly with 753

the increase in the room size. With the Monte Carlo method, 754

the increase of computation time with the decrease of Δt is 755

not as significant as that with the deterministic method. With 756

Δt = 0.1 ns, several minutes are required to obtain an accurate 757

CIR result. This increase in computation time is due to the time 758

bin width getting narrower as the time resolution increases. A 759

narrower bin width requires more samples to average out the 760

noise caused by the random process. In setup 2, the receiver 761

is further away from the transmitter. Consequently, the traced 762

ray has a lower probability to reach the region close to the re- 763

ceiver. Therefore, more computation time is required for the 764

Monte Carlo method if the separation between the transmitter 765

Efficient analytical calculation of non-line-of-sight channel impulse response in visible light communications
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Fig. 16. Single reflection channel in Cartesian coordinates.

and receiver increases. In contrast, the computation time for the766

proposed method increases slightly with the decrease of Δt.767

With a time resolution of Δt = 0.1 ns, the computation time for768

the proposed method is still less than a second. Furthermore,769

the required computation time varies slightly for different link770

setups.771

VI. CONCLUSIONS772

In this paper, a computationally efficient analytical method773

was proposed to calculate the NLoS CIR in typical VLC deploy-774

ments. The CIR results calculated using the proposed method775

are compared with those generated by using the Monte Carlo776

method in [9] and the deterministic ray-tracing method in [4]. In777

comparison with the benchmark methods, the proposed method778

can provide accurate CIR results for NLoS channels with up779

to 2nd order reflections. Furthermore, the required time for the780

proposed method is significantly shorter than the benchmarks781

(typically less than a second). This method is useful for research782

that requires a large number of channel samples considering783

NLoS components, such as VLC MIMO [14] or system level784

studies of networked VLC [23].785

APPENDIX A
DERIVATION OF PROPOSITION 1786

Firstly, we place the setup shown in Fig. 2 in a Carte-787

sian coordinate system. As shown in Fig. 16, the locations788

of the source element and the receiving element are defined789

in the coordinates as �as = [−LsLb/(Ls + Lr ), 0,−Ls ] and790

�ar = [LrLb/(Ls + Lr ), 0,−Lr ], respectively. The orientations791

of the source element and the receiving element are defined as792

�os = [x̃s , ỹs , z̃s ] and �or = [x̃r , ỹr , z̃r ]. All orientation vectors793

have a unity modulus. Considering the amount of light power794

incident to a point on the reflector at �ab = [x, y, 0], the Eu-795

clidean distance between the source and this point is D1 and the796

Euclidean distance between the receiver and this point is D2 .797

The orientation of the reflector �ob is opposite to the direction of798

the z-axis. According to [21], the calculus of the path loss via799

�ab can be calculated as:800

dG =
ρ(m + 1)ArdA

2π2D2
1D2

2
1FoV cosm φ1 cos ψ1 cos φ2 cos ψ2 ,

(A.1)
where φ1 and ψ1 denote the radiant angle and incident angle801

from the light source and to the point at �ab on the reflector,802

respectively; φ2 and ψ2 denote the radiant angle and incident803

angle from the the point at �ab on the reflector to the receiving 804

element, respectively; dA denotes the differential of the physical 805

area of the reflecting point; and 1FoV is the indicator function 806

showing whether the path is within the FoV of the receiver and 807

within the coverage of the source. This leads to: 808

1FoV =

{
1 : cos ψ1 ≥ 0 & cos ψ2 ≥ cos ψFoV

0 : otherwise
. (A.2)

The relevant terms in (A.1) can be calculated as [4]: 809

D1 =

√(
x +

LsLb

Ls + Lr

)2

+ y2 + L2
s ,

D2 =

√(
x − LrLb

Ls + Lr

)2

+ y2 + L2
r ,

cos φ1 =
�os (�ab − �as)

T

D1
=

x̃s

(
x + Ls Lb

Ls +Lr

)
+ ỹsy + z̃sLs

D1
,

cos ψ1 =
�ob (�as − �ab)

T

D1
=

Ls

D1
,

cos φ2 =
�ob (�ar − �ab)

T

D2
=

Lr

D2
,

cos ψ2 =
�or (�ab − �ar )

T

D2
=

x̃r

(
x − Lr Lb

Ls +Lr

)
+ ỹr y + z̃rLr

D2
.

Thus, (A.1) can be rewritten as: 810

dG(x, y) =
ρ(m + 1)ArLsLr

2π2 f(x, y)dxdy (A.3)

f(x, y) = 1FoV

(
x̃s

(
x +

LsLb

Ls + Lr

)
+ ỹsy + Lsz̃s

)m

×
(

x̃r

(
x − LrLb

Ls + Lr

)
+ ỹr y + Lr z̃r

)

×
((

x +
LsLb

Ls + Lr

)2

+ y2 + L2
s

)−m + 3
2

×
((

x − LrLb

Ls + Lr

)2

+ y2 + L2
r

)−2

. (A.4)

The total received signal power can be calculated by integrating 811

(A.3) over the entire reflector. 812

However, channel impulse response is a quantity closely re- 813

lated to delay t. In order to make the received signal power 814

involve the time delay, we firstly consider calculating the power 815

of the received signal that experienced a delay of less than t. 816

This amount of power is denoted as P̂opt,h(t). The time delay 817

is in conjunction with the length of the transmission path. With 818

the given positions of the light source element and receiving 819

element, all of the single reflection paths with a delay less than 820

t are within an ellipsoid. The foci of this ellipsoid are located 821

at the positions of light source and the receiving element as 822

shown in Fig. 17. For the convenience of defining this ellipsoid, 823

another Cartesian coordinate system x′-y′-z′ is defined. In the 824

x′-y′-z′ system, the centre of the ellipsoid is placed at the origin 825

Efficient analytical calculation of non-line-of-sight channel impulse response in visible light communications
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Fig. 17. Single reflection transmission geometry with considering the paths
experiencing a delay less than a certain value t.

of the coordinates, and the two foci are placed on the x′ axis826

with the coordinates of [−L̂b/2, 0, 0] and [L̂b/2, 0, 0], where827

L̂2
b = L2

b + (Ls − Lr )2 . The equation for the ellipsoid can be828

written as:829

x′2

(ct/2)2 +
y′2

(ct/2)2 −
(
L̂b/2

)2 +
z′2

(ct/2)2 −
(
L̂b/2

)2 ≤ 1,

With a given coordinate in x-y-z, the corresponding coordi-830

nate in x′-y′-z′ can be obtained by carrying out a coordinate831

transformation as follows:832 [
x′

y′z′

]
=

⎡
⎢⎣

cos ωc 0 sin ωc

0 1 0
− sin ωc 0 cos ωc

⎤
⎥⎦
⎡
⎢⎣

x

y

z

⎤
⎥⎦

+

⎡
⎢⎢⎢⎢⎣

2LsLr

Ls + Lr
sin ωc +

L̂b (Ls − Lr )
2 (Ls + Lr )

0
2LsLr

Ls + Lr
cos ωc

⎤
⎥⎥⎥⎥⎦, (A.5)

where ωc is the rotation angle of the coordinates. It can be833

calculated using:834

ωc = arctan
(

Ls − Lr

Lb

)
.

In conjunction with (A.5), the ellipsoid equation in the x-y-z835

system can be written as (A.6).836 (
x cos ωc + z sin ωc + 2Ls Lr

Ls +Lr
sin ωc + L̂ b (Ls −Lr )

2(Ls +Lr )

)2

(
ct
2

)2

+
y2(

ct
2

)2 −
(

L̂ b

2

)2

+

(
z cos ωc − x sin ωc + 2Ls Lr

Ls +Lr
cos ωc

)2

(
ct
2

)2 −
(

L̂ b

2

)2 ≤ 1 (A.6)

In the case that the signal is reflected by a single diffusing 837

surface, all reflected points have to fulfil the condition z = 0, 838

which leads to an ellipse on the x-y plane as: 839

W0(t) :
(

1 − L2
b

c2t2

)
x2 +

(
Lb (Ls − Lr )

(
c2t2 − L2

0
)

c2t2 (Ls + Lr )

)
x

+ y2 −
(
c2t2 − L2

0
)2

(Ls + Lr )
2

(
(Ls − Lr )

2

4c2t2
+

LsLr

c2t2 − L2
0

)
≤ 0.

(A.7)

This ellipse defines the integration limits for x and y when 840

calculating P̂opt,h(t). Therefore, P̂opt,h(t) can be calculated as: 841

P̂opt,h(t) =
∫∫

W0 (t)
f(x, y)dxdy.

Thus, the channel impulse response can be calculated as �(t) = 842

dP̂o p t , h (t)
dt . For the convenience of calculating �(t), a polar co- 843

ordinate system with a radius r and a polar angle θ is used. 844

The polar coordinates can be calculated based on the following 845

relationships: 846

x = r cos θ, (A.8)

y = r sin θ. (A.9)

By inserting (A.8) and (A.9) into (A.3), it gives: 847

dG(r, θ) =
ρ(m + 1)ArLsLr

2π2 f(r, θ)rdrdθ,

where f(r, θ) can be found in (3). By inserting (A.8) and (A.9) 848

into (A.7), it gives: 849

W0(t) :(
1 − L2

b cos2 θ

c2t2

)
r2 +

(
Lb (Ls − Lr )

(
c2t2 − L2

0
)
cos θ

c2t2 (Ls + Lr )

)
r

−
(
c2t2 − L2

0
)2

(Ls + Lr )
2

(
(Ls − Lr )

2

4c2t2
+

LsLr

c2t2 − L2
0

)
≤ 0.

Thus, the channel impulse response can be decomposed into 850

two one-dimensional integrals as: 851

�(t) =
d
dt

(
ρ(m + 1)ArLsLr

2π2

∫ 2π

0

∫ rθ (t)

0
f(r, θ)rdrdθ

)
,

where the value of the limit rθ (t) can be calculated by evaluating 852

the bound value of r in W0(t). It is determined by making the 853

inequalityW0(t) into an equality, and solving this equation with 854

considering r as the unknown. Thus, this solution rθ (t) can be 855

concluded as (4). According to the Chain rule d
dt

∫ g (t)
0 f(r)dr = 856

f(g(t)) dg (t)
dt , the CIR can be further simplified as (2). 857

APPENDIX B
APPROXIMATION IN (18) 858

In this appendix, the approximation used in (18) is demon- 859

strated, and the accuracy of the approximation with various 860

parameters is evaluated. Firstly, the special case of (13) with 861

Efficient analytical calculation of non-line-of-sight channel impulse response in visible light communications
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Fig. 18. An example of the comparison between the exact and approximated
TFC CIR results with r̃ = 0, 3, 6 m.

r̃ = 0 m is considered. By making r̃ = 0, (13) can be rearranged862

as:863

dh�ab

tfc,r̃=0(t) = �
[0,0,1],[0,0,1]
{1,dA,ρf ,zs ,zs ,0,90◦}(t)

=
(m + 1)dAρf zm+3

s

π(c/2)m+5tm+6 , (B.1)

which is significantly simplified and in closed-form. It is worth864

noting that this is a special case of the result derived in [16].865

An example of (B.1) is presented in Fig. 18. In this example,866

φ1/2 = 60◦ and the configuration of the remaining parameters867

are the same as those listed in Table I. Then, we calculate the868

CIR with r̃ = 3, 6 m using (13), which are also shown in Fig. 18.869

It can be observed that the shapes of the curves with different870

value of r̃ are similar. With the increase of r̃, the minimum871

delay of the response is longer due to the increased minimum872

transmission distance. In addition, the magnitude of the CIR873

is slightly increased compared to the special case of r̃ = 0 m.874

Therefore, we use a unit step function to control the minimum875

delay and a scaling factor to control the response magnitude876

in the approximated TFC CIR (18). The scaling factor Ftfc877

only needs to vary with m and the ratio r̃/zs as the effects of878

the remaining parameters are preserved by (B.1). In Fig. 18,879

the approximated TFC CIR results are presented in addition to880

their corresponding exact results calculated using (13). It can be881

observed that (18) offers an accurate approximation to the exact882

TFC CIR expression (13).883

Next, the accuracy of the approximation with various config-884

urations is evaluated. The NMSE of the CIR approximation is885

calculated, which is defined as:886

enmse =
Et

[(
ĥ(t) − h(t)

)2
]

Et [h2(t)]
, (B.2)

where ĥ(t) denotes the approximated CIR result. Fig. 19 shows887

results of NMSE varies with r̃/zs and with φ1/2 . It can be888

observed that with most of the configurations, the NMSE is889

negligible. With an increase of r̃/zs and a decrease of φ1/2 , the890

resulting NMSE increases. In the case that φ1/2 is smaller than891

30◦ and r̃/zs is greater than 2, the approximation becomes inac-892

curate. However, the magnitude of the CIR itself in this extreme893

case is significantly small. Consequently, these inaccurate com-894

ponents contribute little to the final TFCR calculation in (27).895

Therefore, this approximation error will not significantly affect896

the accuracy of the CIR calculation of the TFCR category.897

Fig. 19. NMSE of the approximation in (18) with various r̃/zs and φ1/2 .

Fig. 20. (a) TWC channel geometry with y 	= 0 m. (b) Approximated TWC
channel geometry with y = 0 m, D̂s and x̂.

Fig. 21. An example of the comparison between the exact and approximated
TWC CIR results. Setup 1: Ds = 1 m, x = 1 m, y = 1 m, φ1/2 = 60◦. Setup 2:
Ds = 1 m, x = 1 m, y = 1 m, φ1/2 = 40◦. Setup 3: Ds = 2 m, x = 0.5 m,
y = 1 m, φ1/2 = 60◦. The results of the approximated curves are also shown
in this figure. Setup 1 is used to demonstrate the approximation method.

APPENDIX C
APPROXIMATION IN (32) 898

In this appendix, the approximation used in (32) is demon- 899

strated, and the accuracy of the approximation with various 900

parameters is evaluated. Firstly, the spacial case of (28) with 901

y = 0 m is considered. By making y = 0 m, (28) can be rear- 902

ranged as: 903

dh�ab
twc,y=0 (t,Ds, x) = �

[0,1,0],[0,1,0]
{m,dA,ρw ,Ds ,x,0,90◦} (t)

=
ρw DsxB

(
m+2

2 , m+2
2

)
2m r2

twc(t)dAU (
t − Ds +x

c

)
π 2 t

m+1

(
1 + D 2

s

r2
tw c (t)

)m −1
2

(
c2 t2

4 − (D 2
s −x2 )2

4c2 t2

)3
,

(C.1)
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Fig. 22. NMSE of the approximation in (32) with various y/Dtwc ,�a b
and x/Dtwc ,�a b

. (a) φ1/2 = 20◦. (b) φ1/2 = 40◦. (c) φ1/2 = 60◦.

where904

r2
twc(t) =

c2t2

4
+

(
D2

s − x2
)2

4c2t2
− D2

s + x2

2
. (C.2)

This special case expression (C.1) is significantly simplified and905

in closed form compared to the general case TWC CIR expres-906

sion (28). Therefore, we use (C.1) as a base function to develop907

an expression to approximate (28). Considering a TWC channel908

in a general case with y 	= 0, the top view of the channel geome-909

try is shown in Fig. 20(a). It is intuitive to find that the length of910

the shortest propagation path is Dtwc,�ab
=

√
(Ds + x)2 + y2 .911

Now we want to use the special case channel with y = 0 m912

to approximate the general case TWC channel as shown in913

Fig. 20(b). In order to achieve the correct minimum delay con-914

trol, the minimum transmission distance in the approximated915

model should be the same as that in the original model, which916

means Dtwc,�ab
= D̂s + x̂ should be fulfilled. It has been found917

that by adjusting the values of D̂s to x̂, the curve shape of918

the function (C.1) can be manipulated to be similar to that of919

the corresponding exact TWC CIR (28). Due to the difference920

in the incident (radiant) angles to (from) the wall in the exact921

and approximated TWC channel, the magnitude of the approx-922

imated CIR is different from the exact result. Therefore, a scal-923

ing factor Ftwc is required. Thus, the approximated CIR can be924

written as:925

dh�ab
twc(t) ≈ Ftwcdh�ab

twc,y=0

(
t, D̂s , x̂

)
. (C.3)

Next, we use an example to demonstrate the considered ap-926

proximation. In this example, Ds = 1 m, x = 1 m, y = 1 m927

and φ1/2 = 60◦. The remaining parameters are the same as928

those listed in Table I. The CIR result calculated using (28) is929

shown in Fig. 21. In addition, the CIR result calculated using the930

base function (C.1) with D̂s = 1.118 m and x̂ = 1.118 m is pre-931

sented. It can be observed that the two curves are similar in shape932

but with a slight difference in magnitude as shown in Fig. 21. By933

multiplying the CIR result calculated using (C.1) with a factor934

of 0.8882, the scaled result shows a very close approximation to935

the exact TWC CIR curve. This example shows the possibility936

of using the proposed expression (C.3) to achieve accurate ap-937

proximation. Appropriate functions for the calculation of D̂s , x̂938

and Ftwc are important for the accuracy of the approximation. 939

By using curve fitting tools, expressions (34), (35) and (36) have 940

been found to provide acceptable accuracy. In Fig. 21, another 941

two examples calculated using (32) are demonstrated. Both ap- 942

proximated results are close to the corresponding exact TWC 943

CIR results calculated using (28). 944

Then, the accuracy of the approximation using (32) with var- 945

ious configurations is evaluated. The NMSE for various con- 946

figurations defined by (B.2) in Appendix B is calculated. The 947

results of NMSE varies with y/Dtwc,�ab
and x/Dtwc,�ab

in the 948

case of φ1/2 = 20◦, 40◦, 60◦ are shown in Fig. 22. It shows that 949

with majority of the configurations, the NMSE level is negligi- 950

ble. It is noted that in the case of y/Dtwc,�ab
is significant and 951

x/Dtwc,�ab
is very close to zero, the NMSE starts to increase, 952

especially when φ1/2 is small. 953
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