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ABSTRACT

In the context of data that is missing completely at random, we propose a new data

imputation method that exploits Cholesky decomposition. The data imputation

method falls within the multiple imputation framework and is designed to ensure

consistency with the correlation structure of the available data. The advantage is

an accessible and computationally efficient approach to managing missing data that

avoids the model risk associated with applying complex model based data impu-

tation methods. The non-recursive nature of our data imputation method further

avoids the convergence issues associated with recursive approaches.
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1. Introduction

Little (1992), Pigott (2001) and Allison (2001) provide useful surveys of missing

data methods. Rubin (1987, 1996) advocates multiple imputation on the basis of

accessibility and computational efficiency. Multiple imputation has received various

treatments in the literature. Wang and Robins (1998) derive the asymptotic

variance structures of alternative methods in a large sample setting. Robins and

Wang (2000) derive an estimator of the asymptotic variance of both single and

multiple imputation estimators. Degree of freedom adjustments in the small

sample setting are proposed by Barnard and Rubin (1999) and Reiter (2007).
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Aerts et al. (2002) propose nonparametric and semiparametric methods based on

local resampling procedures.

Our method - ”Dynamic Cholesky” - falls within the multiple imputation

framework. We contribute through a new tractable data imputation method that

exploits Cholesky decomposition and retains the correlation structure of the

available data. The approach avoids introducing model risk from applying complex

model based data imputation methods. The non-recursive design avoids the

convergence issues associated with recursive methods, such as

expectation-maximization (Dempster et al., 1977).

We deal with a scenario where data is missing completely at random (Rubin,

1976). This setting has received considerable attention in the academic literature.

Zhang (2013), for example, proposes a model averaging approach. This contrasts

to the situation where the occurrence of the missing data is not completely

random. In such a missing not at random case the researcher would need to

investigate the source of sample selection bias in order to avoid applying an

inappropriate data imputation method.

We therefore confine ourselves to the missing completely at random case. Our

practice-relevant context is that of energy markets where incomplete datasets are

common. We further assume a risk management application that prioritizes the

correlation structure over point estimates. However, there are several pertinent

settings where missing data is a problem and where our data imputation method

could be useful. These include cross-country emerging equity markets (e.g. Abd

Majid, M.S. and Kassim, S.H., 2009), emerging interest rate markets (e.g. Nagy,

2020), and credit derivatives markets (e.g. Hüttner et al., 2020).

The paper is organized as follows. Section 2 considers the problem of imputing

continguous missing data, presenting some important concepts used in the

Dynamic Cholesky method proposed in Section 3. Section 4 concludes.

2. Cholesky method for imputing contiguous missing data

Before presenting our Dynamic Cholesky method, we consider the problem of

filling contiguous gaps in data. The set up is artificial in the sense that we impose

the contiguous gaps on some complete dataset. We highlight some important

concepts for the Dynamic Cholesky method.

Assume an N × n matrix Hn of historical price returns, with each row a

cross-section of price returns and each column a different price returns series over

time. We calculate the covariance matrix Cn. Now suppose that we artificially zero

out the returns data for price returns series beyond some column position m < n,

i.e. columns (m + 1)-n are assumed to be missing. So we assume we only have an
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N ×m matrix Hm of historical price returns, but we know the covariance matrix

Cn. We create an extended quasi-history H
′
n from Hm.

Define Cm to be the top-left m×m block of Cn, and C̃m ≡ chol(Cm) its upper

triangular Cholesky matrix. Consider now the following matrix:

Km = HmC̃−1
m

Km is a version of Hm in which the returns have been standardized, by calculating

the associated covariance matrix CKm :

CKm =
K>mKm

N
=

(HmC̃−1
m )>(HmC̃−1

m )

N
= (C̃−1

m )>
(H>mHm)

N
C̃−1

m

= (C̃−1
m )>CmC̃−1

m = (C̃−1
m )>(C̃>mC̃m)C̃−1

m =
[
(C̃>m)−1C̃>m

] [
C̃mC̃−1

m

]
= I

(1)

We extend the dimension of matrix Km to n columns by post-appending an

N × (n−m) matrix Φn−m of uncorrelated standard normal random numbers:

Kn = [Km Φn−m]

We can now compute the analogue of (1):

CKn =
K>n Kn

N
=

1

N

 K>m

Φ>n−m

 [KmΦn−m] =
1

N

 K>mKm K>mΦn−m

Φ>n−mKm Φ>n−mΦn−m


≈

 Im 0m,n−m

0n−m,m In−m

 = In

The extended quasi-history then follows:

H
′
n = KnC̃n

If we compute the corresponding covariance matrix:

CH
′
n

=
Hn

′>H
′
n

N
=

(KnC̃n)>(KnC̃n)

N
= C̃>n

(K>n Kn)

N
C̃n ≈ C̃>n C̃n = Cn

This shows that we can impute an extended quasi-history H
′
n from the subset
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Hm that is perfectly consistent with the covariance matrix Cn.

3. Dynamic Cholesky method for imputing random missing data

We move to the real-world problem of imputing missing data positioned randomly

in a dataset. We develop our Dynamic Cholesky method. Working sequentially,

row-by-row, through a given data structure, we manoeuvre the complete data to

the left, into a contiguous block, and the missing data to the right, into an

adjacent contiguous block. The Cholesky method of Section 2 can then be applied.

Consider an N × n price returns matrix H with randomly positioned data gaps

and fill the data gaps with zeros. We create an N × n matrix, D, to identify the

complete data: 1 (0) indicates a position in H with complete (missing) data. We

call D the ‘data indicator matrix’.

Take a specific row h of H and corresponding row d of D. Manoeuvring the

complete (missing) data to the left (right) can be achieved by post-multiplying h

by a rearranged version of the n× n identity matrix In, which we call the

‘rearranger matrix’ R.

To illustrate: assume a log returns structure h = (r1, 0, r3, 0, r5), where zeros

initially fill the missing data. The data indicator vector is d = (1, 0, 1, 0, 1). Data

clearly occurs in positions 1, 3 and 5, so take I5 and move the corresponding

columns to the left to form R:

R =



1 0 0 0 0

0 0 0 1 0

0 1 0 0 0

0 0 0 0 1

0 0 1 0 0



Post-multiplication by R achieves the required rearrangement of h and d.

We first use R to create a rearranged version of the correlation matrix C, which

may be derived from the price returns matrix H with missing data using an

available data approach, or from its nearest correlation matrix counterpart that

imposes the positive semi definite property. We denote this rearranged correlation

matrix by CR, defined as:

CR = R>CR
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We also create a rearranged version of the indicator vector d:

dR = dR

This allows us to define the partial correlation matrix required to decorrelate the

data:

CP = diag(dR)CR diag(dR) + (I − diag(dR))

By appropriate use of the rearranger matrix R, we can define, what we term, the

‘generator matrix’:

G = R chol(CP )−1 chol(CR) R>

The final step of the rearrangement process is to take a copy of h in which the

gaps have been filled with uncorrelated normal random variates, scaled with the

relevant volatility (e.g. from the covariance matrix derived), and then

post-multiply this by G, to return the version of h with imputed data that leads to

the desired correlation consistency with C.

Looping through each row h of H, imputes the missing data. A single iteration

of the procedure allows for single imputation, while multiple imputation is possible

with multiple iterations.

3.1. Convergence: Oil Futures Data

A pertinent question in respect of the Dynamic Cholesky imputation method is:

how does the data imputation process perform with varying degrees of missing

data? To test convergence, we use data drawn from Bloomberg for the Brent crude

oil price series CO1, CO6, CO12, CO18 and CO24. These contracts allow market

participants to lock in a price immediately for future delivery of crude oil in 1, 6,

12, 18 and 24 months respectively. The data spans the period from 8 October 2014

to 7 October 2019.

We run the data imputation process 10,000 times and compute the standard

deviations of the resultant correlations (which constitute the standard errors).

Tables 1 to 3 show the results for different percentages of data gaps imposed on

the observed data; namely, 10%, 30% and 50% respectively. The standard

deviations can be seen to be negligible, although error magnitude does increase as

the percentage of data gaps increases.
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3.2. Convergence: Oil Stock Data

The Dynamic Cholesky imputation method is appropriate to many different

applications. To illustrate this, we repeat our analysis using stock returns data for

five Oil Majors drawn from Yahoo Finance, namely BP, Shell, Chevron, Total, and

Exxon (respective tickers: BP, RDSB, CVX, TOT, and XOM). The data spans the

period from 14 November 2017 to 11 November 2020.

As before, we run the data imputation process 10,000 times and compute the

standard deviations of the resultant correlations (which constitute the standard

errors). Tables 4 to 6 show the results for different percentages of data gaps

imposed on the observed data; namely, 10%, 30% and 50% respectively. Again, the

standard deviations are negligible but their magnitude increases as the percentage

of data gaps increases.

4. Conclusion

We develop a novel data imputation method that draws on the simplicity and

elegance of Cholesky decomposition, when the objective is to be consistent with

the correlation structure of the available data. The method is suitable in a data

missing completely at random setting. A useful direction for future research is a

comprehensive comparison of the Dynamic Cholesky method against alternative

methods, which would be ideally framed around the replication of prior studies.

Potential also lies in the application and assessment of the data imputation

method for specific risk management problems, such as risk factor modelling.
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Table 1. Futures - standard deviation of percentage

correlation (10% gaps)

CO1 CO6 CO12 CO18 CO24

CO1 0.000 0.031 0.040 0.048 0.061
CO6 0.031 0.000 0.004 0.009 0.018

CO12 0.040 0.004 0.000 0.003 0.009
CO18 0.048 0.009 0.003 0.000 0.004
CO24 0.061 0.018 0.009 0.004 0.000

Table 2. Futures - standard deviation of percentage

correlation (30% gaps)

CO1 CO6 CO12 CO18 CO24

CO1 0.000 0.033 0.073 0.106 0.169
CO6 0.033 0.000 0.010 0.035 0.082

CO12 0.073 0.010 0.000 0.011 0.042
CO18 0.106 0.035 0.011 0.000 0.015
CO24 0.169 0.082 0.042 0.015 0.000

Table 3. Futures - standard deviation of percentage

correlation (50% gaps)

CO1 CO6 CO12 CO18 CO24

CO1 0.000 0.081 0.158 0.212 0.267
CO6 0.081 0.000 0.029 0.073 0.115

CO12 0.158 0.029 0.000 0.018 0.051
CO18 0.212 0.073 0.018 0.000 0.018
CO24 0.267 0.115 0.051 0.018 0.000

Table 4. Stocks - standard deviation of percentage cor-

relation (10% gaps)

BP RDSB CV X TOT XOM

BP 0.000 0.154 0.325 0.222 0.343
RDSB 0.154 0.000 0.317 0.369 0.367
CV X 0.325 0.317 0.000 0.552 0.413
TOT 0.222 0.369 0.552 0.000 0.510

XOM 0.343 0.367 0.413 0.510 0.000

Table 5. Stocks - standard deviation of percentage cor-

relation (30% gaps)

BP RDSB CV X TOT XOM

BP 0.000 0.301 0.462 0.366 0.469
RDSB 0.301 0.000 0.634 0.599 0.672
CV X 0.462 0.634 0.000 0.722 0.518
TOT 0.366 0.599 0.722 0.000 0.730

XOM 0.469 0.672 0.518 0.730 0.000

Table 6. Stocks - standard deviation of percentage cor-

relation (50% gaps)

BP RDSB CV X TOT XOM

BP 0.000 0.324 0.636 0.566 0.521
RDSB 0.324 0.000 0.571 0.679 0.586
CV X 0.636 0.571 0.000 0.714 0.567
TOT 0.566 0.679 0.714 0.000 0.669

XOM 0.521 0.586 0.567 0.669 0.000
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