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11 Abstract
12 The Shear Lag Effect (SLE) is one of the vital mechanical characteristics of structures with thin-
13 walled box section. While most of the existing studies on SLE focus on the static response of
14 footbridges, the pedestrian-induced vibration deserves more attention since it represents the actual
15  response of footbridges during their practical service process. The theoretical framework is
16  proposed to consider the corresponding SLE. Firstly, the SLE on the natural frequencies of the
17  structure can be considered with a reduction ratio to the corresponding case without considering
18  SLE (the classic solutions of natural frequencies). Results show that, the footbridges with smaller
19  span-width ratios, smaller section thickness-width ratios, and lower height-width ratios are more
20  necessary to consider the SLE. Furthermore, although the Poisson’s ratio effects are relatively lower
21  than other aspects, the steel bridges still need to be paid to attention for the SLE. Due to the SLE, it
22 may result in significant reductions in the natural frequencies of the structures. These reductions in
23 the predicted natural frequencies due to the SLE may further result in inaccuracy in the prediction
24 of pedestrian-induced vibrations of the footbridges. Furthermore, the most often applied mitigation
25  measures may not be reliably designed. It may result in very significant reduction in the
26 effectiveness of the vibration mitigation measures. To consider the SLE on pedestrian-induced
27  vibration and TMD-based vibration control of typical footbridges with thin-walled box section, a

28 simplified strategy is proposed.
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1. Introduction
Pedestrian-induced vibration of footbridges

A reliable prediction of pedestrian-induced structural responses is extremely crucial when
designing slender footbridges [1-4] and other civil engineering structures with low natural
frequencies and damping capacity [5-6]. According to current guidelines such as Sétra [7] and
HiVoSS [8], vibration serviceability assessments of footbridges are based on comparisons between
relevant comfort criteria and predicted vibration levels to the human excitation [9-14]. For existing
studies of evaluating the pedestrian-induced footbridge vibration [15-17], it often considers the
structure as an equivalent single degree of freedom (SDOF), of which its natural frequency falls into
the frequency range of human excitations. This methodology works in most cases because
pedestrian-induced structural responses of slender footbridges are often dominated by a single mode;
whereas sometimes it needs to consider multi-mode contributions, e.g., when closely-spaced natural
frequencies are found in real-world footbridges [18-20]. More importantly, to obtain reliable
response predictions, it should be identified or pre-know as accurate as possible the natural
frequencies of the structure [14], which are very important parameters in the governing equations
of motion of the structure.
Vibration control of footbridges

To attenuate vibration levels of footbridges, various structural control methods are adopted.
Among them, the passive tuned mass damper (TMD) is most widely applied due to its simplicity,
low cost and effectiveness. For instance, Caetano et al. [21] experimentally studied the damping
effect of the TMD on the Pedro e Inés footbridge in Portugal. To improve the performance of TMDs
in controlling the pedestrian-induced vibrations on footbridges considering the uncertainties of their
modal properties, Jiménez-Alonso and Saez [22] conducted a robust optimum design by using multi-
objective genetic algorithms. Qin et al. [23] installed a self-made TMD using lead, spring and oil
buffer on a scaled single pylon cable-stayed footbridge model and investigated the effectiveness of
the TMD by conducting laboratory forced vibration tests. To address the detuning issue of the
passive TMD, some advanced structural control techniques were recently adopted by the researchers.
Li et al. [24] used the multiple tuned mass dampers (MTMD) in suppressing the crowd-induced

vibration and proposed a design method of MTMD via a random optimization procedure. Wang et
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al. [25] also compared the control effectiveness of the MTMD with the single TMD on long-span
steel footbridges by performing site measurement and numerical simulation. They concluded that
the MTMD has superior vibration adsorption robustness and stable capacity in reducing structural
vibrations under crowd loads. Casado et al. [26] adopted an active mass damper (AMD) system in
controlling crowd-induced vibrations of footbridges. They found that although the AMD is very
effective and robust, there are still some disadvantages such as cost should be resolved. Moutinho
et al. [27] applied a semiactive TMD including a magneto-rheological (MR) damper to reduce
vibrations of a slender footbridge. The semiactive TMD is capable to perform multimodal control.
Similarly, Contreras-Lopez et al. [28] proposed a nonlinear optimal semiactive control strategy for
attenuating footbridge vibration using MR dampers. It is worthwhile to point out that, to determine
the design parameters of the TMD, resonant conditions are assumed, i.e., resonance with the targeted
mode where the TMD is tuned. Thus, except for the excitation frequency, effectiveness of TMD-
based vibration control relies mainly on the accuracy of the natural frequency of the considered
mode of the structure.
Studies on the Shear Lag Effect (SLE) and research gaps

The thin-walled box section, also known as hollow cross section, is widely used in footbridges
because of'its light weight and good mechanical properties. As for thin-walled box section, the Shear
Lag Effect (SLE) is one of the vital mechanical characteristics and has been widely investigated,
however, most of the studies on the SLE focus on static responses [29-32]. It should be noted that
the dynamic responses of such footbridges are much more complicated and important than the static
ones, especially when the static behaviour is pre-known. Luo et al. [33] proposed a hybrid finite
element method to study the dynamic characteristics of the thin-walled box girder by considering
the SLE. It was found that the natural frequencies considering the SLE have a general descending
trend. Zhou et al. [34] theoretically investigated the dynamic characteristics of steel-concrete
composite box beams considering the SLE and slip by introducing self-balancing of axial forces in
a longitudinal warping function of beam section. Jiang et al. [35] studied the influence of high-order
shear deformations and SLE on the dynamic characteristics of thin-walled box beams by using high-
order beam theory. They concluded that the SLE increase with the increasing of mode order or the

decreasing of span-width ratio. Cai et al. [36] derived the approximate solution of the first order
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vertical bending frequency for the simply supported curved thin-walled box girder considering the
SLE. It has been reported that the SLE significantly affect the stiffness of the structures [35-36].
Zhang and Huang [37] proposed the analytical fundamental frequency of simply supported thin-
walled box girder by using the energy variation principle method. Similarly, based on the energy
variation principle method, Zhou et al. [38] analysed the influences of the SLE and shear
deformation on the natural vibration characteristics of thin-walled box girder. Recently, Zhang et al.
[39] investigated the SLE and accordion effect on dynamic characteristics of composite box girder
bridge with corrugated steel web by proposing an analytical method. The aforementioned studies
[35-39] indicate that the natural frequencies of the structures might be reasonably altered due to the
SLE. However, the existing studies [33-39] on the dynamic responses of thin-walled box girder
considering the SLE were mainly focused on the natural vibration characteristics or free vibration
responses. To the best knowledge of the authors, however, there are very few studies related to SLE
focusing on the forced vibrations of thin-walled box girder, not to mention the corresponding
vibration control measures. In real world, human excitations are most relevant for footbridges. Thus,
the pedestrian-induced vibration, as one of the most representative forced vibrations, is adopted to
illustrate the influence of the SLE on the dynamic responses of the thin-walled box girder structure.
Also, key parameters influencing the SLE are required to be identified. Furthermore, the
effectiveness of the most often applied mitigation measures (TMD) should be investigated by
considering the SLE. More importantly, to benefit footbridge designers, strategies are requested to
consider the SLE on pedestrian-induced vibration and TMD-based vibration control of typical
footbridges with thin-walled box section.

The remaining part of the paper is organized as follows. Section 2 briefly summarizes the
theoretical framework of considering the SLE. Based on parametric study, the governing parameters
are determined. Section 3 presents the simplified strategy of considering the SLE in the prediction
of pedestrian-induced vibrations. The governing equations of motion are presented in the Section 4.
Section 5 presents how the SLE affects the pedestrian-induced vibration levels of the structure.
Section 6 discusses the influence of SLE on TMD-based vibration control of the structure.

Conclusions are summarized in Section 7.
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2. Shear lag effect

2.1 Basic assumptions

To illustrate the theoretical formulation of the SLE, a footbridge with typical thin-walled box section
is firstly introduced (Fig. 1). According to a comprehensive review of more than 130 footbridges
built after 1991 by [40], and the French guide Sétra [7] and the European guideline HiVoSS [8], it
often applies simply supported beam model with sinusoidal mode shapes as the analytical model in
calculating human-induced vibrations of footbridges. Therefore, the footbridge considered in this
study is also idealized as a representative simply supported beam. In Fig. 1, L and W are the
length and width of the bridge deck, respectively. H is the outer height of the box section. T, Tp,

T,, are the thicknesses of top, bottom, and two vertical walls of the box section, respectively.

Z

Fig. 1. The dimensions, cross section and coordinate system of the footbridge. The three directions are named as
the longitudinal (X), the horizontal (Y), and the vertical (Z) directions.

The fundamental assumptions of the SLE include [35, 37-39]:

(1) The cross-sectional stiffness of the thin-walled section is not infinite and thus the cross
section can deform both in and out of the plane. In the deformation process, the two vertical walls
can basically remain in the plane and thus they are assumed to deform only in the plane.

(2) However, when the structure is deformed, the top and bottom walls have main movements
in the X direction. The top and bottom walls’ movements in the X direction can be expressed as
parabolas along the Y direction.

(3) Considering the fact that the movements mainly exist in the X direction for the top and
bottom walls, it assumes that the normal strain only exists in the X direction, i.e., & # 0 and &, =
&, = 0. Correspondingly, the shear strains are y,, =¥y, =0 and y,, # 0.

(4) To describe deformations of the cross section, displacement functions are introduced as: for

the two vertical walls, the displacement in the Z direction is w = w(x, t) (independent on y); for
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the top and bottom walls, the displacements in the X direction are u = u(x, y, t). The later can also

be expressed as
u=u(xy,0) = i+ (1-2)0(x, )] (1
with h the distance from the centroid of the cross section to the top wall h; or to the bottom wall
hy,. b = (W —2T,,)/2 is half of the inner width of the cross section box. 8(x,t) is the rotational
angle of the cross section. Based on its sinusoidal function-like shape, the rotational angle can be
further expressed as
0(x,t) = 6, cos (”Tx) sin(wt + @) 2
The displacement in the Z direction with considering the SLE is similar to the case without
considering the SLE, and thus it inherits the displacement function as

w = w(x,t) = w,sin (EL—X) sin(wt + @) 3)

2.2 Free vibration of footbridge with thin-walled box section considering SLE
The structure is assumed to be elastic when it is under free vibration. In addition, there is no
additional energy input from the outside of the system. Thus, based on the Hamilton principle, it

has:
SH=35 ft?(u —T)dt =0 @)

where U and T are the strain energy and kinetic energy of the system, respectively. The strain

energy can be obtained by

U=3[|E@E)?+ G(yyx)z] dv (5)
where E and G are elastic modulus and shear modulus, respectively; ¢, = g—z and y,, = Z—;.
The kinetic energy can be expresses as
T = %f foLp((;—:/)z dxdA = i pAwé w?L[cos(wt + ¢)]? (6)

Thus, for a duration of a full vibration period ([0, 27/w]), substituting Eq. (5) and (6) into Eq.
(4) yields
OH OH

Eq. (5) requires the following equation must be satisfied:
7
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0H

owg -

i ®)

dug
and thus, it leads to the binary linear equations for w, and u,.
By evaluating the corresponding determinant and obtaining non-zero roots, the fundamental
natural circular frequency w of the structure with considering the SLE can be derived, and the

corresponding fundamental natural frequency is

fisLE = Zﬁ (1-R) [g ﬂ] =1-R)f ©)

T mL*

where f; = g is the fundamental natural frequency of the structure without considering the

mL*
SLE (the classic solution); m = pA = p[WH — (W — 2T,,)(H — T — T},)] is the mass per unit
length, with p the density of material; £ is elastic modulus of material; I is moment of inertia of
the cross section. Therefore, it theoretically obtains that the fundamental natural frequency for the

case with considering the SLE has a reduction ratio R, and it is expressed as

. 35¢,
40+28c,c2 /m?

(10)
where the first coefficient ¢; reflects the contribution of moment of inertia from the top and bottom

walls I; and I, as

1 1
o = ety _ SWTOPHAWT(he)? +SW (Tp)>+WT (hy)?
1 I SWH3——(W=2T,,) (H—T,~T})?

(11)

The second coefficient ¢, is the ratio of the shear modulus to the Young’s modulus and it is

dependent on the Poisson’s ratio v, i.e.,

G 1
2= 5= 20+ (12)
The last coefficient c5 is related to the span-width ratio
L L
3= % = w-m, (13)

with 2b the inner width of the cross section box.
Similarly, the natural frequency of the n™ mode for the structure with considering the SLE can

also be obtained by introducing the reduction ratio:

fasie = (1- OEL (2] (14)

8
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2.3 Parametric study

Based on the theoretical solutions, the main governing parameters can be determined. In this
subsection, the influences of four dimensionless parameters, i.e., span-width ratio, section thickness-
width ratio, height-width ratio and Poisson’s ratio, on the fundamental natural frequency and the
corresponding reduction ratio R of the footbridge are presented. The footbridge with typical thin-
walled box section shown in Fig. 1 is adopted as the benchmark structure for the parametric analysis.
The dimensions of the benchmark footbridge are tabulated in Table 1. The Poisson’s ratio of the

benchmark structure is 0.30.

Table 1 The dimensions of the benchmark footbridge (unit: m)

L w H T, T, T,

50 3 3 0.1 0.1 0.1

2.3.1 Influence of span-width ratio

Different span-width ratios are presented by varying the typical spans from 25 m to 100 m while the
width remains 3 m. Fig. 2 shows the fundamental natural frequencies and reduction ratios for
different span-width ratios. In Fig. 2(a), the cases of ‘with SLE’, ‘w/o SLE’ and ‘FEM solution’
represent the scenarios of the theoretical solutions with and without considering the SLE and the
Finite Element Method (FEM)-based numerical solution using the finite element software ANSY'S
V15.0, respectively. More specifically, for the FEM-based solutions, the BEAM188 element is
adopted in ANSY'S, then the cross section of the structure can be assumed to be infinite in the cross-
sectional stiffness, which is similar to the case without considering the SLE. In the comparisons, the
FEM-based solutions adopt four typical spans 25 m, 50 m, 75 m and 100 m. As shown in Fig. 2(a),
with the increasing of the span-width ratio, the fundamental natural frequency decreases. The
reduction of the natural frequencies due to the SLE becomes less and less significant with the
increase of the span-width ratio, i.e. the reduction ratio is gradually approaching 0, as shown in Fig.
2(b). It implies that the SLE is more significant for footbridges with smaller span-width ratio. The
comparison between ‘w/o SLE’ and ‘FEM solution’ in Fig. 2(a) also validates the theoretical
solution for the case without considering the SLE. In reality, the cross-sectional stiffness is not
infinite, and the cross section has the ability to deform both in and out of the plane. In other words,

when the SLE is considered, the cross section is less stiff than the case of the beam model. It explains
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the decrease in natural frequency when the SLE is considered.

E 15 T T T T i 0.25
- 9, —with SLE
2 \ -—-w/o SLE — 0ol
g \ o FEM solution -
o =2
2101 °
= = 0.15
= 2 01
s 5t S
g 5
8 20.05f
=
3
S 0 : : . : 0 : ‘ : ' :
E 5 10 15 20 25 30 35 5 10 15 20 25 30 35
span-width ratio [-] span-width ratio [-]
(a) (b)

Fig. 2. Variation of fundamental natural frequency and reduction ratio with respect to span-width ratio: (a)

fundamental natural frequency; (b) reduction ratio.

2.3.2 Influence of section thickness-width ratio

Different section thickness-width ratios are illustrated by varying the typical section thickness from
0.05 m to 0.40 m while the width remains 3 m. Fig. 3 presents the fundamental natural frequencies
and reduction ratios for different section thickness-width ratios. Fig. 3(a) clearly illustrates that the
fundamental natural frequency linearly decreases with the increase of the section thickness-width
ratio. When the SLE is considered, the fundamental natural frequencies are reduced. Fig. 3(b) further
indicates that the reduction ratio decreases with the increase of the section thickness-width ratio.

Therefore, the SLE is more significant for the footbridge with smaller section thickness-width ratio.

T 4 ‘ 0.075

- ——with SLE

2 -—-w/o SLE — 0.07°F

338 >~ © FEM solution ] i

g *0.065 |

& e

= =

=1 3.6+ ; 0.06 |

= 2

= 5 0.055

8 L st

5 4 = 0.05

g .

<

g 3.2 ' : 0.045 ' '

= 0 0.05 0.1 0.15 0 0.05 0.1 0.15
thickness-width ratio [-] thickness-width ratio [-]

(a) (b)

Fig. 3. Variation of fundamental natural frequency and reduction ratio with respect to section thickness-width ratio:
(a) fundamental natural frequency; (b) reduction ratio.

2.3.3 Influence of height-width ratio

10
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Different height-width ratios are shown by varying the heights from 1.5 m to 6.0 m while the width
remains 3 m. Fig. 4 depicts the fundamental natural frequencies and reduction ratios for different
height-width ratios. It can be drawn from Fig. 4(a) that with the increasing of the height-width ratio,
the fundamental natural frequency increases. The fundamental natural frequencies for the case with
considering the SLE are lower than the case without considering the SLE. Fig. 4(b) shows that the
reduction ratio decreases with the increase of the height-width ratio. Therefore, the SLE is more

significant for the footbridge with lower height-width ratio.

[Hz]

0.085
-0
2
26l — 0.08
g i
o ~
£ 2 0.075
= s
£ 4 = 0.07
< .
Z3t 5 0.065 |
<
= ——with SLE 3
2 2 ~—-w/o SLE = 0.06¢
_g o FEM solution
S 1 ‘ ‘ 0.055 :
205 1 15 2 0.5 1 1.5 2
height-width ratio [-] height-width ratio [-]
(a) (b)

Fig. 4. Variation of fundamental natural frequency and reduction ratio with respect to height-width ratio: (a)
fundamental natural frequency; (b) reduction ratio.

2.3.4 Influence of Poisson’s ratio

Different Poisson’s ratios for typical footbridge materials, e.g., concrete and steel, are considered
with the range of [0.20, 0.35]. Fig. 5 provides the fundamental natural frequencies and reduction
ratios for different Poisson’s ratios. Fig. 5(a) indicates that for the case without considering the SLE,
the Poisson’s ratio has negligible effect on the fundamental natural frequency; while for the case
with considering the SLE, the fundamental natural frequency slightly decreases with the increase of
the Poisson’s ratio. Fig. 5(b) shows that the reduction ratio increases with the increase of the
Poisson’s ratio. It demonstrates that the SLE is more significant for the steel footbridge with larger

Poisson’s ratio than the concrete footbridge with smaller Poisson’s ratio.
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T 3.8 ‘ 0.074

R ——with SLE

= —-—-w/o SLE —

8376 o FEM solution | | 50072

g o v ] (a4

& 2 007}
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= ]

S g= 0.068

= =

= 3.5 =

8 £ 0.066

=)
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=34 . : 0.064 ' '

202 0.25 0.3 0.35 0.2 0.25 0.3 0.35
Poisson’s ratio [-] Poisson’s ratio [-]

(a) (b)

Fig. 5. Variation of fundamental natural frequency and reduction ratio with respect to Poisson’s ratio: (a)
fundamental natural frequency; (b) reduction ratio.

2.3.5 Conclusions of parametric study

The above parametric analysis demonstrates that the natural frequencies of the footbridge can be
significantly altered by considering the SLE. When being modelled in FEM software (e.g., ANSYS),
the natural frequencies for the case ‘with SLE’ will be closer to the predicted values by the FEM
model with shell element, which allows the cross section to deform both in and out of the plane. On
the contrary, the results for the case ‘w/o SLE’ are nearer to the predicted results by the FEM model
with beam element, i.e., the cross section only can deform in the plane due to assumed infinite cross-
sectional stiffness. In other words, when the SLE is considered, the cross section is less stiff than
the case of the beam model. It explains the decrease in natural frequency when the SLE is considered.
Comparisons between the calculated results using Egs. (9-14) and the predicted results of FEM
models can also be applied to validate the theoretical solutions for the case with SLE. To sum up,
the footbridges with smaller span-width ratios, smaller section thickness-width ratios, smaller
height-width ratios and larger Poisson’s ratios are more necessary to take the SLE into consideration.
These uncertainties in the predicted natural frequencies due to the SLE may further result in
inaccuracy in the prediction of pedestrian-induced vibrations of the footbridges.

3. Simplified strategy of considering SLE

As demonstrated in Section 2, the key task of considering the SLE is to determine the reduction
ratio R. To consider the SLE on pedestrian-induced vibration and TMD-based vibration control of
footbridges with thin-walled box section, for typical footbridges with different span-width ratios,

section thickness-width ratios, height-width ratios and Poisson’s ratios, the reduction ratio can be
12
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determined by referring the contour lines of the reduction ratios over different combinations of the

governing parameters as determined in Section 2. The main procedures of the simplified strategy of

considering the SLE are as follows.

(1)

)

€)

(4)

©)

Pre-formulate the contour lines of the reduction ratios over different combinations of the
governing parameters of the SLE in terms of natural frequency, as shown in Fig. 6. It can
be conducted based on detailed parametric analysis using the analytical solutions of the
SLE in Section 2. The corresponding simulations are only required to be done once for
further applications. Thus, it is efficient and effective.

Collect the governing parameters for the considered footbridge, i.e., span-width ratio,
section thickness-width ratio, height-width ratio, and Poisson’s ratio. These parameters
can be conveniently obtained, e.g., from the plan of the footbridge.

Determine the reduction ratio R for the considered footbridge from the pre-formulated
contour lines by using the governing parameters.

Obtain the natural frequencies of the structure without considering the SLE f,, based on

the FEM using the beam element, or directly use the solutions based on the classical beam
2
theory for typical beam-like footbridges, i.e. f,, = % ’ %, where n is the dominating

mode. It is notable that FEM analysis based on beam element is much more
computationally efficient than shell modelling. Thus, the proposed simplified strategy
provides an efficient way to consider SLE by the reduction ratio R.

Determine the natural frequencies of the structure with considering the SLE f,, st by

using Eq. (14).
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Fig. 6. Pre-formulated contour lines of the reduction ratios over different combinations of the governing
parameters of the SLE in terms of natural frequency: An illustrative example for (a) height-width ratio = 1.0 and
Poisson’s ratio = 0.30; (b) section thickness-width ratio = 10/300 and Poisson’s ratio = 0.30; (c) height-width ratio
= 1.0 and section thickness-width ratio = 10/300; (d) span-width ratio = 50/3 and Poisson’s ratio = 0.30; (e) span-
width ratio = 50/3 and height-width ratio = 1.0; (f) span-width ratio = 50/3 and section thickness-width ratio =
10/300.

4. Calculation of pedestrian-induced vibration of footbridges
4.1 Pedestrian-Structure system
According to the design guidelines such as Sétra [7] and HiVoSS [8], the structural responses of
footbridges are often dominated by one mode of the structure, of which the natural frequency is
close to the pedestrian-induced excitations. For a pedestrian-structure system, the governing
equation of motion can be expressed as:

MgridgeZBridge t CBridgeZBridge T KBridgeZBridge = Fpea ()¢ (x) (15)
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where Mpyigge, Chridge = 2MBridgeBridge (27 fridge) and Kpridge = mBridge(ZT[fBridge)z are
the corresponding modal mass, damping and stiffness coefficients of the bridge, respectively, in
which fgrigge and (grigge are the natural frequency and damping ratio of the bridge, respectively;
ZBridge> ZBridge aNd Zprigge are the modal acceleration, velocity and displacement of the bridge,
respectively; Fpeq(t) is the pedestrian-induced force; ¢(x) is the corresponding vibration mode.

The pedestrian-induced forces induced by single person are considered by taking the
dominating harmonic of the largest component of the walking force as follows:

Fualk,z(t)/Gpea = 1 + DLE, sin(27 fpeqt + @) (16)
where Fyx,(t) is the pedestrian induced walking force in the vertical (Z) direction of the bridge
deck (Fig. 1), respectively; Gpeq 1s the pedestrian’s weight; DLF, is the corresponding dynamic
load factor (DLF) in the vertical (Z) direction; fyeq is the walking step frequency; ¢, is the phase
angle in the vertical (Z) direction. All these parameters are diverse for different individuals because
of the inter-subject variability and they are not even always the same for the same person due to the
intra-subject variability.

In this study, to illustrate the effects of SLE on pedestrian-induced vibrations, the walking force
model is considered in two different ways as follows.

(1) A deterministic model: to keep the model as realistic and simple as possible in investigating
the SLE, a deterministic set of values is firstly applied, e.g. as proposed/applied in [41-42]: G,eq =
800 N, DLF, = 0.4, fpeq =2 Hz,and ¢, = 0. When necessary, to calculate the maximum peak
acceleration response, the step frequency fyeq can be set to the resonant frequency.

(2) A probabilistic model: to consider the inter- and intra-subject variability of walking forces,
the pedestrian weight Gpeq is considered as a normal distribution, e.g. with a mean of 800 N and a
variation coefficient of 10%. Step frequency f,eq follows a normal distribution, e.g. with a mean
of 2 Hz and a standard deviation of 0.173 Hz, according to Matsumoto et al. [43]. When the
maximum peak acceleration response is interested, the mean step frequency can be set to the resonant
frequency as it does in the deterministic model. According to Young [44-45], the dynamic load factors

in the vertical depends on step frequency as: DLF, = 0'41(fped —0.95), in which fyeq in[l, 2.8]

Hz. Due to the lack of reliable experimental data and explicit physical meaning, the phase angles
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are kept as ¢, = 0. For a continuous pedestrian flow, the arrival times of different persons in the
crowd are normally considered as a Poisson process, e.g. as applied in [2].

Fig. 7 presents the vertical component of the normalized walking force, which is defined as the
ratio of the walking force to the pedestrian’s weight, in accordance with the applied deterministic
set of parametric values. Fig. 7 further indicates that the vertical component of the walking force
fluctuates near the body weight, with the maximum amplitude of (1+ DLE,)" Gyeq
Correspondingly, the modal loads for the deterministic model are obtained by multiplying the
walking forces with the mode shapes. For a sinusoidal mode shape, the modal loads are maximum
when the pedestrian is walking at the midspan of the structure; while they become zero before the

person’s arrival on and after the person’s left off the bridge.

WSBI

1.5

i

0.5

normalized force [-]

0 0.2 0.4 0.6 0.8 1
normalized time [-]

Fig. 7. The considered normalized walking forces of the deterministic model.

4.2 Reduction of pedestrian-induced vibration using TMD

To reduce the pedestrian-induced vibration of civil structures, installation of the TMD is a widely-
applied and effective approach [46-47]. In the pedestrian-structure system with a TMD shown in
Fig. 8, mrmp, crmp = 2Mrmplrmp (27 frmp) and kpymp = mmp (27 frmp)?® are the mass,
damping and stiffness coefficients of the TMD; in which fryp and {pyp are the natural

frequency and damping ratio of the TMD, respectively.
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Fig. 8. A pedestrian-structure system with a TMD.
The governing equations of motion for the pedestrian-structure system with a TMD are:
mBridgeiBridge + CBridgeZBridge + kBridgeZBridge — CTMD (ZTMD - ZBridge) -
kTMD(ZTMD - ZBridge) = Fpea(t)(x) (17)
MrmpZrmp + CTMD (ZTMD - ZBridge) + ktmp (ZTMD - ZBridge) =0 (18)
where Zrvp, Zrmp and zryp are the acceleration, velocity and displacement of the TMD,
respectively.

To determine the design parameters of the TMD, resonant conditions are assumed, i.e.,
resonance with the targeted mode where the TMD is tuned is assumed. Furthermore, mass ratio y,,
and frequency ratio yp are introduced. Mass ratio y,, is defined as the ratio of the TMD mass
mpyp to the bridge mass mpjgge. Similarly, frequency ratio yp is defined as the ratio of the TMD
frequency frmp to the bridge frequency fgrigge- For a given mass ratio y, Den Hartog [48]

provided the classical solution for determining the optimal TMD parameters by minimising the

maximum displacement response of the structure, i.e.,

frmp 1
= — = — 1
Vr fBridge 1+ym ( 9)
_ 3Ym
Crup = [som 20)

Then, the optimal TMD parameters are summarized as follows:

mMtmp = YMMBridge (21)

4Ty, 3y,
crmp = 2Mymplrmp 27 frmp) = —— ’MTI;IM)mBridgefBridge (22)

1+ym

am? 2
ktmp = Mmp 27 frmp)? = ﬁmsridge(ﬁaridge) (23)

It can be seen from the above equations that all the three parameters of the TMD are dependent
on the mass ratio y,,, which is determined by the designer.
4.3 Flowchart of calculating pedestrian-induced vibration of footbridges
For a footbridge subjected to pedestrian-induced excitations, i.e., a pedestrian-structure system, the
structural responses can be obtained by solving the governing equation of motion (Eq. 15) and the

walking force model in the subsection 4.1. The footbridge can be simulated by FEM using the beam
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element or the simplified mathematic model, i.e., structural equation of motion. Then, the
fundamental natural frequency of the footbridge f; (fgriage) Without considering the SLE can be
obtained. Next, the fundamental natural frequency of the footbridge fisie (fBridge ) With
considering the SLE can be calculated by using Eq. (9) or the simplified strategy indicated in Section
3.Based on f; or fjgpE, the parameters of the TMD can be respectively determined by using the
design method presented in the subsection 4.2. As a result, the installation of the TMD into the
pedestrian-structure system forms a new coupled system, i.e., the pedestrian-TMD-structure system,
which has two different sets of parameter values, corresponding to the two cases without and with
considering the SLE. The structural responses of them can be obtained by solving the governing
equation of motion (Eq. 17) and the walking force model in the subsection 4.1. Fig. 9 illustrates the

flowchart of calculating the pedestrian-induced vibration of footbridges.

. ey e Footbridge - Structural response of
Walking force model - : : i > - I
5 (Dimensions, material parameters) — pﬁ'(leﬂ|'1:m-strm‘l1|re system
FEM using Simplified
beam element modelling

L]
-
Structural response of

= pedestrian-TMD-structure

‘ ‘ system

Simplified
strategy

| |

‘ Using Eq. (9) |OR

]

Jisie =-R)f;

Design of TMD
n k

™p > S » K rvp

Fig. 9. Flowchart of calculating pedestrian-induced vibration of footbridges.

5. Influence of SLE on pedestrian-induced vibration

5.1 Structural parameters

The footbridge with typical thin-walled box section shown in Fig. 1 is adopted as the example
structure. The length L of the considered structure is 70 m, while other dimensions of the
footbridges are inherited from Table 1. The material properties are also the same as those of the
benchmark structure in the subsection 2.3. The corresponding damping ratio is assumed to be 0.5%.

The modal mass is considered as 50 tons for the example structure. According to the simplified
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strategy (Section 3), considering the span-width ratio (70/3), section thickness-width ratio (10/300),
height-width ratio (3/3), and Poisson’s ratio (0.3), the reduction ratio R of the fundamental frequency
can be obtained from the pre-formulated contour lines as 3.76%. The fundamental frequency
without considering SLE can be calculated based on the beam theory, i.e. f; = 1.9168 Hz. Then,
the value for the case with SLE is determined as f; sg = 1.8448 Hz. These parameters are applied
for further analysis.

5.2 Structural responses

5.2.1 Results based on the deterministic force model

Fig. 10 shows the time history of the induced structural responses during the pedestrian passing the
bridge with a walking speed of 1.5 m/s for the example structure with the length of 70 m. As shown
in Fig. 10, large discrepancies are observed in the prediction of the pedestrian-induced vibrations of
the footbridges with and without considering the SLE. For the special case in Fig. 10, the peak
acceleration without considering the SLE is approximately twice that of the case with considering
the SLE. For broad applications in the vibration serviceability, the inaccuracy/unreliable predictions
of pedestrian-induced vibrations may be caused when the actual natural frequency should be f; s,

which is however considered as f; due to without considering the SLE.

2 .
o ——w/o SLE
o ——with SLE
)
: l L
s
)
©
S 0
o)
1)
N
S -1+t
£
o)
=]

) . . . .

0 0.2 0.4 0.6 0.8 1

normalized time [-]
Fig. 10. Time history of the induced structural responses during the pedestrian passing the bridge.

Fig. 11 further illustrates the peak acceleration ratios of the case without considering the SLE
to the case with considering the SLE for the induced structural responses during the pedestrian
passing the bridge for different span-width ratios, section thickness-width ratios, height-width ratios

and Poisson’s ratios, respectively. It can be drawn from Fig. 11 that:
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(1) Fig. 11(a): When the span-width ratio is lower than 23, without considering the SLE results
in lower vibration responses; while when the span-width ratio is higher than 23, without considering
the SLE results in higher vibration responses. For large span-width ratios, with the increase of the
span-width ratio, the peak acceleration ratio approaches to 1. This can be explained by the variation
of fundamental natural frequencies for different span-width ratios (Fig. 2). For instance, when the
span-width ratio is close to 23, the natural frequency (e.g. for the example structure, the span-width
ratio is 23.33, with corresponding f; g1 g = 1.8448 Hz and f; = 1.9618 Hz) is approaching the
excitation frequency 2 Hz, it may result in very sensitive changes in structural responses even if
there are relatively small changes in natural frequency.

(2) Fig. 11(b): With the increase of the section thickness-width ratio, the peak acceleration ratio
increases but not more than 1. It means that the predicted structural responses are lower for the case
without considering the SLE than the case with considering the SLE, of which the natural frequency
is closer to the excitation frequency (Fig. 3).

(3) Fig. 11(c): With the increase of the height-width ratio, the peak acceleration ratio
approaches to 1, which means the SLE becomes insignificant. It also should be noted that when the
height-width ratio is 0.5, the predicted structural responses for the case without considering the SLE
are much higher than the case with considering the SLE due to the near-resonance for the case
without considering the SLE (Fig. 4).

(4) Fig. 11(d): The effect of Poisson’s ratio on the peak acceleration ratio is relatively
insignificant, which results from that the fundamental natural frequency does not vary much with

the Poisson’s ratio (Fig. 5).
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Fig. 11. Peak acceleration ratio (the case without SLE to the case with SLE) of the induced structural responses
during the pedestrian passing the bridge for different (a) span-width ratios, (b) section thicknesses, (c) height-width

ratios, and (d) Poisson’s ratios.

5.2.2 Results based on the probabilistic force model

To consider the inter- and intra-subject variability of walking forces, large number of persons with
different parametric values in accordance with the probabilistic model are adopted in the study (as
discussed in the subsection 4.1). Fig. 12 compares the induced structural responses by different
persons, in terms of non-exceedance probability of the peak acceleration ratio. Several conclusions
can be drawn from Fig. 12 and as follows:

(1) For different span-width ratios (Fig. 12(a)), the majority of peak acceleration ratios are near
or lower than 1, i.e., without considering the SLE, the predicted structural responses are probably
lower than the actual case with considering the SLE. It should be noted that the peak acceleration
ratio can even reach to 6. It means that considering the SLE also might result in much higher
structural responses in predictions. In addition, the SLE becomes insignificant for the cumulative
probability range of [0.5, 0.9] as the peak acceleration ratios are close to 1.

(2) For different height-width ratios (Fig. 12(c)), over 80% of the peak acceleration ratios are
near the value of 1. In other words, the SLE is insignificant for most cases. However, the remaining
less than 20% cases can be very significant because the peak acceleration ratios can reach either 0

or over 10.

22



482

483

484

485

486

487

488

489

490

491

492

493

494
495

496
497
498
499

500

Shear lag effects on pedestrian-induced vibration and TMD-based vibration control of footbridges

(3) The effects of section thickness-width ratio and Poisson’s ratio are not very significant,
resulting in very narrow ranges for the peak acceleration ratios with values slightly lower than 1
(Fig. 12(b) and (d)).

(4) The SLE on the prediction of pedestrian-induced vibrations are mainly dependent on the
ratio of the excitation frequency to the structural natural frequency. When the excitation frequency
and the structural natural frequency are close, the SLE becomes significant. This results from that
the induced acceleration amplitudes mainly depend on the excitation frequency and the structural
natural frequency. In addition, the changes in structural responses may be very sensitive to even
relatively small changes in the structural natural frequency due to the SLE.

All these results also confirm the necessity of considering the SLE in predicting the pedestrian-

induced vibrations of the footbridges.
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Fig. 12. Comparison of induced structural responses by different persons in terms of peak acceleration ratios for
different (a) span-width ratios, (b) section thickness-width ratios, (c) height-width ratios, and (d) Poisson’s ratios.

6. Influence of SLE on TMD-based vibration control
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6.1 TMD parameters

The TMD parameters are required to be tuned based on the actual modal parameters, i.e., the case
with SLE (f; spg). Thus, design parameters of the TMD are different if the SLE is not considered
(f1). For the example structure, the mass ratio is considered as y,; = 0.01. The TMD parameters
can be determined by using Eqgs. (19-23). As a result, when the TMD is designed based on the case
without considering the SLE, the damping ratio and natural frequency of the TMD are {typ =
0.0609 and frmp = 1.8978 Hz, respectively. For the actual case with considering the SLE, the
damping ratio and natural frequency of the TMD are {ryps g = 0.0609 and frypsig = 1.8265

Hz, respectively. Other design parameters of the TMD are listed in Table 2.

Table 2 Design parameters of TMD

Case Damping ratio Frequency (Hz) Mass (ton) Damping (N-s/m) Stiffness (N/m)
w/o SLE 0.0609 1.8978 0.5 726.6 7.11 x 10*
with SLE 0.0609 1.8265 0.5 699.3 6.59% 10*

6.2 Structural responses
To quantify the damping effect of the TMD on the structural responses, reduction factor of the TMD
Rryp can be defined based on the reduction in the structural responses, as:

max| i |
RTMD — 1 _ with TMD (24)
max|uUwithout TMD|

where Uyith Tmp and Uwithout TMp are the structural responses (acceleration or displacement)
with and without the TMD, respectively.

Fig. 13 shows the comparison of normalized acceleration and displacement time history curves
of structural systems with and without the TMD for the example structure. It can be seen from Fig.

13 that the instalment of the TMD has excellent performance in mitigating structural responses.
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Fig. 13. Comparison of normalized acceleration and displacement time history curves of structural systems

with TMD and without TMD for the example structure: (a) acceleration; (b) displacement.

Fig. 14 further compares structural responses of pedestrian-TMD-structure systems with and
without considering the SLE for the example structure. As shown in Fig. 14, although there is merely
3.76% reduction in the structural natural frequency (1.9168 Hz vs. 1.8448 Hz) by considering the
SLE, the damping effect of the TMD designed without considering the SLE is less superior as the
TMD designed with considering the SLE. To be specific, the reduction factors Ryyp of
acceleration responses for the cases without and with considering the SLE are 83.79% and 84.53%,
respectively, while the reduction factors Rpyp of displacement responses for the cases without and
with considering the SLE are 80.8% and 81.55%, respectively. When without SLE considering in
the TMD design, the acceleration amplitude can only be reduced to 16.21% of the acceleration
amplitude of the case without TMD installed, which is higher than 15.47% the case with SLE. The
remained displacement amplitudes are about 19.20% and 18.45% of the displacement amplitude of
the case without TMD installed for the case without and with SLE considered in the TMD design,

respectively. Correspondingly, the effective damping ratio of the structure with TMD is reduced
25
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around 3.87%. It is notable that, although the reduction in the effective damping ratio is not
incredibly significant for the considered structure, it already shows the negative effects of the SLE
in the vibration mitigation. More significant effects will be illustrated in following paragraphs with

other investigations.
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Fig. 14. Comparison of normalized acceleration and displacement time history curves of the pedestrian-
TMD-structure system with and without considering the SLE for the example structure: (a) acceleration; (b)
displacement.

For other cases, the difference between the reduction effects of the TMDs designed with and
without considering the SLE might be more significant. To be quantified, the reduction factors
Rrymp of acceleration and displacement responses for different span-width ratios, section
thicknesses, height-width ratios, and Poisson’s ratios are provided in Figs. 15 and 16, respectively.
It can be found that the reduction factors Rryp of acceleration and displacement responses have
very similar trends. When the TMD is designed with considering the SLE, the reduction factors are
constants. On the contrary, the reduction factors become variables when the TMD is designed

without considering the SLE. The reduction factors of the TMD designed with considering the SLE
26
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are always larger than the corresponding TMD without considering the SLE. With the increasing of
the span-width ratio, thickness-width ratio, height-width ratio, or the decreasing of the Poisson’s
ratio, the gap becomes smaller due to less significant SLE. In addition, the span-width ratio has the
most significant influence on the differences of the reduction factors for two different TMDs. The
thickness-width ratio and thickness-width ratio are less significant, and the influence of the
Poisson’s ratio is relatively insignificant. This is also validated by the plot of effective damping ratio
of the system (Fig. 17). For instance, when the span-width ratio is smaller than 10, the reduction in
the effective damping ratio can be over 50%. For different thickness-width ratios, height-width
ratios, and Poisson’s ratios, the largest reductions can only be around 20%. On the other hand, the
reduction in effective damping capacity due to without considering SLE in the TMD-design result

in less effective in the vibration mitigation.
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Fig. 15. Reduction factors of acceleration responses without and with considering the SLE for different (a) span-

width ratios, (b) section thickness-width ratio, (c) height-width ratios, and (d) Poisson’s ratios.
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Fig. 16. Reduction factors of displacement responses without and with considering the SLE for different (a) span-

width ratios, (b) section thickness-width ratio, (c) height-width ratios, and (d) Poisson’s ratios.
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Fig. 17. Reductions in the effective damping ratio due to the designed TMD without considering the SLE for

different (a) span-width ratios, (b) section thickness-width ratio, (c) height-width ratios, and (d) Poisson’s ratios.

7. Conclusions

This paper investigates the SLE on the pedestrian-induced vibration and TMD-based vibration

control of typical footbridges with thin-walled box section, by providing the theoretical framework

to consider the SLE on the natural frequencies of the structure. Furthermore, an efficient way to

consider the SLE is proposed. The main conclusions are drawn as follows:

(1

2

A3)

(4)

The SLE on the natural frequencies of the structure can be considered with a reduction
ratio to the corresponding case without considering SLE (the classic solutions of natural
frequencies).

The footbridges with smaller span-width ratios, smaller section thickness-width ratios, and
lower height-width ratios are more necessary to consider the SLE. Furthermore, although
the Poisson’s ratio effects are relatively lower than other aspects, the steel bridges still need
to be paid to attention for the SLE. Due to the SLE, it may result in significant reductions
in the natural frequencies of the structures.

These reductions in the predicted natural frequencies due to ignore the SLE may further
result in significantly inaccuracy in the prediction of pedestrian-induced vibrations of the
footbridges.

Furthermore, the most often applied mitigation measures may not be reliably designed.
Due to the fact that TMD is only effective in a narrow frequency range near the damped
mode, TMD design needs to reliable modal parameters and thus requires considering the

SLE in the TMD-based vibration control of footbridges with thin-walled box section.
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Otherwise, it may result in very significant reduction in the effectiveness of the vibration
mitigation measures.

The study is illustrated mainly based on typical footbridges with thin-walled box sections;

however, the proposed methodology can be applied to the vibration serviceability analysis for all

other footbridges.
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