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Abstract: A method to temporally tailor the properties of X-ray radiation carrying Orbital
Angular Momentum (OAM) is presented. In simulations, an electron beam is prepared with a
temporally modulated micro-bunching structure which, when radiating at the second harmonic
in a helical undulator, generates OAM light with a corresponding temporally modulated intensity.
This method is shown to generate attosecond pulse trains of OAM light without the need for any
additional external optics, making the wavelength range tunable. In addition to the OAM pulse
train, the method can be adapted to generate radiation where the handedness of the OAM mode
may also be temporally modulated (flipped).
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1. Introduction

Light-matter interactions play an important role in our understanding of material interactions
across most of science, from how viruses function to the properties of matter at the centre of gas
giant planets. The material properties that can be observed depend critically upon the form of
the light used: wavelength, intensity, temporal duration etc. Much research is therefore devoted
to improving upon, or developing new forms of light, that can access previously unobserved
material properties.

Increasing attention is being given to light with helical wave-fronts, as its transverse phase
rotation means the light carries orbital angular momentum (OAM). This OAM is distinct from
the spin momentum of the light and can be significantly greater, allowing another dimension
of light-matter interactions to be explored and utilised. Allen et al. [1] was first to recognise
that OAM is a property belonging to light with an azimuthal phase dependence given by exp iℓϕ,
where ϕ is the azimuthal angle and ℓ the mode index. Since publication of this seminal paper in
1992, there has been significant research interest in the scientific applications of this light which
has benefited numerous fields [2] such as imaging [3,4] and communication [5]. As OAM can be
exchanged with atoms and molecules, there has also been great interest in the study of OAM light
with matter [6–10]. This is being further developed by investigating new methods to generate
OAM light pulses that can interact with matter at its fundamental spatial (X-ray wavelengths) and
temporal (attosecond) scales [11–14].

There has been specific interest in the generation of pulses of OAM light at XUV and
X-ray wavelengths due to predicted experimental applications [15,16]. To meet this need, short
individual pulses and trains of pulses have been generated at XUV using high harmonic generation
[17–20]. Although these methods are predicted to work into the soft X-ray, this is yet to be
demonstrated. OAM light can be generated by manipulating the phase profile of Gaussian beams
with l = 0 using optical elements which convert the light phase. These require precise fabrication
which can be particularly challenging at shorter wavelengths, although elements which work at
XUV and X-ray wavelengths are becoming increasingly available [21]. However, these optical
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elements are not tuneable, so different elements are required at different wavelengths, and are
susceptible to damage at the high intensities made possible by FELs. Such conventional optical
elements can also pose a barrier to the rate at which the OAM mode of the light can be controlled.
Routine OAM switching optics, such as spatial light modulators, only achieve a mode switching
rate in the kHz range, although this could possibly be improved on with more complex techniques.

In recent developments at short wavelengths, a temporal variation in the OAM of a light beam
(a ‘self-torqued’ beam) has been achieved using harmonic generation [22] and opens up another
new branch of potential applications.

Free Electron Lasers (FELs) provide a method for generating intense OAM light without the
need for additional optical elements. There has been significant progress in the generation of light
with OAM in a FEL including experimental demonstration [23,24] and the proposed combination
of OAM modes to generate Poincaré X-ray beams [25]. However, current FEL studies have not
yet considered the detailed control of the temporal properties of the OAM light.

In this article, a new method is proposed to use a FEL to generate high power, X-ray OAM
light with attosecond intensity modulation. The approach uses a FEL ‘afterburner’ configuration
[26]. This consists of a main FEL lasing section that first develops a strongly modulated electron
beam micro-bunching which is then injected into the helical undulator afterburner where the
attosecond timescale, temporally modulated OAM light is generated. A small modification to
this approach, the addition of a second afterburner undulator, allows the generation of light pulses
which alternate between l = ±1 OAM modes, again at attosecond timescales. The alternation of
OAM light at such fast timescales and short wavelengths would be the first demonstration of such
output.

2. Orbital angular momentum from relativistic electron beams

OAM was first shown to be carried by the harmonic radiation emitted from electrons propagating
in a spiral path through a helical undulator [27,28]. The light may be described via Gauss-Laguerre
modes can be characterised by the OAM index:

ℓ = ±(h − 1), (1)

where h is the harmonic number of the radiation and the mode index ℓ, is sign dependent
upon the handedness of the undulator. This theoretical work was subsequently experimentally
corroborated with OAM demonstrated to be carried by both incoherent and coherent undulator
radiation [24,29]. Other methods have been proposed to generate OAM light with relativistic
electron beams. Some of these methods do not require emission at the harmonics of the emitting
undulator [23,30], while other methods simply filter out harmonic radiation from the helical
undulator, which contains the OAM emission, by using optical filters. Such filters, however, have
very limited tunability and can be fragile at the high intensities generated by an FEL.

Here, a FEL afterburner arrangement is used [29] in which an energy modulated electron
beam is used. An FEL amplifier then bunches the electron beam before it is propagated into a
downstream helical undulator, the afterburner, where the OAM light emission takes place. The
pre-prepared electron bunching is at the second harmonic of the helical undulator afterburner
resonance and generates the coherent harmonic emission of radiation which carries the desired
OAM. This energy-modulation – FEL bunching – afterburner scheme is a relatively flexible
arrangement, which does not require any optical elements to filter or change optical modes, and
forms the basis of several, more advanced FEL methods being adopted at FEL facilities and
designs [31,32].

3. Generation of light pulses with alternating OAM

A method is now proposed to generate a train of ultra-short light pulses with alternating OAM of
ℓ = +1,−1,+1, . . .. The method uses a similar setup as the 2nd harmonic helical undulator OAM
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afterburner [33], but with an electron beam prepared so that its micro-bunching is modulated into
a periodic comb structure. This can be obtained by using an energy modulated electron beam in
the first FEL amplifier that induces the electron micro-bunching. When emitting in a short helical
afterburner undulator, the modulated micro-bunching of the electron beam causes emission of a
train of coherent OAM light pulses spaced at the modulation frequency, in a similar way to that
described in [34]. If a second OAM afterburner undulator, with the same tuning but opposite
handedness as the first, is added, a second interweaving light pulse train can be superimposed so
that the final light generated alternates between OAM ℓ = ±1 mode pulses of approximately the
same power.

3.1. Modulating the electron beam micro-bunching

Like many methods that have been proposed to extend the operational range of FELs, the
following method uses an electron beam which has had its energy modulated at a wavelength λm,
significantly greater than the final output radiation wavelength. Such a beam can be obtained
in a relatively short, seeded FEL undulator called the ‘modulator’. Many FEL facilities now
incorporate, or propose to use, such modulators at the start of their FEL interaction region
e.g. SwissFEL [35], FERMI [36] and FLASH [37] with the latter simulating modulated beam
energies at wavelengths down to λm = 50 nm. Other facility design proposals have simulated
energy modulations down to λm = 12.4 nm using HHG seed lasers [38]. In what follows, we use
a modulation period of λm = 100 nm.

When a relativistic electron beam is prepared in a FEL modulator section with a sinusoidal
energy modulation, γ(t) = γ0 + γm cos(ωmt), the energy gradients about the mean energy γ0
‘spoil’ the FEL interaction there. No seeding of the FEL is required and the process starts up
from noise. If the modulation amplitude, γm, is sufficiently large, the only regions that develop
any significant electron FEL micro-bunching are about the minima of the energy modulated
beam [34]. Following a preparatory process in a FEL amplifier, the energy modulated electron
beam then has regions of relatively high micro-bunching separated by the modulation period
λm = 2π/ωm.

When the electron beam with this modulated electron micro-bunching structure is then
propagated through a short OAM afterburner undulator module, the power of the coherent OAM
light emitted then has the same modulation period of λm.

The modulation in the temporal power profile of the radiation corresponds to a frequency
spectrum which is broader than the typical FEL output and is discretized into frequency modes.
To examine the effect of this on OAM mode purity we first present analysis of the spectral output
of a single undulator module. Following this, simulations of the method to generate pulse trains
of OAM light, as well as pulse trains with alternating OAM, are presented.

3.2. Spontaneous emission spectrum of a single undulator module

To examine the OAM content of a helical undulator at the second harmonic, the far field
radiation emitted by a single electron propagating in a helical undulator [33] is multiplied by
the term exp(−σ2

xω
2/c2 sin2 θ), which captures the restriction imposed by the beam’s transverse

dimensions on the angle of emission θ. A Gaussian transverse profile is assumed, where σx
is the rms beam radius. The radiation spectrum is then considered in terms of OAM content.
Figure 1 plots the radiation spectrum decomposed into different OAM modes (as in [23]) for
different numbers of undulator periods, Nu. An undulator parameter of au>1 is used, increasing
the fractional power emitted into the ℓ = 1 mode [33].

It can be seen that undulators with a lower number of periods Nu, have significant emission
into the fundamental Gaussian mode with ℓ = 0. For a long electron beam bunched uniformly at
the second harmonic, the bunching picks out a narrow region of the FEL bandwidth about the
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Fig. 1. Spectrum of helical undulator radiation for different number of undulator periods
Nu = 9, 12, 18, 22 with au = 2.634, λu = 3.9cm, γ = 7869 and σx = 26µm.

peak of the ℓ = 1 emission. There is therefore little emission into the Gaussian mode when the
micro-bunching structure is not modulated as assumed in the simple OAM afterburner.

When the electron beam micro-bunching is modulated to have a comb structure, as described
in Section 3.1, then radiation pulses are generated at the modulation period. For a small number
of undulator periods Nu, it can be seen from Fig. 1 that a significant fraction of the power can be
emitted off-resonance into the ℓ = 0 mode. Increasing Nu both increases the relative fraction of
power in the ℓ = 1 mode, and decreases the bandwidth with FWHM spectral width of harmonic,
h given by:

∆ωh =
0.88
hNu
ωh(θ), (2)

where ωh(θ) is the peak of the spectrum.

4. Numerical simulations

Using the FEL simulation code Puffin [39,40], the generation of OAM pulse trains in the soft
X-ray is demonstrated. Figure 2 shows a schematic of the layout used to generate two different
types of pulse trains: a) each pulse has an OAM with index of ℓ = 1; and b) the pulses have an
OAM index that alternates between ℓ = ±1.

The method is modeled using parameters inspired by the LCLS-II project at SLAC [41]. A 40
fs long electron beam is considered with a flat top beam current profile and current I = 1 kA.
The energy is 4 GeV and the radius and emittance are σx = 22 µm and ϵx,y = 3.5 mm − mrad
respectively.

4.1. OAM pulse train generation

The electron beam is first prepared in a seeded undulator modulator to give it an energy modulation
of amplitude γm/γ0 = 0.0014 ≈ ρ (where ρ is the FEL parameter [42]) and period λm = 100 nm.
This relatively long wavelength energy modulation is imposed as initial conditions on the electron
beam without the need for simulations ( detailed simulations have demonstrated it is relatively
easy to achieve such modulation [43,44].)

The energy modulated electron beam is then micro-bunched in a planar undulator FEL amplifier
with rms undulator parameter āu = 1.72, period λu = 3.9 cm and at the resonant wavelength
λr = 1.25 nm. The micro-bunching at the resonant wavelength occurs at the minima of the
energy modulations where the gain is greater. Figure 3 shows the bunching structure which has
been established at the end of the FEL amplifier. The regions of the electron beam with high
electron bunching will emit coherently in the afterburner so that a modulation in the electron
bunching parameter leads to a corresponding modulation in the radiation intensity.

The first amplifier stage has a small reverse taper in the undulator parameter āu [45]. This
reduces the intensity of radiation emitted by the electrons without any significant reduction to the
electron bunching at λr. In addition to using a reverse taper to suppress the radiation output from
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Fig. 2. The electron beam energy is modulated before injection into an amplifier undulator
where the beam develops a micro-bunching structure. A pulse train of radiation carrying
OAM radiation is then emitted in the short helical afterburner tuned to the second harmonic
of the electron micro-bunching. In a) a single helical undulator afterburner will produce
a single handed OAM pulse train, while in b) a second helical undulator with opposite
handedness is added. The OAM pulse trains can be made to alternate spatially, resulting in
the generation of OAM pulses that alternate in handedness between ℓ = ±1.

Fig. 3. Electron bunching parameter (0< |b|<1) as a function of relative time for a section
of electron beam captured near the end of the FEL amplifier.
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the modulator section, a small steering of the electron beam away from it before entry into the
afterburner sections can also be used as described in [46]. In the simulations presented here, the
steering of the electron beam is not modeled explicitly - the radiation generated in the modulator
is simply removed before injection into the afterburner sections.

Following the preparation of the 4 GeV electron beam, with a micro-bunching at 1.25 nm
modulated at λm = 100 nm, it is then injected into the afterburner section where the OAM output
is generated. The first undulator module is a right-handed helical undulator with āu = 2.634,
λu = 3.9 cm and Nu = 20. The fundamental resonant wavelength is then λ1 = 2.5 nm, so that
the electrons are micro-bunched at the 2nd harmonic. The relative propagation distance, or
‘slippage’, of a wavefront through the electrons is then Nuλ1 = λm/2, one half of the electron
beam modulation period.

In Fig. 4 it is seen that the modulated micro-bunching of the electron beam at the 2nd harmonic
of resonant wavelength on the helical afterburner emits a pulse train of OAM light of mode
ℓ = 1 and wavelength λOAM = 1.25 nm. Each pulse has a FWHM pulse duration of τ ≈ 167 as,
approximately 40 optical cycles corresponding to twice the number of helical undulator periods.

Fig. 4. Temporal plot of the radiation power output from the ℓ = 1 helical afterburner
decomposed into OAM modes. The radiation wavelength λOAM ≈ 1.25 nm and the pulse
FWHM durations are τ ≈ 40 λOAM/c = 167 as.

It is seen that in addition to the OAM emission there is also some coherent emission into
the ℓ = 0 mode. This emission is expected due to the relatively short length of the afterburner
undulators needed to produce short pulses as discussed in section 3.2. The length of the undulator
is fixed to generate a specific pulse length.

We note that reducing the cross-sectional radius of the electron beam allows the radiation to
be emitted into larger angles where power is directed into the single OAM mode. The coherent
power of the harmonic radiation depends on electron beam radius according to relation [33],
P ∝ ln

(︂
1+4N2

4N2

)︂
where N = kσ2

x /Lu is the Fresnel number of the electron beam beam with
k = 2π/λOAM , and Lu the length of the undulator. Hence, strong focusing of the electron beam
to a smaller radius, by itself, could greatly improve the mode purity. However, strong focusing
of the electron beam after the amplifier section would decrease, or even destroy, the beam
micro-bunching. The electron beam transverse size is therefore limited by the requirements of
the amplifier section, where the FEL interaction and transverse coherence would be negatively
affected by a decreased beam size with resultant increased diffraction.
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4.2. Time varying OAM

A left-handed helical undulator is now added to the right-handed afterburner (see Fig. 2 b)) with
the same length and tuning. Previous versions of this crossed undulator configuration have been
used to enable polarization control at the fundamental [47,48], spatially varying polarization [49]
and the generation of Poincaré beams [25]. Recently, crossed undulators have been proposed as a
method to modulate the polarization much in the same way we alternate the OAM here [50,51].

The additional undulator emits a second pulse train with OAM mode ℓ = −1. The slippage
in the first undulator means that this ℓ = −1 pulse train is shifted relative to the first by half
a modulation period. The combined pulse train from the two afterburners then consists of a
sequence of pulses that alternate between ℓ = 1 left-handed circularly polarized light and ℓ = −1
right-handed circularly polarized light. Figure 5 shows the power radiation pulse train after the
second afterburner decomposed into the different OAM modes and the corresponding normalized
Stokes parameter s3. The individual pulses have the same pulse length, τp = 167 as, as before.
The time between pulse peaks is also 167 as, corresponding to a switching rate of 6 PHz.

Fig. 5. Top: Power Vs relative time at the end of the afterburner for FEL radiation
decomposed into OAM different modes. Bottom: normalized Stokes parameter s3 vs time.
Note that s3 does not oscillate perfectly between ±1 due to the presence of some power in
the other modes with other polarizations.
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The intensity profile and phase of the radiation of two consecutive pulses with modes ℓ = 1
and ℓ = −1 is shown in Fig. 6. The intensity (averaged over a single spike) shows the typical
OAM ‘doughnut’ profile in the transverse plane. The phase of the radiation is captured near the
intensity peaks of two neighboring radiation spikes. There is a clear azimuthal phase distribution
which changes handedness in the 167 as interval between snapshots.

Fig. 6. Left: Pulse intensity averaged over a single pulse and Right: instantaneous phase
for the pulses at relative times t = 2516 as (top) and t = 2683 as (bottom) in Fig. 5.

Also included in the Fig. 5 is the normalized Stokes parameter for circular polarization

s3 =
|ER |

2 − |EL |
2

|ER |2 + |EL |2
, (3)

The polarization of the light alternates along with the OAM mode. This then provides an
interesting case as the polarization rotates in the same direction as the OAM. The total angular
momentum contribution from the OAM plus the spin momentum add and therefore the pulse train
alternates between total angular momentum ±2ℏ. We also note that tuning one of the afterburner
undulators so that emission is at the fundamental frequency will produce pulses with no OAM.
This ℓ = 0 mode will be emitted from helical and planar undulators and thus a variety of OAM
and spin combinations are available.

If OAM pulses with only one polarization are required, a linear polarizer which will filter
out one linear polarization component may be a solution. Filtering out linear polarization
corresponding to the polarization of the amplifying FEL section would also help ensure light
emitted in this section does not interfere with the final pulse train delivered to experiment.
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5. Conclusion

Ultra-fast manipulation of the temporal properties of FEL generated OAM light have been
proposed and simulated for the first time. The method can be used to generate a pulse train of
light carrying OAM and also alternate the handedness of the OAM at ultra-fast timescales. It was
shown that the temporal profile of OAM radiation emitted from electrons can be controlled by
tailoring the structure of micro-bunching in the electron beam. In addition, since the handedness
of the OAM is determined by the magnetic undulator and not external optics, FELs are uniquely
positioned to offer ultra-fast flipping of OAM handedness at X-ray wavelengths.
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