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Abstract

This work concerns about the numerical solution to the stochastic epidemic model
proposed by Cai et al. [2]. The typical features of the model including the positivity and
boundedness of the solution and the presence of the square-root diffusion term make this
an interesting and challenging work. By modifying the classical Euler-Maruyama (EM)
scheme, we generate a positivity and boundedness preserving numerical scheme, which is
proved to have a strong convergence to the true solution over finite time intervals. We also
demonstrate that the principle of this method is applicable to a bunch of popular stochas-
tic differential equation (SDE) models, e.g. the mean-reverting square-root process, an
important financial model, and the multi-dimensional SDE SIR epidemic model.

Keywords: Stochastic differential equation, square-root process, positivity and boundedness pre-
serving numerical method, strong convergence

1 Introduction

In 2011, Gray et al. [5] explored the SIS epidemic model incorporating environmental variability
da(t) = [Ba(t)(N — o(t) — (1 +7)2(t)|dt + o12(t)(N — o(t))dBy (1) (L1)

with initial value 2(0) € (0, N'), where z(t) represents the infected population at time ¢, N is the total
amount of population where the disease spreads, § is the disease transmission coefficient, p is the
per capita death rate, v is the recovery rate of the infected population, o is a positive constant and
B (t) is a scalar Brownian motion. Since then, the stochastic epidemic modelling has been extensively
investigated. On the basis of this work, Cai et al. [2, 3] modified the SIS model further by incorporating
an additional external noise, which is of the form

da(t) = [Be(t)(N — 2(8)) — (u+7)a()]dt + o12() (N - 2(£))dBy (1)

— o9x(t)\/ N — x(t)dBs(t) (1.2)
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with initial value z(0) € (0, N), where oo and By(t) have similar meanings as o1 and Bj(t). By
defining

F(z):=px(N—z)— (p+v)x and G(z):= (o12(N —z),—02xvV N — x),
SDE (1.2) can be rewritten as
dz(t) = F(z(t))dt + G(z(t))dB(t),

where B(t) = (B1(t), B2(t))T.

Due to the nonlinearity, the solution to SDE (1.2) cannot be explicitly represented. In [5], a
complete analytical study has been carried out, however, numerical analysis is a more efficient and
intuitive way of understanding the dynamical behaviours of such epidemic models in the real life, as
well as allowing us to conduct further study such as parameter estimations.

In the past few decades, numerical analysis has been intensively developed. As an explicit numer-
ical method, the Euler-Maruyama (EM) scheme is easily implementable and hence is widely used in
practice. Since the EM method is not strongly convergent without global Lipchitz continuous coeffi-
cients, several modified EM methods have been proposed to address this issue, including the tamed
EM method [9], the stopped EM method [14], the truncated EM method [16] and the multilevel EM
method [1], etc.

Recently, Cai et al.[2] has shown that the solution to SDE (1.2) satisfies z(t) € (0, N) for all time
almost surely. However, the condition obtained is rather restrictive. So one contribution in this paper
is to verify the presence of a unique global positive solution under much weaker condition with the
Ikeda-Watanabe technique [10] as well as the Feller test [12].

From the numerical viewpoint, however, the positivity and boundedness of SDE (1.2) cannot be
guaranteed by most of the existing explicit methods including the tamed/truncated EM, though there
are some implicit ones [18-20]. Recently, Chen et al. [4] addressed this issue for SDE (1.1) by using
the Lamperti smoothing truncation scheme. However, this technique has its limitation when coping
with SDE (1.2) due to the presence of an additional square-root term as well as other multi-dimensional
models (see Section 5 below please).

To fill this gap, there are generally two main issues to overcome. Firstly, to the best of our
knowledge, there exists few explicit numerical scheme that preserves the positivity and boundedness.
Secondly, compared to SDE (1.1), the existence of the non-Lipschitzian square-root diffusion term in
SDE (1.2) makes our analysis more challenging.

In fact, the numerical study on the square-root process can be traced back to 2005, when Higham
and Mao [8] considered the following mean-reverting square-root process

ds(t) = M€ — s(t))dt + or/sO)dW (1), (1.3)

where A\, & and o are positive constants and W (t) is a scalar Brownian motion. To avoid the com-
putational issues due to the presence of the square-root function, (1.3) is replaced by the following
SDE

ds(t) = ME — s(t))dt + o/[s@)]dW (t). (1.4)

The EM applied to (1.4) is to form the discrete-time EM solutions Sy ~ s(tx) by setting Sy = s(tg)
and computing

Sk+1 = Sk(l — )\A) + AMA 4+ oy ‘Sk‘AWk

for k > 0, where AW}y, = W (tg11) — W (tg). They found the EM is a strong convergent approximation
of s(t), though the positivity is not yet guaranteed.

In this paper, we formulate an explicit numerical algorithm that preserves the positivity and
boundedness of a bunch of popular SDE models including the square-root process. The method can
natually be applied to the multi-dimensional scenario. To make the arguments concise, we interpret
our scheme using the 1-dimensional SIS model (1.2).
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2 Generalized Existence-and-Uniqueness Theorem

Let (92, {Ft}t>0,P) be a complete probability space with a filtration {F;};>0 satisfying the usual con-
ditions. Let B(t) = (B1(t), B2(t))! be a two-dimensional Brownian motion defined on the probability

space. For a value b, define
-b, b<0
b = { e
0,

otherwise.

In addition, we let T" and 6 be two fixed positive values. Let C' represent generic positive constants
dependent on x(0), 7" and 6 but independent of the step size A which will be used later on.

Before getting into the numerical part, we first study the presence of a unique global positive
solution to (1.2) with the Ikeda-Watanabe technique [10] and the Feller test [12].

Assumption 2.1. N > 1V (u+7)/8.

Remark 2.2. In many real world systems, (p1+7) /B might be a large value (see, e.g., [7]), while N can
be even larger as in the pandemic, e.q., SARS, MERS and COVID-19, where the virus spreads across
a fairly huge amount of population. In other words, N > (u+ )/B holds naturally, not mentioning
N > 1. We state N > 1 explicitly to make it strictly clear from the mathematical point of view.

Theorem 2.3. Under Assumption 2.1, for any initial value x(0) € (0,N), there is a unique global
solution x(t) on t > 0 which has the properties

P(0 < min z(f) < max z(t) <N) =1, VI >0 (2.1)

0<t<T 0<t<T

and

P( inf z(t)=0)=P( sup z(t)=N)=1.

Proof. We first show that there exists a unique solution Z(t) > 0 to

dz(t) = [Bz(t)(N = 2(t)) — (n+7)2(t)]dt + o12(t)(N — 2(t))dBi(t)
— 95 (t)\/IN — 2(1)|dBs(t) (2.2)

on t > 0 for any initial value Z(0) > 0 almost surely. Let mo > 0 satisfy 1/mg < z(0) < mg. For any
integer m > my, consider the stopping time

Tm = nf{t > 0:z(t) ¢ (1/m,m)}.

We then need to show that 7., = oo almost surely. To this end, we use the classical method as
adopted in e.g. [15, 17]. Considering a C%-function V : Ry — R, by

V(z) =z'? —loguz,
we have

LV (1) < (52Y2(8) — 1) [B(N — 2(1) — (1 + )] + = (= ~22(t) + 1) [03(N — 2(1))* + 02N — 2(2)]]

2 2\ 4
1 1 1 1 1
<—BN+p+~+ 50%]\72 + §a§N + [i(ﬁN —p—7) - ga%N2 + gagN}f;l/Q(t)
1 1,1 1 1 1
+ (5 _ No? 503):3(7:) + [— 5B+ Not + gag] BP2(t) + 501 (1) - ot (1)

<C

and further analysis shows that the solution Z(t) to SDE (2.2) is unique and positive for any initial
value z(0) > 0.
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Next, we aim to verify that for any initial value Z(0) < N, the solution Z(¢) to SDE (1.2) does not
exceed N for t > 0 with probability 1, and thus SDE (2.2) can be rewritten as (1.2).
Now, choose a strictly decreasing sequence ¢, for k£ > 0 such that ¢g = 1 and

Ck—1 1 d i
u=k.
/Ck (u+u?)(N +u)?
Denote C'-functions ¢, : (ck,cx—1) — R such that

2

0< Ck(u> < k(u + UQ)(N + u)2

and moreover,

/CH Ce(u)du = 1.

Next let

_ fof(me) dy foy Ck(u)du x> N,
pr(x) = .
0 otherwise.

It can be revealed that p; € C?(R,R) and

0 < pp(z) <1for g+ N <z < oo and pj(z) = 0 otherwise.
2

pr(z) < (N ) F (V=27 for N+ ¢t < < N + ¢x_1 and pj(z) = 0 otherwise.

Also, we have
[N — 2]t — 1 < pr(z) < [N —2]T for z € R.

Applying the 1t6 formula on pg(Z(t)) for t > 0 yields
(1) = pe(a0) + [ [ph(E0) (Ba0) = 2(0) = (s +2)(0) + 3oia0) (o722 0)(N = (1)
+ 0272 (v)|N — :f;(v)])} dv + o /O Z(0)(N — Z(v))dBy (v) — 02/0 #(0)v/IN = 2(0)]dBa(v)

<

(0% + o)t + oy /0 Z(0)(N — %(v))dBy (v) — 02/0 Z(v)\/|N — 2(v)|dBa(v).

=

Taking expectation gives

E[N — Z(t A1)t — che1 SEpp(Z(EAT)) < (05 4+ 02) (A Tin).

| =

Letting m — oo and then k — oo gives
E[N —z(t)]T <0
and this suggests
E[N — z(t)]T =0 for all t > 0.
Finally we obtain
P(z(t) > N) =0 for all t > 0.

Since Z(t) is continuous, we must have Z(¢) < N for all ¢ > 0 almost surely. Namely, SDE (2.2) is
equivalent to (1.2).
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Now, we will take a further step by justifying the solution x(t) is actually strictly less than N for
all t > 0 almost surely. This is achieved using the classical Feller test for explosions [12].
Firstly, it is known that for z € (0, N),

F(x):=fx(N —xz) — (b+7v)z
is continuous while
G(z) := (o12(N — x),—0o22V N — x)

is continuous with |G(z)|* > 0. From the standard result of ordinary differential equations, for any
given numbers p and ¢ satisfying 0 < p < x(0) < ¢ < N, there is a unique solution L(v) to the
equation

‘ 2

F(v)L'(v) +0.5|G(v)]*L"(v) = -1, p<v<gq
with the boundary condition L(p) = L(q) = 0. Consider the two stopping times

np =inf{t > 0:2(t) <p} and ny=inf{t >0:x(t) > ¢}.
From It6’s formula,
EL(x(t Anp A1g)) = L(2(0)) = E(t Amp Ag),
which implies
E( A np Ang) < L((0)).

Letting t — oo, we have

E(np A ng) < L{(0)) < oo.
Namely, z(t) moves across each compact subinterval of (0, V) over finite expected time. So

P(np Ang < 00) = 1.

This and the boundary condition suggest

Jim EL(2(t Amp A1g)) =0
and therefore

E(np A 11g) = L((0))-

Now define
J(z) = /1 exp{ /y ‘éﬁ;()Ede}dy, z € (0,N).

The It6 formula leads to
LA A1q
J(z(t Amp Ang)) = J(2(0)) + /0 J'(x(r))G(z(r))dB(r), t>0.

Taking expectation and then letting ¢ — oo infers

J(x(0)) =EJ(z(np A1g)) = J(p)P(mp < ng) + J(@)P(np > 1g)-
This combines with the fact that P(n, > n,) + P(n, < 1) = 1 leads to

POy <) = 7T and By, > ) =TI =) (23)
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Compute

J(z) = /f exp { -2 /121 U%zfijir]v—;)?;fg;(ﬁi z) dz}dy

_ /1 T { -2 /1 ’ U%foVN_ - ;t;gzsz_ Sz}

Under Assumption 2.1, it is easy to see that when N > 1,

glngI}lv J(x) =00

while when N > (u+ )/,

1;?8 J(x) = —o0.

Define
= lim = lim d then =19 ADN-
10 ;w Mps 1IN qlTN Mg an en 1 =7noN\NN

From (2.3), we see

Pt o0 <) > o < ) = TGN

Letting ¢ T N yields

P(Oigrgnx(t) <p) =1

As this holds for all 0 < p < N, we obtain

P(Oglinx(t) =0) =1 (2.4)
On the other hand, we have
_ J(2(0))/J(p) — 1
Pl 702 0) > P> ) = =05 70 =1

Letting p | 0 gives

P( sup z(t) >¢q) = 1.
0o<t<n

and thus

P(Osglzgnx(t) =N)=1. (2.5)

Now we claim that P(n < oo) = 0, since if this is not true, we will not have (2.4) and (2.5) hold
simultaneously. As a result, we have

P(n=o00)=P( inf z(t)=0)=P( sup z(t)=N)=1.

0<t<oo 0<t<oo
This completes our proof. Il

Remark 2.4. One may wonder what happens when the disease spreads on a small scale, namely,
1 <N < (u+7)/B. In this case, we still have

}lerJnV J(x) =00

when N > 1, while when N < (u+ )/, we see

lim J(x) > —oo0.
z|0
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We thus still have (2.4) being hold, while (2.5) is no longer true. Recall the second equality of (2.3)

J(@(0)/T(p) — 1
F > ) = =505/ 7p) 1

Letting p J 0 and ¢ T N leads to
P(no > nn) = 0.

In all,

P(Oglinx(t) =0) = P(Dsgttlgn:z(t) <N)=1

Based on the results, we are unable to conclude that x(t) € (0, N) for all t > 0.

3 Positivity and Boundedness Preserving EM Method

In this section, we will set up the positivity and boundedness preserving Euler-Maruyama (PBPEM)
method which guarantees our numerical solution to SDE (1.2) remains positive and bounded within
the open interval (0, V). To this end, we need to extend the domain of our model from (0, N) to R.
Recall the two functions we have defined in section 1, F': (0, N) — R and G : (0, N) — R*2 by

F(x) = Bx(N —z) — (u+v)z and G(z) = (o12(N — 2), —o22V'N — ).
Hence our SDE (1.2) can be rewritten as
da(t) = f(x(t))dt + g(x(t))dB(t),
where f : R — R and g : R — R'*2 are defined as
flx)=F(zVO)AN) and g(z)=G((xV0)AN).
In this way the domain of (1.2) has been extended from (0, N) to R. Moreover, it is easy to see that
f@)<C and Jg(a)

<C for zeR (3.1)

We form the discrete-time PBPEM solution Xa (tx) ~ (tz) for t;, = kA by setting XA (0) = Xa(0) =
z(0) and computing

Xa(tryr) = Xaltr) + f(Xa(tr)A + g(Xa(te))ABy,

Xaltier) =(A Y Xaltesn)) A (N - A) (32)
for k=0,1,2,--- and ABy = B(tx+1) — B(tx). Then we define
Xa(t) = Xaltr), t€ [trthsr)
and
Xa(t) = Xalty), t€ [tr thr)-
Thus we see
Xa(t) = (AVXaA(t) A (N = A) (3-3)
For the convenience of further analysis, we also define an It6 process
za(t) = z(0) + /Ot f(Xa(s))ds + /Otg(XA(s))dB(s) for t > 0. (3.4)

with
dza(t) = F(Xa(®)dt + g(Xa(0)AB).
Clearly, za(ty) = Xa(ty) for k =0,1,2,---.
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Lemma 3.1. For any 6 > 0,
sup E( sup \a:A(t)\a) < C.
0<A<l  0<t<T

This is a direct result as both f(-) and g(-) are bounded.

Now three key lemmas are presented before showing our final results.

Lemma 3.2. For any 6 > 0,

. 9 J—
(s, a6 Xa(0]') 0.

Proof. Set e as the integer part of 7'/A. From (3.1),

S 0
E( sup |za(t) — XA(t <E(max su
(ogth‘ ( ) ( )‘ ) h Oékéetkgtglé)kﬂ

ﬂxg@@ﬂt—tw41KXA@HNB@%—B@wﬂ
<Cn’ ¢ CE(OI?/?i{et sup [B(t) — B(t)|’)
< CA9+C(ZG:IE( sup | B(t) —B(tk)\m))md

te <ttt

by the Holder’s inequality, where d is an integer satisfying

2d
2d -1

0
d>3\/€ and ( )(T+1)9/2d<2.

2

Then the Doob martingale inequality yields

e

E( sup [ea(t) ~ Xa()|) < 087+ O3 (5202) “E|B(ts1) — B )

0/2d

o<t<T k=0
<COA? + C<kz_0 <2d2f 1)2d(2d - 1)!!Ad>0/2d
<OAY C((Qde 1) (T +1)(2d — 1)!!Ad_1>9/2d,

where (2d —1)!! =1-3---(2d — 3) - (2d — 1). Note that

U

[(2d — 1)1 < sz—1

k;:
Hence under (3.5),

2d
2d — 1
< CAY + OAY3 < oNY/3

E( sup ’xA — XAt )’ ) < CA9+C'<

) d9/2(T+ 1)0/2dA(d—1)0/2d
o<t<T

and the required assertion follows.

Lemma 3.3. Under Assumption 2.1, for any 6 > 0,

. 0
Al 2, 0 ~ e =0

and

. 0 —_—
ImFLgy, X0 - Xal0f] =0

)

(3.5)
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Proof. Let € be arbitrary. From (2.1), one can find a § = §(¢) € (0,1) so small that

P(Qy) > 1—5, (3.8)
where
= < —0j. .
O ={0< Oglngx(t) < Olgtaé%x(t) < N -4} (3.9)

With the chosen 4, define
fs(x) =F((xVdi/2) N(N —=6/2)) and gs(x) =G((xVI/2) AN(N —§/2)) forxzecR.
Since both f5(-) and gs(-) are globally Lipschitz continuous, the SDE

dy(t) = fs(y(t))dt + gs(y(t))dB(t) (3.10)

on t > 0 with initial value y(0) = z(0) has a unique global solution y(¢) on y > 0. For each step size
A € (0,1}, apply EM method to (3.10). More precise, we form the EM solution Yy ~ y(tj) for t; = kA
by setting Yy = 2(0) and computing

Yk+1 =Y.+ f(;(Yk)A + g(;(Yk)ABk for k = 0,1,---. (311)

Then we define
Y(t) =Y, te€ [tk;thrl)

and hence the Itd process

N / f5(Y(s))ds —|—/ 95(Y (s))dB(s). (3.12)
It then follows from the theory in [15] that

E( sup [y(t) —ya(t)|’) < C5A%7, VA €(0,1],
o<t<T

where Cjy is a positive constant dependent on § but independent of A. And thus, of course,

E( sup |y(t) —ya(t)|’Io, (w)) < C5A%2. (3.13)

o0<t<T

This and Chebyshev’s inequality infer that

B( sup [ylt) —ya(dlln, (@) > 5/2) < CsA"2(2)', vae (0.1)

o<t<T

Defining

Qo ={ sup |y(t) —ya(t)] <46/2} N,

0\\

one can find a Ay € (0,6/2] such that
]P)(QQ) >1—¢, VAc (O,Al]

Note that whenever w € Qs C 21, we always have

y(t) =z(t), te€][0,T]. (3.14)
Hence for any w € 2o, it implies
sup |z(t) —ya(t)] < d/2. (3.15)
0<t<T
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This together with (3.9) yields

5/2 i t) < t) < N —§/2, 0.
/<Og<nTya() Org%yA(K /2, VYw e

It then follows by comparing (3.11) and (3.12) with (3.2) and (3.4) that for any w € Qo,
ya(t) = xza(t) fort €[0,7] and A € (0, Aq]. (3.16)
Combining (3.14) and (3.16) with (3.13) leads to
E( sup |z(t) — za(t)|?In,(w)) < C5A%2, VA € (0,Aq]. (3.17)

<t<

Furthermore, substituting (3.16) into (3.15) indicates that for any w € Qo,
sup |z(t) —za(t)] <0/2, VA € (0,Aq]. (3.18)

0<t<T
We are now ready to show the required two assertions (3.6) and (3.7). It follows from (3.17) that for
any A € (0,Aq]

E[ sup |z(t) —xA(t)|9] =E[ sup |z(t) —xA(t)‘Q]Igb] +E[ sup |z(t) —.'L'A(t)|9HQS]
0<t<T 0<t<T 0<t<T

1/2
< C5A92 4 [P(Qg)] 1/2 [E( sup ‘x(t) — -TA(LL)‘%)]
0<t<T
< C5AY2 4 20¢1/2 {IE( sup |m(t)|29) +E( sup |xA(t)|29)]1/2

0<t<T o<t<T

< C5sAY2 4 02,

where Lemma 3.1 is used in the final step. Let A — 0 and then assertion (3.6) follows as € is arbitrary.
On the other hand, for any A € (0,A;] and w € g, it follows from (3.9) and (3.18) that

_ 5 J
sup Xa(t) < sup za(t) < sup z(t)+ sup |za(t) —z(t)|<N-6+-=N—_,
0<t<T 0<t<T 0<t<T 0<t<T 2 2
and
inf Xa(t)> inf aa(t)> inf x(t)— sup |o(t) —za(t)] >6— 09
oci<r AV 7 ocier T AN 7 ogier by A 2 2

Fix any A € (0, A1]. Recalling (3.3) and noting that A; < §/2, we see that for any w € Qa,
Xa(t) = Xa(t), Vte[o,T].
Now consider

E( sup |Xa(t) = Xa()]’) = E(log sup [Xa(t) — Xa(t)|’)

0<t<T 0<t<T

< (P(Qg))l/Q [E( sup | Xa(t) — Xa(t)]

0<t<T

208 s X0+ a0

0<t<T 0<t<T

20)} 1/2

< Ce'/?,

where Lemma 3.1 is used in the final step.
Since € € (0,1) is arbitrary, assertion (3.7) follows clearly.

Theorem 3.4. Let Assumption 2.1 hold. Then for any 6 > 0,

. 0
ilElOE[OZ?ST‘XA(t) —x(t)| ]=o.

This follows immediately from Lemma 3.2 and 3.3

10



Positivity and boundedness preserving numerical scheme for the stochastic epidemic model with square-root diffusion term

4 Numerical Study

1500

1000

Method

500 -

— PBPEM

Sample Path

time = 0.0002

-500 4

0.00 0.25 0.50 0.75 1.00

Figure 1: Simulated paths of 10* iterations using the PBPEM and the EM, both with A = 10~*
and z(0) = 100 under the group of parameters (4.2). The two red points respectively show the
first time the EM sample path crosses 0 and N.

As stated in Section 1, Higham and Mao’s earlier work [8] has proved the strong convergence of
the EM algorithm for the mean-reverting square-root process, though the positivity is not guaranteed.
In this section, we will reveal the advantages of our newly proposed PBPEM scheme by comparing
the performances of these two methods. Notice that when adopting the EM method, SDE (1.2) is
replaced by

da(t) = [Bz(t)(N — 2(t)) — (n+ )z (t)]dt + o12(t)(N — 2(t))dBi(t)
— o92(t)/IN — 2(t)|dBa(t) (4.1)

to avoid computational failure.

Example 4.1. We conduct computer simulations of 10* iterations using the PBPEM and the EM
method, both with x(0) = 100, A = 10~* and parameters

B =0.6,N=10%pu=21,v=26, and o = oy = 0.1. (4.2)

Figure 1 generally shows similar patterns developed by the two methods. It has been proved by
Cai et al.[2] that the system dies out under this group of parameters, which has been detected by both
methods. However, we see that the EM simulated path crosses over the upper and lower boundaries
frequently during the early time. In particular, the first drop below 0 occurs at ¢ = 0.0002 while the
first jump beyond N at ¢t = 0.003.

By comparison, the PBPEM scheme prevents the simulated data from overstepping the boundaries
for all time. After waving below N for a while, the path quickly approaches 0 but never hit 0.

11
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Example 4.2. We conduct another pair of simulations of 10* iterations with parameters
B=5N=10%p=21,v =260, =0.01, and o9 = 0.1. (4.3)

From figure 2, the two paths generated by the two methods are both persistent, which is consistent
with the result in [2]. However, we spot that the EM simulated path first crosses over N at t = 0.03.
Since then it happens all the way.

In contrast, the PBPEM scheme prevents the path from passing through N for all time. As a
result, the sample path keeps fluctuating below N.

time = 0.03

1000

990 4

Method
— EM

980 1 — PBPEM

Sample Path

970 1

960

0.00 025 0.50 075 1.00

Figure 2: Simulated paths of 10* iterations using the PBPEM and the EM, both with A = 10~*
and z(0) = 100 under the group of parameters (4.3). The red point shows the first time the
EM sample path crosses N.

The above two examples have intuitively justified the power of our PBPEM method in preserving
the positivity and boundedness of the stochastic SIS model, though both schemes have captured the
general long-time behaviour of system (1.2).

5 Useful Comments

Although our newly proposed PBPEM scheme is constructed in the context of the 1-dimensional SIS
model (1.2), it can natually be applied to a bunch of popular SDE models which are widely used in
finance, biology and engineering. In this section, we focus on two typical models: the mean-reverting
square-root process and the SIR epidemic model.

5.1 The mean-reverting square-root process

The mean-reverting square-root process is an important financial model that has come to the fore
recently. In 2005, Higham and Mao [8] have shown the EM is a strong convergent approximation

12
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of the mean-reverting square-root process. However, the positivity preserving was left as an open
problem. So far, this issue has been considered by several authors, see e.g. [6, 18, 19]. We would like
to show now that the idea of our new scheme can also deal with it.

Assumption 5.1. o2 < 2X¢

According to [12, 15], under Assumption 5.1, the mean-reverting square-root process (1.3) has
a unique global positive solution s(¢) on ¢ > 0 with probability 1. We can hence form a positivity
preserving EM (PPEM) scheme by modifying the existing PBPEM sheme as follows.

We first define two functions Fj : (0,00) — R and G; : (0,00) — R by

Fi(s)=AE—s) and Gi(s) = ov/s.
Hence SDE (1.3) can be rewritten as
ds(t) = fi(s(t))dt + g1(s(t))dB(t),
where f1, g1 : R — R are defined as
fils)=Fi(sv0) and gi(s) = Gi(s V0).

Note that fi(-) and gi(-) are linearly bounded. We then formulate the discrete-time PPEM solution
SA(tr) = s(tg) for tp = kA by setting Sa(0) = Sa(0) = 5(0) and computing

SA(try1) = Saltr) + [1(Sa(tr))A + g1 (Sa(tr)) AWy,
Sa(tk1) = AV Sa(tgsr)

for k=0,1,2,--- and AW}, = W(tg4+1) — W(tr). The definition of S(-) is then extended to the whole
t >0 by

Sa(t) = Salte), € [trstrra)-

We also define a new process

t t
salt) = s(0) +/ F1(Sa(v))dv +/ 0 (Sa()dW (v) for t > 0.
0 0
Using the key idea of Theorem 3.4, we see that for any 6 > 0,
0
IE[ sup ‘SA(t) - s(t)‘ ]
0<t<T

<E[ sup |Sa(t) — SA(t)‘o] +E[ sup [Sa(t) - SA(t)m +E[ sup [sa(t) — s(t)‘a]

0<t<T 0<t<T 0<t<T

—0 as A—0.

under Assumption 5.1. Thus the PPEM not only converges strongly to the true solution of (1.3), but
also preserves the positivity. This is a new advance in the numerical analysis of the mean-reverting
square-root process. A pair of simulations of 10° iterations is performed using the EM (see [8]) and
our new PPTEM with the system parameters given by

A=¢=1 and o=2. (5.1)

From Figure 3, at ¢ = 7.04 the EM solution drops down to 0, while the PBPEM keeps waving above
0. This supports our theory clearly.

13
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£
© Method
[P
o = PBPEM
g
S — EM
(%}

3-

time =7.04
0- ...................................................................................... Gl WL

Figure 3: Simulated paths of 10° iterations using the PBPEM and the EM, both with A = 1074
and z(0) = 10 under the group of parameters (5.1). The red point shows the time the EM
sample path crosses 0.

5.2 The SIR epidemic model

Moreover, our PBPEM scheme can easily be extended to the multi-dimensional systems, e.g. the 3-
dimensional stochastic SIR model [21] and the stochastic SIRS model [13], each of which has a positive
and bounded solution. The stochastic SIR model discussed in [21] has the following form

dz1(t) = (p = Bz1(t)z2(t) — pzi(t))dt — 021 (t)22(8)dW (1),
dza(t) = (Bz1(t)z2(t) — (A + p)z2(t))dt + 021 (8) 22 (t)dW (1), (5.2)
dz3(t) = (Aza(t) — pzs(t))dt,

where z;(t), z2(t) and z3(t) respectively represent the susceptible group to the disease, the infected
group and the recovered one, and A, 3, 4, o are positive constants. From [11], SDE (5.2) has a unique
solution (21(t), 22(t), 23(t))” on ¢ > 0 that remains in R3 almost surely.

Moreover, given that the total amount of population is a constant N, we then normalize the
variables to N = 1, namely, z1(t) 4+ 22(t) + 23(t) = 1 for all ¢ > 0. It is then necessary to study the
following 2-dimensional SDE

dz1(t) = (1 = Bz1(t)za(t) — pz1(8))dt — 021 () 22(8)dW (1),

2 (5:3)
dza(t) = (Bz1(t)z2(t) — (N + p)za(t))dt + oz1(t) z2(t)dW (). '

Let z(t) = (21(t), 22(¢))T be the solution to (5.3). We see that the solution is positive and bounded,
however, this is not guaranteed by the existing numerical methods. Now we show that this problem
can also be fixed by the PBPEM.

The PBPEM scheme is set up as below. Let F5, Go : ]R%r — R?

| =Brize — pzr | moz120
Fy(z) = Bo1zs — (A + 1)z and Ga(z) = o1z |

14
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Then define fo, go : R? — R? by

f2(2) = Fa(mo1(2)) and  g2(2) = Ga(mo1(2)),

where
B (z[l),zg)T z? + 28 <1,
m01(2) =3 o _o\r -

(27, 25)" otherwise,

and
0
| Z; .
2 =2Vv0, 2= o fori=1,2.
zZ] + 29

We can then rewrite (5.3) as

dz(t) = fo2(2(t))dt + ga(2(t))dW (t).
Notice that fo(-) and go(+) are both globally Lipschitz continuous. Defining
(2P, 2T DR <1-A,
(1=A)(=), 2T 20 +28 >1-A& 2,2 >A/(1-A),
(A, 1—2A)T D4 >1-A& N <A/(1-A),
(1—2A,A)T DL >1-A&Z)<A/(1-A),
where

A =4VA fori=1,2,

G =

we form the discrete-time PBPEM solution Za (t;) ~ z(ty) for ¢, = kA by setting Za(0) = ZA(0) =
2(0) and computing

Za(tiy1) = Zalte) + fo(Za(te) A + g2(Za(tr)) AW,
Za(tey1) = ma(Za(tri1))

for k=0,1,2,--- and AWy = W (tx11) — W(tx). We then extend the definition of Za(+) to the whole
t >0 by

IA(t) = Za(t), te [tk,tk+1).

We also define a new process

%@—4m+éﬁwgmw+éwwﬂmmm)mm>o

Denote the ith component of za(t), Z(t) and Z(t) by 2a,(t), Za,i(t) and Za ;(t) for i = 1,2. Similar
to Lemma 3.2, we can deduce that for any ¢ > 0

. = 0
AILHOE[OZ?ST ‘ZA(t) - zA(t)| | =o. (5.4)

Also, using the key idea of Lemma 3.3, we see that for any 6 > 0,

. 0
AlElOE[oiltlgT lza(t) — 2(t)]"] =0 (5.5)

and

. N
AILHOE[OZ?ST |Za(t) = Za(t)]"] =0, (5.6)

Here gives the sketch of proof.
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Sketch of proof. Let € be arbitrary. Find a 6 = §(¢) € (0, 1) so small that
P(Q(n) = 1-— 6/2
with

Qo1 = { min_z(¢) > 6, min 25(t) > §, max (21(t) + 22(t)) <1 -6}

bx bx Ibx

With the chosen 4, define

fo5(2) = Fa(ms(2)) and  gas(2) = Ga(ms(2)) for 2 € B2,

where
(z ) z‘f—f—zggl—&/Q,
(1—0/2)(30, )" 2} +25>1-0/2& 20,20 > /(2 9),
s =
T ) (o/2,1- )7 S >1-68/28& 20 <5/(2-0),
(1—10,6/2)T H428>1-6/2& 29 <5/(2-09),
where

20 =2 V2 fori=1,2.
Hence the SDE
du(t) = fos(u(t))dt + gas(u(t))dW (t)

on t > 0 with initial value «(0) = z(0) has a unique global solution u(t) on y > 0. For any A € (0, 1],
we form the EM solution Uy =~ u(ty) for tx, = kA by setting Uy = «(0) and computing

Uks1 = U + f26<Uk>A + g25(Uk)AWk for k=0,1,---.

Then we define
Ut)=Ug, tE€ [tk trs1)

and hence the Itd process

ual(t) = 2(0) + /0 fos(U(s))ds + /0 025 (U () AW (s).

Let the ith component of ua(t), U(t) and U(t) be ua ;(t),Un ;(t) and Ua ;(t) for i = 1,2. We can then
deduce

E( sup |u(t) —ua(t)]’) < CsA%2, YA € (0,1).
0<t<T

Defining

Qo2 = { sup |u(t) —ua(t)] < 6/4} N Qo1,
0<t<T

one can find a Ag; € (0,0/2] such that
P(Qog) >1—¢ VAE€e (O,A()l].
Note that whenever w € Qg2 C Qp1, we always have

u(t) = 2(t), te[0,T],
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and therefore

sup |z(t) —ua(t)| < d/4.
0<t<T

This implies

min ua1(t) > 36/4, min uas(t) >36/4 and max (uan(t) +uap(t)) <1-145/2, Vw e Q.

0<t<T 0<t<T 0<t<T

We then conclude that for any w € Qo
ua(t) = za(t) fort € [0,7] and A € (0, Ap].

As a result, for any A € (0, Agi]

E( sup [2(t) — za(t)|’Iag, (w)) < CsA%/2, (5.7)
o<t<T
and for w € Qqo,
sup |z(t) — za(t)] < /4. (5.8)
o<t<T

Inequality (5.7) immediately yields assertion (5.6), while (5.8) indicates that for any A € (0, Ag;] and
w € Qa,

sup (Za,1(t) + Zap(t))
0<t<T

< sup (za(t) + 2a2(t))
o<t<T

S s (21(t) + 22(t) + [21(t) — 221 ()] + [22(t) — 2a2(t)])
<1-6+0/2=1-45/2

and

inf Za;(t) > inf 2a;(t) > inf z(t) — (t) — za —0/4=235/4 fori=1,2
oot Zai(t) > Inf za(t) > Inf 2(t) OZ?ST!zz(t) zn,i(t)] > 6 —6/4=30/4 fori=1,2,

which suggests
ZA(t) = Za(t), te€][0,T].

This implies the required assertion (5.6) immediately. Combining (5.4)-(5.6) leads to the strong
convergence of PBPEM. O

A pair of simulations of 10 iterations is performed using the EM and PPTEM with parameters
given by

=3 wu=30, A=2  and o =55 (5.9)

From Figure 4, at ¢t = 0.49 the EM solution of the susceptible individuals touches 1, and the infective
and recovered population hit 0. However, the PBPEM keeps positive and bounded for all time.

We have demonstrated via these two well-known SDE models that the numerical method estab-
lished in this paper can be modified easily to fit into a large class of SDE models and hence is of full
value.
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Susceptible Infective
1,00+ : 1,001
time = 0.49
0.751 0.751
<
©
a
(0] -
2 050 0.50
£
©
B
0.251 0.251
time = 0.49
0.001 0.001
0.00 025 0.50 075 1.00 0.00 025 050 0.75 1.00
Recovered
1,00+
0.751
0.501
0.251
k time = 0.49
0.001 .
0.00 025 0.50 075 1.00
Method == PBPEM == EM

Figure 4: Simulated paths of 10* iterations using the PBPEM and the EM, both with A = 10~*
and z(0) = (0.5,0.3,0.2)” under the group of parameters (5.9). The red points show the time
the EM sample paths cross 0 or 1.

6 Conclusion

In this paper we established a much better condition under which the stochastic epidemic model
proposed by Cai et al.[2] has a unique positive and bounded solution. We then modified the classical
Euler-Maruyama (EM) scheme to create the positivity and boundedness preserving Euler-Maruyama
(PBPEM) scheme. We showed that the PBPEM convergences strongly to the true solution over finite
time intervals. We have also demonstrated that the key of the method is applicable to a bunch of
popular SDE models including the mean-reverting square-root process and the SDE SIR epidemic
model. The advantages of this method were fully illustrated by the numerical simulations.
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