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1. Introduction

Let D ⊂ R
n, n ≥ 1, be a bounded domain (with a sufficiently smooth boundary ∂D

for n ≥ 2) and X := L2(D). Let A : D(A) ⊂ X → X be a linear, positive-definite, self-

adjoint operator with compact inverse on X. In this paper, we investigate the following

fractional reaction-diffusion equation

∂tu(t) + ∂1−α
t Au(t) = f(t, u(t)) + “stochastic term”, (1)

where α ∈ (0, 1), f is a nonlinear source term, ∂1−α
t is the Riemann-Liouville fractional

derivative given by

∂1−α
t v(t) :=

1

Γ(α)

d

dt




t∫

0

rα−1v(t − r)dr


 .

Here Γ(α) =
∫ ∞

0
e−rrα−1dr is the Gamma function [3]. We study two following terminal

value problems (TVPs) for fractional reaction-diffusion equations:

• TVP for the stochastic equation driven by standard Brownian motion

{
∂tu(t) + ∂1−α

t Au(t) = f(t, u(t)) + σ(t)Ẇ (t), t ∈ [0, T ],

u(t)
∣∣
∂D

= 0, u(T ) = g,
(2)

where {Ẇ (t)}t≥0 is an X-valued Wiener process defined on a filtered complete prob-

ability space (Ω, F , {Ft}t≥0, P ), and the white noise Ẇ (t) = ∂W (t)
∂t describes random

effects on transport of particles in medium with memory or particles subject to stick-

ing and trapping.

• TVP for the stochastic equation driven by fractional Brownian motion

{
∂tu(t) + ∂1−α

t Au(t) = f(t, u(t)) + σ(t)ḂH(t), t ∈ [0, T ],

u(t)
∣∣
∂D

= 0, u(T ) = g,
(3)

where {ḂH(t)}t≥0, with H ∈ (1
4 , 1

2 ) ∪ (1
2 , 1), is an X-valued fractional Brownian

motion (fBm) defined on the filter complete probability space (Ω, F , {Ft}t≥0, P ) and

ḂH(t) = ∂
∂t BH(t) describes the fractional noise.

Notice that if H = 1
2 , then ḂH(t) becomes standard Brownian motion. Terminal data g

is an F0-measurable random variable, and belongs to X or its subspace. The function σ

will be specified later. The motivation of our study for Problem (1) comes from recent

results of M. Kovacsz et al. [14]. Different to the work [14], our main purpose in this

paper is to investigate well-posed results (the existence, regularity) and ill-posedness

results for Problem (2) and (3).
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
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It is obvious to see that the main equation we study in this paper is the topic of

stochastic fractional PDEs. The theory of fractional PDEs which studies derivatives of

non-integer orders has been established by famous mathematicians such as Riemann,

Liouville, Weyl, Riesz, Caputo and others. Fractional-order derivatives have a wide ap-

plication in physics and mechanics since it allows us to describe systems, media, and fields

that are characterized by non-locality and memory of power-law type. The determinis-

tic counterpart of the model (1) commonly known as subdiffusion, has been extensively

studied in the literature over the last few decades. It should be noted that if α = 1 then
∂1−α

∂t ∆u becomes ∆u and the equation

∂

∂t
u(t, x) −

∂1−α

∂t
∆u(t, x) = f(t, x, u(t, x)), (4)

reduces to the typical heat equation which is used for modeling heat diffusion in ho-

mogeneous media. Equation (4) for 0 < α < 1 is used to describe heat propagation in

inhomogeneous media and also describe anomalous diffusion processes and wave prop-

agation in viscoelastic materials [6]. Viscoelasticity is the property of materials that

exhibit both viscous and elastic characteristics when undergoing deformation [29]. As

introduced by [8], possible application of (4) is the description of diffusion in special

types of porous media. They have recently attracted increasing interest in the physical,

chemical and engineering literature [7].

More recently, stochastic partial differential equations (SPDEs) with fractional op-

erators have been received increasingly attentions. The area of SPDEs is interesting to

mathematicians since it contains a lot of hard open problems. Stochastic fractional dif-

fusion equation has been studied recently by [11–13,24,26,28,45–50] and the references

therein. In [25], M. Foondun and E. Nane considered the asymptotic behavior of the

solution for a non-linear time-fractional stochastic heat type equations. L. Chen [9] an-

alyzed moments, Hölder continuity and intermittency of the solution for 1D nonlinear

stochastic subdiffusion. Foondun, Liu and Nane [27] obtained some non-existence results

for fractional stochastic heat equations driven by colored noise on the multi-dimensional

spatial domain. B. Jin et al. [10] developed and analyzed a numerical method for stochas-

tic time-fractional diffusion driven by additive white noise. Q. Du et al. [51] derived a

stochastic representation of the solution to a nonlocal-in-time evolution equation. M.

Kovacsz et al. [14] studied the numerical approximation of a class of semilinear Volterra

integrodifferential equations. For stochastic reaction diffusion equations driven by frac-

tional Brownian motions, We also refer the reader to some interesting papers in fBm for

stochastic PDEs, for example, D. Nualart et al. [35–40], K. Lu et al. [15–17], T. Caraballo

et al. [18–20] and references therein. However, there appear to be fewer studies in the

literature relating to the theoretical analysis of SPDEs with fractional derivative driven

by fractional noise.

In this paper, we do not follow the initial value problem, otherwise, we study the

terminal value problem for stochastic PDEs. The terminal value problem is to identify

the initial data from the given final data. The TVPs stochastic fractional PDEs belong
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
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to a category of stochastic inverse problems, which refer to inverse problems that in-

volve uncertainties. Looking at the mild solution of deterministic inverse problems and

stochastic inverse problems, we obviously see that stochastic inverse problems have sub-

stantially more difficulties on top of the existing obstacles due to the randomness and

uncertainties. To the best of our knowledge, there have so far been no research results on

the effective analysis of the terminal value problem for (1). We can list some few papers

on this direction, for instance [21–23]. However, in these papers, the ill-posedness results

are not addressed. This is our motivation for studying the ill-posedness and regulariza-

tion. The main contributions and some challenge problems in the present paper are as

follows:

• We have some new difficulties in the techniques and analysis for considering inverse

problems for SPDE. For instance, unlike the deterministic PDEs, the solution of a

stochastic PDE is usually non-differentiable with respect to the variable with noise

(say, the time variable considered in this paper). Also, the usual compactness embed-

ding result does not remain true for the solution spaces related to stochastic PDEs.

For the time-integer derivative case, as in [30], A. de Bouard and A. Debussche used

Itó formula to deal with the stochastic term and proved the unique existence of

the weak solution by Galerkin approximation method. But for the time-fractional

derivative with the stochastic case, the stochastic term can not be disposed of by Itó

formula. It seems no way to study the weak solution of (1) which motivates us to find

other way to study the solution’s property. In this paper, we study the existence and

uniqueness of the mild solution for (1). The study of finding some suitable spaces

for the mild solution is also challenge since the mild solution of Problem (2) and

Problem (3) is more complex than the initial value problem.

• Our first results are to derive the well-poseness of Problem (2) and Problem (3) in

the sense of Hadamard. A PDE is well-posed (in the sense of Hadamard) if for each

choice of data, a solution exists in some sense. For each choice of data, the solution is

unique in some space. The map from data to solutions is continuous in some topology.

The notion of a well-posed problem is important in applied math. If we were using

two Problem (2) and Problem (3) to make predictions about some physical process,

we would obviously like Problem (2) and Problem (3) to have a unique solution.

And if the solution depends continuously on data and parameters, we don’t have to

worry about small errors in measurement producing large errors in our predictions.

In Section 3, the well-posedness of two problems are investigated under Lipschitz

assumption on the nonlinear source term. We attempt to find the spaces our mild

solutions belong to in three case of Hurt parameter including H = 1
2 , H ∈ (1

4 , 1
2 ),

H ∈ (1
2 , 1). The existence, uniqueness of the solution in each case is obtained by

using the fixed point theorem. Additionally, we also discuss some regularity results

for each of problems.

• Our second results are to investigate the ill-posedness results in the sense of

Hadamard. It is the fact that Problem (2) and Problem (3) when H ∈ (1 , 1) are
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
https://doi.org/10.1016/j.bulsci.2022.103158
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ill-posed since the solution’s behavior does not change continuously with the data

(g, σ) (or called instable for short). Therefore, it is required to regularize two prob-

lems. For this purpose, we use a well-known method in regularization theory for

inverse problems and ill-posed problems that is Fourier truncation. In this way, we

control the frequency in such a way that it depends on the error ε appearing in the

data (see more details about this method in [43]). Furthermore, the convergence rate

of the regularized solution is proposed to show clearly that it tends to the sought

solution as ε → 0+.

2. Preliminaries

2.1. Notations, Wiener process and fractional Brownian motion (fBm)

Let us begin with some functional spaces used in the present paper. For two given

Hilbert spaces X1, X2, we denote by L(X1, X2) the space of all bounded linear operators

from X1 to X2 and L(X1) := L(X1, X1). For arbitrary Banach space Y , we define the

space

Lq(0, T ; Y ) :=



w : [0, T ] → Y s.t.

T∫

0

‖w(s)‖
q
Y ds < ∞



 , q > 1,

endowed with the norm ‖w‖Lq(0,T ;Y ) :=
(∫ T

0
‖w(s)‖

q
Y ds

)1/q

. By L∞(0, T ; Y ), we denote

the space of all essentially bounded functions w on [0, T ] with the norm ‖w‖L∞(0,T ;Y ) :=

ess sup0<t<T ‖w(t)‖Y . Define by C([0, T ]; Y ) the space of all continuous functions w

on [0, T ] endowed with the norm ‖w‖C([0,T ];Y ) := sup0≤t≤T ‖w(t)‖Y . For two positive

numbers ϑ1, ϑ2 satisfying ϑ1 + ϑ2 < 1, we introduce the space Cϑ1,ϑ2([0, T ]; Y ), which is

a subspace of C([0, T ]; Y ) endowed with the norm

‖w‖Cϑ1,ϑ2 ([0,T ];Y ) := sup
t∈[0,T ]

tϑ1 ‖w(t)‖Y + sup
0≤t<t+θ≤T

tϑ1+ϑ2
‖w(t + θ) − w(t)‖Y

θϑ2
< ∞.

Let {λn}n≥1 be a sequence of eigenvalues of A and {en}n≥1 be a sequence of eigen-

functions of A, which satisfy 0 < λ1 ≤ λ2 ≤ · · · ≤ λn ≤ λn+1 ≤ . . . , limn→∞ λn = ∞

and Aen = λnen. For δ > 0, we define by Ḣδ the space of all functions ϕ ∈ X such that∑
n≥1 λ2δ

n |〈ϕ, en〉|2 < ∞, with the norm

‖ϕ‖Ḣδ :=
( ∑

n≥1

λ2δ
n |〈ϕ, en〉|2

) 1
2

.

In the case δ = 0, it is clear that Ḣ0 = X = L2(D). Let Ḣ−δ stand for the dual space of

Ḣδ. We can define the fractional operator (see [32]) Aδ : Ḣδ/2 → Ḣ−δ/2 as
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
https://doi.org/10.1016/j.bulsci.2022.103158
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Aδϕ :=
∑

n≥1

λδ
n〈ϕ, en〉en, ϕ ∈ Ḣδ/2.

Let (Ω, F , P , {Ft}t≥0) be a filtered probability space with a normal filtration {Ft}t≥0

satisfying standard assumptions, namely, it is right continuous and F0 contains all P -null

sets. We denote by L2(Ω, Ḣδ), with δ ≥ 0, the space of all random variables ̺ taking

value on Ḣδ such that ‖̺‖L2(Ω,Ḣδ) :=
√

E ‖̺‖
2
Ḣδ < ∞. Let Q be an operator defined by

Qen = χnen with finite trace Tr(Q) =
∑

n≥1 χn < ∞. The Wiener process {W (t)}t∈[0,T ]

with covariance Q (see [10,33]) can be defined as follows

W (t) =
∑

n≥1

Q
1
2 enβn(t) =

∑

n≥1

χ
1
2
n enβn(t), (5)

where βn(t) are independent one-dimensional Brownian motions. Let HS(X, Ḣδ), be

the space of all Hilbert-Schmidt operators Ψ : X → Ḣδ with the norm ‖Ψ‖HS(X,Ḣδ) :=√∑
n≥1 ‖Ψen‖

2
Ḣδ . We denote by L2

0(X, Ḣδ)) the space of all operators Ψ ∈ HS(X, Ḣδ)

such that

‖Ψ‖L2
0(X,Ḣδ)) :=

∥∥∥ΨQ1/2
∥∥∥

HS(X,Ḣδ)
< ∞.

For convenience, we define L2
0 := L2

0(X, X).

Next, we briefly recall the fractional Brownian motion and the Wiener integral with

respect to the fractional Brownian motion.

Definition 2.1. A one-dimensional fractional Brownian motion {βH(t)}t≥0 of Hurst index

H ∈ (0, 1) is a continuous and centered Gaussian process with covariance function

RH(s, r) = E[βH(s)βH(r)] =
1

2

(
s2H + r2H − |s − r|2H

)
.

In the case of H = 1/2, {βH(t)}t≥0 turns out to be the standard Wiener process with

covariance function RH(s, r) = min(s, r).

For a time interval [0, T ], we denote by E the space of step functions φ on [0, T ] and by

H the Hilbert space defined as the closure of E with the scalar product 〈1[0,s], 1[0,r]〉H =

RH(s, r). Consider the kernel [35]

KH(s, r) = cH




(s

r

)H− 1
2

(s − r)H− 1
2 −

(
H −

1

2

)
r

1
2 −H

s∫

r

uH− 3
2 (u − r)H− 1

2 du


 ,

for H ∈
(

0,
1

2

)
,

and
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
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KH(s, r) = cH

s∫

r

(u − r)H− 3
2

(u

r

)H− 1
2

du, for H ∈
(1

2
, 1

)
,

where

cH =





√
H

(1−2H)β(1−2H,H+1/2) , if H ∈
(
0, 1

2

)
,

√
H(2H−1)

β(2−2H,H−1/2) , if H ∈
(

1
2 , 1

)
,

with β(·, ·) is the Beta function [3]. Noting that if H ∈ (0, 1/2) then [34]

∂KH

∂s
(s, r) = cH(H − 1/2)

(s

r

)H−1/2

(s − r)H−3/2.

We refer to [34,35,41] the following form for βH(t)

βH(t) =

t∫

0

KH(t, s)dβ(s), β is the standard Brownian motion.

We now consider the operator K∗
H,T : H → L

2([0, T ]) given by

(K∗
H,T φ)(s) = KH(T, s)φ(s) +

T∫

s

(φ(u) − φ(s))
∂KH

∂u
(u, s)du.

From [34,35,41], it is known that K∗
H,T is an isometry between H and L

2([0, T ]). If

H ∈ (1
2 , 1) then K∗

H,T has a simpler form

(K∗
H,T φ)(s) =

T∫

s

φ(u)
∂KH

∂u
(u, s)du.

We refer to [34,35,41] the following relation between the Wiener integral with respect to

fBm and the Itô integral with respect to the Wiener process

T∫

0

φ(s)dβH(s) =

T∫

0

K∗
H,T φ(s)dβ(s), for H ∈ (0, 1/2) ∪ (1/2, 1).

Generally, following the standard approach (5) for the case H = 1/2, the fBm

{BH(t)}t∈[0,T ] can be defined as

BH(t) =
∑

n≥1

Q
1
2 enβH

n (t) =
∑

n≥1

χnenβH
n (t),
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
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where βH
n (t) are independent one-dimensional fractional Brownian motions, and the

Wiener integral of Ψ : [0, T ] → L2
0 with respect to fBm can be defined as

T∫

0

Ψ(s)dBH(s) =
∑

n≥1

T∫

0

Ψ(s)Q1/2endβH
n (s) =

∑

n≥1

T∫

0

K∗
H,T

(
ΨQ1/2en

)
(s)dβn(s).

2.2. Mittag-Leffler function, well-posedness and ill-posedness

We begin with some properties of the Mittag-Leffler Eα1,α2
(see [3], Section 1.2)

defined by

Eα1,α2
(z) :=

∑

n≥0

zn

Γ(α1n + α2)
, α1, α2 > 0, z ∈ C.

For short, we set Eα(z) := Eα,1(z), eα(z) := Eα,α(z), α > 0.

Lemma 2.1 (see [3]). Given α ∈ (0, 1), α′ > 0, λ ≥ 0. Then

|Eα,α′(−λ)| ≤
C2

1 + λ
, |Eα(−λ)| ≥

C1

1 + λ
, |eα(−λ)| ≤ min

(
C2

1 + λ2
,

C2

1 + λ

)
,

where C1, C2 are positive constants.

Lemma 2.2 (see [4]). Given α ∈ (0, 1), λ > 0. Then

d

dt
Eα(−λtα) = −λtα−1eα(−λtα).

Next, we aim to give representations for the solutions to Problem (2) and Problem

(3). For this purpose, we consider the following deterministic problem

{
∂tu(t) + ∂1−α

t Au(t) = f(t, u(t)), t ∈ [0, T ],

u(t)
∣∣
∂D

= 0, u(T ) = g.
(6)

We refer to [1] the following representation for the solutions to (6), which is obtained by

using the Laplace transform method

u(t) = Eα(−tαA)u(0) +

t∫

0

Eα(−(t − s)αA)f(s, u(s))ds, (7)

where Eα(−tαA) is the Mittag-Leffler operator (see [2,5]) defined by
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
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Eα(−tαA)ϕ :=

∞∫

0

Mα(r)e−rtαAϕdr, ϕ ∈ X. (8)

By the following relation between the Mittag-Leffler function and the Wright-type func-

tion (see [31])

∞∫

0

Mα(r)e−zrdr = Eα(−z), z ∈ C,

the formula (8) can be rewritten as

Eα(−tαA)ϕ =
∑

n≥1

Eα(−tαλn)〈ϕ, en〉en, ϕ ∈ X.

Substituting t = T , we have from (7) that

u(0) = E−1
α (−T αA)u(T ) −

T∫

0

E−1
α (−T αA)Eα(−(T − s)αA)f(s, u(s))ds, (9)

where the operator E−1
α (−tαA) is defined by

E−1
α (−tαA)ϕ =

∑

n≥1

1

Eα(−tαλn)
〈ϕ, en〉en, ϕ ∈ X.

Combining (7), (9), and using the final condition u(T ) = g, we now obtain

u(t) = Eα,1(t)g +

t∫

0

Eα,2(t − s)f(s, u(s))ds −

T∫

0

Eα,1(t)Eα,2(T − s)f(s, u(s))ds, (10)

where we define Eα,1(t) := Eα(−tαA)E−1
α (−T αA) and Eα,2(t) := Eα(−tαA), for t ∈

[0, T ].

Motivated by (10), we give the definitions of mild solutions of Problem (2) and Prob-

lem (3):

Definition 2.2. An X-valued process u(t) is called a mild solution of Problem (2) if it

satisfies the equation

u(t) = Eα,1(t)g +

t∫
Eα,2(t − s)f(s, u(s))ds −

T∫
Eα,1(t)Eα,2(T − s)f(s, u(s))ds
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
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+

t∫

0

Eα,2(t − s)σ(s)dW (s) −

T∫

0

Eα,1(t)Eα,2(T − s)σ(s)dW (s), P − a.s. (11)

An X-valued process v(t) is called a mild solution of Problem (3) if it satisfies the

equation

v(t) = Eα,1(t)g +

t∫

0

Eα,2(t − s)f(s, v(s))ds −

T∫

0

Eα,1(t)Eα,2(T − s)f(s, v(s))ds

+

t∫

0

Eα,2(t − s)σ(s)dBH(s) −

T∫

0

Eα,1(t)Eα,2(T − s)σ(s)dBH(s), P − a.s. (12)

We refer to [42] the following definitions of well-posedness and ill-posedness given by

Jacques Hadamard:

Definition 2.3. A problem is called well-posed if it has the following properties

i) a solution exists,

ii) the solution is unique,

iii) the solution is stable (its behavior changes continuously with the data).

If at least one of three properties does not hold, then the problem is called ill-posed.

In the next section, we will study the well-posedness of two problems we are inter-

ested in under strongly choices of data. By the assumptions (g), (σ1), we constitute the

existence, uniqueness and some regularities of the mild solution u(t) of Problem (2).

For Problem (3) in two case H ∈ (1
4 , 1

2 ) and H ∈ (1
2 , 1), to obtain similar results, it is

required more strict assumptions for the data σ as in (σ1), (σ2).

In the last section, the ill-posedness on C([0, T ], L2(Ω, X)) of Problem (2) and Problem

(3) when H ∈ (1/2, 1) are investigated. This property of two problems comes from

the instability of the solutions. Precisely, it is the fact that if we have small errors

in the data as in Model (36) then there could be a large change in the solution, i.e.

‖uε − u‖C([0,T ];L2(Ω,X)) (res. ‖vε − u‖C([0,T ];L2(Ω,X))) does not tend to zero as ε → 0+,

where uε = u(gε, σε) (res. vε = v(gε, σε)) is the solution of each problem with respect to

the observed data. Hence, we aim to apply the Fourier truncated method to regularize

each problem and then show the convergence results of regularized solutions.

2.3. Properties of solution operators

Lemma 2.3. Given α ∈ (0, 1) and µ1 ≥ 0. Let µ2, µ3, µ4 satisfy 0 ≤ µ1 − µ2 ≤ 1,

0 ≤ µ3 − µ1 ≤ 1 and 0 ≤ µ4 − µ2 ≤ 1. Then
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
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a) ‖Eα,1(t)‖
L(Ḣµ1+1,Ḣµ1 ) ≤ C3, ‖Eα,2(t)‖

L(Ḣµ1 ,Ḣµ1 ) ≤ C2, for t ∈ [0, T ],

b) ‖Eα,1(t)‖
L(Ḣµ2+1,Ḣµ1 ) ≤ C3t−α(µ1−µ2), ‖Eα,2(t)‖

L(Ḣµ2 ,Ḣµ1 ) ≤ C2t−α(µ1−µ2), for t ∈

(0, T ],

c) ‖Eα,1(t1)Eα,2(t2)‖
L(Ḣµ3 ,Ḣµ1 ) ≤ C2C3t

−α(µ1+1−µ3)
2 , for t1 ∈ [0, T ], t2 ∈ (0, T ],

d) ‖Eα,1(t1)Eα,2(t2)‖
L(Ḣµ4 ,Ḣµ1 ) ≤ C2C3t

−α(µ1−µ2)
1 t

−α(µ2+1−µ4)
2 , for t1 ∈ (0, T ], t2 ∈

(0, T ],

where C3 = C3(α, T ) := C2

C1
(λ−1

1 + T α).

Proof. For t ∈ [0, T ], it follows from Lemma 2.1 that

|Eα(−tαλn)| ≤ C2,
∣∣∣

Eα(−tαλn)

Eα(−T αλn)

∣∣∣ ≤
C2

C1
(1 + T αλn) ≤

C2

C1
(λ−1

1 + T α)λn = C3λn.

(13)

Hence, for ϕ ∈ X and t ∈ [0, T ], we have

‖Eα,2(t)ϕ‖
2
Ḣµ1

=
∑

n≥1

λ2µ1
n |Eα(−tαλn)|2〈ϕ, en〉2 ≤ C2

2 ‖ϕ‖
2
Ḣµ1 ,

‖Eα,1(t)ϕ‖
2
Ḣµ1

=
∑

n≥1

λ2µ1
n

∣∣∣∣
Eα(−tαλn)

Eα(−T αλn)

∣∣∣∣
2

〈ϕ, en〉2 ≤ C2
3 ‖ϕ‖

2
Ḣµ1+1 .

For t ∈ (0, T ], it follows from Lemma 2.1 that

|Eα(−tαλn)| ≤ C2(1 + tαλn)−(µ1−µ2) ≤ C2t−α(µ1−µ2)λ−(µ1−µ2)
n ,

∣∣∣∣
Eα(−tαλn)

Eα(−T αλn)

∣∣∣∣ ≤
C2

C1
(1 + T αλn)t−α(µ1−µ2)λ−(µ1−µ2)

n ≤ C3t−α(µ1−µ2)λ1−(µ1−µ2)
n .

Hence, for ϕ ∈ X and t ∈ (0, T ], we have

‖Eα,2(t)ϕ‖
2
Ḣµ1

=
∑

n≥1

λ2µ1
n |Eα(−tαλn)|2〈ϕ, en〉2 ≤ C2

2 t−2α(µ1−µ2) ‖ϕ‖
2
Ḣµ2 ,

‖Eα,1(t)ϕ‖
2
Ḣµ1

=
∑

n≥1

λ2µ1
n

∣∣∣∣
Eα(−tαλn)

Eα(−T αλn)

∣∣∣∣
2

〈ϕ, en〉2 ≤ C2
3 t−2α(µ1−µ2) ‖ϕ‖

2
Ḣµ2+1 .

Consequently, part c) is obtained from the estimate for Eα,1 in part a) and the estimate

for Eα,2 in part b). Furthermore, part d) is obtained from the estimate for Eα,1 and Eα,2

in part b). The proof is completed. 2

For short, from now on, a1 . a2 (res. a1 & a2) stands for a1 ≤ Ca2 (res. a1 ≥ Ca2),

where C is a positive constant.
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Lemma 2.4. Given α ∈ (0, 1) and µ1 ≥ 0. Let µ2 satisfy 1
2 < µ1 − µ2 ≤ 1 and 0 ≤ γ ≤ 1.

Then, for 0 < t < t + θ ≤ T

∥∥∥E
(θ)
α,1(t)

∥∥∥
L(Ḣ2−µ1+2µ2 ,Ḣµ1 ))

.
θα(2µ1−2µ2−1)γ

tα(2µ1−2µ2−1)(γ+1)
,

∥∥∥E
(θ)
α,2(t)

∥∥∥
L(Ḣ1−µ1+2µ2 ,Ḣµ1 ))

.
θα(2µ1−2µ2−1)γ

tα(2µ1−2µ2−1)(γ+1)
,

where we define E
(θ)
α,1(t) := Eα,1(t + θ) − Eα,1(t) and E

(θ)
α,2(t) := Eα,2(t + θ) − Eα,2(t).

Proof. For ϕ ∈ X and t ∈ (0, T ], by using Lemma 2.2, we have

∥∥∥E
(θ)
α,1(t)ϕ

∥∥∥
2

Ḣµ1
=

∑

n≥1

λ2µ1
n

∣∣∣∣
Eα(−(t + θ)αλn) − Eα(−tαλn)

Eα(−T αλn)

∣∣∣∣
2

〈ϕ, en〉2

=
∑

n≥1

λ2µ1
n

∣∣∣∣
−

∫ t+θ

t
λnsα−1eα(−λnsα)ds

Eα(−T αλn)

∣∣∣∣
2

〈ϕ, en〉2.

On the other hand, applying Lemma 2.1, we obtain

E−1
α (−T αλn) . λn, eα(−sαλn) . (1 + s2αλ2

n)−(µ1−µ2) ≤ s−2α(µ1−µ2)λ−2(µ1−µ2)
n ,

Hence, the following estimate holds

∥∥∥E
(θ)
α,1(t)ϕ

∥∥∥
2

Ḣµ1
≤

∣∣∣∣

t+θ∫

t

s−α(2µ1−2µ2−1)−1ds

∣∣∣∣
2 ∑

n≥1

λ2(2−µ1+2µ2)
n 〈ϕ, en〉2

.
∣∣(t + θ)−α(2µ1−2µ2−1) − t−α(2µ1−2µ2−1)

∣∣2
‖ϕ‖

2
Ḣ2−µ1+2µ2

=

∣∣∣∣
(t + θ)α(2µ1−2µ2−1) − tα(2µ1−2µ2−1)

tα(2µ1−2µ2−1)(t + θ)α(2µ1−2µ2−1)

∣∣∣∣
2

‖ϕ‖
2
Ḣ2−µ1+2µ2 .

By the observation 0 < α(2µ1 − 2µ2 − 1) ≤ α < 1 and γ ∈ [0, 1], we know that

(t + θ)α(2µ1−2µ2−1) − tα(2µ1−2µ2−1) ≤ θα(2µ1−2µ2−1),

(t + θ)α(2µ1−2µ2−1) ≥ tα(2µ1−2µ2−1)γθα(2µ1−2µ2−1)(1−γ).

This leads to
∥∥∥E

(θ)
α,1(t)ϕ

∥∥∥
2

Ḣµ1
. θ2α(2µ1−2µ2−1)γ

t2α(2µ1−2µ2−1)(γ+1) ‖ϕ‖
2
Ḣ2−µ1+2µ2 . In a similar way as in

above, one arrives at

∥∥∥E
(θ)
α,2(t)ϕ

∥∥∥
2

Ḣµ1
=

∑
λ2µ1

n

∣∣∣∣Eα(−(t + θ)αλn) − Eα(−tαλn)

∣∣∣∣
2

〈ϕ, en〉2
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.
θ2α(2µ1−2µ2−1)γ

t2α(2µ1−2µ2−1)(γ+1)
‖ϕ‖

2
Ḣ1−µ1+2µ2 .

We now complete the proof. 2

3. Existence, uniqueness, regularity of mild solutions

The main purpose of this section is to study the existence, uniqueness, and regularity

of mild solutions to Problem (2) and Problem (3). To do this, we make the following

assumptions:

(g) g ∈ L2(Ω, Ḣν1+1), ν1 ≥ 0.

(σ1) For Problem (2), we assume that σ ∈ Lp(0, T ; L2
0(X, Ḣν2)), for some ν2 ≥ ν1 and

p > 2 satisfying

ν2 − ν1 ≤ 1,
2pα

p − 2
[1 − (ν2 − ν1)] < 1.

(σ2) For Problem (3) when H ∈ (1
4 , 1

2 ), we assume that σ : [0, T ] → L2
0(X, Ḣν3), for

some ν3 ≥ ν1 satisfying α[1 − (ν3 − ν1)] ∈ (1
2 − H, H) and σ satisfies the following

Hölder condition

‖σ(t1) − σ(t2)‖L2
0(X,Ḣν3 ) ≤ Cσ|t2 − t1|ζ , t1, t2 ∈ [0, T ],

where Cσ is a positive constant and ζ > 1
2 − H.

(σ3) For Problem (3) when H ∈ (1
2 , 1), we assume σ ∈ Lρ(0, T ; L2

0(X, Ḣν4)), for some

ν4 ≥ ν1 and ρ > 2 satisfying

ρ

ρ − 2

(
3

2
− H + α(1 − (ν4 − ν1))

)
< 1.

(f) f(·, 0) = 0 and there exists a positive constant K such that for ϕ, ϕ′ ∈ Ḣν1

‖f(t, ϕ) − f(t, ϕ′)‖Ḣν1 ≤ K ‖ϕ − ϕ′‖Ḣν1 , t ∈ [0, T ].

Assume further that KC2T
(

1 +
C2

3 T −2α

(1−α)2

) 1
2

< 1.

Firstly, we provide some needed estimates for the terms in the right hand sides of the

mild formulations (11), (12), under the above assumptions. The proof of the following

lemmas can be found in Appendix A.

Lemma 3.1. Let Assumption (g) be satisfied. Define I1(t) := Eα,1(t)g. Then

i) ‖I1(t)‖L2(Ω,Ḣν1 ) . ‖g‖L2(Ω,Ḣν1+1), for t ∈ [0, T ],
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
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ii) ‖I1(t)‖L2(Ω,Ḣν1+r1 ) . t−αr1 ‖g‖L2(Ω,Ḣν1+1), for t ∈ (0, T ].

Lemma 3.2. Let Assumption (f) be satisfied. For w ∈ L∞(0, T ; L2(Ω, Ḣν1)) and t ∈

[0, T ], we define

I2(w)(t) :=

t∫

0

Eα,2(t − s)f(s, w(s))ds, I3(w)(t) :=

T∫

0

Eα,1(t)Eα,2(T − s)f(s, w(s))ds.

Then, the following properties hold

i) ‖I2(w)(t)‖L2(Ω,Ḣν1 ) ≤ KC2T ‖w‖L∞(0,T ;L2(Ω,Ḣν1 )), for t ∈ [0, T ],

ii) ‖I2(w)(t)‖L2(Ω,Ḣν1+r1 ) . t−αr1 ‖w‖L∞(0,T ;L2(Ω,Ḣν1 )), for r1 ∈ (0, 1], t ∈ (0, T ],

iii) ‖I3(w)(t)‖L2(Ω,Ḣν1 ) ≤ K C2C3

1−α T 1−α ‖w‖L∞(0,T ;L2(Ω,Ḣν1 )), for t ∈ [0, T ],

iv) ‖I3(w)(t)‖L2(Ω,Ḣν1+r1 ) . t−αr1 ‖w‖
2
L∞(0,T ;L2(Ω,Ḣν1 )), for r1 ∈ (0, 1], t ∈ (0, T ].

Lemma 3.3. Let Assumption (σ1) be satisfied. For t ∈ [0, T ], we define

I4(t) :=

t∫

0

Eα,2(t − s)σ(s)dW (s), I5(t) :=

T∫

0

Eα,1(t)Eα,2(T − s)σ(s)dW (s).

Then, the following properties hold

i) ‖I4(t)‖L2(Ω,Ḣν1 ) . ‖σ‖Lp(0,T ;L2
0(X,Ḣν2 )), for t ∈ [0, T ],

ii) ‖I4(t)‖L2(Ω,Ḣν1+r1 ) . ‖σ‖Lp(0,T ;L2
0(X,Ḣν2 )), for r1 ∈ (0, 1], t ∈ (0, T ],

iii) ‖I5(t)‖L2(Ω,Ḣν1 ) . ‖σ‖Lp(0,T ;L2
0(X,Ḣν2 )), for t ∈ [0, T ],

iv) ‖I5(t)‖L2(Ω,Ḣν1+r1 ) . t−αr1 ‖σ‖Lp(0,T ;L2
0(X,Ḣν2 )), for r1 ∈ (0, 1], t ∈ (0, T ].

Lemma 3.4. Let Assumption (σ2) be satisfied. For t ∈ [0, T ], we define

I4(t) :=

t∫

0

Eα,2(t − s)σ(s)dBH(s), I5(t) :=

T∫

0

Eα,1(t)Eα,2(T − s)σ(s)dBH(s).

Then, the following properties hold for H ∈ (1
4 , 1

2 ) and t ∈ (0, T ]

i)
∥∥I4(t)

∥∥
L2(Ω,Ḣν1 )

. Cσ + ‖σ‖C((0,T ];L2
0(X,Ḣν3 )),

ii)
∥∥I5(t)

∥∥
L2(Ω,Ḣν1 )

. Cσ + ‖σ‖C((0,T ];L2
0(X,Ḣν3 )).

Lemma 3.5. Let Assumption (σ2) be satisfied. Then, the following properties hold for

H ∈ (1 , 1 ), t ∈ (0, T ], and r1 ∈ (0, 1]
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
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.

i)
∥∥I4(t)

∥∥
L2(Ω,Ḣν1+r1 )

. Cσ + ‖σ‖C((0,T ];L2
0(X,Ḣν3 )),

ii)
∥∥I5(t)

∥∥
L2(Ω,Ḣν1+r1 )

. t−αr1

(
Cσ + ‖σ‖C((0,T ];L2

0(X,Ḣν3 ))

)
.

Lemma 3.6. Let Assumption (σ3) be satisfied. Then, the following properties hold for

H ∈ (1
2 , 1) and t ∈ (0, T ]

i)
∥∥I4(t)

∥∥
L2(Ω,Ḣν1 )

. ‖σ‖Lρ(0,T ;L2
0(X,Ḣν4 )),

ii)
∥∥I5(t)

∥∥
L2(Ω,Ḣν1 )

. ‖σ‖Lρ(0,T ;L2
0(X,Ḣν4 )).

Lemma 3.7. Let Assumption (σ3) be satisfied. Then, the following properties hold for

H ∈ (1
2 , 1), t ∈ (0, T ], and r1 ∈ (0, 1]

i)
∥∥I4(t)

∥∥
L2(Ω,Ḣν1+r1 )

. ‖σ‖Lρ(0,T ;L2
0(X,Ḣν4 )),

ii)
∥∥I5(t)

∥∥
L2(Ω,Ḣν1+r1 )

. t−αr1 ‖σ‖Lρ(0,T ;L2
0(X,Ḣν4 )).

In what follows, we shall state the main results of this section, including the existence,

uniqueness, regularity for the problems we consider.

3.1. Existence, uniqueness, regularity of mild solution to Problem (2)

Theorem 3.1. Suppose that Assumptions (g), (σ1), (f) are satisfied. Then

i) Problem (2) has a unique mild solution u in L∞(0, T ; L2(Ω, Ḣν1)).

ii) If 0 < r1 ≤ 1 < q < 1
αr1

, then u ∈ Lq(0, T ; L2(Ω, Ḣν1+r1)) and satisfies

‖u‖Lq(0,T ;L2(Ω,Ḣν1+r1 )) . ‖g‖L2(Ω,Ḣν1+1) + ‖u‖L∞(0,T ;L2(Ω,Ḣν1 )) + ‖σ‖Lp(0,T ;L2
0(X,Ḣν2 ))

iii) If r2 ∈
(

ν2−ν1+1
2 , 1

)
, then u ∈ Cα−η,η((0, T ]; L2(Ω, Ḣν1+r2)), where

η := min

{
α(1 − r2),

p − 2

2p
− α[1 − (ν2 − ν1)]

}
.

Proof. Step 1. Now, we prove that Problem (2) has a unique mild solution u ∈

L∞(0, T ; L2(Ω, Ḣν1)) by using the contraction mapping principle. For w ∈ L∞(0, T ;

L2(Ω, Ḣν1)), we define

Zw(t) := Eα,1(t)g +

t∫

0

Eα,2(t − s)f(s, w(s))ds −

T∫

0

Eα,1(t)Eα,2(T − s)f(s, w(s))ds

+

t∫
Eα,2(t − s)σ(s)dW (s) −

T∫
Eα,1(t)Eα,2(T − s)σ(s)dW (s)
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
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= I1(t) + I2(w)(t) + I3(w)(t) + I4(t) + I5(t). (14)

Firstly, it can be seen that Z is well-defined on L∞(0, T ; L2(Ω, Ḣν1)). Indeed, it follows

from the property i) of Lemma 3.1, the properties i), iii) of Lemma 3.2, and the properties

i), iii) of Lemma 3.3 that for all t ∈ [0, T ] there holds

‖Zw(t)‖L2(Ω,Ḣν1 ) . ‖g‖L2(Ω,Ḣν1+1) + ‖w‖L∞(0,T ;L2(Ω,Ḣν1 )) + ‖σ‖Lp(0,T ;L2
0(X,Ḣν2 )) .

Next, one can see that Z is a contraction mapping. Indeed, for w1, w2 ∈ L∞(0, T ;

L2(Ω, Ḣν1)), it follows from (14) that

‖Zw1(t) − Zw2(t)‖L2(Ω,Ḣν1 )

≤

∥∥∥∥∥∥

t∫

0

Eα,2(t − s)[f(s, w1(s)) − f(s, w2(s))]ds

∥∥∥∥∥∥
L2(Ω,Ḣν1 )

+

∥∥∥∥∥∥

T∫

0

Eα,1(t)Eα,2(T − s)[f(s, w1(s)) − f(s, w2(s))]ds

∥∥∥∥∥∥
L2(Ω,Ḣν1 )

. (15)

In the same ways as in the estimates of I2(w)(t) and I3(w)(t), one can check that

‖Zw1(t) − Zw2(t)‖
2
L2(Ω,Ḣν1 ) ≤ K2C2

2 T 2

(
1 +

C2
3 T −2α

(1 − α)2

)
‖w1 − w2‖

2
L∞(0,T ;L2(Ω,Ḣν1 )) ,

(16)

which implies that ‖Zw1 − Zw2‖L∞(0,T ;L2(Ω,Ḣν1 )) < ‖w1 − w2‖L∞(0,T ;L2(Ω,Ḣν1 )). Hence,

there exists a unique fixed point u such that Zu = u, which is the unique mild solution

of Problem (2).

Step 2. The purpose of this step is to prove that u ∈ Lq(0, T ; L2(Ω, Ḣν1+r1)). For t ∈

(0, T ], the property ii) of Lemma 3.1, the properties ii), iv) of Lemma 3.2, and the

properties ii), iv) of Lemma 3.3 allow that for t ∈ (0, T ] that for all t ∈ [0, T ] there holds

‖Zu(t)‖L2(Ω,Ḣν1+r1 ) . t−αr1
(

‖g‖L2(Ω,Ḣν1+1) + ‖u‖L∞(0,T ;L2(Ω,Ḣν1 ))

+ ‖σ‖Lp(0,T ;L2
0(X,Ḣν2 ))

)
.

By using the fact that
∫ T

0
t−αqr1dt . t1−αqr1 ≤ T 1−αqr1 , for any q < 1

αr1
, we now

conclude that u ∈ Lq(0, T ; L2(Ω, Ḣν1+r1)).

Step 3. In this step, we will prove that u ∈ Cα−η,η((0, T ]; L2(Ω, Ḣν1+r2)). To do this, we

divide u(t + θ) − u(t), for 0 < t < t + θ ≤ T , into seven terms as

u(t + θ) − u(t) = E
(θ)
α,1(t)g +

t∫
E

(θ)
α,2(t − s)f(s, u(s))ds +

t+θ∫
Eα,2(t + θ − s)f(s, u(s))ds
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
https://doi.org/10.1016/j.bulsci.2022.103158

0 t



ARTICLE IN PRESS
JID:BULSCI AID:103158 /FLA [m1L; v1.317] P.17 (1-58)

N.H. Tuan et al. / Bull. Sci. math. ••• (••••) •••••• 17

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42
−

T∫

0

E
(θ)
α,1(t)Eα,2(T − s)f(s, u(s))ds +

t∫

0

E
(θ)
α,2(t − s)σ(s)dW (s)

+

t+θ∫

t

Eα,2(t + θ − s)σ(s)dW (s) −

T∫

0

E
(θ)
α,1(t)Eα,2(T − s)σ(s)dW (s)

=: Jθ
1 (t) + Jθ

2 (u)(t) + Jθ
3 (u)(t) + Jθ

4 (u)(t) + Jθ
5 (t) + Jθ

6 (t) + Jθ
7 (t).

Applying Lemma 2.4 with µ1 = ν1 + r2, µ2 = ν1 + r2−1
2 and γ = 1

r2
− 1, one has

∥∥∥E
(θ)
α,1(t)

∥∥∥
L(Ḣν1+1,Ḣν1+r2 )

. t−αθα(1−r2),
∥∥∥E

(θ)
α,2(t)

∥∥∥
L(Ḣν1 ,Ḣν1+r2 )

. t−αθα(1−r2).(17)

Hence, two first terms Jθ
1 (t), Jθ

2 (t) can be estimated as

∥∥Jθ
1 (t)

∥∥2

L2(Ω,Ḣν1+r2 )
= E

∥∥∥E
(θ)
α,1(t)g

∥∥∥
2

Ḣν1+r2
. t−2αθ2α(1−r2) ‖g‖

2
L2(Ω,Ḣν1+1) , (18)

and

∥∥Jθ
2 (u)(t)

∥∥2

L2(Ω,Ḣν1+r2 )
≤ E




t∫

0

∥∥∥E
(θ)
α,2(t − s)f(s, u(s))

∥∥∥
Ḣν1+r2

ds




2

. θ2α(1−r2)
E




t∫

0

(t − s)−α ‖f(s, u(s))‖Ḣν1 ds




2

On the other hand, by a similar technique as in (54), one can see

E




t∫

0

(t − s)−α ‖f(s, u(s))‖Ḣν1 ds




2

. ‖u‖
2
L∞(0,T ;L2(Ω,Ḣν1 )) .

Hence, it is clear that

∥∥Jθ
2 (u)(t)

∥∥2

L2(Ω,Ḣν1+r2 )
. θ2α(1−r2) ‖u‖

2
L∞(0,T ;L2(Ω,Ḣν1 )) .

By a similar way as in the estimate (53) for I2(u)(t), we arrive at

∥∥Jθ
3 (u)(t)

∥∥2

L2(Ω,Ḣν1+r2 )
.

t+θ∫

t

(t + θ − s)−αr2ds

t+θ∫

t

(t + θ − s)−αr2E ‖f(s, u(s))‖
2
Ḣν1 ds

. θ2(1−αr2) ‖u‖
2
L∞(0,T ;L2(Ω,Ḣν1 )) ,
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
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where we have used
( ∫ t+θ

t
(t+θ −s)−αr2ds

)2
. θ2(1−αr2). Applying (17) and Lemma 2.4

with µ1 = ν1 + 1, µ2 = ν1, we obtain

∥∥Jθ
4 (u)(t)

∥∥2

L2(Ω,Ḣν1+r2 )
≤ E




T∫

0

∥∥∥E
(θ)
α,1(t)Eα,2(T − s)f(s, u(s))

∥∥∥
Ḣν1+r2

ds




2

. t−2αθ2α(1−r2)
E




T∫

0

‖Eα,2(T − s)f(s, u(s))‖Ḣν1+1 ds




2

. t−2αθ2α(1−r2)
E




T∫

0

(T − s)−α ‖f(s, u(s))‖Ḣν1 ds




2

.

Recall that we have proved in (54) that E

[∫ T

0
(T − s)−α ‖f(s, u(s))‖Ḣν1 ds

]2

.

‖u‖
2
L∞(0,T ;L2(Ω,Ḣν1 )). Hence

∥∥Jθ
4 (u)(t)

∥∥2

L2(Ω,Ḣν1+r2 )
. t−2αθ2α(1−r2) ‖u‖

2
L∞(0,T ;L2(Ω,Ḣν1 )) . (19)

We continue with the fifth term Jθ
5 (t). Noting that the assumption in part iii) of The-

orem 3.1 gives us 1−r2

ν1−ν2+r2
∈ (0, 1). By using the Itô isometry and Lemma 2.4 with

µ1 = ν1 + r2, µ2 = ν1+ν2+r2−1
2 and γ = 1−r2

ν1−ν2+r2
, we obtain

∥∥∥E
(θ)
α,2(t)

∥∥∥
L(Ḣν2 ,Ḣν1+r2 )

. θα(1−r2)t−α[1−(ν2−ν1)],

where we note that 2µ1 − 2µ2 − 1 = ν1 − ν2 + r2 and γ + 1 = ν1−ν2+1
ν1−ν2+r2

. This helps us

have the estimate for Jθ
5 (t) as

∥∥Jθ
5 (t)

∥∥2

L2(Ω,Ḣν1+r2 )
=

t∫

0

∥∥∥Aν1+r2E
(θ)
α,2(t − s)σ(s)

∥∥∥
2

L2
0

ds

≤

t∫

0

∥∥∥E
(θ)
α,2(t − s)

∥∥∥
2

L(Ḣν2 ,Ḣν1+r2 )
‖Aν2σ(s)‖

2
L2

0
ds

. θ2α(1−r2)

t∫

0

(t − s)−2α[1−(ν2−ν1)] ‖σ(s)‖
2
L2(L2

0(X,Ḣν2 ) ds.

From (58), we can see that

t∫
(t − s)−2α[1−(ν2−ν1)] ‖σ(s)‖

2
L2

0(X,Ḣν2 ) ds . ‖σ‖
2
Lp(0,T ;L2

0(X,Ḣν2 )) ,
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which shows clearly that

∥∥Jθ
5 (t)

∥∥2

L2(Ω,Ḣν1+r2 )
. θ2α(1−r2) ‖σ‖

2
Lp(0,T ;L2

0(X,Ḣν2 )) . (20)

By using a similar way as in (57), we have an estimate for Jθ
6 (t) as

∥∥Jθ
6 (t)

∥∥2

L2(Ω,Ḣν1+r2 )
=

t+θ∫

t

∥∥Aν1+r2Eα,2(t + θ − s)σ(s)
∥∥2

L2
0

ds

.

t+θ∫

t

(t + θ − s)−2α[1−(ν2−ν1)] ‖σ(s)‖
2
L2

0(X,Ḣν2 ) ds.

The Hölder inequality allows that

∥∥Jθ
6 (t)

∥∥2

L2(Ω,Ḣν1+r2 )
≤




t+θ∫

t

(t + θ − s)
−2pα[1−(ν2−ν1)]

p−2 ds




p−2
p




t+θ∫

t

‖σ(s)‖
p

L2
0(X,Ḣν2 )

ds




2
p

. θ
p−2

p −2α[1−(ν2−ν1)] ‖σ‖
2
Lp(0,T ;L2

0(X,Ḣν2 )) .

Using (17), the final term can be estimated as

∥∥Jθ
7 (t)

∥∥2

L2(Ω,Ḣν1+r2 )
=

T∫

0

∥∥∥Aν1+r2E
(θ)
α,1(t)Eα,2(T − s)σ(s)

∥∥∥
2

L2
0

ds

. θ2α(1−r2)t−2α

T∫

0

∥∥Aν1+1Eα,2(T − s)σ(s)
∥∥2

L2
0

ds

. θ2α(1−r2)t−2α ‖σ‖
2
Lp(0,T ;L2

0(X,Ḣν2 )) . (21)

Combining (18), (19), (20), (21), we deduce that

tα ‖u(t + θ) − u(t)‖L2(Ω,Ḣν1+r2 ) . θη, (22)

where η = min
{

α(1 − r2), p−2
2p − α[1 − (ν2 − ν1)]

}
.

Now, in the same way as in Step 2 (noting that r1 is replaced by r2), one easily see

that

tαr2 ‖u(t)‖L2(Ω,Ḣν1+r2 ) . ‖g‖L2(Ω,Ḣν1+1) + ‖u‖L∞(0,T ;L2(Ω,Ḣν1 )) + ‖σ‖Lp(0,T ;L2
0(X,Ḣν2 )) .

This leads to
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tα−η ‖u(t)‖L2(Ω,Ḣν1+r2 ) = tαr2tα(1−r2)−η ‖u(t)‖L2(Ω,Ḣν1+r2 )

. tαr2 ‖u(t)‖L2(Ω,Ḣν1+r2 )

. ‖g‖L2(Ω,Ḣν1+1) + ‖u‖L∞(0,T ;L2(Ω,Ḣν1 )) + ‖σ‖Lp(0,T ;L2
0(X,Ḣν2 )) .

(23)

From (22) and (23), we conclude that u ∈ Cα−η,η((0, T ]; L2(Ω, Ḣν1+r2)). 2

By choosing the two parameters ν1 = ν2 = 0, we directly obtain the following corol-

lary:

Corollary 3.1. Let us consider Problem (2) when α ∈ (0, 1
2). In this case, by assumptions

for g, σ, f as g ∈ L2(Ω, Ḣ1), σ ∈ Lp(0, T ; L2(Ω, L2
0)), for some p > 2

1−2α , f(·, 0) = 0 and

‖f(t, ϕ) − f(t, ϕ′)‖X ≤ K ‖ϕ − ϕ′‖X , where KC2T

(
1 +

C2
3 T −2α

(1 − α)2

) 1
2

< 1,

then Problem (2) has a unique mild solution u satisfying

v ∈ L∞(0, T ; L2(Ω, X)) ∩ Lq(0, T ; L2(Ω, Ḣr1)) ∩ Cα−η,η((0, T ]; L2(Ω, Ḣr2)),

where 0 < r1 ≤ 1 < q < 1
αr1

, 1
2 < r2 < 1, and η := min

{
α(1 − r2), p−2

2p − α
}

.

3.2. Existence, uniqueness, regularity of mild solution to Problem (3) when H ∈ (1
4 , 1

2)

Theorem 3.2. Let H ∈ (1
4 , 1

2 ). Suppose that Assumptions (g), (σ2), (f) are satisfied. Then

i) Problem (3) has a unique mild solution v in L∞(0, T ; L2(Ω, Ḣν1)).

ii) If 0 < r1 ≤ 1 < q < 1
αr1

, then v ∈ Lq(0, T ; L2(Ω, Ḣν1+r1)) and satisfies

‖v‖Lq(0,T ;L2(Ω,Ḣν1+r1 )) . Cσ + ‖g‖L2(Ω,Ḣν1+1) + ‖v‖L∞(0,T ;L2(Ω,Ḣν1 ))

+ ‖σ‖C((0,T ];L2
0(X,Ḣν3 )) .

Proof. Step 1. This step is aimed to prove Problem (3) when H ∈ (1
4 , 1

2 ) has a unique

mild solution v ∈ L∞(0, T ; L2(Ω, Ḣν1)) by using the contraction mapping principle. For

w ∈ L∞(0, T ; L2(Ω, Ḣν1)), we define

Zw(t) := Eα,1(t)g +

t∫

0

Eα,2(t − s)f(s, w(s))ds −

T∫

0

Eα,1(t)Eα,2(T − s)f(s, w(s))ds

+

t∫
Eα,2(t − s)σ(s)dBH(s) −

T∫
Eα,1(t)Eα,2(T − s)σ(s)dBH(s)
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= I1(t) + I2(w)(t) + I3(w)(t) + I4(t) + I5(t). (24)

Firstly, we prove that Z is well-defined on L∞(0, T ; L2(Ω, Ḣν1)). Indeed, it follows

from the property i) of Lemma 3.1, the properties i), iii) of Lemma 3.2, and the properties

i), ii) of Lemma 3.4 that for all t ∈ (0, T ] there holds

‖Zw(t)‖L2(Ω,Ḣν1 ) . ‖g‖L2(Ω,Ḣν1+1) + ‖w‖L∞(0,T ;L2(Ω,Ḣν1 )) + Cσ + ‖σ‖C((0,T ];L2
0(X,Ḣν3 )) .

In addition, by exactly the same way as in (15)-(16), one can prove that there exists

a unique fixed point v such that Zv = v, which is the unique mild solution of Problem

(3) when H ∈ (1
4 , 1

2 ).

Step 2. It can be seen that v ∈ Lq(0, T ; L2(Ω, Ḣν1+r1)). Indeed, by the property ii) of

Lemma 3.1, the properties ii), iv) of Lemma 3.2, and Lemma 3.4, we have

‖v(t)‖L2(Ω,Ḣν1+r1 )

. t−αr1

(
‖g‖L2(Ω,Ḣν1+1) + ‖v‖L∞(0,T ;L2(Ω,Ḣν1 )) + Cσ + ‖σ‖C((0,T ];L2

0(X,Ḣν3 ))

)
,

which follows that v ∈ Lq(0, T ; L2(Ω, Ḣν1+r1)). 2

By choosing the two parameters ν1 = ν2 = 0, we directly obtain the following corol-

lary:

Corollary 3.2. Let us consider Problem (3) when α ∈ (1
2 − H, H). In this case, by as-

sumptions for g, σ, f as g ∈ L2(Ω, Ḣ1), σ satisfies

‖σ(t1) − σ(t2)‖L2
0

≤ Cσ|t2 − t1|ζ , t1, t2 ∈ (0, T ],

where ζ > 1
2 − H, f(·, 0) = 0 and

‖f(t, ϕ) − f(t, ϕ′)‖X ≤ K ‖ϕ − ϕ′‖X , where KC2T

(
1 +

C2
3 T −2α

(1 − α)2

) 1
2

< 1,

then Problem (3) when H ∈ (1
4 , 1

2 ) has a unique mild solution v satisfying

v ∈ L∞(0, T ; L2(Ω, X)) ∩ Lq(0, T ; L2(Ω, Ḣr1)),

where 0 < r1 ≤ 1 < q < 1
αr1

.

Remark 3.1. It can be observed that the stochastic term I5(t) contains the operator

Eα,1(t)Eα,2(T − s), which is bounded by a singular kernel (T − s)−α(1−(ν3−ν1)) (see (62)).

Due to the appearance of this kernel, to guarantee the existence of the mild solution, H

is required to belong to (1 , 1 ) instead of the whole interval (0, 1 ). In more details, we
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need α[1− (ν3 −ν1)] < H and α[1− (ν3 −ν1)] > 1
2 −H to ensure (63)-(64), and (70)-(73)

hold true. This is the reason why H need to be belonged to (1
4 , 1

2) and we can not gain

similar results for the non-covered case.

3.3. Existence, uniqueness, regularity of mild solution to Problem (3) when H ∈ (1
2 , 1)

Theorem 3.3. Let H ∈ (1
2 , 1). Suppose that Assumptions (g), (σ3), (f) are satisfied. Then

i) Problem (3) has a unique mild solution v in L∞(0, T ; L2(Ω, Ḣν1)).

ii) If 0 < r1 ≤ 1 < q < 1
αr1

, then v ∈ Lq(0, T ; L2(Ω, Ḣν1+r1)) and satisfies

‖v‖Lq(0,T ;L2(Ω,Ḣν1+r1 )) . ‖g‖L2(Ω,Ḣν1+1) + ‖v‖L∞(0,T ;L2(Ω,Ḣν1 )) + ‖σ‖Lρ(0,T ;L2
0(X,Ḣν4 )) .

iii) If r3 ∈
(

ν4−ν1+1
2 , 1

)
, then v ∈ Cα−ϑ,ϑ((0, T ]; L2(Ω, Ḣν1+r3)), where

ϑ := min

{
α(1 − r3),

ρ − 2

2ρ
− α[1 − (ν4 − ν1)]

}
.

Proof. Step 1. Our goal in this step is to prove Problem (3) when H ∈ (1
2 , 1) has a unique

mild solution v ∈ L∞(0, T ; L2(Ω, Ḣν1)) by using the contraction mapping principle.

For w ∈ L∞(0, T ; L2(Ω, Ḣν1)), we also define Z as in (24) and aim to prove that Z

is well-defined on L∞(0, T ; L2(Ω, Ḣν1)) in the case H ∈ (1
2 , 1). From the property i) of

Lemma 3.1, the properties i), iii) of Lemma 3.2, and Lemma 3.6, we conclude that Z

is well-defined on L∞(0, T ; L2(Ω, Ḣν1)) when H ∈ (1
2 , 1) under the assumptions as in

Theorem 3.3.

Furthermore, by exactly the same way as in (15)-(16), one easily see that there exists

a unique fixed point v such that Zv = v, which is the unique mild solution of Problem

(3) when H ∈ (1
2 , 1).

Step 2. Now, we aim to prove that v ∈ Lq(0, T ; L2(Ω, Ḣν1+r1)). From the property ii) of

Lemma 3.1, the properties ii), iv) of Lemma 3.2, and Lemma 3.7, we conclude that

‖v(t)‖L2(Ω,Ḣν1+r1 )

. t−αr1

(
‖g‖L2(Ω,Ḣν1+1) + ‖v‖L∞(0,T ;L2(Ω,Ḣν1 )) + ‖σ‖

2
Lρ(0,T ;L2

0(X,Ḣν4 ))

)
, (25)

which follows that v ∈ Lq(0, T ; L2(Ω, Ḣν1+r1)).

Step 3. In this step, we will prove that v ∈ Cα−ϑ,ϑ((0, T ]; L2(Ω, Ḣν1+r2)). For 0 < t <

t + θ ≤ T , we have

v(t + θ) − v(t) = E
(θ)
α,1(t)g +

t∫
E

(θ)
α,2(t − s)f(s, v(s))ds +

t+θ∫
Eα,2(t + θ − s)f(s, v(s))ds
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−

T∫

0

E
(θ)
α,1(t)Eα,2(T − s)f(s, v(s))ds +

t+θ∫

0

Eα,2(t + θ − s)σ(s)dBH(s)

−

t∫

0

Eα,2(t − s)σ(s)dBH(s) −

T∫

0

Eα,1(t + θ)Eα,2(T − s)σ(s)dBH(s)

+

T∫

0

Eα,1(t + θ)Eα,2(T − s)σ(s)dBH(s).

From (18)-(19), it is obvious that the following estimates for four first terms hold

∥∥∥E
(θ)
α,1(t)g

∥∥∥
L2(Ω,Ḣν1+r3 )

. t−αθα(1−r3) ‖g‖L2(Ω,Ḣν1+1) , (26)

∥∥∥∥∥∥

t∫

0

E
(θ)
α,2(t − s)f(s, v(s))ds

∥∥∥∥∥∥
L2(Ω,Ḣν1+r3 )

. θα(1−r3) ‖v‖L∞(0,T ;L2(Ω,Ḣν1 )) ,

∥∥∥∥∥∥

t+θ∫

t

Eα,2(t + θ − s)f(s, v(s))ds

∥∥∥∥∥∥
L2(Ω,Ḣν1+r3 )

. θα(1−r3) ‖v‖L∞(0,T ;L2(Ω,Ḣν1 )) ,

∥∥∥∥∥∥

T∫

0

E
(θ)
α,1(t)Eα,2(T − s)f(s, v(s))ds

∥∥∥∥∥∥
L2(Ω,Ḣν1+r3 )

. t−αθα(1−r3) ‖g‖L2(Ω,Ḣν1+1) . (27)

Now, we only need to estimate four last terms. We would like to note that the technique

we have used to estimate the stochastic integrals with respect to Wiener process, namely

J
(θ)
5 (t), J

(θ)
6 (t), J

(θ)
7 (t) in proof of Theorem 3.1, can not be applied here.

For the sake of convenience, we set

S
(θ)
5 (t) :=

t+θ∫

0

Eα,2(t + θ − s)σ(s)dBH(s) −

t∫

0

Eα,2(t − s)σ(s)dBH(s),

S
(θ)
6 (t) :=

T∫

0

Eα,1(t + θ)Eα,2(T − s)σ(s)dBH(s) −

T∫

0

Eα,1(t)Eα,2(T − s)σ(s)dBH(s),

and give explicit representations for two above terms firstly. For the first term, it can be

observed that

S
(θ)
5 (t) =

∑

n≥1

t+θ∫
Eα,2(t + θ − s)σ(s)Q

1
2 endβH

n (s)
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−
∑

n≥1

t∫

0

Eα,2(t − s)σ(s)Q
1
2 endβH

n (s)

=

t+θ∫

0

K∗
H,t+θ

(
Eα,2(t + θ − ·)σ(·)Q

1
2 en

)
(s)dβn(s)

−

t∫

0

K∗
H,t

(
Eα,2(t − ·)σ(·)Q

1
2 en

)
(s)dβn(s).

By the formula of K∗
H,t+θ and K∗

H,t, one can see

S
(θ)
5 (t) =

∑

n≥1

t+θ∫

0




t+θ∫

s

Eα,2(t + θ − s̃)σ(s̃)Q
1
2 en

∂KH

∂s̃
(s̃, s)ds̃


 dβn(s)

−
∑

n≥1

t∫

0




t∫

s

Eα,2(t − s̃)σ(s̃)Q
1
2 en

∂KH

∂s̃
(s̃, s)ds̃


 dβn(s)

=
∑

n≥1

t+θ∫

t




t+θ∫

s

Eα,2(t + θ − s̃)σ(s̃)Q
1
2 en

∂KH

∂s̃
(s̃, s)ds̃


 dβn(s)

+
∑

n≥1

t∫

0




t+θ∫

t

Eα,2(t + θ − s̃)σ(s̃)Q
1
2 en

∂KH

∂s̃
(s̃, s)ds̃


 dβn(s)

+
∑

n≥1

t∫

0




t∫

s

E
(θ)
α,2(t − s̃)σ(s̃)Q

1
2 en

∂KH

∂s̃
(s̃, s)ds̃


 dβn(s)

=: S
(θ)
51 (t) + S

(θ)
52 (t) + S

(θ)
53 (t).

Similarly, for the second term, it is clear that

S
(θ)
6 (t) =

T∫

0

K∗
H,T

(
Eα,1(t + θ)Eα,2(T − ·)σ(·)Q

1
2 en

)
(s)dβn(s)

−

T∫

0

K∗
H,T

(
Eα,1(t)Eα,2(T − ·)σ(·)Q

1
2 en

)
(s)dβn(s)

=
∑

n≥1

T∫ 


T∫
Eα,1(t + θ)Eα,2(T − s̃)σ(s̃)Q

1
2 en

∂KH

∂s̃
(s̃, s)ds̃


 dβn(s)
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−
∑

n≥1

T∫

0




T∫

s

Eα,1(t)Eα,2(T − s̃)σ(s̃)Q
1
2 en

∂KH

∂s̃
(s̃, s)ds̃


 dβn(s)

=
∑

n≥1

T∫

0




T∫

s

E
(θ)
α,1(t)Eα,2(T − s̃)σ(s̃)Q

1
2 en

∂KH

∂s̃
(s̃, s)ds̃


 dβn(s).

Now, we are ready to estimate S
(θ)
5 (t) and S

(θ)
6 (t).

• Estimating S
(θ)
5 (t). By using a similar way as in (101), we obtain the following estimate

for the first term

∥∥∥S
(θ)
51 (t)

∥∥∥
2

L2(Ω,Ḣν1+r3 )

=
∑

n≥1

t+θ∫

t

∥∥∥∥∥∥

t+θ∫

s

Eα,2(t + θ − s̃)σ(s̃)Q
1
2 en

∂KH

∂s̃
(s̃, s)ds̃

∥∥∥∥∥∥

2

Ḣν1+r3

ds

.
∑

n≥1

t+θ∫

t

∥∥∥∥∥∥

t+θ∫

s

Eα,2(t + θ − s̃)σ(s̃)Q
1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

∥∥∥∥∥∥

2

Ḣν1+r3

ds

.
∑

n≥1

t+θ∫

t




t+θ∫

s

(t + θ − s)−α(1−(ν4−ν1))
∥∥∥σ(s̃)Q

1
2 en

∥∥∥
Ḣν4

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds.

Using the Hölder inequality, we obtain

∥∥∥S
(θ)
51 (t)

∥∥∥
2

L2(Ω,Ḣν1+r3 )
.

t+θ∫

t




t+θ∫

s

(s

s̃

)1−2H

(s̃ − s)H− 3
2 (t + θ − s̃)−α(1−(ν4−ν1))ds̃


 ×

×




t+θ∫

s

(s̃ − s)H− 3
2 (t + θ − s̃)−α(1−(ν4−ν1)) ‖σ(s̃)‖

2
L2

0(X,Ḣν4 ) ds̃


 ds.

By a similar technique as in (97)-(98), we arrive at

∥∥∥S
(θ)
51 (t)

∥∥∥
2

L2(Ω,Ḣν1+r3 )

. ‖σ‖
2
Lρ(0,T ;L2

0(X,Ḣν4 ))

t+θ∫

t

s1−2H(t + θ − s)
ρ−2

ρ +1−2
[

3
2 −H+α(1−(ν4−ν1))

]
ds.

Consider the integral in the right-hand side, the identity (96) allows that
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t+θ∫

t

s1−2H(t + θ − s)
ρ−2

ρ +1−2
[

3
2 −H+α(1−(ν4−ν1))

]
ds

=

θ∫

0

(τ + t)1−2H(θ − τ)
ρ−2

ρ +1−2
[

3
2 −H+α(1−(ν4−ν1))

]
dτ

≤

θ∫

0

τ1−2H(θ − τ)
ρ−2

ρ +1−2
[

3
2 −H+α(1−(ν4−ν1))

]
dτ

. θ
ρ−2

ρ −2α(1−(ν4−ν1)).

Hence

∥∥∥S
(θ)
51 (t)

∥∥∥
2

L2(Ω,Ḣν1+r3 )
. θ

ρ−2
ρ −2α(1−(ν4−ν1)) ‖σ‖

2
Lρ(0,T ;L2

0(X,Ḣν4 )) . (28)

By a similar way as in above, one gets

∥∥∥S
(θ)
52 (t)

∥∥∥
2

L2(Ω,Ḣν1+r3 )

=
∑

n≥1

t+θ∫

0

∥∥∥∥∥∥

t+θ∫

t

Eα,2(t + θ − s̃)σ(s̃)Q
1
2 en

∂KH

∂s̃
(s̃, s)ds̃

∥∥∥∥∥∥

2

Ḣν1+r3

ds

.
∑

n≥1

t+θ∫

0




t+θ∫

t

(t + θ − s)−α(1−(ν4−ν1))
∥∥∥σ(s̃)Q

1
2 en

∥∥∥
Ḣν4

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds

.

t+θ∫

0




t+θ∫

t

(s

s̃

)1−2H

(s̃ − s)H− 3
2 (t + θ − s̃)−α(1−(ν4−ν1))ds̃


 ×

×




t+θ∫

t

(s̃ − s)H− 3
2 (t + θ − s̃)−α(1−(ν4−ν1)) ‖σ(s̃)‖

2
L2

0(X,Ḣν4 ) ds̃


 ds.

Estimating two integrals in the right-hand side by using the property (96), one arrives

at

t+θ∫

t

(s

s̃

)1−2H

(s̃ − s)H− 3
2 (t + θ − s̃)−α(1−(ν4−ν1))ds̃

. s1−2H

t+θ∫
(s̃ − s)H− 3

2 (t + θ − s̃)−α(1−(ν4−ν1))ds̃
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. s1−2H

θ∫

0

τH− 3
2 (θ − τ)−α(1−(ν4−ν1))dτ

. s1−2HθH− 1
2 −α(1−(ν4−ν1)),

and

t+θ∫

t

(s̃ − s)H− 3
2 (t + θ − s̃)−α(1−(ν4−ν1)) ‖σ(s̃)‖

2
L2

0(X,Ḣν4 ) ds̃

.

θ∫

0

τH− 3
2 (θ − τ)−α(1−(ν4−ν1)) ‖σ(τ + t)‖

2
L2

0(X,Ḣν4 ) dτ

.




θ∫

0

τ−
ρ(3/2−H)

ρ−2 (θ − τ)−
ρα[1−(ν4−ν1)]

ρ−2 dτ




ρ−2
ρ




θ∫

0

‖σ(τ + t)‖
ρ

L2
0(X,Ḣν4 )

dτ




2
ρ

. θ
ρ−2

ρ −
[

3
2 −H+α(1−(ν4−ν1))

]
‖σ‖

2
Lρ(0,T ;L2

0(X,Ḣν4 )) .

Hence, it is obvious that

∥∥∥S
(θ)
52 (t)

∥∥∥
2

L2(Ω,Ḣν1+r3 )
. θ

ρ−2
ρ −2[1−H+α(1−(ν4−ν1))] ‖σ‖

2
Lρ(0,T ;L2

0(X,Ḣν4 ))

t+θ∫

0

s1−2Hds

. θ
ρ−2

ρ −2[1−H+α(1−(ν4−ν1))] ‖σ‖
2
Lρ(0,T ;L2

0(X,Ḣν4 )) (t + θ)2−2H

. θ
ρ−2

ρ −2α(1−(ν4−ν1)) ‖σ‖
2
Lρ(0,T ;L2

0(X,Ḣν4 )) . (29)

Now, we aim to estimate S
(θ)
53 (t) by using the following property

∥∥∥E
(θ)
α,2(t)

∥∥∥
L(Ḣν4 ,Ḣν1+1)

. θα(1−r3)t−α(1−(ν4−ν1)), (30)

which is obtained by applying Lemma 2.4 with µ1 = ν1 + r3, µ2 = ν1+ν4+r3−1
2 and

γ = 1−r3

ν1−ν4+r3
. In this way, we arrive at

∥∥∥S
(θ)
53 (t)

∥∥∥
2

L2(Ω,Ḣν1+r3 )

.
∑

n≥1

t∫

0

∥∥∥∥∥∥

t∫

s

E
(θ)
α,2(t − s̃)σ(s̃)Q

1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

∥∥∥∥∥∥

2

Ḣν1+r3

ds

.
∑

n≥1

t∫ 


t∫ ∥∥∥E
(θ)
α,2(t − s̃)σ(s̃)Q

1
2 en

∥∥∥
Ḣν1+r3

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds
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≤
∑

n≥1

t∫

0




t∫

s

λ
−(1−r3)
1

∥∥∥E
(θ)
α,2(t − s̃)σ(s̃)Q

1
2 en

∥∥∥
Ḣν1+1

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds

≤ θ2α(1−r3)
∑

n≥1

t∫

0




t∫

s

(t − s)−α(1−(ν4−ν1))
∥∥∥σ(s̃)Q

1
2 en

∥∥∥
Ḣν4

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds.

Recall that we have proved in (101)-(102) that

∑

n≥1

t∫

0




t∫

s

(t − s)−α(1−(ν4−ν1))
∥∥∥σ(s̃)Q

1
2 en

∥∥∥
Ḣν4

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds

. ‖σ‖
2
Lρ(0,T ;L2

0(X,Ḣν4 )) .

Hence, it is clear that

∥∥∥S
(θ)
53 (t)

∥∥∥
2

L2(Ω,Ḣν1+r3 )
. θ2α(1−r3) ‖σ‖

2
Lρ(0,T ;L2

0(X,Ḣν4 )) . (31)

Combining (28), (29), (31), we conclude that

∥∥∥S
(θ)
5 (t)

∥∥∥
L2(Ω,Ḣν1+r3 )

. θϑ ‖σ‖Lρ(0,T ;L2
0(X,Ḣν4 )) , (32)

where ϑ = min
{

α(1 − r3), ρ−2
2ρ − α[1 − (ν4 − ν1)]

}
.

• Estimating S
(θ)
6 (t). Using the property (30) and applying part b) of Lemma 2.3 with

µ1 = ν1 + 1, µ2 = ν4, we obtain

∥∥∥S
(θ)
6 (t)

∥∥∥
2

L2(Ω,Ḣν1+r3 )

.
∑

n≥1

T∫

0

∥∥∥∥∥∥

T∫

s

E
(θ)
α,1(t)Eα,2(T − s̃)σ(s̃)Q

1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

∥∥∥∥∥∥

2

Ḣν1+r3

ds

.
θ2α(1−r3)

t2α(1−(ν4−ν1))

∑

n≥1

T∫

0




T∫

s

∥∥∥Eα,2(T − s̃)σ(s̃)Q
1
2 en

∥∥∥
Ḣν1+r3

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds

.
θ2α(1−r3)

t2α(1−(ν4−ν1))

∑

n≥1

T∫ 


T∫ ∥∥∥Eα,2(T − s̃)σ(s̃)Q
1
2 en

∥∥∥
Ḣν1+1

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds
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.
θ2α(1−r3)

t2α(1−(ν4−ν1))

×
∑

n≥1

T∫

0




T∫

s

(T − s̃)α(1−(ν4−ν1))
∥∥∥σ(s̃)Q

1
2 en

∥∥∥
Ḣν4

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds

Recall that we have proved in (95)-(98)

∑

n≥1

T∫

0




T∫

s

(T − s̃)α(1−(ν4−ν1))
∥∥∥σ(s̃)Q

1
2 en

∥∥∥
Ḣν4

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds

. ‖σ‖
2
Lρ(0,T ;L2

0(X,Ḣν4 )) .

Hence, it is obvious that

∥∥∥S
(θ)
6 (t)

∥∥∥
L2(Ω,Ḣν1+r3 )

. θα(1−r3)t−α(1−(ν4−ν1)) ‖σ‖Lρ(0,T ;L2
0(X,Ḣν4 )) . (33)

Now, combining (26)-(27) and (32)-(33), we conclude that

tα
∥∥∥v(t + θ) − v(t)

∥∥∥
L2(Ω,Ḣν1+r3 )

. θϑ. (34)

On the other hand, in the same way employed to obtain (25), one obtains

tαr3 ‖v(t)‖L2(Ω,Ḣν1+r3 ) . ‖g‖L2(Ω,Ḣν1+1) + ‖v‖L∞(0,T ;L2(Ω,Ḣν1 )) + ‖σ‖Lρ(0,T ;L2
0(X,Ḣν4 )) .

From two latter results, it is clear to see that

tα−ϑ ‖v(t)‖L2(Ω,Ḣν1+r3 ) . tαr3 ‖v(t)‖L2(Ω,Ḣν1+r3 )

. ‖g‖L2(Ω,Ḣν1+1) + ‖v‖L∞(0,T ;L2(Ω,Ḣν1 )) + ‖σ‖Lρ(0,T ;L2
0(X,Ḣν4 )) .

(35)

From (34), (35), we conclude that v ∈ Cα−ϑ,ϑ((0, T ]; L2(Ω, Ḣν1+r3)). 2

By choosing the two parameters ν1 = ν2 = 0, we directly obtain the following corol-

lary:

Corollary 3.3. Let us consider Problem (3) when α ∈ (0, H − 1
2 ). In this case, by as-

sumptions for g, σ, f as g ∈ L2(Ω, Ḣ1), σ ∈ Lρ(0, T ; L2(Ω, L2
0)), for some ρ > 2

H−1/2−α ,

f(·, 0) = 0 and

‖f(t, ϕ) − f(t, ϕ′)‖X ≤ K ‖ϕ − ϕ′‖X , where KC2T

(
1 +

C2
3 T −2α

(1 − α)2

) 1
2

< 1,
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then Problem (3) when H ∈ (1
2 , 1) has a unique mild solution v satisfying

u ∈ L∞(0, T ; L2(Ω, X)) ∩ Lq(0, T ; L2(Ω, Ḣr1)) ∩ Cα−η,η((0, T ]; L2(Ω, Ḣr3)),

where 0 < r1 ≤ 1 < q < 1
αr1

, 1
2 < r3 < 1, and ϑ := min

{
α(1 − r2), ρ−2

2ρ − α
}

.

4. Regularization results on C([0, T ]; L2(Ω, Ḣδ))

In Section 3, we have investigated the well-poseness of Problem (2) and Problem (3)

when H ∈ (1
2 , 1) in the case g, σ, f satisfy strongly assumptions (g), (σ1), (f). However,

does the well-poseness results are obtained if g ∈ L2(Ω, X), σ ∈ Lp(0, T ; L2
0) and f

satisfies Assumption (f) with ν1 = δ instead? Due to the lack of regularity of the

terminal condition, it can be observed that the two problems are ill-posed. Even the

purely deterministic equation fails to be well-posed because of a lack of continuity for

rough terminal conditions, see [44]. Hence, it is required to regularize the two problems.

Physically, we can not obtain the exact data (g, ψ) in most of situations. Addition-

ally, small errors always appear in the observations. By this reason, from now on, we

assume that the exact data (g, ψ) is contaminated by observed data (gε, ψε) satisfying

the following model

‖gε − g‖L2(Ω,X) + ‖σε − σ‖Lp(0,T ;L2
0) < ε, p ≥ 2, (36)

where ε > 0 is the noisy level. In what follows, we shall apply a regularization method

called Fourier truncation to construct regularized solution for the two problems. After

that, convergence rates of regularized solutions are also investigated.

4.1. Regularization result for Problem (2)

In this subsection, we aim construct a regularized solution for Problem (2) by using the

observed data (gε, σε) and a regularization method called Fourier truncated method. The

idea here is as follows. To obtain a regularized solution, we replace the solution operators

Eα,1(t), Eα,2(t) by new operators denoted by Ẽ
N(ε)
α,1 (t), Ẽ

N(ε)
α,2 (t), with N(ε) ∈ Z+ (called

regularized parameter), defined as

Ẽ
N(ε)
α,1 (t)ϕ :=

∑

n≤N(ε)

Eα(−tαλn)

Eα(−T αλn)
〈ϕ, en〉en, Ẽ

N(ε)
α,2 (t)ϕ :=

∑

n≤N(ε)

Eα(−tαλn)〈ϕ, en〉en,

ϕ ∈ X,

which are the truncated versions of Eα,1(t), Eα,2(t) respectively. In this way, the regular-

ized solution is constructed as
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
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uN(ε)(t) = Ẽ
N(ε)
α,1 (t)gε +

t∫

0

E
N(ε)
α,2 (t − s)f(s, uN(ε)(s))ds

−

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s)f(s, uN(ε)(s))ds

+

t∫

0

Ẽ
N(ε)
α,2 (t − s)σε(s)dW (s) −

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s)σε(s)dW (s). (37)

In the following theorem, we will show the convergence result of the regularized solu-

tion mentioned above.

Theorem 4.1. Let δ ≥ 0, N(ε) ∈ Z+. Assume that (36) holds for p = 2, f satisfies

Assumption (f) with ν1 = δ, and there exist constants Mu > 0, δ+ > δ such that

‖u(t)‖L2(Ω,Ḣδ+ ) ≤ Mu, for all 0 ≤ t ≤ T . Then, Equation (37) has a unique solution

uN(ε) ∈ C([0, T ]; L2(Ω, Ḣδ)) satisfying

∥∥uN(ε) − u
∥∥

C([0,T ];L2(Ω,Ḣδ))
. λδ+1

N(ε)ε + λ
δ−δ+

N(ε) Mu. (38)

Corollary 4.1. Let N(ε) be the largest positive integer number such that λN(ε) ≤ ε− κ
δ+1 ,

for some positive constant κ < δ + 1. Then

∥∥uN(ε) − u
∥∥

C([0,T ];L2(Ω,Ḣδ))
. ε1− κ

δ+1 + ε
κ

δ+1 (δ+−δ) −→ 0, as ε → 0+.

Remark 4.1. It can be seen from Theorem 3.1 the assumption “u(t) is bounded in

L2(Ω, Ḣδ+)” is fulfilled if the terminal function g ∈ L2(Ω, Ḣδ++1), f satisfies Assumption

(f) with ν1 = δ+, and σ ∈ Lp(0, T ; L2
0(X, Ḣδ∗)), for some δ∗ ∈ [δ+, δ+ + 1], p > 2, and

2pα
p−2 [1 − (δ∗ − δ+)] < 1.

Proof. Firstly, we prove that Equation (37) has a unique solution uN(ε) ∈ C([0, T ];

L2(Ω, Ḣδ)) by using the contraction mapping principle. Defining

Λw(t) = Ẽ
N(ε)
α,1 (t)gε +

t∫

0

E
N(ε)
α,2 (t − s)f(s, w(s))ds −

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s)f(s, w(s))ds

+

t∫

0

Ẽ
N(ε)
α,2 (t − s)σε(s)dW (s) −

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s)σε(s)dW (s).

For w ∈ C([0, T ]; L2(Ω, Ḣδ)), one can see that
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‖

∥∥Λw1(t) − Λw2(t)
∥∥

L2(Ω,Ḣδ)
≤

∥∥∥∥∥∥

t∫

0

E
N(ε)
α,2 (t − s) [f(s, w1(s)) − f(s, w2(s))] ds

∥∥∥∥∥∥
L2(Ω,Ḣδ)

+

∥∥∥∥∥∥

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s) [f(s, w1(s)) − f(s, w2(s))] ds

∥∥∥∥∥∥
L2(Ω,Ḣδ)

.

(39)

In a similar way as (52)-(54), one arrives at

Λw1(t) − Λw2(t)‖
2
C([0,T ];L2(Ω,Ḣδ)) ≤ K2C2

2 T 2

(
1 +

C2
3 T −2α

(1 − α)2

)
‖w1 − w2‖

2
C([0,T ];L2(Ω,Ḣδ)) .

(40)

It follows that Equation (37) has a unique solution in C([0, T ]; L2(Ω, Ḣδ)).

Next, we show that the error estimate (38) holds. For the sake of calculation, let us

set

yN(ε)(t) := Ẽ
N(ε)
α,1 (t)g +

t∫

0

E
N(ε)
α,2 (t − s)f(s, u(s))ds −

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s)f(s, u(s))ds

+

t∫

0

Ẽ
N(ε)
α,2 (t − s)σ(s)dW (s) −

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽα,2(T − s)σε(s)dW (s). (41)

To contribute (38), we estimate
∥∥uN(ε)(t) − yN(ε)(t)

∥∥
L2(Ω,Ḣδ)

and ‖yN(ε)(t) −

u(t)‖L2(Ω,Ḣδ) firstly. It follows from (37), (41) that

∥∥∥uN(ε)(t) − yN(ε)(t)
∥∥∥

L2(Ω,Ḣδ)

≤
∥∥∥Ẽ

N(ε)
α,1 (t) (gε − g)

∥∥∥
L2(Ω,Ḣδ)

+

∥∥∥∥∥∥

t∫

0

E
N(ε)
α,2 (t − s)

(
f(s, uN(ε)(s)) − f(s, u(s))

)
ds

∥∥∥∥∥∥
L2(Ω,Ḣδ)

+

∥∥∥∥∥∥

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s)

(
f(s, uN(ε)(s)) − f(s, u(s))

)
ds

∥∥∥∥∥∥
L2(Ω,Ḣδ)

+

∥∥∥∥∥∥

t∫
Ẽ

N(ε)
α,2 (t − s) (σε(s) − σ(s)) dW (s)

∥∥∥∥∥∥
2 δ
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+

∥∥∥∥∥∥

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s) (σε(s) − σ(s)) dW (s)

∥∥∥∥∥∥
L2(Ω,Ḣδ)

=: Π1(t) + Π2(t) + Π3(t) + Π4(t) + Π5(t).

By the observation (13), we have the following properties, which will be used throughout

the present proof

∥∥∥E
N(ε)
α,1 (t)

∥∥∥
L(X,Ḣδ)

≤ C3λδ+1
N(ε),

∥∥∥E
N(ε)
α,2 (t)

∥∥∥
L(X,Ḣδ)

≤ C2λδ
N(ε), t ∈ [0, T ]. (42)

Using the first property, we get

Π2
1(t) = E

∥∥∥Ẽ
N(ε)
α,1 (t) (gε − g)

∥∥∥
2

Ḣδ
≤ C2

3 λ
2(δ+1)
N(ε) E ‖gε − g‖

2
X = C2

3 λ
2(δ+1)
N(ε) ‖gε − g‖

2
L2(Ω,X) .

(43)

For Π2(t) and Π3(t), in the same way as in (39)-(40), one arrives at

Π2
2(t) + Π2

3(t) ≤ K2C2
2 T 2

(
1 +

C2
3 T −2α

(1 − α)2

) ∥∥uN(ε) − u
∥∥2

C([0,T ];L2(Ω,Ḣδ))
. (44)

For Π4(t) and Π5(t), the Itô isometry and the properties in (42) allow that

Π2
4(t) =

t∫

0

∥∥∥AδẼ
N(ε)
α,2 (t − s) (σε(s) − σ(s))

∥∥∥
2

L2
0

ds

≤ C2
2 λ2δ

N(ε)

t∫

0

‖(σε(s) − σ(s))‖
2
L2

0
ds ≤ C2

2 λ2δ
N(ε) ‖σε − σ‖

2
L2(0,T ;L2

0) ,

and

Π2
5(t) =

T∫

0

∥∥∥AδẼ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s) (σε(s) − σ(s))

∥∥∥
2

L2
0

ds

≤ C2
2 C2

3 λ
2(δ+1)
N(ε)

T∫

0

‖(σε(s) − σ(s))‖
2
L2

0
ds

= C2
2 C2

3 λ
2(δ+1)
N(ε) ‖σε − σ‖

2
L2(0,T ;L2

0) . (45)

Now, from (43)-(45) and Assumption (36), we deduce that
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∥∥∥uN(ε)(t) − yN(ε)(t)
∥∥∥

L2(Ω,Ḣδ)
≤

(
C2 + C3(C2 + 1)λN(ε)

)
λδ

N(ε)ε

+ KC2T

(
1 +

C2
3 T −2α

(1 − α)2

) 1
2 ∥∥uN(ε) − u

∥∥
C([0,T ];L2(Ω,Ḣδ))

.

(46)

Additionally, since yN(ε)(t) − u(t) =
∑

n>N(ε)〈u(t), en〉en, one can see

∥∥∥yN(ε)(t) − u(t)
∥∥∥

2

L2(Ω,Ḣδ)
=

∞∑

n>N(ε)

λ2δ
n E|〈u(t), en〉|2 ≤ λ

2(δ−δ+)
N(ε) ‖u(t)‖

2
L2(Ω,Ḣδ+ ) .(47)

Combining (46), (47) and using ‖u(t)‖L2(Ω,Ḣδ+ ) ≤ Mu, we conclude that

∥∥∥uN(ε)(t) − u(t)
∥∥∥

L2(Ω,Ḣδ)
≤

∥∥∥uN(ε)(t) − yN(ε)(t)
∥∥∥

L2(Ω,Ḣδ)
+

∥∥∥yN(ε)(t) − u(t)
∥∥∥

L2(Ω,Ḣδ)

≤
(
C2 + C3(C2 + 1)λN(ε)

)
λδ

N(ε)ε + λ
δ−δ+

N(ε) Mu

+ KC2T

(
1 +

C2
3 T −2α

(1 − α)2

) 1
2 ∥∥uN(ε) − u

∥∥
C([0,T ];L2(Ω,Ḣδ))

,

which shows clearly that
∥∥uN(ε) − u

∥∥
C([0,T ];L2(Ω,Ḣδ))

. λδ+1
N(ε)ε + λ

δ−δ+

N(ε) Mu. We now

complete the proof. 2

4.2. Regularization result for Problem (3)

By the Fourier truncated method, a regularized solution for Problem (3) when H ∈

(1
2 , 1) can be constructed as

vN(ε)(t) = Ẽ
N(ε)
α,1 (t)gε +

t∫

0

E
N(ε)
α,2 (t − s)f(s, vN(ε)(s))ds

−

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s)f(s, vN(ε)(s))ds

+

t∫

0

Ẽ
N(ε)
α,2 (t − s)σε(s)dBH(s) −

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s)σε(s)dBH(s),

where N(ǫ) is a positive integer number depending on the noisy level ε. The convergence

result of the regularized solution vN(ε)(t) is stated in the following theorem.

Theorem 4.2. Let H ∈ (1
2 , 1), δ ≥ 0, N(ε) ∈ Z+. Assume that (36) holds for some

p > 2
1 , f satisfies Assumption (f) with ν1 = δ, and there exist constants Mu > 0,
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δ+ > δ such that ‖u(t)‖L2(Ω,Ḣδ+ ) ≤ Mu, for all 0 ≤ t ≤ T . Then, Equation (37) has a

unique solution vN(ε) ∈ C([0, T ]; L2(Ω, Ḣδ)) satisfying

∥∥vN(ε) − v
∥∥

C([0,T ];L2(Ω,Ḣδ))
. λδ+1

N(ε)ε + λ
δ−δ+

N(ε) Mu. (48)

Corollary 4.2. Let N(ε) be the largest positive integer number such that λN(ε) ≤ ε− κ
δ+1 ,

for some positive constant κ < δ + 1. Then

∥∥vN(ε) − v
∥∥

C([0,T ];L2(Ω,Ḣδ))
. ε1− κ

δ+1 + ε
κ

δ+1 (δ+−δ) −→ 0, as ε → 0+.

Remark 4.2. It can be seen from Theorem 3.3 that the assumption “u(t) is bounded in

L2(Ω, Ḣδ+)” is fulfilled if the terminal function g ∈ L2(Ω, Ḣδ++1), f satisfies Assumption

(f) with ν1 = δ+, and σ ∈ Lρ(0, T ; L2
0(X, Ḣδ∗)), for some δ∗ ≥ δ+, ρ > 2, and ρ

ρ−2

(
3
2 −

H + α(1 − δ∗ + δ+)
)

< 1.

Proof. Firstly, by a similar way as in the proof of Theorem 4.1, one also see that (37)

has a unique solution in C([0, T ]; L2(Ω, Ḣδ)). Next, to show that the error estimate (48)

holds, we set

yN(ε)(t) := Ẽ
N(ε)
α,1 (t)g +

t∫

0

E
N(ε)
α,2 (t − s)f(s, v(s))ds −

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s)f(s, v(s))ds

+

t∫

0

Ẽ
N(ε)
α,2 (t − s)σ(s)dBH(s) −

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽα,2(T − s)σε(s)dBH(s),

and then estimate
∥∥vN(ε)(t) − yN(ε)(t)

∥∥
L2(Ω,Ḣδ)

and
∥∥yN(ε)(t) − v(t)

∥∥
L2(Ω,Ḣδ)

sepa-

rately. From the formulas of vN(ε)(t) and yN(ε)(t), it is clear that

∥∥∥vN(ε)(t) − yN(ε)(t)
∥∥∥

L2(Ω,Ḣδ)

≤
∥∥∥Ẽ

N(ε)
α,1 (t) (gε − g)

∥∥∥
L2(Ω,Ḣδ)

+

∥∥∥∥∥∥

t∫

0

E
N(ε)
α,2 (t − s)

(
f(s, uN(ε)(s)) − f(s, u(s))

)
ds

∥∥∥∥∥∥
L2(Ω,Ḣδ)

+

∥∥∥∥∥∥

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s)

(
f(s, uN(ε)(s)) − f(s, u(s))

)
ds

∥∥∥∥∥∥
L2(Ω,Ḣδ)

+

∥∥∥∥∥∥

t∫
Ẽ

N(ε)
α,2 (t − s) (σε(s) − σ(s)) dBH(s)

∥∥∥∥∥∥
2 δ
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+

∥∥∥∥∥∥

T∫

0

Ẽ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s) (σε(s) − σ(s)) dBH(s)

∥∥∥∥∥∥
L2(Ω,Ḣδ)

=: Π1(t) + Π2(t) + Π3(t) + Π4(t) + Π5(t).

Recall the Π1(t), Π2(t), Π3(t) have been estimate in (43) and (44). We now continue to

estimate two last terms Π4(t), Π5(t). For Π4(t), we have

|Π4(t)|2 =
∥∥∥

∑

n≥1

t∫

0

K∗
H,t

(
Ẽ

N(ε)
α,2 (t − ·) (σε(·) − σ(·)) Q

1
2 en

)
(s)dβn(s)

∥∥∥
2

L2(Ω,Ḣδ)

=

∥∥∥∥cH

∑

n≥1

t∫

0

( t∫

s

Ẽ
N(ε)
α,2 (t − s̃) (σε(s̃) − σ(s̃))

× Q
1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

)
dβn(s)

∥∥∥∥
2

L2(Ω,Ḣδ)

.
∑

n≥1

t∫

0

∥∥∥∥

t∫

s

Ẽ
N(ε)
α,2 (t − s̃) (σε(s̃) − σ(s̃)) Q

1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

∥∥∥∥
2

Ḣδ

ds

.
∑

n≥1

t∫

0

[ t∫

s

∥∥∥Ẽ
N(ε)
α,2 (t − s̃) (σε(s̃) − σ(s̃)) Q

1
2 en

∥∥∥
Ḣδ

s
1
2 −H(s̃ − s)H− 3

2 ds̃

]2

ds.

Using the proper (42) and the Hölder inequality, we deduce that

|Π5(t)|2 .
∑

n≥1

t∫

0

[ t∫

s

λδ
N(ε)

∥∥∥(σε(s̃) − σ(s̃)) Q
1
2 en

∥∥∥
X

s
1
2 −H(s̃ − s)H− 3

2 ds̃

]2

ds

. λ2δ
N(ε)

t∫

0




t∫

s

s1−2H(s̃ − s)H− 3
2 ds̃




( t∫

s

‖(σε(s̃) − σ(s̃))‖
2
L2

0
(s̃ − s)H− 3

2 ds̃

)
ds

. λ2δ
N(ε)

t∫

0

s1−2H




t∫

s

(s̃ − s)
p(H−

3
2

)

p−2 ds̃




p−2
p




t∫

s

∥∥σε(s̃) − σ(s̃)
∥∥p

L2
0
ds̃




2
p

ds

. λ2δ
N(ε) ‖σε − σ‖

2
Lp(0,T ;L2

0) . (49)

Similarly, one has the following estimate for Π5(t)

|Π5(t)|2 =
∥∥∥

∑

n≥1

T∫
K∗

H,T

(
Ẽ

N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − ·) (σε(·) − σ(·)) Q

1
2 en

)
(s)dβn(s)

∥∥∥
2

L2(Ω,Ḣδ)
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.
∑

n≥1

T∫

0

∥∥∥∥

T∫

s

Ẽ
N(ε)
α,1 (t)Ẽ

N(ε)
α,2 (T − s̃) (σε(s̃) − σ(s̃)) Q

1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

∥∥∥∥
2

Ḣδ

ds

.
∑

n≥1

T∫

0

[ T∫

s

λδ+1
N(ε)

∥∥∥(σε(s̃) − σ(s̃)) Q
1
2 en

∥∥∥
X

s
1
2 −H(s̃ − s)H− 3

2 ds̃

]2

ds

. λ
2(δ+1)
N(ε)

T∫

0

s1−2H




T∫

s

(s̃ − s)
p(H−

3
2

)

p−2 ds̃




p−2
p




T∫

s

∥∥σε(s̃) − σ(s̃)
∥∥p

L2
0
ds̃




2
p

ds

. λ
2(δ+1)
N(ε) ‖σε − σ‖

2
Lp(0,T ;L2

0) . (50)

Since yN(ε)(t) − v(t) =
∑

n>N(ε)〈v(t), en〉en, it is obvious that

∥∥∥yN(ε)(t) − v(t)
∥∥∥

2

L2(Ω,Ḣδ)
=

∞∑

n>N(ε)

λ2δ
n E|〈v(t), en〉|2 ≤ λ

2(δ−δ+)
N(ε) ‖v(t)‖

2
L2(Ω,Ḣδ+ ) .(51)

Now, from (43), (44), (49), (50), (51), we deduce that

∥∥vN(ε) − v
∥∥

C([0,T ];L2(Ω,Ḣδ))
.

∥∥∥vN(ε)(t) − yN(ε)(t)
∥∥∥

L2(Ω,Ḣδ)
+

∥∥∥yN(ε)(t) − v(t)
∥∥∥

L2(Ω,Ḣδ)

. λδ+1
N(ε)ε + λ

δ−δ+

N(ε) Mu.

This completes the proof. 2
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Appendix A

Proof of Lemma 3.1. i) For t ∈ [0, T ], by applying part a) of Lemma 2.3, we directly

obtain
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‖I1(t)‖
2
L2(Ω,Ḣν1 ) = E ‖Eα,1(t)g‖

2
Ḣν1

. E ‖g‖
2
Ḣν1+1 = ‖g‖

2
L2(Ω,Ḣν1+1) .

ii) For t ∈ (0, T ], applying part b) of Lemma 2.3 with µ1 = ν1 + r1, µ2 = ν1, we obtain

‖I1(t)‖
2
L2(Ω,Ḣν1+r1 ) = E ‖Eα,1(t)g‖

2
Ḣν1+r1

. t−2αr1E ‖g‖
2
Ḣν1+1 . t−2αr1 ‖g‖

2
L2(Ω,Ḣν1+1) .

The proof is complete. 2

Proof of Lemma 3.2. i) For t ∈ [0, T ], by using the Hölder inequality and part a) of

Lemma 2.3, we have

‖I2(w)(t)‖
2
L2(Ω,Ḣν1 ) ≤ t

t∫

0

E ‖Eα,2(t − s)f(s, w(s))‖
2
Ḣν1

ds ≤ C2
2 t

t∫

0

E ‖f(s, w(s))‖
2
Ḣν1 ds,

which associated with the Lipschitz condition of f leads to

‖I2(w)(t)‖
2
L2(Ω,Ḣν1 ) ≤ K2C2

2 t

t∫

0

E ‖w(s)‖
2
Ḣν1 ds

≤ K2C2
2 T 2 ‖w‖

2
L∞(0,T ;L2(Ω,Ḣν1 )) . (52)

ii) For t ∈ (0, T ], by applying part b) of Lemma 2.3 with µ1 = ν1 + r1 and µ2 = ν1, we

have

‖I2(w)(t)‖
2
L2(Ω,Ḣν1+r1 ) ≤ E




t∫

0

‖Eα,2(t − s)f(s, w(s))‖Ḣν1+r1
ds




2

. E




t∫

0

(t − s)−αr1 ‖f(s, w(s))‖Ḣν1 ds




2

.

Using the Hölder inequality and the Lipschitz condition of f , we get

‖I2(w)(t)‖
2
L2(Ω,Ḣν1+r1 ) .

t∫

0

(t − s)−αr1ds

t∫

0

(t − s)−αr1E ‖f(s, w(s))‖
2
Ḣν1 ds

. t−2αr1 ‖w‖
2
L∞(0,T ;L2(Ω,Ḣν1 )) , (53)

where we have used
( ∫ t

0
(t − s)−αr1ds

)2
. t2(1−αr1) ≤ T 2t−2αr1 .

iii) Applying part c) of Lemma 2.3 with µ1 = µ3 = ν1, we get
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‖I3(w)(t)‖
2
L2(Ω,Ḣν1 ) ≤ E




T∫

0

‖Eα,1(t)Eα,2(T − s)f(s, w(s))‖Ḣν1
ds




2

≤ C2
2 C2

3 E




T∫

0

(T − s)−α ‖f(s, w(s))‖Ḣν1 ds




2

.

This together with the Hölder inequality and the Lipschitz condition of f gives us

‖I3(w)(t)‖
2
L2(Ω,Ḣν1 ) ≤ C2

2 C2
3

T∫

0

(T − s)−αds

T∫

0

(T − s)−α
E ‖f(s, w(s))‖

2
Ḣν1 ds

≤ K2 C2
2 C2

3

1 − α
T 1−α

T∫

0

(T − s)−α ‖w(s)‖
2
L2(Ω,Ḣν1 ) ds

≤ K2 C2
2 C2

3

(1 − α)2
T 2(1−α) ‖w‖

2
L∞(0,T ;L2(Ω,Ḣν1 )) . (54)

iv) Applying part d) of Lemma 2.3 with µ1 = ν1 + r1 and µ2 = µ4 = ν1, we have

‖I3(w)(t)‖
2
L2(Ω,Ḣν1+r1 ) ≤ E




T∫

0

‖Eα,1(t)Eα,2(T − s)f(s, w(s))‖Ḣν1+r1
ds




2

. t−2αr1E




T∫

0

(T − s)−α ‖f(s, w(s))‖Ḣν1 ds




2

.

Estimating the integral in the right-hand side by the same way as in ii), we arrive at

‖I3(w)(t)‖
2
L2(Ω,Ḣν1+r1 ) . t−2αr1 ‖w‖

2
L∞(0,T ;L2(Ω,Ḣν1 )) . (55)

The proof is complete. 2

Proof of Lemma 3.3. i) The property in part a) of Lemma 2.3 leads to the following

estimate for t ∈ [0, T ]

‖I4(t)‖
2
L2(Ω,Ḣν1 ) =

t∫

0

‖Aν1Eα,2(t − s)σ(s)‖
2
L2

0
ds

≤ λ
−2(ν2−ν1)
1

t∫
‖Aν2Eα,2(t − s)σ(s)‖

2
L2

0
ds
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.

t∫

0

‖Eα,2(t − s)‖
2
L(Ḣν2 ,Ḣν2 ) ‖Aν2σ(s)‖

2
L2

0
ds .

t∫

0

‖σ(s)‖
2
L2

0(X,Ḣν2 ) ds.

Since
∫ t

0
‖σ(s)‖

2
L2

0(X,Ḣν2 ) ds ≤ T
p−2

p ‖σ‖
2
Lp(0,T ;L2

0(X,Ḣν2 )), which follows from the Hölder

inequality, we deduce that

‖I4(t)‖
2
L2(Ω,Ḣν1 ) . ‖σ‖

2
Lp(0,T ;L2

0(X,Ḣν2 )) . (56)

ii) For t ∈ (0, T ], the term I4(t) can be bounded as

‖I4(t)‖
2
L2(Ω,Ḣν1+r1 ) ≤

t∫

0

∥∥Aν1+r1Eα,2(t − s)σ(s)
∥∥2

L2
0

ds

≤

t∫

0

λ
−2(1−r1)
1

∥∥Aν1+1Eα,2(t − s)σ(s)
∥∥2

L2
0

ds

.

t∫

0

‖Eα,2(t − s)‖
2
L(Ḣν2 ,Ḣν1+1) ‖Aν2σ(s)‖

2
L2

0
ds.

On the other hand, applying part b) of Lemma 2.3 with µ1 = ν1 + 1 and µ2 = ν2, one

has

‖Eα,2(t − s)‖
L(Ḣν2 ,Ḣν1+1) . (t − s)−α(ν1+1−ν2).

This together with the Hölder inequality allows that

‖I4(t)‖
2
L2(Ω,Ḣν1+r1 ) .

t∫

0

(t − s)−2α(ν1+1−ν2) ‖σ(s)‖
2
L2

0(X,Ḣν2 ) ds

.




t∫

0

(t − s)
−2pα[1−(ν2−ν1)]

p−2 ds




p−2
p




t∫

0

‖σ(s)‖
p

L2(Ω,L2
0(X,Ḣν2 ))

ds




2
p

. ‖σ‖
2
Lp(0,T ;L2

0(X,Ḣν2 )) , (57)

where we note that 2pα[1−(ν2−ν1)]
p−2 < 1.

iii) For t ∈ [0, T ], by using the Itô isometry and applying part c) of Lemma 2.3 with

µ1 = ν1, µ3 = ν2 (noting that 0 ≤ ν2 − ν1 ≤ 1 following from assumption (σ1), the term

I5(t) can be estimated as
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‖I5(t)‖
2
L2(Ω,Ḣν1 ) =

T∫

0

‖Aν1Eα,1(t)Eα,2(T − s)σ(s)‖
2
L2

0
ds

≤

T∫

0

‖Eα,1(t)Eα,2(T − s)‖
2
L(Ḣν2 ,Ḣν1 ) ‖Aν2σ(s)‖

2
L2

0
ds

.

T∫

0

(T − s)−2α(ν1+1−ν2) ‖σ(s)‖
2
L2

0(X,Ḣν2 ) ds.

By the same way employed to obtain (57), we arrive at

‖I5(t)‖
2
L2(Ω,Ḣν1 ) . ‖σ‖

2
Lp(0,T ;L2

0(X,Ḣν2 )) . (58)

iv) For t ∈ (0, T ], by using the Itô isometry and applying part d) of Lemma 2.3 with

µ1 = ν1 + r1, µ2 = ν1, µ4 = ν2, the term I5(t) can be estimated as

‖I5(t)‖
2
L2(Ω,Ḣν1+r1 ) =

T∫

0

∥∥Aν1+r1Eα,1(t)Eα,2(T − s)σ(s)
∥∥2

L2
0

ds

≤

T∫

0

‖Eα,1(t)Eα,2(T − s)‖
2
L(Ḣν2 ,Ḣν1+r1 ) ‖Aν2σ(s)‖

2
L2

0
ds

. t−2αr1

T∫

0

(T − s)−2α(ν1+1−ν2) ‖σ(s)‖
2
L2

0(X,Ḣν2 ) ds

. t−2αr1 ‖σ‖
2
Lp(0,T ;L2

0(X,Ḣν2 )) . (59)

The proof is complete. 2

Proof of Lemma 3.4. Firstly, let us present explicit representations for two terms

I4(t), I5(t). For I5(t), it can be seen that

I5(t) =
∑

n≥1

T∫

0

Eα,1(t)Eα,2(T − s)σ(s)Q
1
2 endβH

n (s)

=
∑

n≥1

T∫

0

K∗
H,T

(
Eα,1(t)Eα,2(T − ·)σ(·)Q

1
2 en

)
(s)dβn(s)

=
∑

n≥1

T∫
KH(T, s)Eα,1(t)Eα,2(T − s)σ(s)Q

1
2 endβn(s)
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+
∑

n≥1

T∫

0




T∫

s

Eα,1(t)
(

Eα,2(T − s̃)σ(s̃)Q
1
2 en − Eα,2(T − s)σ(s)Q

1
2 en

)

×
∂KH

∂s̃
(s̃, s)ds̃

)
dβn(s).

This together with the formula of KH and ∂KH

∂s̃ yields

I5(t) = cH

∑

n≥1

T∫

0

(
T

s

)H− 1
2

(T − s)H− 1
2 Eα,1(t)Eα,2(T − s)σ(s)Q

1
2 endβn(s)

− c̃H

∑

n≥1

T∫

0

s
1
2 −H




T∫

s

s̃H− 3
2 (s̃ − s)H− 1

2 ds̃


 Eα,1(t)Eα,2(T − s)σ(s)Q

1
2 endβn(s)

+ cH

∑

n≥1

T∫

0

( T∫

s

Eα,1(t)Ẽα,2(T, s̃, s)Q
1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

)
dβn(s)

=: I51(t) + I52(t) + I53(t), (60)

where we define Ẽα,2(t, s̃, s) := Eα,2(t − s̃)σ(s̃) − Eα,2(t − s)σ(s), t ∈ [0, T ], for short.

For I4(t), we also have the following formulation

I4(t) =
∑

n≥1

t∫

0

Eα,2(t − s)σ(s)Q
1
2 endβH

n (s)

=
∑

n≥1

t∫

0

K∗
H,t

(
Eα,2(t − ·)σ(·)Q

1
2 en

)
(s)dβn(s)

=
∑

n≥1

T∫

0

KH(t, s)Eα,2(t − s)σ(s)Q
1
2 endβn(s)

+
∑

n≥1

t∫

0




t∫

s

(
Eα,2(t − s̃)σ(s̃)Q

1
2 en − Eα,2(t − s)σ(s)Q

1
2 en

) ∂KH

∂s̃
(s̃, s)ds̃


 dβn(s),

which associated with the formula of KH and ∂KH

∂s̃ yields

I4(t) = cH

∑

n≥1

t∫ (
t

s

)H− 1
2

(t − s)H− 1
2 Eα,2(t − s)σ(s)Q

1
2 endβn(s)
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∥∥
− c̃H

∑

n≥1

t∫

0

s
1
2 −H




t∫

s

s̃H− 3
2 (s̃ − s)H− 1

2 ds̃


 Eα,2(t − s)σ(s)Q

1
2 endβn(s)

+
∑

n≥1

t∫

0

( t∫

s

Ẽα,2(t, s̃, s)Q
1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

)
dβn(s)

=: I41(t) + I42(t) + I43(t). (61)

Next, we estimate two terms I5(t), I4(t) separately.

• Estimating I5(t). We begin with the estimate for I51(t) as

I51(t)
∥∥2

L2(Ω,Ḣν1 )
.

∑

n≥1

T∫

0

∥∥∥∥∥

(
T

s

)H− 1
2

(T − s)H− 1
2 Eα,1(t)Eα,2(T − s)σ(s)Q

1
2 en

∥∥∥∥∥

2

Ḣν1

ds

.
∑

n≥1

T∫

0

(T − s)2H−1
∥∥∥Eα,1(t)Eα,2(T − s)σ(s)Q

1
2 en

∥∥∥
2

Ḣν1
ds

.
∑

n≥1

T∫

0

(T − s)2H−1 ‖Eα,1(t)Eα,2(T − s)‖
2
L(Ḣν3 ,Ḣν1 )

∥∥∥σ(s)Q
1
2 en

∥∥∥
2

Ḣν3
ds.

Applying part c) of Lemma 2.3 with µ1 = ν1, µ3 = ν3 and using the Hölder inequality,

we get

‖Eα,1(t)Eα,2(T − s)‖
L(Ḣν3 ,Ḣν1 ) . (T − s)−α(1−(ν3−ν1)). (62)

It follows that

∥∥I51(t)
∥∥2

L2(Ω,Ḣν1 )
.

T∫

0

(T − s)−[1−2H+2α(1−(ν3−ν1))] ‖σ(s)‖
2
L2

0(X,Ḣν3 ) ds

. ‖σ‖
2
C((0,T ];L2

0(X,Ḣν3 ))

T∫

0

(T − s)−[1−2H+2α(1−(ν3−ν1))]ds

. ‖σ‖
2
C((0,T ];L2

0(X,Ḣν3 )) , (63)

where we note that

T∫

0

(T − s)−[1−2H+2α(1−(ν3−ν1))]ds . T 2[H−α(1−(ν3−ν1))], (64)

since α[1 − (ν3 − ν1)] < H. For I52(t), we can see that
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∥∥I52(t)
∥∥2

L2(Ω,Ḣν1 )

.
∑

n≥1

T∫

0

E

∥∥∥∥s
1
2 −H

( T∫

s

s̃H− 3
2 (s̃ − s)H− 1

2 ds̃

)
Eα,1(t)Eα,2(T − s)σ(s)Q

1
2 en

∥∥∥∥
2

Ḣν1

ds

.
∑

n≥1

T∫

0

s1−2H

( T∫

s

s̃H− 3
2 (s̃ − s)H− 1

2 ds̃

)2

× ‖Eα,1(t)Eα,2(T − s)‖
2
L(Ḣν3 ,Ḣν1 ) ‖σ(s)‖

2
L2

0(X,Ḣν3 ) ds.

Using the property (62), one also get

∥∥I52(t)
∥∥2

L2(Ω,Ḣν1 )

.
∑

n≥1

T∫

0

s1−2H

( T∫

s

s̃H− 3
2 (s̃ − s)H− 1

2 ds̃

)2

(T − s)−2α(1−(ν3−ν1)) ‖σ(s)‖
2
L2

0(X,Ḣν3 ) ds.

For the sake of calculation, we provide a useful estimate for I52(t) as follows

s1−2H




t∫

s

s̃H− 3
2 (s̃ − s)H− 1

2 ds̃




2

≤ s1−2H




∞∫

s

s̃H− 3
2 (s̃ − s)H− 1

2 ds̃




2

. s−(1−2H),

for s < s̃ < t. (65)

We can prove it by using the generalized binomial expansion as

s1−2H




t∫

s

s̃H− 3
2 (s̃ − s)H− 1

2 ds̃




2

= s1−2H

( t∫

s

s̃H− 3
2

∑

j∈N

(
H − 1

2
j

)
s̃H− 1

2 −j(−1)jsjds̃

)2

= s1−2H

( ∑

j∈N

(
H − 1

2
j

)
(−1)jsj

t∫

s

s̃2H−2−jds̃

)2

. s1−2H

( ∑

j∈N

(
H − 1

2
j

)
(−1)jsj

(
s2H−1−j − t2H−1−j

) )2

. s−(1−2H).

By (65), we can estimate I52(t) as
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∥∥I52(t)
∥∥2

L2(Ω,Ḣν1 )
.

∑

n≥1

T∫

0

ω(s, T ) ‖Eα,1(t)Eα,2(T − s)‖
2
L(Ḣν3 ,Ḣν1 ) ‖σ(s)‖

2
L2

0(X,Ḣν3 ) ds

.
∑

n≥1

T∫

0

s−(1−2H)(T − s)−2α(1−(ν3−ν1)) ‖σ(s)‖
2
L2

0(X,Ḣν3 ) ds

. ‖σ‖
2
C((0,T ];L2

0(X,Ḣν3 ))

T∫

0

s−(1−2H)(T − s)−2α(1−(ν3−ν1))ds

. ‖σ‖
2
C((0,T ];L2

0(X,Ḣν3 )) , (66)

where we have used the fact that

T∫

0

s−(1−2H)(T − s)−2α(1−(ν3−ν1))ds = T 2H−2α(1−(ν3−ν1)) Γ
(
2H

)
Γ

(
1 − 2α(1 − (ν3 − ν1))

)

Γ
(
2H + 1 − 2α(1 − (ν3 − ν1))

) ,

with Γ is the Gamma function. For I53(t), we can see that

∥∥I53(t)
∥∥2

L2(Ω,Ḣν1 )
.

∑

n≥1

T∫

0

∥∥∥∥

T∫

s

Eα,1(t)Ẽα,2(T, s̃, s)Q
1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

∥∥∥∥
2

Ḣν1

ds

.
∑

n≥1

T∫

0

( T∫

s

∥∥∥∥Eα,1(t)Ẽα,2(T, s̃, s)Q
1
2 en

∥∥∥∥
Ḣν1

(s̃ − s)H− 3
2 ds̃

)2

ds.

In what follows, we state some useful properties to estimate
∥∥∥Eα,1(t)Ẽα,2(T, s̃, s)Q

1
2 en

∥∥∥
Ḣν1

.

We observe that

∥∥∥Ẽα,2(T, s̃, s)Q
1
2 en

∥∥∥
Ḣν1+1

≤
∥∥∥Eα,2(T − s̃) (σ(s̃) − σ(s)) Q

1
2 en

∥∥∥
Ḣν1+1

+
∥∥∥(Eα,2(T − s̃) − Eα,2(T − s)) σ(s)Q

1
2 en

∥∥∥
Ḣν1+1

≤ ‖Eα,2(T − s̃)‖
L(Ḣν3 ,Ḣν1+1)

∥∥∥(σ(s̃) − σ(s)) Q
1
2 en

∥∥∥
Ḣν3

+ ‖Eα,2(T − s̃) − Eα,2(T − s)‖
L(Ḣν3 ,Ḣν1+1)

∥∥∥σ(s)Q
1
2 en

∥∥∥
Ḣν3

.

(67)

Applying part b) of Lemma 2.3 with µ1 = ν1 + 1, µ2 = ν3, and Lemma 2.4 with

µ1 = ν1 + 1, µ2 = ν3+ν1

2 , γ = 1, one has

‖Eα,2(t − s)‖ ˙ ν2 ˙ ν1+1 . (t − s)−α(ν1+1−ν3),
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‖Eα,2(T − s̃) − Eα,2(T − s)‖
L(Ḣν3 ,Ḣν1+1) . (s̃ − s)α[1−(ν3−ν1)](T − s̃)−2α[1−(ν3−ν1)].

(68)

From (67), (68) and the fact that ‖Eα,1(t)‖
L(Ḣν1+1,Ḣν1 ) ≤ C3, which is obtained by part

a) of Lemma 2.3, one can see

∥∥∥Eα,1(t)Ẽα,2(T, s̃, s)Q
1
2 en

∥∥∥
Ḣν1

.
∥∥∥Ẽα,2(T, s̃, s)Q

1
2 en

∥∥∥
Ḣν1+1

. (T − s̃)−α[1−(ν3−ν1)]
∥∥∥(σ(s̃) − σ(s)) Q

1
2 en

∥∥∥
Ḣν3

+ (s̃ − s)α[1−(ν3−ν1)](T − s̃)−2α[1−(ν3−ν1)]
∥∥∥σ(s)Q

1
2 en

∥∥∥
Ḣν3

.

(69)

This associated with assumption (σ2) helps us estimate I53(t) as

∥∥I53(t)
∥∥2

L2(Ω,Ḣν1 )

.
∑

n≥1

T∫

0

( T∫

s

(T − s)−α[1−(ν3−ν1)]
∥∥∥(σ(s̃) − σ(s)) Q

1
2 en

∥∥∥
Ḣν3

(s̃ − s)H− 3
2 ds̃

)2

ds

+
∑

n≥1

T∫

0

( T∫

s

(s̃ − s)α[1−(ν3−ν1)]−( 3
2 −H)(T − s̃)−2α[1−(ν3−ν1)]

∥∥∥σ(s)Q
1
2 en

∥∥∥
Ḣν3

ds̃

)2

ds

. C2
σ

T∫

0

( T∫

s

(T − s)−α[1−(ν3−ν1)](s̃ − s)ζ−( 3
2 −H)ds̃

)2

ds

+ ‖σ‖
2
C((0,T ];L2

0(X,Ḣν3 ))

T∫

0

( T∫

s

(T − s̃)−2α[1−(ν3−ν1)](s̃ − s)α[1−(ν3−ν1)]−( 3
2 −H)ds̃

)2

ds.

(70)

Now, it is required to bound the latter integrals. Since ζ > 1
2 − H > 0, one can see that

T∫

0

( T∫

s

(T − s)−α[1−(ν3−ν1)](s̃ − s)ζ−( 3
2 −H)ds̃

)2

ds .

T∫

0

(T − s)2ζ−(1−2H)−2α[1−(ν3−ν1)]ds

.

T∫

0

(T − s)−[(1−2H)+2α(1−(ν3−ν1))]ds,

(71)

Similarly, since α(1 − (ν3 − ν1)) > 1 − H, we also have
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T∫

0

( T∫

s

(T − s̃)−2α[1−(ν3−ν1)](s̃ − s)α[1−(ν3−ν1)]−( 3
2 −H)ds̃

)2

ds

=

T∫

0

(
(T − s)−2α[1−(ν3−ν1)]+α[1−(ν3−ν1)]−( 3

2 −H)+1
)2

ds×

×
∣∣∣B

(
− 2α[1 − (ν3 − ν1)] + 1, α[1 − (ν3 − ν1)] −

(3

2
− H

)
+ 1

)∣∣∣
2

.

T∫

0

(T − s)−[(1−2H)+2α(1−(ν3−ν1))]ds. (72)

From (70), (71), (72), and noting (1 − 2H) + 2α(1 − (ν3 − ν1)) < 1, we deduce that

∥∥I53(t)
∥∥

L2(Ω,Ḣν1 )
. Cσ + ‖σ‖C((0,T ];L2

0(X,Ḣν3 )) . (73)

Combining (63), (66), (73), it is obvious that

∥∥I5(t)
∥∥

L2(Ω,Ḣν1 )
. Cσ + ‖σ‖C((0,T ];L2

0(X,Ḣν3 )) . (74)

• Estimating I4(t). We now continue to bound I4(t) by a quite similar way as in the

estimate for I5(t). For I41(t), we can see

∥∥I41(t)
∥∥2

L2(Ω,Ḣν1 )
.

∑

n≥1

t∫

0

(
t

s

)2H−1

(t − s)2H−1
∥∥Eα,2(t − s)σ(s)Q

1
2 en

∥∥2

Ḣν1
ds

≤
∑

n≥1

t∫

0

(
t

s

)2H−1

(t − s)2H−1λ
−2(ν3−ν1)
1

∥∥Eα,2(t − s)σ(s)Q
1
2 en

∥∥2

Ḣν3
ds

.

t∫

0

(t − s)2H−1 ‖Eα,2(t − s)‖
2
L(Ḣν3 ,Ḣν3 ) ‖σ(s)‖

2
L2

0(X,Ḣν3 ) ds.

On the other hand, part a) of Lemma 2.3 has showed that

‖Eα,2(t − s)‖
L(Ḣν3 ,Ḣν3 ) ≤ C2. (75)

This helps us bound
∥∥I41(t)

∥∥
L2(Ω,Ḣν1 )

as

∥∥I41(t)
∥∥2

L2(Ω,Ḣν1 )
.

∑

n≥1

t∫

0

(t − s)2H−1 ‖σ(s)‖
2
L2

0(X,Ḣν3 ) ds . ‖σ‖
2
C((0,T ];L2

0(X,Ḣν3 )) ,

(76)
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∥∥
where we note that
∫ t

0
(t − s)2H−1ds . t2H ≤ T 2H . For I42(t), it is obvious that

I42(t)
∥∥2

L2(Ω,Ḣν1 )

.
∑

n≥1

t∫

0

∥∥∥∥s
1
2 −H




t∫

s

s̃H− 3
2 (s̃ − s)H− 1

2 ds̃


 Eα,2(t − s)σ(s)Q

1
2 en

∥∥∥∥
2

Ḣν1

ds

≤
∑

n≥1

t∫

0

λ
−2(ν3−ν1)
1

∥∥∥∥s
1
2 −H




t∫

s

s̃H− 3
2 (s̃ − s)H− 1

2 ds̃


 Eα,2(t − s)σ(s)Q

1
2 en

∥∥∥∥
2

Ḣν3

ds

.
∑

n≥1

t∫

0

s1−2H




t∫

s

s̃H− 3
2 (s̃ − s)H− 1

2 ds̃




2

‖Eα,2(t − s)‖
2
L(Ḣν3 ,Ḣν3 )

∥∥σ(s)Q
1
2 en

∥∥2

Ḣν3
ds.

By (65) and (75), we deduce that

∥∥I42(t)
∥∥2

L2(Ω,Ḣν1 )
.

t∫

0

s−(1−2H) ‖σ(s)‖
2
L2

0(X,Ḣν3 ) . ‖σ‖
2
C((0,T ];L2

0(X,Ḣν3 )) . (77)

For I43(t), we observe that

∥∥I43(t)
∥∥2

L2(Ω,Ḣν1 )
.

∑

n≥1

t∫

0

∥∥∥∥

t∫

s

Ẽα,2(t, s̃, s)Q
1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

∥∥∥∥
2

Ḣν1

ds

≤
∑

n≥1

t∫

0

λ−2
1

∥∥∥∥

t∫

s

Ẽα,2(t, s̃, s)Q
1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

∥∥∥∥
2

Ḣν1+1

ds

.
∑

n≥1

t∫

0

( t∫

s

∥∥∥Ẽα,2(t, s̃, s)Q
1
2 en

∥∥∥
Ḣν1+1

(s̃ − s)H− 3
2 ds̃

)2

ds.

On the other hand, in a similar way as in (67)-(69), we find that

∥∥∥Ẽα,2(t, s̃, s)Q
1
2 en

∥∥∥
Ḣν1+1

. (t − s)−α[1−(ν3−ν1)]
∥∥∥(σ(s̃) − σ(s)) Q

1
2 en

∥∥∥
Ḣν3

+ (s̃ − s)α[1−(ν3−ν1)](t − s̃)−2α[1−(ν3−ν1)]
∥∥∥σ(s)Q

1
2 en

∥∥∥
Ḣν3

.

(78)

Hence

∥∥I43(t)
∥∥2

2 ˙ ν
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.
∑

n≥1

t∫

0

( t∫

s

(t − s)−α[1−(ν3−ν1)]
∥∥∥(σ(s̃) − σ(s)) Q

1
2 en

∥∥∥
Ḣν3

(s̃ − s)H− 3
2 ds̃

)2

ds

+
∑

n≥1

t∫

0

( t∫

s

(s̃ − s)α[1−(ν3−ν1)]−( 3
2 −H)(t − s̃)−2α[1−(ν3−ν1)]

∥∥∥σ(s)Q
1
2 en

∥∥∥
Ḣν3

ds̃

)2

ds.

(79)

By exactly the same way as in (70)-(73), one arrives at

∥∥I43(t)
∥∥

L2(Ω,Ḣν1 )
. Cσ + ‖σ‖C((0,T ];L2

0(X,Ḣν3 )) . (80)

From (76), (77), (80), we now deduce that

∥∥I4(t)
∥∥

L2(Ω,Ḣν1 )
. Cσ + ‖σ‖C((0,T ];L2

0(X,Ḣν3 )) . (81)

The proof is complete. 2

Proof of Lemma 3.5. Estimating I5(t). Let us begin with the estimate for I51(t) as

∥∥I51(t)
∥∥2

L2(Ω,Ḣν1+r1 )

.
∑

n≥1

T∫

0

∥∥∥∥∥

(
T

s

)H− 1
2

(T − s)H− 1
2 Eα,1(t)Eα,2(T − s)σ(s)Q

1
2 en

∥∥∥∥∥

2

Ḣν1+r1

ds

.
∑

n≥1

T∫

0

(T − s)2H−1 ‖Eα,1(t)Eα,2(T − s)‖
2
L(Ḣν3 ,Ḣν1+r1 )

∥∥∥σ(s)Q
1
2 en

∥∥∥
2

Ḣν3
ds.

Applying part d) of Lemma 2.3 with µ1 = ν1 + r1, µ2 = ν1 and µ4 = ν3, we have

‖Eα,1(t)Eα,2(T − s)‖
L(Ḣν3 ,Ḣν1+r1 ) . t−αr1(T − s)−α(ν1+1−ν3). (82)

The above property and the observation (63) lead to

∥∥I51(t)
∥∥2

L2(Ω,Ḣν1+r1 )
. t−2αr1

T∫

0

(T − s)−[1−2H+α(ν1+1−ν3)] ‖σ(s)‖
2
L2

0(X,Ḣν3 ) ds

. t−2αr1 ‖σ‖
2
C((0,T ];L2

0(X,Ḣν3 )) . (83)

In the same way as in the estimate for I52(t) in the proof of Lemma 3.4, but the property

(82) is used instead of (62), one can easily get

∥∥I52(t)
∥∥2

L2(Ω,Ḣν1+r1 )
. t−2αr1 ‖σ‖

2
C((0,T ];L2

0(X,Ḣν3 )) . (84)
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To estimate I53(t), we need to bound the term
∥∥∥Eα,1(t)Ẽα,2(T, s̃, s)Q

1
2 en

∥∥∥
Ḣν1+r1

. Apply-

ing part b) of Lemma 2.3 with µ1 = ν1 + r1, µ2 = ν1 and using the estimate (69), one

has

∥∥∥Eα,1(t)Ẽα,2(T, s̃, s)Q
1
2 en

∥∥∥
Ḣν1+r1

. ‖Eα,1(t)‖
L(Ḣν1+1,Ḣν1+r1 )

∥∥∥Ẽα,2(T, s̃, s)Q
1
2 en

∥∥∥
Ḣν1+1

. t−αr1

∥∥∥Ẽα,2(T, s̃, s)Q
1
2 en

∥∥∥
Ḣν1+1

. t−αr1(T − s)−α[1−(ν3−ν1)]
∥∥∥(σ(s̃) − σ(s)) Q

1
2 en

∥∥∥
Ḣν3

+ t−αr1(s̃ − s)α[1−(ν3−ν1)](T − s̃)−2α[1−(ν3−ν1)]
∥∥∥σ(s)Q

1
2 en

∥∥∥
Ḣν3

. (85)

In the same way as in the estimate for I53(t) in the proof of Lemma 3.4, but the property

(85) is used instead of (69), one arrives at

∥∥I53(t)
∥∥

L2(Ω,Ḣν1+r1 )
. t−αr1

(
Cσ + ‖σ‖C((0,T ];L2

0(X,Ḣν3 ))

)
. (86)

Combining (83), (84), (86), we deduce that

∥∥I5(t)
∥∥

L2(Ω,Ḣν1+r1 )
. t−αr1

(
Cσ + ‖σ‖C((0,T ];L2

0(X,Ḣν3 ))

)
. (87)

• Estimating I4(t). Applying part b) of Lemma 2.3 with µ1 = ν1 + 1 and µ2 = ν3, one

has

‖Eα,2(t − s)‖
L(Ḣν3 ,Ḣν1+1) . (t − s)−α(1−(ν3−ν1)). (88)

Hence, for I41(t), we can see

∥∥I41(t)
∥∥2

L2(Ω,Ḣν1+r1 )

.
∑

n≥1

t∫

0

(
t

s

)2H−1

(t − s)2H−1
∥∥Eα,2(t − s)σ(s)Q

1
2 en

∥∥2

Ḣν1+r1
ds

≤
∑

n≥1

t∫

0

(
t

s

)2H−1

(t − s)2H−1λ
−2(1−r1)
1

∥∥Eα,2(t − s)σ(s)Q
1
2 en

∥∥2

Ḣν1+1ds

.

t∫
(t − s)2H−1 ‖Eα,2(t − s)‖

2
L(Ḣν3 ,Ḣν1+1) ‖σ(s)‖

2
L2

0(X,Ḣν3 ) ds
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.

t∫

0

(t − s)−[1−2H+2α(1−(ν3−ν1))] ‖σ(s)‖
2
L2

0(X,Ḣν3 ) ds.

By the observation (63), we deduce that

∥∥I41(t)
∥∥2

L2(Ω,Ḣν1+r1 )
. ‖σ‖

2
C((0,T ];L2

0(X,Ḣν3 )) . (89)

Similarly, by using (88) and a similar way as in the estimate for I42(t) in the proof of

Lemma 3.4, one can easily get

∥∥I42(t)
∥∥2

L2(Ω,Ḣν1+r1 )
. ‖σ‖

2
C((0,T ];L2

0(X,Ḣν3 )) . (90)

For I43(t), we observe that

∥∥I43(t)
∥∥2

L2(Ω,Ḣν1+r1 )

.
∑

n≥1

t∫

0

∥∥∥∥

t∫

s

Ẽα,2(t, s̃, s)Q
1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

∥∥∥∥
2

Ḣν1+r1

ds

≤
∑

n≥1

t∫

0

λ
−2(1−r1)
1

∥∥∥∥

t∫

s

Ẽα,2(t, s̃, s)Q
1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

∥∥∥∥
2

Ḣν1+1

ds

.
∑

n≥1

t∫

0

( t∫

s

∥∥∥Ẽα,2(t, s̃, s)Q
1
2 en

∥∥∥
Ḣν1+1

(s̃ − s)H− 3
2 ds̃

)2

ds.

By exactly the same techniques as in (78), (79), one also have

∥∥I43(t)
∥∥

L2(Ω,Ḣν1+r1 )
. Cσ + ‖σ‖C((0,T ];L2

0(X,Ḣν3 )) . (91)

From (89), (90), (91), we deduce that

∥∥I4(t)
∥∥

L2(Ω,Ḣν1+r1 )
. Cσ + ‖σ‖C((0,T ];L2

0(X,Ḣν3 )) . (92)

The proof is complete. 2

Proof of Lemma 3.6. In the case H ∈ (1
2 , 1), the two terms I5(t), I4(t) have simpler

explicit representations as follows

I5(t) =
∑

n≥1

T∫
Eα,1(t)Eα,2(T − s)σ(s)Q

1
2 endβH

n (s)
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=
∑

n≥1

T∫

0

K∗
H,T

(
Eα,1(t)Eα,2(T − ·)σ(·)Q

1
2 en

)
(s)dβn(s)

=
∑

n≥1

T∫

0




T∫

s

Eα,1(t)Eα,2(T − s̃)σ(s̃)Q
1
2 en

∂KH

∂s̃
(s̃, s)ds̃


 βn(s)

= cH

∑

n≥1

T∫

0




T∫

s

Eα,1(t)Eα,2(T − s̃)σ(s̃)Q
1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃


 βn(s),

(93)

and

I4(t) =
∑

n≥1

t∫

0

Eα,2(t − s)σ(s)Q
1
2 endβH

n (s) =
∑

n≥1

t∫

0

K∗
H,t

(
Eα,2(t − ·)σ(·)Q

1
2 en

)
(s)dβn(s)

=
∑

n≥1

t∫

0




t∫

s

Eα,2(t − s̃)σ(s̃)Q
1
2 en

∂KH

∂s̃
(s̃, s)ds̃


 dβn(s)

= cH

∑

n≥1

t∫

0




t∫

s

Eα,2(t − s̃)σ(s̃)Q
1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃


 dβn(s). (94)

• Estimating I5(t). Since ‖Eα,1(t)Eα,2(T − s̃)‖
L(Ḣν4 ,Ḣν1 ) . (T − s̃)−α[1−(ν4−ν1)], we can

see that

∥∥I5(t)
∥∥2

L2(Ω,Ḣν1 )

=
∑

n≥1

T∫

0

∥∥∥∥∥∥

T∫

s

Eα,1(t)Eα,2(T − s̃)σ(s̃)Q
1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

∥∥∥∥∥∥

2

Ḣν1

ds

.
∑

n≥1

T∫

0




T∫

s

∥∥∥Eα,1(t)Eα,2(T − s̃)σ(s̃)Q
1
2 en

∥∥∥
Ḣν1

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds

.
∑

n≥1

T∫

0




T∫

s

(T − s̃)−α[1−(ν4−ν1)]
∥∥∥σ(s̃)Q

1
2 en

∥∥∥
Ḣν4

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds. (95)

Using the Hölder inequality, we obtain the following estimate

∥∥I5(t)
∥∥2

L2(Ω,Ḣν1 )
.

T∫ 


T∫ (s

s̃

)1−2H

(s̃ − s)H− 3
2 (T − s̃)−α[1−(ν4−ν1)]ds̃


 ×
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×




T∫

s

(s̃ − s)H− 3
2 (T − s̃)−α[1−(ν4−ν1)] ‖σ(s̃)‖

2
L2

0(X,Ḣν4 ) ds̃


 ds.

To estimate two integrals of the right-hand side, we prepare a material as follows

t∫

0

τa−1(t − τ)b−1dτ = ta+b−1 Γ(a)Γ(b)

Γ(a + b)
, for a, b > 0. (96)

By the assumption (σ3), the above property allows that

T −s∫

0

τ−
ρ(3/2−H)

ρ−2 (T − s − τ)−
ρα[1−(ν4−ν1)]

ρ−2 dτ

= (T − s)1−
ρ

ρ−2

[
3
2 −H+α(1−(ν4−ν1))

] Γ(1 − ρ(3/2−H)
ρ−2 )Γ(1 − ρα[1−(ν4−ν1)]

ρ−2 )

Γ
(
2 − ρ

ρ−2

[
3
2 − H + α(1 − (ν4 − ν1))

] ) .

Using the Hölder inequality and the above identity, we have

T∫

s

(s̃ − s)H− 3
2 (T − s̃)−α[1−(ν4−ν1)] ‖σ(s̃)‖

2
L2

0(X,Ḣν4 ) ds̃

=

T −s∫

0

τH− 3
2 (T − s − τ)−α[1−(ν4−ν1)] ‖σ(τ + s)‖

2
L2

0(X,Ḣν4 ) dτ

.




T −s∫

0

τ−
ρ(3/2−H)

ρ−2 (T − s − τ)−
ρα[1−(ν4−ν1)]

ρ−2 dτ




ρ−2
ρ




T −s∫

0

‖σ(τ + s)‖
ρ

L2
0(X,Ḣν4 )

dτ




2
ρ

. (T − s)
ρ−2

ρ −
[

3
2 −H+α(1−(ν4−ν1))

]
‖σ‖

2
Lρ(0,T ;L2

0(X,Ḣν4 )) . (97)

In addition, the property (96) also yields that

T∫

s

(s

s̃

)1−2H

(s̃ − s)H− 3
2 (T − s̃)−α[1−(ν4−ν1)]ds̃

. s1−2H

T∫

s

(s̃ − s)H− 3
2 (T − s̃)−α[1−(ν4−ν1)]ds̃

= s1−2H

T −s∫
τH− 3

2 (T − s − τ)−α[1−(ν4−ν1)]ds̃
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. s1−2H(T − s)1−
[

3
2 −H+α(1−(ν4−ν1))

]
.

Hence, we deduce that

∥∥I5(t)
∥∥2

L2(Ω,Ḣν1 )
. ‖σ‖

2
Lρ(0,T ;L2

0(X,Ḣν4 ))

T∫

0

s1−2H(T − s)
ρ−2

ρ +1−2
[

3
2 −H+α(1−(ν4−ν1))

]
ds

. ‖σ‖
2
Lρ(0,T ;L2

0(X,Ḣν4 )) T
ρ−2

ρ −2α(1−(ν4−ν1)), (98)

where we note that 1 − 2H > −1 and (ρ−2
ρ + 1) − [3 − 2H + 2α(1 − (ν4 − ν1))] > 0,

which follows from Assumption (σ3).

• Estimating I4(t). Now, we will use a similar technique as in above to estimate I4(t).

Using the fact that ‖Eα,2(t − s̃)‖
L(Ḣν4 ,Ḣν4 ) . 1, we can see that

∥∥I4(t)
∥∥2

L2(Ω,Ḣν1 )

=
∑

n≥1

t∫

0

∥∥∥∥∥∥

t∫

s

Eα,2(t − s̃)σ(s̃)Q
1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

∥∥∥∥∥∥

2

Ḣν1

ds

≤
∑

n≥1

t∫

0




t∫

s

λ
−(ν4−ν1)
1

∥∥∥Eα,2(t − s̃)σ(s̃)Q
1
2 en

∥∥∥
Ḣν4

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds

.
∑

n≥1

t∫

0




t∫

s

∥∥∥σ(s̃)Q
1
2 en

∥∥∥
Ḣν4

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds.

Using the Hölder inequality, we obtain

∥∥I4(t)
∥∥2

L2(Ω,Ḣν1 )

.

t∫

0




t∫

s

(s

s̃

)1−2H

(s̃ − s)H− 3
2 ds̃







t∫

s

(s̃ − s)H− 3
2 ‖σ(s̃)‖

2
L2

0(X,Ḣν4 ) ds̃


 ds,

Since H− 3
2 > −1, one easily observe that

∫ t

s

(
s
s̃

)1−2H
(s̃−s)H− 3

2 ds̃ . s1−2H . In addition,

the Hölder inequality allows that

t∫

s

(s̃ − s)H− 3
2 ‖σ(s̃)‖

2
L2

0(X,Ḣν4 ) ds̃

.




t∫
(s̃ − s)

ρ
ρ−2 (H− 3

2 )ds̃




ρ−2
ρ




t∫
‖σ(s̃)‖

p

L2
0(X,Ḣν4 )

ds̃




2
ρ
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. ‖σ‖
2
Lρ(0,T ;L2

0(X,Ḣν4 )) .

From three latter estimates, we deduce that

∥∥I4(t)
∥∥2

L2(Ω,Ḣν1 )
. ‖σ‖

2
Lρ(0,T ;L2

0(X,Ḣν4 ))

t∫

0

s1−2Hds . ‖σ‖
2
Lρ(0,T ;L2

0(X,Ḣν4 )) . (99)

The proof is complete. 2

Proof of Lemma 3.7. • Estimating I5(t). To estimate I5(t), we will use the property

‖Eα,1(t)Eα,2(T − s)‖
L(Ḣν4 ,Ḣν1+r1 ) . t−αr1(T − s)−α(ν1+1−ν4),

which is obtained by applying part d) of Lemma 2.3 with µ1 = ν1 + r1, µ2 = ν1 and

µ4 = ν4. In this way, we arrive at

∥∥I5(t)
∥∥2

L2(Ω,Ḣν1+r1 )

=
∑

n≥1

T∫

0

∥∥∥∥∥∥

T∫

s

Eα,1(t)Eα,2(T − s̃)σ(s̃)Q
1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

∥∥∥∥∥∥

2

Ḣν1+r1

ds

.
∑

n≥1

T∫

0




T∫

s

∥∥∥Eα,1(t)Eα,2(T − s̃)σ(s̃)Q
1
2 en

∥∥∥
Ḣν1+r1

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds

. t−2αr1

∑

n≥1

T∫

0




T∫

s

(T − s̃)−α[1−(ν4−ν1)]
∥∥∥σ(s̃)Q

1
2 en

∥∥∥
Ḣν4

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds.

By using exactly the same way employed to obtain (95)-(98), one easily obtain

∥∥I5(t)
∥∥2

L2(Ω,Ḣν1 )
. t−2αr1 ‖σ‖

2
Lρ(0,T ;L2

0(X,Ḣν4 )) . (100)

• Estimating I4(t). To estimate I4(t), we will use the property

‖Eα,2(t − s)‖
L(Ḣν4 ,Ḣν1+r1 ) . (t − s)−α(1−(ν4−ν1)),

which is obtained by applying part b) of Lemma 2.3 with µ1 = ν1 + r1 and µ2 = ν4. In

this way, we arrive at

∥∥I4(t)
∥∥2

L2(Ω,Ḣν1+r1 )
=

∑

n≥1

t∫ ∥∥∥∥∥∥

t∫
Eα,2(t − s̃)σ(s̃)Q

1
2 en

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃

∥∥∥∥∥∥

2

ds
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≤
∑

n≥1

t∫

0




t∫

s

∥∥∥Eα,2(t − s̃)σ(s̃)Q
1
2 en

∥∥∥
Ḣν1+r1

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds

.
∑

n≥1

t∫

0




t∫

s

(t − s)−α(1−(ν4−ν1))
∥∥∥σ(s̃)Q

1
2 en

∥∥∥
Ḣν4

(s

s̃

) 1
2 −H

(s̃ − s)H− 3
2 ds̃




2

ds.

(101)

Noting that the latter series in (101) has a similar form as in (95) (the difference is that

T is replaced by t). Hence, one can verify that

∥∥I4(t)
∥∥2

L2(Ω,Ḣν1+r1 )
. ‖σ‖

2
Lρ(0,T ;L2

0(X,Ḣν4 )) . (102)

The proof is complete. 2

References

[1] B. de Andrade, A. Viana, On a fractional reaction-diffusion equation, Z. Angew. Math. Phys. 68
(2017), 11 pp.

[2] P.M. de Carvalho-Neto, Fractional differential equations: a novel study of local and global solutions
in Banach spaces, PhD. Thesis, 2013.

[3] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.
[4] K. Sakamoto, M. Yamamoto, Initial value/boundary value problems for fractional diffusion-wave

equations and applications to some inverse problems, J. Math. Anal. Appl. 382 (2011) 426–447.
[5] R.N. Wang, D.H. Chen, T.J. Xiao, Abstract fractional Cauchy problems with almost sectorial

operators, J. Differ. Equ. 252 (1) (2012) 202–235.
[6] A. Hanyga, Wave propagation in media with singular memory, Math. Comput. Model. 34 (2001)

1399–1421.
[7] R. Metzler, J. Klafter, The random walk’s guide to anomalous diffusion: a fractional dynamics

approach, Phys. Rep. 339 (2000) 1–77.
[8] W.R. Schneider, W. Wyss, Fractional diffusion and wave equations, J. Math. Phys. 30 (1) (1989)

134–144.
[9] L. Chen, Nonlinear stochastic time-fractional diffusion equations on R: moments, Hölder regularity

and intermittency, Transl. Am. Math. Soc. 369 (12) (2017) 8497–8535.
[10] B. Jin, Y. Yan, Z. Zhou, Numerical approximation of stochastic time-fractional diffusion, ESAIM

Math. Model. Numer. Anal. 53 (4) (2019) 1245–1268.
[11] S. Asogwa, E. Nane, Intermittency fronts for space-time fractional stochastic partial differential

equations in (d+1) dimensions, Stoch. Model. Appl. 127 (2017) 1354–1374.
[12] Z.Q. Chen, Time fractional equations and probabilistic representation, Chaos Solitons Fractals 102

(2017) 168–174.
[13] Z.Q. Chen, H.K. Kim, P. Kim, Fractional time stochastic partial differential equations, Stoch. Model.

Appl. 125 (2015) 1470–1499.
[14] M. Kovács, S. Larsson, F. Saedpanah, Mittag-Leffler Euler integrator for a stochastic fractional

order equation with additive noise, SIAM J. Numer. Anal. 58 (1) (2020) 66–85.
[15] M. Garrido-Atienza, K. Lu, B. Schmalfuss, Local pathwise solutions to stochastic evolution equa-

tions driven by fractional Brownian motions with Hurst parameters H ∈ (1/3, 1/2], Discrete Contin.
Dyn. Syst., Ser. B 20 (8) (2015) 2553–2581.

[16] M. Garrido-Atienza, K. Lu, B. Schmalfuss, Random dynamical systems for stochastic partial differ-
ential equations driven by a fractional Brownian motion, Discrete Contin. Dyn. Syst., Ser. B 14 (2)
(2010) 473–493.

[17] M. Garrido-Atienza, K. Lu, B. Schmalfuss, Random dynamical systems for stochastic evolution
equations driven by multiplicative fractional Brownian noise with Hurst parameters H ∈ (1/3, 1/2],
SIAM J. Appl. Dyn. Syst. 15 (1) (2016) 625–654.
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
https://doi.org/10.1016/j.bulsci.2022.103158



ARTICLE IN PRESS
JID:BULSCI AID:103158 /FLA [m1L; v1.317] P.57 (1-58)

N.H. Tuan et al. / Bull. Sci. math. ••• (••••) •••••• 57

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42
[18] A. Boudaoui, T. Caraballo, A. Ouahab, Impulsive stochastic functional differential inclusions driven
by a fractional Brownian motion with infinite delay, Math. Methods Appl. Sci. 39 (6) (2016)
1435–1451.

[19] A. Boudaoui, T. Caraballo, A. Ouahab, Stochastic differential equations with non-instantaneous
impulses driven by a fractional Brownian motion, Discrete Contin. Dyn. Syst., Ser. B 22 (7) (2017)
2521–2541.

[20] J. Xu, T. Caraballo, Long time behavior of fractional impulsive stochastic differential equations
with infinite delay, Discrete Contin. Dyn. Syst., Ser. B 24 (6) (2019) 2719–2743.

[21] Q. Lü, Carleman estimate for stochastic parabolic equations and inverse stochastic parabolic prob-
lems, Inverse Probl. 28 (4) (2012) 045008, 18 pp.

[22] Q. Lü, X. Zhang, Global uniqueness for an inverse stochastic hyperbolic problem with three un-
knowns, Commun. Pure Appl. Math. 68 (6) (2015) 948–963.

[23] Q. Lü, X. Zhang, Well-posedness of backward stochastic differential equations with general filtration,
J. Differ. Equ. 254 (8) (2013) 3200–3227.

[24] M. Foodun, N. Guerngar, E. Nane, Some properties of non-linear fractional stochastic heat equations
on bounded domains, Chaos Solitons Fractals 102 (2017) 86–93.

[25] M. Foodun, E. Nane, Asymptotic properties of some space-time fractional stochastic equations,
Math. Z. 287 (2017) 493–519.

[26] M. Foodun, N. Guerngar, E. Nane, Some properties of non-linear fractional stochastic heat equations
on bounded domains, Chaos Solitons Fractals 102 (2017) 86–93.

[27] M. Foondun, W. Liu, E. Nane, Some non-existence results for a class of stochastic partial differential
equations, J. Differ. Equ. 266 (5) (2019) 2575–2596.

[28] E. Nane, Y. Xiao, A. Zeleke, Strong laws of large numbers for arrays of random variables and stable
random fields, J. Math. Anal. Appl. 484 (1) (2020) 123737, 20 pp.

[29] Y.I. Dimitrienko, Nonlinear Continuum Mechanics and Large Inelastic Deformations, Solid Mechan-
ics and Its Applications, vol. 174, Springer, Dordrecht, 2011, MR3025695.

[30] A.D. Bouard, A. Debussche, The stochastic nonlinear Schrödinger equation in H1, Stoch. Anal.
Appl. 21 (1) (2003) 97–126.

[31] Y. Zhou, Basic Theory of Fractional Differential Equations, World Scientific, Singapore, 2014.
[32] L. Debbi, Well-posedness of the multidimensional fractional stochastic Navier-Stokes equations on

the torus and on bounded domains, J. Math. Fluid Mech. 18 (1) (2016) 25–69.
[33] G. Zou, B. Wang, Stochastic Burgers’ equation with fractional derivative driven by multiplicative

noise, Comput. Math. Appl. 74 (12) (2017) 3195–3208.
[34] F. Biagini, Y.Z. Hu, B. Øksendal, T.S. Zhang, Stochastic Calculus for Fractional Brownian Motion

and Applications, Springer-Verlag, London, 2008.
[35] D. Nualart, The Malliavin Calculus and Related Topics, 2nd ed., Springer-Verlag, Berlin, 2006.
[36] G. Binotto, I. Nourdin, D. Nualart, Weak symmetric integrals with respect to the fractional Brow-

nian motion, Ann. Probab. 46 (4) (2018) 2243–2267.
[37] D. Nualart, S. Tindel, A construction of the rough path above fractional Brownian motion using

Volterra’s representation, Ann. Probab. 39 (3) (2011) 1061–1096.
[38] T. Duncan, D. Nualart, Existence of strong solutions and uniqueness in law for stochastic differential

equations driven by fractional Brownian motion, Stoch. Dyn. 9 (3) (2009) 423–435.
[39] D. Nualart, B. Saussereau, Malliavin calculus for stochastic differential equations driven by a frac-

tional Brownian motion, Stoch. Process. Appl. 119 (2) (2009) 391–409.
[40] D. Nualart, Stochastic calculus with respect to fractional Brownian motion, Ann. Fac. Sci. Toulouse

Math. (6) 15 (1) (2006) 63–78.
[41] T. Caraballo, A.M. Márquez-Durán, Existence, uniqueness and asymptotic behavior of solutions for

a nonclassical diffusion equation with delay, Dyn. Partial Differ. Equ. 10 (3) (2013) 267–281.
[42] J. Hadamard, Lectures on Cauchy’s Problems in Linear Partial Differential Equations, Dover, New

York, 1952.
[43] G. Golubev, R. Khasminskii, A statistical approach to the Cauchy problem for the Laplace equation,

in: State of the Art in Probability and Statistics, Leiden, 1999, in: IMS Lecture Notes Monogr. Ser.,
vol. 36, Inst. Math. Statist., Beachwood, OH, 2001, pp. 419–433.

[44] N. Tran, V.V. Au, Y. Zhou, N. Huy Tuan, On a final value problem for fractional reaction-diffusion
equation with Riemann-Liouville fractional derivative, Math. Methods Appl. Sci. 43 (6) (2020)
3086–3098.

[45] R. Wang, L. Shi, B. Wang, Asymptotic behavior of fractional nonclassical diffusion equations driven
by nonlinear colored noise on RN , Nonlinearity 32 (11) (2019) 4524–4556.
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
https://doi.org/10.1016/j.bulsci.2022.103158



ARTICLE IN PRESS
JID:BULSCI AID:103158 /FLA [m1L; v1.317] P.58 (1-58)

58 N.H. Tuan et al. / Bull. Sci. math. ••• (••••) ••••••

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

1

2

3

4

5

6

7

8

9

[46] B. Wang, Dynamics of fractional stochastic reaction-diffusion equations on unbounded domains
driven by nonlinear noise, J. Differ. Equ. 268 (1) (2019) 1–59.

[47] R. Wang, B. Wang, Asymptotic behavior of non-autonomous fractional stochastic p-Laplacian equa-
tions, Comput. Math. Appl. 78 (11) (2019) 3527–3543.

[48] R. Wang, Y. Li, B. Wang, Random dynamics of fractional nonclassical diffusion equations driven
by colored noise, Discrete Contin. Dyn. Syst. 39 (7) (2019) 4091–4126.

[49] R. Wang, Y. Li, Asymptotic behavior of stochastic discrete wave equations with nonlinear noise
and damping, J. Math. Phys. 61 (5) (2020) 052701, 27 pp.

[50] R. Wang, B. Wang, Random dynamics of p-Laplacian lattice systems driven by infinite-dimensional
nonlinear noise, Stoch. Process. Appl. 130 (12) (2020) 7431–7462.

[51] Q. Du, L. Toniazzi, Z. Zhou, Stochastic representation for solution to nonlocal-in-time evolution
equations, Stoch. Model. Appl. 130 (4) (2020) 2058–2085.
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
https://doi.org/10.1016/j.bulsci.2022.103158

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42



ARTICLE IN PRESS
JID:BULSCI AID:103158 /FLA [m1L; v1.317] P.59 (1-58)

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

1

2

3

4

5

6

Sponsor names

Do not correct this page. Please mark corrections to sponsor names and grant numbers in the main text.

China Postdoctoral Science Foundation, country=China, grants=2020TQ0053,

2020M680456
Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
https://doi.org/10.1016/j.bulsci.2022.103158

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42


	On backward problems for stochastic fractional reaction equations with standard and fractional Brownian motion
	1 Introduction
	2 Preliminaries
	2.1 Notations, Wiener process and fractional Brownian motion (fBm)
	2.2 Mittag-Leffler function, well-posedness and ill-posedness
	2.3 Properties of solution operators

	3 Existence, uniqueness, regularity of mild solutions
	3.1 Existence, uniqueness, regularity of mild solution to Problem (2)
	3.2 Existence, uniqueness, regularity of mild solution to Problem (3) when H∈(1/4,1/2)
	3.3 Existence, uniqueness, regularity of mild solution to Problem (3) when H∈(1/2,1)

	4 Regularization results on C([0,T];L2(Ω,Ḣδ))
	4.1 Regularization result for Problem (2)
	4.2 Regularization result for Problem (3)

	Declaration of competing interest
	Acknowledgement
	References


