© 0 N o o b~ W N

fy
o

JID:BULSCI  AID:103158 /FLA [miL; v1.317] P.1(1-58)

Bull. Sci. math. see (seee) seesee

Contents lists available at ScienceDirect =

BULLETIN DI

Bulletin des Sciences Mathématiques

www.elsevier.com /locate/bulsci

On backward problems for stochastic fractional
reaction equations with standard and fractional

© 0 N o o b~ W N R

fay
o

A DA D W W W W W W W W WWN N NN DNDNDDNNDNDN R R R R R =
N B O © 0 N O ¢ & W M H O ©W 0 N O G & W N B O © 0 N O G & W N =

Brownian motion

a,b,*

Nguyen Huy Tuan

, Mohammud Foondun €,

Tran Ngoc Thach ¢, Renhai Wang’

? Division of Applied Mathematics, Science and Technology Advanced Institute,
Van Lang University, Ho Chi Minh City, Viet Nam
Y Faculty of Technology, Van Lang University, Ho Chi Minh City, Viet Nam

¢ University of Strathclyde, Glasgow, UK

4 Department of Mathematics and Computer Science, University of Science,

Ho Chi Minh City, Viet Nam

¢ Vietnam National University, Ho Chi Minh City, Viet Nam
£ School of Mathematical Sciences, Guizhou Normal University, Guiyang 550001,

China

ARTICLE INFO

ABSTRACT

Article history:
Received 2 January 2021
Available online xxxx

MSC:

60G15
60G22
60G52
60G57

Keywords:

Fractional differential equation
Fractional reaction equation
Fractional Brownian motion
Inverse problem
Well-posedness

Ill-posedness

In this work, we study two final value problems for fractional
reaction equation with standard Brownian motion W (t) and
fractional Brownian motion B (t), for H € (i, %) u (%7 1).
Firstly, the well-posedness of each problem is investigated
under strongly choices of data. We aim to find spaces where we
obtain the existence of a unique solution of each problem, and
establish some regularity results. Next, since the first problem
and the second problem when H € (%, 1) are ill-posed due to
the lack of regularity of the terminal condition, a well-known
regularization method called Fourier truncation is applied
to construct regularized solutions. Furthermore, convergence
results of regularized solutions are proposed.

© 2022 Elsevier Masson SAS. All rights reserved.

* Corresponding author.

E-mail address: nguyenhuytuan@vlu.edu.vn (N.H. Tuan).

https://doi.org/10.1016/j.bulsci.2022.103158
0007-4497/© 2022 Elsevier Masson SAS. All rights reserved.

Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
https://doi.org/10.1016/j.bulsci.2022.103158

A DA D W W WW W W W W W WN N NN DNDNDNDDNNDNDN R R R =
N B O © 0 N O G & W N H O ©W 0 N O G & W N B O ©O 0N O G & W N =


https://doi.org/10.1016/j.bulsci.2022.103158
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/bulsci
mailto:nguyenhuytuan@vlu.edu.vn
https://doi.org/10.1016/j.bulsci.2022.103158

© 00 N o O B~ W N o=

e e e e O e = =
© 00 N o 0 B~ W N = O

20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42

JID:BULSCI AID:103158 /FLA [miL; v1.317] P.2(1-58)
2 N.H. Tuan et al. / Bull. Sci. math. ese (ssse) eesees

1. Introduction

Let D C R™, n > 1, be a bounded domain (with a sufficiently smooth boundary 0D
for n > 2) and X := L*(D). Let A: D(A) C X — X be a linear, positive-definite, self-
adjoint operator with compact inverse on X. In this paper, we investigate the following
fractional reaction-diffusion equation

dpu(t) + 0F = Au(t) = f(t,u(t)) + “stochastic term”, (1)

where « € (0,1), f is a nonlinear source term, 82_0‘ is the Riemann-Liouville fractional
derivative given by

t

o 1 d o

oru(t) :== o) di /r Yot —r)dr
0

Here ['(a) = [;° e7"r*"!dr is the Gamma function [3]. We study two following terminal

value problems (TVPs) for fractional reaction-diffusion equations:

e TVP for the stochastic equation driven by standard Brownian motion

{&sU(t) +0, 7 Au(t) = f(t,u(t)) +o()W(t), te€[0,T], @)

U(t)|aD:05 U(T):gv

where {W(t)}tzo is an X-valued Wiener process defined on a filtered complete prob-
ability space (Q, F, {F;}:>0, P), and the white noise W (t) = 8Vg_t(t) describes random
effects on transport of particles in medium with memory or particles subject to stick-
ing and trapping.

o TVP for the stochastic equation driven by fractional Brownian motion

{0tU(t) +0 7 Au(t) = f(t,u(t)) +o(t)BH(t), tel0.T], 3)

u(t)’aD =0, u’(T) =9,

where {B(t)}¢>0, with H € (%,3) U (3,1), is an X-valued fractional Brownian
motion (fBm) defined on the filter complete probability space (2, F, {F;}¢>0,P) and

BH(t) = 2 BH(t) describes the fractional noise.

Notice that if H = %, then BH (t) becomes standard Brownian motion. Terminal data g
is an Fy-measurable random variable, and belongs to X or its subspace. The function o
will be specified later. The motivation of our study for Problem (1) comes from recent
results of M. Kovacsz et al. [14]. Different to the work [14], our main purpose in this
paper is to investigate well-posed results (the existence, regularity) and ill-posedness
results for Problem (2) and (3).
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It is obvious to see that the main equation we study in this paper is the topic of
stochastic fractional PDEs. The theory of fractional PDEs which studies derivatives of
non-integer orders has been established by famous mathematicians such as Riemann,
Liouville, Weyl, Riesz, Caputo and others. Fractional-order derivatives have a wide ap-
plication in physics and mechanics since it allows us to describe systems, media, and fields
that are characterized by non-locality and memory of power-law type. The determinis-
tic counterpart of the model (1) commonly known as subdiffusion, has been extensively
studied in the literature over the last few decades. It should be noted that if & = 1 then
%—;aAu becomes Au and the equation

o al—a

au(t,m) -~ 5

Au(t,x) = f(taxau(tvx))’ (4)

reduces to the typical heat equation which is used for modeling heat diffusion in ho-
mogeneous media. Equation (4) for 0 < o < 1 is used to describe heat propagation in
inhomogeneous media and also describe anomalous diffusion processes and wave prop-
agation in viscoelastic materials [6]. Viscoelasticity is the property of materials that
exhibit both viscous and elastic characteristics when undergoing deformation [29]. As
introduced by [8], possible application of (4) is the description of diffusion in special
types of porous media. They have recently attracted increasing interest in the physical,
chemical and engineering literature [7].

More recently, stochastic partial differential equations (SPDEs) with fractional op-
erators have been received increasingly attentions. The area of SPDEs is interesting to
mathematicians since it contains a lot of hard open problems. Stochastic fractional dif-
fusion equation has been studied recently by [11-13,24,26,28,45-50] and the references
therein. In [25], M. Foondun and E. Nane considered the asymptotic behavior of the
solution for a non-linear time-fractional stochastic heat type equations. L. Chen [9] an-
alyzed moments, Holder continuity and intermittency of the solution for 1D nonlinear
stochastic subdiffusion. Foondun, Liu and Nane [27] obtained some non-existence results
for fractional stochastic heat equations driven by colored noise on the multi-dimensional
spatial domain. B. Jin et al. [10] developed and analyzed a numerical method for stochas-
tic time-fractional diffusion driven by additive white noise. Q. Du et al. [51] derived a
stochastic representation of the solution to a nonlocal-in-time evolution equation. M.
Kovacsz et al. [14] studied the numerical approximation of a class of semilinear Volterra
integrodifferential equations. For stochastic reaction diffusion equations driven by frac-
tional Brownian motions, We also refer the reader to some interesting papers in fBm for
stochastic PDEs, for example, D. Nualart et al. [35-40], K. Lu et al. [15-17], T. Caraballo
et al. [18-20] and references therein. However, there appear to be fewer studies in the
literature relating to the theoretical analysis of SPDEs with fractional derivative driven
by fractional noise.

In this paper, we do not follow the initial value problem, otherwise, we study the
terminal value problem for stochastic PDEs. The terminal value problem is to identify
the initial data from the given final data. The TVPs stochastic fractional PDEs belong
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to a category of stochastic inverse problems, which refer to inverse problems that in-
volve uncertainties. Looking at the mild solution of deterministic inverse problems and
stochastic inverse problems, we obviously see that stochastic inverse problems have sub-
stantially more difficulties on top of the existing obstacles due to the randomness and
uncertainties. To the best of our knowledge, there have so far been no research results on
the effective analysis of the terminal value problem for (1). We can list some few papers
on this direction, for instance [21-23]. However, in these papers, the ill-posedness results
are not addressed. This is our motivation for studying the ill-posedness and regulariza-
tion. The main contributions and some challenge problems in the present paper are as
follows:

e We have some new difficulties in the techniques and analysis for considering inverse
problems for SPDE. For instance, unlike the deterministic PDEs, the solution of a
stochastic PDE is usually non-differentiable with respect to the variable with noise
(say, the time variable considered in this paper). Also, the usual compactness embed-
ding result does not remain true for the solution spaces related to stochastic PDEs.
For the time-integer derivative case, as in [30], A. de Bouard and A. Debussche used
It6 formula to deal with the stochastic term and proved the unique existence of
the weak solution by Galerkin approximation method. But for the time-fractional
derivative with the stochastic case, the stochastic term can not be disposed of by It6
formula. It seems no way to study the weak solution of (1) which motivates us to find
other way to study the solution’s property. In this paper, we study the existence and
uniqueness of the mild solution for (1). The study of finding some suitable spaces
for the mild solution is also challenge since the mild solution of Problem (2) and
Problem (3) is more complex than the initial value problem.

e Our first results are to derive the well-poseness of Problem (2) and Problem (3) in
the sense of Hadamard. A PDE is well-posed (in the sense of Hadamard) if for each
choice of data, a solution exists in some sense. For each choice of data, the solution is
unique in some space. The map from data to solutions is continuous in some topology.
The notion of a well-posed problem is important in applied math. If we were using
two Problem (2) and Problem (3) to make predictions about some physical process,
we would obviously like Problem (2) and Problem (3) to have a unique solution.
And if the solution depends continuously on data and parameters, we don’t have to
worry about small errors in measurement producing large errors in our predictions.
In Section 3, the well-posedness of two problems are investigated under Lipschitz
assumption on the nonlinear source term. We attempt to find the spaces our mild
solutions belong to in three case of Hurt parameter including H = %, H € (i, %),
H € (%, 1). The existence, uniqueness of the solution in each case is obtained by
using the fixed point theorem. Additionally, we also discuss some regularity results
for each of problems.

e Our second results are to investigate the ill-posedness results in the sense of
Hadamard. It is the fact that Problem (2) and Problem (3) when H € (3,1) are
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ill-posed since the solution’s behavior does not change continuously with the data
(g,0) (or called instable for short). Therefore, it is required to regularize two prob-
lems. For this purpose, we use a well-known method in regularization theory for
inverse problems and ill-posed problems that is Fourier truncation. In this way, we
control the frequency in such a way that it depends on the error € appearing in the
data (see more details about this method in [43]). Furthermore, the convergence rate
of the regularized solution is proposed to show clearly that it tends to the sought
solution as ¢ — 0.

2. Preliminaries
2.1. Notations, Wiener process and fractional Brownian motion (fBm)

Let us begin with some functional spaces used in the present paper. For two given
Hilbert spaces X1, X2, we denote by £(X7, X2) the space of all bounded linear operators

from X; to Xs and £(X7) := L(X1, X1). For arbitrary Banach space Y, we define the
space

T
L0, 7;Y) =< w: [0, T] =Y s.t. /||w(s)||§], ds <oop, q>1,
0

T 1/q
La(O.Ty) = (fo lw(s)|$ ds) .By L>=(0,T;Y), we denote
the space of all essentially bounded functions w on [0, T'] with the norm [[wl| e o 7.y =

endowed with the norm ||w|

esssupgy 7 |w(t)|ly. Define by C([0,7];Y) the space of all continuous functions w
on [0,T] endowed with the norm [|w|| 77,y = SuPo<i<r [[w(t)[ly- For two positive
numbers 1,95 satisfying ; + 2 < 1, we introduce the space C?1-Y2(]0, T]; Y'), which is
a subspace of C([0,T];Y) endowed with the norm

< 00.

]

lw(t +6) —w(t)]
cra(orly) T SR 7 lw(®)lly +o<t?ffg<Ttﬁl+ﬂ2 " y

Let {\,}n>1 be a sequence of eigenvalues of A and {e,},>1 be a sequence of eigen-
functions of A, which satisfy 0 < Ay < A < -+ < Ap < A1 < ooy limy 0 A, = o0
and Ae,, = \ne,. For § > 0, we define by H? the space of all functions ¢ € X such that
> o1 A2, €,)|? < 00, with the norm

lellas = (32 A2, endl?)

n>1

N

In the case § = 0, it is clear that H® = X = L?(D). Let H~% stand for the dual space of
H°. We can define the fractional operator (see [32]) A : HY/? — H~9/2 as
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Adp = Z Mg enen, e HY2,

n>1

Let (Q, F,P,{F;}+>0) be a filtered probability space with a normal filtration {F;}¢>0
satisfying standard assumptions, namely, it is right continuous and Fy contains all P-null
sets. We denote by L?(€, H5), with & > 0, the space of all random variables ¢ taking

value on H° such that loll 2o, re) =/ E ||g||§15 < 0. Let @ be an operator defined by
Qen = Xnen with finite trace Tr(Q) = >_, 51 Xn < 00. The Wiener process {W (¢) }+e(o,1]
with covariance @ (see [10,33]) can be defined as follows

W(t) = Z Q%enﬁn(t) = Z XT%L enﬂn(t)v (5)

n>1 n>1

where f3,(t) are independent one-dimensional Brownian motions. Let HS(X, H?), be
the space of all Hilbert-Schmidt operators ¥ : X — H°® with the norm 191l3s(x 75y =

\/ 2>t ||\I/en|\%,5. We denote by LZ(X, H®)) the space of all operators ¥ € HS(X, H?)

such that

o 1/2
”\IJHL%(XJY‘S)) T H\I}Q HHS(X,H‘S)

For convenience, we define L := L3(X, X).
Next, we briefly recall the fractional Brownian motion and the Wiener integral with
respect to the fractional Brownian motion.

Definition 2.1. A one-dimensional fractional Brownian motion {8 (¢)};>0 of Hurst index
H € (0,1) is a continuous and centered Gaussian process with covariance function

(S2H +’I“2H _ |S—T|2H) )

DN | =

Ry(s,r) = E[8"(s)8" (r)] =

In the case of H = 1/2, {8 (t)}:>0 turns out to be the standard Wiener process with
covariance function Ry (s,r) = min(s,r).

For a time interval [0, T, we denote by £ the space of step functions ¢ on [0, 7] and by
H the Hilbert space defined as the closure of £ with the scalar product (1o 4}, 1jo,r)) 1 =
Ry (s,r). Consider the kernel [35]

and
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KH(SJ):CH/(U_’")H_%(%)H %du for H € (; )

where

H
\/(1—2H>ﬁ(1—2H,H+1/2)v if H € (0,3),
H(2H—1)
B@—2H,H-1/2)" if He (3,1),
with 5(-,-) is the Beta function [3]. Noting that if H € (0,1/2) then [34]

OKH
Os

(s,r) =cu(H —1/2) (;)H_l/2 (s —r)H=3/2,

We refer to [34,35,41] the following form for B (t)
= /KH (t,s)dB(s), B is the standard Brownian motion.

We now consider the operator Kj; 1 H — L?([0, T]) given by

T

(Kirro)(s) = K™(T,5)6(s) + /(¢(U) —¢(s))

S

OKH
ou

(u, s)du.

From [34,35,41], it is known that Kj; , is an isometry between #H and L>([0,T7]). If
H € (3,1) then K3 r has a simpler form

(K}r6)(s / o) 2o (u, s)du.

We refer to [34,35,41] the following relation between the Wiener integral with respect to
fBm and the It6 integral with respect to the Wiener process

T T
/¢ (5)dpH (s) /KHT¢ B(s), for H € (0,1/2) U (1/2,1).
0 0

Generally, following the standard approach (5) for the case H = 1/2, the {Bm
{BH(t)}te(0,7] can be defined as

=Y Qe (1) =Y xnenB (1),

n>1 n>1
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where X (t) are independent one-dimensional fractional Brownian motions, and the
Wiener integral of W : [0,7] — L3 with respect to fBm can be defined as

T
/ U(s)dBY (s) =Y / (5)Q"2endB (s) =Y / Ky (PQ'?en) (5)dBn(s).
0 n>10 TL>10

2.2. Mittag-Leffler function, well-posedness and ill-posedness

We begin with some properties of the Mittag-Leffler E,, o, (see [3], Section 1.2)
defined by

a1, >0,z € C.
alaz ZFOZ177,+O(27 1, k2 )

For short, we set Ey(2) := Eq1(2), €a(2) := Eqa(2), a > 0.

Lemma 2.1 (see [3]). Given o € (0,1), &/ >0, A > 0. Then

Cg Cl
Foow(=2)] < >
o (=] < 723

lea(=A)] < min( Cs Cy )

14+A2714+ A
where Cv,Cy are positive constants.

Lemma 2.2 (see [4]). Given o € (0,1), A > 0. Then

d

— B, (=AY = =\t e, (—At%).
7 ( ) eal )

Next, we aim to give representations for the solutions to Problem (2) and Problem
(3). For this purpose, we consider the following deterministic problem

{atu<t>+azaAu<t> = f(t,ult)), tel0,T], ©

t)|6D =0, wT)=g.

We refer to [1] the following representation for the solutions to (6), which is obtained by
using the Laplace transform method

where E,(—t*A) is the Mittag-Leffler operator (see [2,5]) defined by
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—t*A)p = /Ma e " Apdr, peX. (8)
0

By the following relation between the Mittag-Leffler function and the Wright-type func-
tion (see [31])

/Ma(r)efzrdr =F,(-2), ze€C,
0

the formula (8) can be rewritten as

—t*A)p ZE 2){(p, en)en, € X.

n>1

Substituting ¢ = T', we have from (7) that
T
w(0) = BZ (—TA)u /E HT® A) By (—(T — $)* A) f(s,u(s))ds,  (9)
0

where the operator E1(—t*A) is defined by

1 e 1
EJN(—t"A)p =) m(np,en>en, e X.

«@ —te
n>1
Combining (7), (9), and using the final condition u(7") = g, we now obtain

t

T
u(t) = 5a,1(t)g+/5a,z(t — ) f (s, u(s))ds — /5a,1(t)5a,2(T— s)f (s, u(s))ds, (10)
0

0

where we define &,1(t) := Eo(—t*A)E Y (=T*>A) and E,2(t) := E,(—t*A), for t €
[0,7].

Motivated by (10), we give the definitions of mild solutions of Problem (2) and Prob-
lem (3):

Definition 2.2. An X-valued process u(t) is called a mild solution of Problem (2) if it
satisfies the equation

u(t) = g+ | Ea(t—s)f(s,u(s))ds — [ Ea1(t)Ea2(T —s)f(s,u(s))ds
one | j
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t

T
+ /ang(t —s)o(s)dW(s) — O/SQ,l(t)Sayg(T —s)o(s)dW(s), P —a.s. (11)

0

An X-valued process v(t) is called a mild solution of Problem (3) if it satisfies the

equation
t T
v(t) = t)g + /Ea ot — 8)f(s,v(s))ds — /Sa,l(t)é'a,g(T —8)f(s,v(s))ds
0 0
t T
+ [ Eaa(t —s)o(s)dB (s Eal —s)o(s)dBH(s), P —a.s. (12)
! [

We refer to [42] the following definitions of well-posedness and ill-posedness given by
Jacques Hadamard:

Definition 2.3. A problem is called well-posed if it has the following properties

i) a solution exists,
ii) the solution is unique,
iii) the solution is stable (its behavior changes continuously with the data).

If at least one of three properties does not hold, then the problem is called ill-posed.

In the next section, we will study the well-posedness of two problems we are inter-
ested in under strongly choices of data. By the assumptions (g), (1), we constitute the
existence, uniqueness and some regularities of the mild solution u(t) of Problem (2).
For Problem (3) in two case H € (1,3)
required more strict assumptions for the data o as in (o7), (02).

In the last section, the ill-posedness on C([0, T}, L*(€2, X)) of Problem (2) and Problem
(3) when H € (1/2,1) are investigated. This property of two problems comes from

and H € ( 1), to obtain similar results, it is

the instability of the solutions. Precisely, it is the fact that if we have small errors
in the data as in Model (36) then there could be a large change in the solution, i.e.
[u® = ull oo, 2,x)) (Tes: [[v° = ullcgo7.22(0,x))) does not tend to zero as e — ot,
where u® = u(g®, 0°) (res. v = v(g®,0°)) is the solution of each problem with respect to
the observed data. Hence, we aim to apply the Fourier truncated method to regularize
each problem and then show the convergence results of regularized solutions.

2.3. Properties of solution operators

Lemma 2.3. Given o € (0,1) and p; > 0. Let po, i3, fta Satisfy 0 < pp — pe < 1,
0<ps—p1 <1land 0 < py — po < 1. Then
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8) 1Ean Ol sgspmss sy < o 1€aa®ll s s, < Ca for t € 0,7],

b) ||£(X71(t)H,C(H}"2+17H}L1) < Cgt=olm—n2), Hga,2(t)||L(Hu27Hu1) < Cot=olm—n2), fort e
(0,71,

¢) N€an(t)€a2(t)l cisns gy < C2Cs ty ) for 4 € [0,T), s € (0,7,

) [1€a1(t1)Ea(t2)l| (g frony < CaCsty “W7H2ey @WaFImm) o 4y € (0,T), 5 €
(0,77,

where C3 = C3(a, T) = g—f(x\l_l +T).
Proof. For t € [0,T], it follows from Lemma 2.1 that

£,)

Cy
’E—TCO\)

|Ea(*ta>\n)| < OQa C (

L+T%\,) < %(A;l + TN, = Cs\,.
1
(13)

Hence, for ¢ € X and t € [0, T)], we have

2
€02l =Y A2 Ea(—tAn) (g, n)? < CF 0l »
n>1
Eo(—t\,) |2

2
B Tony| (Pren’ < O llel

I€aa (el =D A

n>1

For t € (0,T], it follows from Lemma 2.1 that

[Ba(—t*An)] < Co(1 +1%2,) #1702 < Gy Sl —ha)

‘E W(—t7A) | Co

2214+ TN\, )t—a(m w2) AL (1 —p2) < st~ apr— uz))\l (w1 —p2)
E (-T\,) | — C’

Hence, for ¢ € X and t € (0,7T], we have

1€a 2@l = D N [ Ba(—t" M), en)? < OR300 | B,

n>1
lEna(Ohplly, = 303200 [ EoCEN) P o asatunm g2
al ‘P HH1 Ta)\ ) ¥, En = V3 Pl frua+1 -
n>1

Consequently, part ¢) is obtained from the estimate for £, 1 in part a) and the estimate
for €42 in part b). Furthermore, part d) is obtained from the estimate for £,,1 and &, 2
in part b). The proof is completed. O

For short, from now on, a1 < ag (res. a; 2 as) stands for a1 < Cagy (res. a; > Cas),

~ ~

where C' is a positive constant.
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Lemma 2.4. Given o € (0,1) and pu1 > 0. Let pio satisfy £ < py —p2 <1 and 0 <y < 1.
Then, for0 <t <t+0<T

‘5

a,l C(HZ*“1+2“2,H“1)) ~ ta(2u172u271)(7+1)’
‘

(9)( )H
@2 L(H—#1+282 Hr1)) ™ ta(2p1—2p2—1)(v+1)”

o (2p1—2p2—1)y

g(2p1—2p2—1)y

where we define 50(2 (t) :==Ea1(t+6) —Eai1(t) and 5;9%(25) =Ea(t+6) —Eua(t).

s )

Proof. For ¢ € X and ¢ € (0,7}, by using Lemma 2.2, we have

Eo(—(t+0)°\y) — Ea(—tA\,) |
2/1,1 2
‘ 5 SQHHM ngl A Eo(=T\,) (¢, €n)
t+0 a— «@ 2
= Y| R e M e
Ea(—TO‘)\n)

n>1

On the other hand, applying Lemma 2.1, we obtain
E;l(_To‘)\n) <\, @a(—sa)\n) < (1 + 820‘/\2)_(‘“_”2) < 8_20‘(”1_”2)/\;2(“1_“2),

Hence, the following estimate holds

‘5

t+6

2
< S—a(2,u1—2/tg—l)—1ds
Hr

t

Z )\i(Z—u1+2/L2)<<p’ en>2

n>1

o]
|(t_|_0) (2u1—2p2—1) _ t*a(2#1*2#2*1)|2

2
”90”}'12*#1#"#2

2
||<P||H2*u1+2/i2 .

'(t+9) (241 =2p2=1) _ yo(ain =221 |

to(2p1—2p2—1) (t + 9) (2p1—2p2—1)
By the observation 0 < «(2p1 —2u2 — 1) < a < 1 and « € [0, 1], we know that

(t+ 9)@(2u1—2u2—1) — o(2p1—2p2-1) < goz(2u1—2u2—1)7

(t + 9)&(2#172;@71) > (2 —2u2 =1y ga(2m —2u—1)(1-7)

92 (2n1 —2p2 —1)y 2 . .
This leads to ’EQ 1 gp” S Fa@i—tia=DGTD lloll Fr2—n1 4200 - In a similar way as in

above one arrives at

Jechitre],, = S

2
Ea(f(t + e)a/\n) - Ea(fta/\n) <80a 6n>2

n=z
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@221 —2p2—1)y 5
~ 2a(2p1—2p2—1) (v+1) ol -2z -

We now complete the proof. O
3. Existence, uniqueness, regularity of mild solutions

The main purpose of this section is to study the existence, uniqueness, and regularity
of mild solutions to Problem (2) and Problem (3). To do this, we make the following
assumptions:

(g) g e L2(97HV1+1)? vy 2> 0.
(o1) For Problem (2), we assume that o € LP(0,T; L2(X, H"?)), for some vy > vy and
p > 2 satisfying

2
vo —up <1, Z%[1—(1/2—1/1)]<1.

(02) For Problem (3) when H € (4,3), we assume that o : [0,7] — LZ(X, H"), for
some vz > 1y satisfying a[l — (v3 — 11)] € (3 — H, H) and o satisfies the following
Holder condition

lo(t) = o(ta)ll 2 (x sivsy < Colta —ta|*,  ti,ta € 0,7,
where C, is a positive constant and ¢ > % —H.

(03) For Problem (3) when H € (1,1), we assume o € L°(0,T; L3(X, H"1)), for some
vy > 11 and p > 2 satisfying

pff’2 (g_H+a(1—(u4—ul))> <1.

(f) f(-,0) =0 and there exists a positive constant K such that for ¢, ¢’ € H"
”,f(t,(P) - f(tawl)”HVl S IC ||§0 - 410/”[-'1111 ’ t e [O7T}

1
c2r-2e\ 2
% e ) <1

Assume further that KC5T (1+
Firstly, we provide some needed estimates for the terms in the right hand sides of the

mild formulations (11), (12), under the above assumptions. The proof of the following
lemmas can be found in Appendix A.

Lemma 3.1. Let Assumption (g) be satisfied. Define I1(t) := E4.1(t)g. Then

D 0Ol 2,60y S 19l L2 (0, 0041y, for t € [0,T1,

Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
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) (M@l 2 very ST NG L2041y, for t € (0,T].

Lemma 3.2. Let Assumption (f) be satisfied. For w € L>(0,T;L*(Q, H")) and t €
[0,T), we define

t

T
MM@?/&A%MﬂMMW& MM@?/QAMMGfWEw®m-
0

0

Then, the following properties hold

D) N L2(w)@) 20,01y < KCT Wl oo (0,112, 111 y)» for t € [0,T1,

i) M2(w) )l g2, pvaery ST Wi oo 0,7522(0,100))» Jor 1 € (0,1], 8 € (0,17,
i) [[L3(w) ()l 20, 1) < K@= Wil po (0,7:2.2(0, fr1y)» for t € [0,T7,

iv) |Us(w) ()l g2 pvamy S T ”wHiOO(O,T;L?(Q,HVl))} forry €(0,1],t € (0,T].

Lemma 3.3. Let Assumption (o1) be satisfied. For t € [0,T)], we define

¢ T
= /Ea,g(t —s)o(s)dW(s), Is( /8%1 — s)o(s)dW (s).
0 0

Then, the following properties hold

i) ||I4(t)HL2(Q,HV1) S HU||LP(O,T;L8(X,HV2))7 fort €10,T7,

i) [ Za(t )||L2(Q Hv1+r1 N HU”LP(OTLZ(X Hv2))» forry €(0,1],t € (0,77,

i) L0 20,01y S HUHLP(OTL 2(x,fivay) Jort € (0,17,

V) s (Ol L2 ey ST o0, 7502 (x, 1102y - Jor 1 € (0,1],¢ € (0, T

Lemma 3.4. Let Assumption (o2) be satisfied. For t € [0,T], we define

t T
= — 8 H T 1 T —s)o(s Hig).
>!&xt> $)dBH (s) !a, o (s)dB" (s)

Then, the following properties hold for H € (i, %) and t € (0,7

[ 7a(2) ||L2(Q i1y S Co +llolloqo.ryzx,mvs))

HI5 t) HL2(Q,HV1) SCo+ ||U||C((O,T];L3(X,HV3))'

Lemma 3.5. Let Assumption (02) be satisfied. Then, the following properties hold for

H € (§,3), t€(0,T], and r1 € (0,1]

Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
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[ 14(t) ||L2 QHV1I+1) ~ S Co +llolleqominzix, sy

5O 2 gy troerry S 07 (Co+ Iolloqomizax vy )-

Lemma 3.6. Let Assumption (o3) be satisfied. Then, the following properties hold for
He(3,1) andt e (0,7

HT4(15)HL2(Q)HV1) S ||U||Lp(o,T;Lg(X,HV4));

HTS(t) HLz(Q,Hul) S/ ||U||LP(O,T;L(2J(X,HV4)) .

Lemma 3.7. Let Assumption (o3) be satisfied. Then, the following properties hold for
H € (3,1), t € (0,T], and ry € (0,1]

HT4(t) HLz(Q,H”1+"'1) 5 ||UHLP(0,T;LS(X,HV4))7

[75(t) St

| 2@ spnsry S N0 poo,m,030x,H))-

In what follows, we shall state the main results of this section, including the existence,
uniqueness, regularity for the problems we consider.

3.1. Ezistence, uniqueness, reqularity of mild solution to Problem (2)
Theorem 3.1. Suppose that Assumptions (g), (o1),(f) are satisfied. Then

i) Problem (2) has a um’que mild solution u in L>(0,T; L?(Q, H")).
i) Ifo<m<l<g< then w € L9(0,T; L*(Q, H'+")) and satisfies

ar’

lull Lago,rsz2c0, 1 +m1)) S W9lp2c0, o) + Il oo o020, 500 )) N0l o om5230x 1702 -

i) Ifro € (2= 1), thenu € Co=m((0,T); L2(Q, H'F72)), where

1 = min {a(l —7ra), 1)2;]92 —all = (v — yl)]} .

Proof. Step 1. Now, we prove that Problem (2) has a unique mild solution u €
L>(0,T; L*(Q, H"')) by using the contraction mapping principle. For w € L*(0,T;
L2(Q, H")), we define

t T
Zu(t) = Ean(tlg + [ Easlt =) f(s.w(9)ds ~ [ Ear(Oaa(l —5)f(s,0(s))ds
0 0
t T
+ [ Ena(t—s)o(s)dW (s Eal —8)o(s)dW (s)
/ !
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=1 (t) + Iy (w)(t) + Is(w)(t) + La(t) + I5(t). (14)

Firstly, it can be seen that Z is well-defined on L>°(0, T; L?(€2, H**)). Indeed, it follows
from the property i) of Lemma 3.1, the properties i), iii) of Lemma 3.2, and the properties
i), iii) of Lemma 3.3 that for all ¢ € [0, T there holds

Zw®) 20,01y S N9l 20,141y + Wl Lo 0,702 (0,00 )) F 101 o0, 122 (x, Frv2)) -

Next, one can see that Z is a contraction mapping. Indeed, for wq,ws € L*(0,T}
L2(Q, H™)), it follows from (14) that

[Zw1(t) — Zwa(t)|| 20, o1y
< | Eaalt = 5117 wn(5) = fswals)lds
0 L2(Q,Hv1)
T
+ /anl(t)é'a,g(Tf $)[f(s,w1(s)) — f(s,wa(s))]ds . (15)

0 L2(Q,H"1)
In the same ways as in the estimates of Ir(w)(¢) and I5(w)(t), one can check that

| Zw1(t) = Zwa(8)||3 200, oy < K2C2T? (1 Gy — w2 ~
1 wa( )||L2(52,Hv1) = 2 + (1—a)? [[w1 w2||L°°(0,T;L2(SZ,H"1))7

(16)

which implies that | Zw1 — Zwa|| e o 1120, 1)) < w1 — Wl Lo 0,712, 101 ) - Hence,
there exists a unique fixed point u such that Zu = w, which is the unique mild solution
of Problem (2).

Step 2. The purpose of this step is to prove that v € L(0,T; LQ(Q,H”H‘“)). For t €
(0,T], the property ii) of Lemma 3.1, the properties ii), iv) of Lemma 3.2, and the
properties ii), iv) of Lemma 3.3 allow that for ¢ € (0, 7] that for all ¢ € [0, T] there holds

IZu)ll 20, frmaery ST (9l L2y + Il Lo 0 1322005800

+ ||U||LP(0,T;L8(X7H”2)) )

By using the fact that fOT t—oargt < ¢lmean < Tlmean for any ¢ < we now
conclude that u € LI(0,T; L*(Q, H ).
Step 3. In this step, we will prove that u € C*~"7((0, T]; L*>(2, H"**72)). To do this, we

divide u(t 4 0) — u(t), for 0 <t <t + 6 < T, into seven terms as

ary

¢ t+6
u(t+0) —u(t) = 5;2 (t)g + /ngg(t —8)f(s,u(s))ds + / Eao(t+0—3)f(s,u(s))ds
0 t

Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
https://doi.org/10.1016/j.bulsci.2022.103158

© 0 N o o~ W N

A OPA DA W W W W W W W W W WN NN DNDNDNDNDDNNDNDN R R R R R R
N B O © 00 N O O B W N H O ©W 0 N O 00 B W M H O O 0O N O 0 B W M = O



© 0 N o o b~ W N

A OPA D W W W W W W W W WWN N NDNDNDNDNDDNNDNNDN R R R R R R s
N B O © 0 N O ¢ & W M H O ©W 0 N O G & W N B O © 0N O G W N = O

JID:BULSCI  AID:103158 /FLA [miL; v1.317] P.17 (1-58)

N.H. Tuan et al. / Bull. Sci. math. s (esee) eseees

/ £ O~ 9)f(s.uls)ds + [ )t = o)W (s)
0
t+0 T
— S)ol(S S) — (9) 2 — S)o\S S
+ / Eaalt 40— 5)o(s)dW (s) / ) (1) a(T — ) (s)dW (s)

)

t

= JY () + I3 () (t) + T3 (w)(t) + I (u) (8) + J5 () + Jg (1) + J7 (1),

— 1, one has

Applying Lemma 2.4 with py = 14 + 12, pi2 =

Hence, two first terms J{(¢), J§(¢) can be estimated as

) Stogetor), |

[0

L(Hl/1+1 HV1+T2) [,(HVl HV1+T2)

HJf (t) Hiz(Q,HV1+v'2) =

- - 2
% gHHVﬁ'Q <t 20 p2a(1-r2) ||gHL2(Q,HV1+1) ,

and

<E

HJ2‘9 HL2 vty S t—s su(s))H ds

Hvitre

t
S0 | [0 )7 11606 o 0
0

On the other hand, by a similar technique as in (54), one can see

t 2

- 2
E /(t =) f(s,uls)l g ds| S ||U||Loo(0,T;L2(Q,Hv1)) ‘
0

Hence, it is clear that

20(1—
H‘]2 HL2(Q Hvitr2) ~ S gt Hu||L°°(O T;L2(Q,H¥1)) *
By a similar way as in the estimate (53) for Iy(u)(t), we arrive at

t+6 t+60

@O 20 i e2) S / (t+0 =) "ds / (t+0 =)~ E [|f (s, u(s))|[ Gy ds

t t

’ 2
5 92 1 0(7"2) ||UHL°°(U,T;L2(Q,HV1)) 5

5(9%(t)" <t aeoz(l r2) (17)
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( t+9(t+9—s)*‘”2ds)2 < g2(—ar2)  Applying (17) and Lemma 2.4
with uy = 11 + 1, ue = v1, we obtain

where we have used

|7 @) T-5)f(s.us)|,, . ds

||L2(Q H”1+r2) - EHvi+r2

2

< 2ag2el-r2)R /||5a 2(T = ) f(s,u(s)) || gros 1 ds

r T 2

SR | [ ) oD s s

LO

~

2
Recall that we have proved in (54) that E [fOT(T—s)_O‘ I1f(s,u(s)|l g ds} <

2
lull2os 0,712 (02, 7701 ) - Hence

fe} fe r 2
172 )32 sy S E 2027 [ull s 0 12010 - (19)

We continue with the fifth term J¢(¢). Noting that the assumption in part iii) of The-

orem 3.1 gives us ﬁ € (0,1). By using the Ité isometry and Lemma 2.4 with
Bl =v1+ 1o, g = mdvadra—l and 4 = m:ﬁ, we obtain
@) H < pga(l—rz) ;—a[l—(va—11)]
t 0 t
’ga 2( ) ﬁ(H"Q HV1+72) ~ ’

vi—vo+1
vi—vz+re

where we note that 2uy —2us —1 =11 —vo+reand v+ 1 = . This helps us

have the estimate for J¢(t) as

2
) ds
LO

t
120 S g1y = [ 474780 = 5105
0

1% 2
st vy 14720 5) 7 d5

t
0200 [ () 20 ()]
0

From (58), we can see that

t

—2a[l—(ve—v 2 2
/(t - ) 2ali=lvamen)] HU(S)HL?)(X,HW) ds S ||U||Lp(o7T;L(2](X7Hv2))v
0
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which shows clearly that

2 —r 2
’ Jf (t> HLZ(Q7HVI+TQ) 5 92(1(1 ) ||U||LP(0,T;L3(X,HV2)) . (20)

By using a similar way as in (57), we have an estimate for J¢(t) as

t+60
||Jg(t)H2L2(Q,HV1+T2)= / HAV1+T2(€Q’2(15+9—S)O‘(S)Hi%ds

t4+6

S [0 s o)y e .
t

The Hélder inequality allows that

t+0 B /e »
2 —2pafl— (V2 v1)]
IO ey < | [ (¢ 40 9555 as / oI a5 7o) B
t
=2 _9n0[1—(veg—v 2
SO Zafl=(2=)l ”U”Lp(o,T;Lg(X,Hvz)y
Using (17), the final term can be estimated as
vi+r (9 2
HJ7 HLQ(Q fvitr2) = /HA 128 () a2 (T — s)a(s)‘ L ds
< ge(i=r2)y=20 / | A"+ E0 (T — 8)o(5)|[}. ds
0
SO o\ T oy nax gy - (21)
Combining (18), (19), (20), (21), we deduce that
t* u(t +0) = w®)l 20 frvi+r2y S 07 (22)
where 7 = min {a(l —ra), % —afl — (v2 — 1/1)]}

Now, in the same way as in Step 2 (noting that r; is replaced by r3), one easily see
that

2 w20, gratrey S N9l L2, oy + 1l poe o2 0,00 )) + 101 Lo 0,103, Frv2 ) -

This leads to
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T (O oo, fro ey = 1T (O] 2 gty
S ()| L2, frorray

S gllpzgo ey + ullpoo .72, 800 )) T 10 Loo,mn2 (x Frve) -
(23)

From (22) and (23), we conclude that u € C*=77((0,T]; L*(Q, H'+72)). O

By choosing the two parameters v1 = v5 = 0, we directly obtain the following corol-
lary:

Corollary 3.1. Let us consider Problem (2) when o € (0, %). In this case, by assumptions

forg,o, f asg e L*(Q,H"), o € LP(0,T; L*(, L3)), for some p > ==, f(-,0) =0 and

/ / C?%T_ ¢ 2
15,0 = e <Kllo = @l where KGT (14 00 2) <1,
then Problem (2) has a unique mild solution u satisfying
v € L(0,T5 L2(Q, X)) N LU0, T; L*(9, H™)) N C*777((0,T]; L*(Q, H™)),

where 0 <r <l<g< L L <ry<1, andn—mm{a(l—m),%—a}.

ary’? 2
3.2. Euistence, uniqueness, regularity of mild solution to Problem (3) when H € (},3)
Theorem 3.2. Let H € (%, %) Suppose that Assumptions (g), (02), (f) are satisfied. Then

i) Problem (3) has a um’que mild solution v in L>(0,T; L*(Q, H")).
i) Ifo<r <l<gqg< then v € LI1(0,T; L2(Q, H"* ™)) and satisfies

ar’

10l a0 7,020, fra+my) S Co + 119l L2, sty + 10l oo 0,112 00,5701 )

+llolleqo ;L3 (x,fesy) -

Proof. Step 1. This step is aimed to prove Problem (3) when H € (1 1 2) has a unique
mild solution v € L>°(0,T; L?(€, H*")) by using the contraction mapping principle. For
w € L=(0,T; L2(Q, H")), we define

¢ T
Zw(t) = g—i—/Sag (t—s)f /Sal T —s)f(s,w(s))ds
0 0

¢ T
+ /ga,Z (t— s)o(s)dB" (s /Sa 1 — 5)o(s)dBH (s)
0 0
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= L(t)+ L(w)(t) + Is(w)(t) + L4(t) + I5(t). (24)

Firstly, we prove that Z is well-defined on L (0,T; L*(2, H*")). Indeed, it follows
from the property i) of Lemma 3.1, the properties i), iii) of Lemma 3.2, and the properties
i), ii) of Lemma 3.4 that for all ¢ € (0, 7] there holds

120l 20,10y S N9l 20 a1y + W Lo 0.1 02(0, 1)) + Co + ol 0,702, Frvs ) -

In addition, by exactly the same way as in (15)-(16), one can prove that there exists
a unique fixed point v such that Zv = v, which is the unique mild solution of Problem
(3) when H € (4, 1).
Step 2. It can be seen that v € L9(0,T; L*(Q, H"*T)). Indeed, by the property ii) of
Lemma 3.1, the properties ii), iv) of Lemma 3.2, and Lemma 3.4, we have

o)l L2, frv1+m1)

< gmon (||g||L2(Q,HV1+1) 1Vl oo (0,73 220 Freay) + Co + ||‘7||c<<o,T1;L3<X’HV3>>) 7
which follows that v € L9(0, T; L2(, H/+™)). O

By choosing the two parameters 11 = v5 = 0, we directly obtain the following corol-
lary:

Corollary 3.2. Let us consider Problem (3) when o € (3 — H,H). In this case, by as-
sumptions for g,o, f as g € LQ(Q,Hl), o satisfies

lo(t1) = o(t)ll Lz < Colt2 —tal*,  t1,t2 € (0,7,

where ( > 3 — H, f(-,0) =0 and

CQT—Qa 2
1f(t, ) — f(t,ap')||X <Klle - ‘PIHX ; where KC,T (1 + (13_ a)2> <1

then Problem (3) when H € (1, %) has a unique mild solution v satisfying
ve L(0,T; L*(Q, X)) N L9(0, T; L*(Q, H™)),

where 0 < rq §1<q<a%1.

Remark 3.1. It can be observed that the stochastic term I5(¢) contains the operator
Ea1(t)Ea.2(T — ), which is bounded by a singular kernel (T — s)~*(1=(3=1)) (see (62)).
Due to the appearance of this kernel, to guarantee the existence of the mild solution, H

is required to belong to (%, %) instead of the whole interval (0, %) In more details, we
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need a1l — (v3 —11)] < H and a[l — (v3—v1)] > 3 — H to ensure (63)-(64), and (70)-(73)
hold true. This is the reason why H need to be belonged to (1, 1) and we can not gain
similar results for the non-covered case.

3.8. Euxistence, uniqueness, reqularity of mild solution to Problem (3) when H € (% 1)

Theorem 3.3. Let H € (3,1). Suppose that Assumptions (g), (o3), (f) are satisfied. Then

i) Problem (3) has a unique mild solution v in L>(0,T; L*(Q, H)).
i) Ifo<rm<l<gqg< a%,l, then v € L1(0,T; L*(Q, H"' ™)) and satisfies

||UHLa 0,T;L2(Q,H¥1+71)) ~ ||9||L2 QFm+y ||”HL<>C(0 TiL2(,E)) ||U||Lﬂ(0 T;L3(X,Hv4)) -

i) Ifry e (4=t 1), thenv € Co=99((0,T); L*(Q, H"'173)), where

9 = min {a(l 1), %}2 —afl — (v — yl)]} .

Proof. Step 1. Our goal in this step is to prove Problem (3) when H € (3, 1) has a unique
mild solution v € L>(0,T; L?(2, H*)) by using the contraction mapping principle.

For w € L>®(0,T; L*(Q, H"')), we also define Z as in (24) and aim to prove that Z
is well-defined on L*°(0,T; L?(Q, H*")) in the case H € (3,1). From the property i) of
Lemma 3.1, the properties i), iii) of Lemma 3.2, and Lemma 3.6, we conclude that Z
is well-defined on L>(0,T; L?(Q, H"')) when H € (3,1) under the assumptions as in
Theorem 3.3.

Furthermore, by exactly the same way as in (15)-(16), one easily see that there exists
a unique fixed point v such that Zv = v, which is the unique mild solution of Problem
(3) when H € (3,1).

Step 2. Now, we aim to prove that v € L?(0,T; L*(Q, H"**™)). From the property ii) of
Lemma 3.1, the properties ii), iv) of Lemma 3.2, and Lemma 3.7, we conclude that

[0l 2@, 1471

ar 2
St (gl e i) + 10l e oz iy + 1o Wmoiszi iy ) - (25)

which follows that v € L4(0,T; L*(Q, H"*71)).
Step 3. In this step, we will prove that v € C*~"7((0,T]; L*(Q, H"'*72)). For 0 < t <
t+6<T, we have

¢ t+6
v(t+6) —v(t) = 5;2 (t)g + /Eff%(t —8)f(s,v(s))ds + / Eao(t+0—3)f(s,u(s))ds
0 t
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t+0
— [ £ ) Ean(T — 5)f(5,v(s))ds + / Eonlt 46— $)o(s)dB (5)
0

Ean(t —8)o(s)dBH (s) — /Sa,1(t 4+ 0)E0 (T — 5)o(s)dB (s)

+ [ Ean(t +0)E0o(T — s)a(s)dBH (s).

Tt —y Tt — T

From (18)-(19), it is obvious that the following estimates for four first terms hold

0 — ) —T;
[E50] g sy SO Nl iy (26)
t
6 « —T
/Eé’%(t —5)f(s,v(s))ds S0 (1=rs) ||U||L°°(0,T;L2(Q,HV1)) )
0 L2(Q,Hv1+73)
t+6
[ Eanlt+ 8- 91 05)is <0707 0l e o iz eny
t L2(Q,HV1+7'3)
T
/ E (1) Ea (T — 5)f(s,0(s))ds St g Lo ey - (27)
0 L2(Q,Hv1+73)

Now, we only need to estimate four last terms. We would like to note that the technique
we have used to estimate the stochastic integrals with respect to Wiener process, namely
J(e)( t), J(e)( t), J(e)( t) in proof of Theorem 3.1, can not be applied here.

For the sake of convenience, we set

t+0 t
SO () = /ga,2(t+9—s) $)dBH (s /5a,2 (t — $)o(s)dB (s),
0 0
T T
S (t) = / Ear(t+ 0)Eq (T — s)o(s)dB (s / Eanl — 8)o(s)dBH (s),
0 0

and give explicit representations for two above terms firstly. For the first term, it can be
observed that

t4+6

sO) =3 / Enn(t+0— 5)0(s)Q% endBE (s)

n>1 0
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By the formula of K7, , and KJ; ,, one can see

t+0 / t+0 BKH
5O =3 / Enn(t+0—3)0(3)0 en 25, 5)d5 | dBu(s)

03
n>1 0

S

t

n>1 0 s 8
t4+0 / t40 s
= Z/ /Sa72(t+97.§) (5)Q2ep—— °F (8,5)d5 | dBn(s)
n>1 t s
t /i1 aKH
+ / / Eaa2(t+0—3)o (§)Q2 ep——— (5, 5)ds | dB.(s)
n>1j t
F OKH
+ X [ [ e - 906Qte, "~ 6.5ds | i)
n>1 0 s
)

Kirr (Ean(O€as(l = )o()Q¥en) (s)dB(s)

n>1 s

T

H
/ /smw o (T~ o ()QEen 5 (5, 5)d5 | dBa(s)
0

reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
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T T
H
- / / Ent (DEns(T — 5)0(5)Qten ag‘g (3, 5)d5 | dBn(s)
n>17 s
T T aKH
-y / / EV (DEua(T — 5)0(5)Qben "5 —(5,5)d5 | dBa(s).
n21 0 s

Now, we are ready to estimate Sée) (t) and Sée)(t).
e Estimating Sée) (t). By using a similar way as in (101), we obtain the following estimate
for the first term

2
Hsé?)(t)’ L2(Q,Hv1+73)
t+0|| t+0 2
=y / / Enn(t+0— 5)0(5)62%6”%(5,5)&%' ds
n>1% s Fvi+rs
t+6]| t+6 ) 2
< / Eanl(t +0—3)0(5)Q%e, (2) G s ds
n>l% | Fvitrs
tHO [ t+0 o 2
< / /(t+9—3)’°‘(1’(”4”’1)) Ha(g)Q%en o (;) (5—s)7%d3| ds
n>1 + s

Using the Holder inequality, we obtain

t+0 [/ t+6

2 1-2H
5/ /(f) (5—s)H=8(t+0 - 5)~0-a—m)gz | x

L2(Q,Hu1+r3)

S )

-
»

t+60
| [ G905 o)y d5 | s

By a similar technique as in (97)-(98), we arrive at

|so

L2(Q,Hv1+73)

t+6

2 — £=247_2[3_ a(l—(vg—v
S lolLeo,7;030x, 500y s+ —s) 0 T 23— Ha(=(a=m)] g,

t

Consider the integral in the right-hand side, the identity (96) allows that
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t+6
/ 8172H(t +H— 8)%+172[%7H+a(17(u471/1))}ds

(1 +4)172H (g — )" 123 Hta(= ()] g

I
oL =~

0
< / P2 (g _ py 5 2 He (=) g
0
< 9%2—204(1—(1/4—1/1)).
Hence
P 2 2=2_ 90 (1—(v4—v 2
HSE(,l)(t)H < 52 ~2a(1—(va—w)) 10170 0,22 100 - (28)

L2(Q,Hv1tr3) ™

By a similar way as in above, one gets

2
50 4 H
REO]
t+0|| t+06 2
.1 OKH _
= ga,2<t + 0 — S)O’(S)QQ(?"T(S’ S)dS ds
S
n>1 0 t Frvi+rs
t+0 [ t+6 " 2
s [ | faro-sgetemm fageie|, (5) -9 tas| ds
w1y | Hva \§
t+0 / t+

1-2H R
(f) (3—8)H-3(t + 0 — 50—z | x

t+6
X /(g — )5 (t 40— )0 (amw) ||a(§)|\§g(X7HU4) ds | ds.

t

Estimating two integrals in the right-hand side by using the property (96), one arrives
at

t+0
/ (§>1sz (5—s)H=3(t+ 0 — 5oz
t
t+0
< s1—2H /(g_S)H_%(t+6—§>_O‘(1_(”4_”1))d§

t
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0
1 ZH/TH % T)foz(lf(quvl))dT
0

< Sl—QHHH—%—(x(l—(u4—l/1))7

~

and

t+6
= 3 a(l—(va—v = =
(5= )" H(t+60—5) 200D 5 (5)|2 o) d5

o L -

SO - )T Yo (r 4 )1 x gy dT
2
0 p
/2 ) afl=(vg—vy)]
g(/r p(3/2—H) (Q—T)J sl /|\ar+t|| X 1) dr
0
_ —7H+ 1—(v4— 2
5 9 n Oé( (V4 Vl)) ||U||LP(O,T;L8(X7HV4))'
Hence, it is obvious that
t+6
(0) 222 _9o1—H+a(l- 2 1—2H
HS52 ( )’ 2@ 473) 5 0 » [ a(l—(va—r1))] ||U||L0(O,T;L(2J(X,H”4)) S ds
0

0" 7 20N | g ey (4 0)7720

0“’;—2—20((1—(114—

N

A

v 2
Dol zoomiLacx s - (29)
Now, we aim to estimate Ség) (t) by using the following property

|20 s sy SECTTC T, (30)

vitvatrz—1
5 and

which is obtained by applying Lemma 2.4 with py = vy + r3, po =
1— T3

Y= oot . In this way, we arrive at

|s&w];
L2(Q,Hv1+73)
‘ 2
6) . . 1 S %_H . H—3 ;~
< Z/ /5 Z(t—38)o(5)Q2ey, (g) (§—s)"72ds ds
n>1 0 s Hvitrs

=

t—s) ()Q%en (§—S)H_%d§ ds

t
S
< -
<y / ()
n>1 0
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t t
< Z/ /)\1*(1*%)
n>1 0

S

a,2(t - §>U<§)Q%en

Hvi+1 (5

im
< p2a(1-7s) / / _ o) a(l=(va—r1)) H "H (f) 2 3 — H—%dN ds.
Z 2e e G (§—13) 5| ds

n>1 0 s

Recall that we have proved in (101)-(102) that

t [t 2
l_g
/ /(t syt [p@Qte,| (2)T (5 9)"tds| ds
=1 | Hva \§
< 2 .
~ ”UHLP(QT;Lg(x,HM)) .
Hence, it is clear that
OINIE < g2oi-rs)
RE0] Ul L e ey (31)
Combining (28), (29), (31), we conclude that
(e 07 0 oo, ren x it (2)
5 20, Hulm) Le(0,T5L3 (X, HY4)) >

where ¢ = min{ (1—r3), —pQ —a[l — (v — ul)]}.
e Estimating S6 (t) Using the property (30) and applying part b) of Lemma 2.3 with

w1 =1 + 1, po = v4, we obtain

2
S ‘
H 5 () L2(Q, HY1+73)
T|| T 2
) Al s\z—H _ H_3 .
< Z/ /5a71(t)5a,2(T —35)0(8)Qze, (E) (§—s)" " 2ds ds
n=to s Hvitrs
9204(1 r3) TrT L %7H " 2
< — 35 5)Q2 - S — 2
t2a(1 va—u1) / /‘SO(,Q(T S)U(S)Qzen o (5) (8 S) ds| ds
nzl 0 Ls
g2a(1—rs) Ty ) s\ 3—H s ’
~ 2a(l—(va—v1)) >1/ /’504’2(11_ §)o(5)Q2en Font (§> (§—9)"7"2d5| ds
n=zto Ls
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9204(177‘3)
~ t2a(1—(u4—u1))
2
(1 ( )) 1 S %_H H-2
a vy—v1 = = ° z _3 ..
X Z/ / Ha(s)an . (g) (§—s)"72ds| ds
n>1
Recall that we have proved in (95)-(98)
2
> / / et lo@@te|, (5) -9 tas| s
Hva \§
n>1 0 s
2
S HU||Lp(o,T;Lg(X,HV4)) .
Hence, it is obvious that
(6) (1-r3)p—a(l=(va—r1)) i
HS6 (t)‘m(ﬂﬂuﬁr:&) SOt ol oo g ox g - (33)

Now, combining (26)-(27) and (32)-(33), we conclude that

, <67, (34)
L2(Q,HV17t73)

o|lo(t + ) - v(t)‘

On the other hand, in the same way employed to obtain (25), one obtains

s HU(t)HLZ(Q,Hvﬁrs) S ||9||L2(Q,Hv1+1) + ||U||Lc>o(0,T;L2(Q,HV1)) + HOHLP(O,T;Lg(X,HVAl))'

From two latter results, it is clear to see that

7 o)l 2 (g vy S T N0 Lo +0a)
S gl ey + 10l e o2 1)) 101 o003 (x, Frva ) -
(35)
From (34), (35), we conclude that v € C*~%7((0,T]; L*(Q, H"173)). O

By choosing the two parameters 11 = vy = 0, we directly obtain the following corol-
lary:

Corollary 3.3. Let us consider Problem (3) when o € (0,H — }). In this case, by as-
sumptions for g,o, f as g € L*(Q, HY), o € LP(0,T; L*(Q, L)), for some p > #/2_&,
f(,0) =0 and

CQT— a\ 2
If(t, @) — f(t,go')HX <Kllp— ‘P/HX ; where KC,T (1 + (13_ a)2> <1
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then Problem (3) when H € (%, 1) has a unique mild solution v satisfying
u e L>®(0,T; L*(Q, X)) N L0, T; L*(, H™)) N C*~"1((0, T); L2(Q, H™)),

<rg<l1,andd —mln{a(l—rg) —2—a}

wher60<r1<1<q<w 5,

1’ 2
4. Regularization results on C([0, T]; L2(Q2, H?))

In Section 3, we have investigated the well-poseness of Problem (2) and Problem (3)
when H € (4,1) in the case g, 0, f satisfy strongly assumptions (g), (o1), (f). However,
does the well-poseness results are obtained if g € L*(Q,X),0 € LP(0,T;L3) and f
satisfies Assumption (f) with v»; = § instead? Due to the lack of regularity of the
terminal condition, it can be observed that the two problems are ill-posed. Even the
purely deterministic equation fails to be well-posed because of a lack of continuity for
rough terminal conditions, see [44]. Hence, it is required to regularize the two problems.

Physically, we can not obtain the exact data (g,t) in most of situations. Addition-
ally, small errors always appear in the observations. By this reason, from now on, we
assume that the exact data (g,1) is contaminated by observed data (¢¢,1°) satisfying
the following model

19° = 9llr2.x) T 110 = ol poorirz) <& P=2, (36)

where € > 0 is the noisy level. In what follows, we shall apply a regularization method
called Fourier truncation to construct regularized solution for the two problems. After
that, convergence rates of regularized solutions are also investigated.

4.1. Regularization result for Problem (2)

In this subsection, we aim construct a regularized solution for Problem (2) by using the
observed data (¢°,0°) and a regularization method called Fourier truncated method. The
idea here is as follows. To obtain a regularized solution, we replace the solution operators
Ea1(t),Eq2(t) by new operators denoted by EN(E (1), g’é\féf) (t), with N(¢) € Z (called
regularized parameter), defined as

= Eo(—t*A, =
5558)( t)p = Z W@%erﬁem EN(E Z Ea n) (s €n)en,
n<N(e) @ " n<N(e)

peX,

which are the truncated versions of &, 1(t), £a,2(t) respectively. In this way, the regular-
ized solution is constructed as
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uN(E)(t) N(E) /é'N(E) — ) (s,uN(E)(s))ds
T
/ Eat” (ENE) (T = 8)f(s,u™ ) (s))ds
0

T
/ ENO / ENOWENE (T — )0 (s)dW (). (37)
0

In the following theorem, we will show the convergence result of the regularized solu-

tion mentioned above.

Theorem 4.1. Let 6 > 0, N(e) € Z,. Assume that (36) holds for p = 2, f satisfies

Assumption (f) with vv = §, and there exist constants M, > 0, 1 > § such that
w2054y < Mu, for all 0 <t < T. Then, Equation (37) has a unique solution
N e C([0,T); L2, H?)) satisfying

[N ) S L+ AN M. (38)

- u||C([O,T];L2(Q,H5
Corollary 4.1. Let N(e) be the largest positive integer number such that Ay < gTF,
for some positive constant k < 6 + 1. Then

1

e _r_(§T
HuN(s) el 42501070 50, as e — 07,

- uHC([O,T];LQ(Q,Fﬂ))
Remark 4.1. It can be seen from Theorem 3.1 the assumption “u(t) is bounded in
L?(Q, H+)” is fulfilled if the terminal function g € L(Q, H%+11), f satisfies Assumption
(f) with v; = 64, and o € LP(0,T; L3(X, H’*)), for some 0, € [0,,04 + 1], p > 2, and
el = (0. =) <1

Proof. Firstly, we prove that Equation (37) has a unique solution u™®) € C([0,T];
L?(Q, H%)) by using the contraction mapping principle. Defining

t T
Au(t) = EXO g+ [ €280~ 9)f(s,w(s)ds - [ ENWEL T = )15 w(s)ds
0 0
T
/ ENENt — 5)0% (s)dW (s) — / ENCMENTNT — 5)0° (5)dW (s).
0

For w € C([0,T]; L*>(Q, H®)), one can see that
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[ Awi (8) = Awa ()] gy < L/EN“> [£(s,w1(s)) = f(s,wa(s))] ds
L2(Q,H?9)
/kN@ VENI (T — 8) [ (5,1 (s)) — F(s, wa(s))] ds
L2(Q,H?)
(39)

In a similar way as (52)-(54), one arrives at

c3T-2

1Aws (£) = Awa (0)I[E 0,77, 20,10y < K2CET? (1 W) lwr = wallE 0,772, 0, -

(40)

It follows that Equation (37) has a unique solution in C([0, TT; L(Q2, H?)).
Next, we show that the error estimate (38) holds. For the sake of calculation, let us

set
PO = EVO g+/gmf (s, u d&f/SME F(T = 5)f(s5,uls))ds
T
+ / ~N(e) Yo (s)dW () — /Eﬂa)(t)ga,z(T — 8)oc(s)dW (s). (41)
0 O
To contribute (38), we estimate ||UN(E)(t) - yN(E)(t)HLZ(Q H?) and ”yN(E () -
u(t)| 2 (o, frsy firstly. It follows from (37), (41) that
N(e) _ ., N(e)
oN(e) 5
< —
< |20 @ =9 g
t
+ / ENS(t—s) (f(s,uN<€)(s)> -f (s,u(s))) ds
0 L2(Q,H9)
+ / ~N(5 (T —5) (f(s,uN(E)(S)) - f(S,U(S))) ds
L2(Q,H?9)
+ /EN(E (t—s)(0%(s) —o(s)) dW(s)
L2(Q,H9)
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T
/ ENIDENIT — 5) (0°(5) — o(s)) AW ()
0 L2(Q,H%)

By the observation (13), we have the following properties, which will be used throughout
the present proof

‘ £

a,l

N(e) s
] (t)Hz:(x )~ =G )\NJF(; ’

559@)“ <My tE0T]. (42)

L(X,H?)

Using the first property, we get

2 2(5+1 2 \2(6+1 2
() =E |€17(0) (6" - 9)||,, < CNEVE Nlg” — 9l% = X 9" = allZ2(ax) -
(43)
For II5(t) and II5(¢), in the same way as in (39)-(40), one arrives at
1200+ 12() < k20372 (14 ST u® — 2 44
5(1) +15(t) < 2 + 1-a)? H“ - UHC([O,T];L2(Q,H‘5))' (44)
For TI4(t) and II5(¢), the It6 isometry and the properties in (42) allow that
/ 2
13 (1) /HA%N“)( $)(0°(s) = o(s))|| , ds
0 g
2
<, / I(0°() = o(s))I23 ds < CEN ) 07 = 0l a0 oz
and
A 2
() = [ |20 02T - 9075 - o), ds
0 | e
T
2(6+1 5
<3 [ 1079~ ool ds
0
2(6+1 2
= 3O 10 — olTa0 mirz) - (45)

Now, from (43)-(45) and Assumption (36), we deduce that
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[CSIOEFAIO]

L@, ae) = (C2 + C3(Ce + 1))\1\[(5)) )\N(E)E

032T72a 2 N(s)
+KCT ( 1+ A—ap [[u - “HC([O,T];Lz(Q,m))'
(46)

Additionally, since y™N ) (t) — u(t) = 2 n>nN(e){u(t), en)en, one can see

2(6—96
Z AZE|(u(t), en)? < Moo ()32 (0 1o+ -(47)
n>N(g)

[ @) )|

L2(Q, H5)

Combining (46), (47) and using [|u(t)||p2(q, go+) < Mu, we conclude that

HuN<6>(t) - u(t)’

< N(e)tfme)t’ HN(E)t, t‘
sy < [V O =) + o) — )

L2(Q,H?) L2(Q,H?)

O3\ 2
erest (14 GE) I~y

which shows clearly that HuN(E — uHC (0. TL2(H0)) )‘?\7—(; €+ )\?V_(g)*./\/lu. We now

complete the proof. O
4.2. Regularization result for Problem (3)

By the Fourier truncated method, a regularized solution for Problem (3) when H €
(3,1) can be constructed as

WO (1) = ENPO(1)g* + / £ (1 5) (5,0 () ds

— [ ENEOWENO(T — ) f(5,0N ) (s))ds

« OS—x

T

+ / ENE (¢ s)dBH (s / ENDENIT — 5)0°(5)dB™ (s),
0

0

where N (€) is a positive integer number depending on the noisy level . The convergence
result of the regularized solution v™(€)(#) is stated in the following theorem.

Theorem 4.2. Let H € (3,1), 6 > 0, N(¢) € Z4. Assume that (36) holds for some
p > ﬁ, [ satisfies Assumption (f) with v1 = 6, and there exist constants M, > 0,
2
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04 > 0 such that |[u(t)| 2 gory < Mu, for all 0 <t < T. Then, Equation (37) has a
unique solution vV € C([0,T); L*(Q, H®)) satisfying

ANLE + AN M. (48)

||”N(a) N( N(e)

- ”||C([0,T];L2(Q,H5))

Corollary 4.2. Let N(g) be the largest positive integer number such that Ay ) < €™ 5+1,
for some positive constant k < 6 + 1. Then
N (e

I © - ”chom;m(ﬂﬂé)) S
Remark 4.2. It can be seen from Theorem 3.3 that the assumption “u(t) is bounded in
L?(Q, H%+)” is fulfilled if the terminal function g € L(Q, H%+*1), f satisfies Assumption
(f) with vy = 4, and o € LP(0,T; L3(X, H?%+)), for some d, > 64, p > 2, and #(% —
H+a(l-6.+01)) <1

Proof. Firstly, by a similar way as in the proof of Theorem 4.1, one also see that (37)
has a unique solution in C([0,T]; L?(, H?)). Next, to show that the error estimate (48)
holds, we set

t T
700 = & 09+ [ €2~ 9 (s.u(e)ds — [ EXPOET - )15, 0(5)ds
0 0
t T
+ / ENS(t— s)o(s)dB (s / ENE (1)En 2 (T — 5)0° (s)dBM (s),
0 0
and then estimate ||UN(E)(t)—§N(5) t)HLQ(Q,Hé) and {|yN(5>(t)— t)HLZ(Q’H(;) sepa-
rately. From the formulas of v™N()(¢) and 7V (), it is clear that
NE) () — gV E (¢ ’
HU B -7 ®) L2(Q,H?)
< |IENO @) (g7 - ‘
<[&P 06 -0,
+ / EXS (1= 5) (S5, (s)) = [(5,u(s))) ds
L2(Q,H?)

T
+ 0/ N(s N(e)(T s) (f(s,uN(e)(s))—f(57u(5)))d3

L2(Q,H%)

+ / ENO(t — 5) (0°(s) — o(s)) dBH (s)

L2(Q,H?9)
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/ ENOWEN (T — ) (o°(s) — o(s)) B (s)
L2(9,HY)
=: T0y (¢) + o (t) + TI3(t) + Ta(t) + 5(t).

Recall the II; (), 5 (t), 3(¢) have been estimate in (43) and (44). We now continue to
estimate two last terms I14(t), II5(t). For I14(t), we have

ok - |2 / Kine (B0 =) 70 = o) @ben) o), L
= e X / ( / ENS(t—5) (0°(5) — 0(5)

< Qe () - S>H%d§) A (s) ;(Mé)
> / | / BNt =5 (%) — @) Qe (2) ' (- 7 Has Hd
s / [ / |EX =5 (05 (3) — o) Qe | 5177 (5 - S)szgrds

Using the proper (42) and the Holder inequality, we deduce that

|TIs (t) |2<Z/[//\N(s)

0°(3) — 0(5) Qey

n>1 0 s X
¢ t
0 s s
p—2 5
t p t ?
1-2H - PH-5) ) o
)\N(E) S (5 - 8) —2 (S HUE(S) _ U(S)HLQdS ds
0
0 s A
2
S A 0" = olleo s - (49)

Similarly, one has the following estimate for II5(t)

() = |3 / Kip (EXP0ED (T ) (0°() — o)) Qben) (5)d8.(5) |

LQ(QJ.I‘S)
n>1 0
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T T
~ ) 1 g 2
Z/H/ ENEOMENE(T - 5) (0°(3) — 0(5)) QP e (f) (5—s)""3d35| ds
n>1 s s
=0 s
T T )
/[/xjy(;) o°(3) — 0(3)) Q2en séH(é—s)Hgdé} ds
nZl 0 s
T T vy »
< 2(641) 1-92H - ”(H;%) - e/~ AP g~
ANG) s (§—s) P2 d3 l|o=(5) — U(S)HLgdS ds
0 s s
2(5+1 2
SN ot = ooy - (50)
Since 7V (t) — v(t) = 2 on>nN(e) V() en)en, it is obvious that
—_ 2 5 (5 2
[ O0 0] = S AR <X O e 6D
n>N(e)
Now, from (43), (44), (49), (50), (51), we deduce that
N(e) _ < loNE 4y — 7N () 7N @) (¢
14 = ooy S [ OO -TOO 0+ OO -0 g

S LE+ AN M.
This completes the proof. O
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Appendix A

Proof of Lemma 3.1. i) For ¢ € [0,T], by applying part a) of Lemma 2.3, we directly
obtain
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2 2 2 2
220 m00) = El€ai®allige S ENglEr = 9220 mea+) -

ii) For ¢ € (0, T], applying part b) of Lemma 2.3 with py = 14 + 71, g2 = v1, we obtain

2 2 - 2 - 2
IOz 0,001y = ENl€ai @l faer S E gl S 2 gl o +1) -
The proof is complete. O

Proof of Lemma 3.2. i) For ¢ € [0,T], by using the Hoélder inequality and part a) of
Lemma 2.3, we have

t t
2(w) (Ol 0 ) < [ B et = 5)(svw0(6)) o ds < Gt [ E 17w s i,
0 0

which associated with the Lipschitz condition of f leads to

t

1Ea(w) (O30 ) < K2C3t [ B J10(s) [ ds
0

< KPC3T? HwHiN(QT;L?(Q,H”l)) . (52)

ii) For t € (0,T], by applying part b) of Lemma 2.3 with pu; = 11 +r1 and pg = v1, we
have

2

t
2w) O30y < | [ 160t = 5)(5,0(5)) o ory
0

2

t

<E / (t— )77 [ (5, (5)) s ds

0

Using the Holder inequality and the Lipschitz condition of f, we get

t

t
12 (w) (72 e a1y S /(t - s)“”lds/(t — §) TR || f (s, w(5))|| Fu, ds
0

0

—2ar 2
Storen w750 0,712, Fr1 ) » (53)

where we have used ([ (t — s)’o"”lds)2 < 2-am) < p2p—2am
iii) Applying part ¢) of Lemma 2.3 with py = u3 = vy, we get
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T 2
) Ol 0,y S | [ 18000 = (s, 10(5)) g ds
0

2

T
< C2C2E /(T —8) " f(s,w () o ds
0

This together with the Holder inequality and the Lipschitz condition of f gives us

T

T
1) O30y < CRCF [ (T =) [(T = 5) " 17 (5,0(5)) [ d
0 0

T
303 aa -
< [0 ) (o) d
0

<K2702QC§ T20=) ||qy||2 : (54)
T (1-a)? Leo(0,T5 L3 (Q,H1)) -

iv) Applying part d) of Lemma 2.3 with u1 = v4 + r1 and ps = pg = v, we have

T 2

13(w) (D) 22 roa ) < E / €01 (t)€a2(T = 5)f (s, w(s)) fros-4ry ds
0

T 2

< t2enE / (T — )72 | £ (5 w(s)]| s ds
0

Estimating the integral in the right-hand side by the same way as in ii), we arrive at

2 - 2
||I3(w)(t>||L2(Q,HV1+7'1) Stmen Hw”LOO(O,T;LZ(Q,HVl))' (55)
The proof is complete. O

Proof of Lemma 3.3. i) The property in part a) of Lemma 2.3 leads to the following
estimate for ¢t € [0, T

t
a1 sy = / 1A 0 at — 5)0(3)2 ds
0

t
- )\1*2(”2*”1)/||A”25a,2(t—8)0(3)“ig ds
0
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/ €2t = ) gren sromy 1420 ()] 25 ds S / o ()13 x e -

Since fot HU(S)Hig(xﬂw) ds <T"% HUH%,,(O’T;LE(X’HUQ)), which follows from the Holder
inequality, we deduce that

||I4(t)||L2(Q A1) = ||U||Lp(0 T;L3(X,Hv2)) - (56)

ii) For ¢t € (0,T], the term I4(t) can be bounded as

2 vi+r1 2
||I4(t)||L2(Q,HV1+7'1) S / HA +r ga}Q(t - S)O'(S)HLg ds
0

t

< /)\1—2(1—7"1) }|AV1+15%2(75*S)(7(8)||§/8 ds
0
/ €aa(t = ) Peigpen o er, 1A= ()12 ds.

On the other hand, applying part b) of Lemma 2.3 with u; = 1 + 1 and ps = v9, one
has

||50‘72(t - S)llL(HV27Hu1+1) S (t - S)_a(l’l"'l—l”z).

This together with the Holder inequality allows that

¢
2 — 121 — 2
||I4(t)HL2(Q,HV1+r1) S /(t - ) 2alntizre) ||U(S)||L8(X,HV2) ds
0

p—2
t P t P
—2pafl— (Vz v1)]
S N A e ) B W L T PO
0 0
2
S ||U||Lp(0,T;Lg(X7Hu2)) ) (57)

2pal—(va—v
Boll_zn)l _

iii) For t € [0,T], by using the Itd isometry and applying part ¢) of Lemma 2.3 with

where we note that

w1 = v1, pg = vo (noting that 0 < vy — 1y < 1 following from assumption (o7), the term
I5(t) can be estimated as
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T
() sy = [ 147 Ens(DEaa(T = )a(s) 35 ds
0
T
< [ 1Eaa®Ens(T = ) Esn o) 1470135 ds
0

T
S /(T — ) Retntlm) HO—(S)HiS(X,HVQ) ds.
0

By the same way employed to obtain (57), we arrive at

2 2
s ()22 0,00y S ol zeo,mn3x, froey) - (58)

iv) For ¢ € (0,T], by using the Itd isometry and applying part d) of Lemma 2.3 with
11 =v1+ 11, go = vy, fig = Vo, the term I5(t) can be estimated as

T
53z ey = [ 147 Ena (OE0alT = 9)o(5)[3 ds
0
T
< [ 160 O€as(T = g sroony 147 05) 3 ds
0
T

< -2 /(T _ g)2a0ntl-m) ||0(8)||ig(x,mz) ds
0

_ 2
St 2o ‘lo'llLP(07T;Lg(X7HV2)) . (59)
The proof is complete. O

Proof of Lemma 3.4. Firstly, let us present explicit representations for two terms
14(t),I5(t). For Is(t), it can be seen that

T5(0) = 3 [ Eaa(0Eaall = 90(5)Q4e,ds ()

n>1 0
T
=3 [ Kirr (Far020aT = 90()Q%ex) (5151 (5
n>1 0
T
= /KH (T,8)01(t)02(T — $)0(5)Q7 endfn(s)
n>1 0
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T T
+ Z / /Ea,l(t) (5a72(T — §)0(§)Q%en — E0a(T — S)U(S)Q%en)
nzlh \s

oOKH

GrF

3, s)d.§> B (s).

This together with the formula of K and aggH yields

T H-1
I5(t)cHZ/<§> (T — )73, 1 (1)Eaa(T — 5)0(5)Q7 endBn(s)

n>1
T T
chZ/s%*H /EH*%@—S)H*Eds Ean()Eaa(T — 5)0(5)Q? endfBn(s)
nZlO s
T T -
+e ( Ean(Dan(T.5,5)Q%, (2)° <ss>H3d§)dﬁn<s>
o5 (Jenotmaeta ()
=: T51(t) + 752 (t) + T53 (t), (60)

where we define €, 2(t,5,8) 1= Eq2(t — 8)0(8) — Eanlt — s)o(s), t € [0,T], for short.
For 14(t), we also have the following formulation

11(0) = Y [ £aalt— 5o(=)@beadsll (s

T
nZl‘O/
i OKH
+ Ean(t —8)0(3)Q%en — Ean(t — 8)0(5)Q% €n ) —— (5, 5)d5 | dBn(s),
nzlg/ /( 2 2 ) 03

oKH
05

which associated with the formula of K¥ and yields

Iu(t)=cn Y / (E)H_é (t— )T =280 a(t — 5)0(5) Q2 endfn(s)
0
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/ 1m / “3(5—5)7T72d5 | Eaa(t — 5)0(5)Q% endBn(s)

nz1 s
tt oy
Z/ ( (t,5,5)Q%en (f) G- S)H—%d'g>d5n(s)
n=17 s §
=: Taa (t) + Tao(t) + Ta3(). (61)
Next, we estimate two terms I5(t), 14(t) separately.
e Estimating I5(t). We begin with the estimate for Is;(t) as

B 2
_ 2 i ~2 :
[ 751|201y S Z/H (T — )77 284 1(t)€a2(T — 5)o(5)Q7 €y ds
n>1 "
T
2H -1
Y L I
n>10
T
< / s)2H-1 g, ()ga’Q(T—s)HQL(HVg’Hul ‘ ()Q2€n Fvs ds.
n>17y

Applying part c¢) of Lemma 2.3 with p; = 11, pus = v3 and using the Holder inequality,

we get
1€a,1(a2(T = 8l £ogrva oy S (T = 8) 7@z, (62)
It follows that
T
T 2 o v3—v
7610y S [ (2= 5) 022000 (o) 2 s
0
T
< ||a||c((0 THLA(X,HvS) / —[1-2H+20(1-(rs—11))] 74
0
2
S ||U||C((O7T];L8(X7HV3)) ) (63)

where we note that
T
/(T _ ) -2Ht2a (s ) g < A -a(-(s—w)] (64)
0

since a1l — (v3 —v1)] < H. For Is(t), we can see that
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- 2
HI52(t)||L2(Q,HV1)

T
2
< /IE sé_H(/§H_3 (58— S)H_5d§> Ea1(t)En2(T —s)o(s)Q2ey, ds
n>17y Hv1
T T 9
< /512H</§H3(§ s)H2d§>
n>1 0 s
2 2
X Eat (OEas (T = )12 rva sy ()23 1100 .
Using the property (62), one also get
= 2
||I52(t)“L2(Q,HV1)
T T 9
S [ ([t 0t tas) (- O o)
n>17 s
For the sake of calculation, we provide a useful estimate for I5;(t) as follows
t 2 0o 2
st /gH—%(g— s)A=ds | <st /gH—%(g— s)i=3ds | < s (72D,
for s <5<t (65)

We can prove it by using the generalized binomial expansion as

jeN
1 / 2
_ J1—-2H H— 5 j j/~2H727j ~
=5 g . -1 d
( , ( J ) s ) S)
jeN s
H -1 o ) . 2

5 81_2H< 2 ( ] 2) (—1)]8] (SQH—l—j _ t2H—1—_]))

4 J

JEN
< 57(172H).

By (65), we can estimate Isz(t) as
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- 2
Ts2®)[[72 70y S D / (5. T) €01 (D0 2(T = ) gres srons 1) 3 (x s 5
n>10

T

Z/S_(l 2H) T_S)—Qa(l—(us—ul))HO-(S)H%(%(XJ_‘IVS)dS

n>1 0
T
< ||U||20((0,T];L3(X,Hvs)) /57(172H)(T _ 5)72a(1*(1/37u1))d5
0
2
S ||U||c((o,T];Lg(X,HV3)) ) (66)
where we have used the fact that

F(2H)T(1 - 20(1 — (v3 — 11)))
I(2H +1—2a(1 — (v3 — 11)))

b

T
/S—(I—QH)(T _ S)—Za(l—(ya—yl))ds — T2H—2(x(1—(yg—v1))
0

with I' is the Gamma function. For I53(t), we can see that

s - 1 S %_H - H—3 ;~ 2
||I53 HL2(Q H¥1) NZ/H/gal )ga,Q(T,S,S)Qzen (g) (§—s)" " 2ds Hylds
n>1
T T )
52/ (/’,sa,l(t)éM(T,s,s)Qaen (§—s)H‘5d§) ds
n>1 v
=0 s
In what follows, we state some useful properties to estimate a,l(t)gmg(T, S, S)Q%Gn o
vy
We observe that
= _ 1 _ _ 1
|Eaa(T 5, 5)Q1en o |€a2(T = 5) (0(5) ~ o(s)) QP en .
N 1
+ H((‘/’Q,Q(T —38) —Eu2(T —3))o(s)Q2e, e
- . 1
< ||5a72(T_S)HL(Hvs,Huwl) ‘(0(5) _0(3))Q2€n fvs
H180a(T = 5) = EaalT = ) joney o )@ e .
(67)

Applying part b) of Lemma 2.3 with u1 = v; + 1, yo = vs, and Lemma 2.4 with

N1:V1+17M2:%a7:170neha3

[€a2(t = )HL(Hvz ity S S(t—s)” O‘(”H‘l—ua)7

Please cite this article in press as: N.H. Tuan et al., On backward problems for stochastic fractional
reaction equations with standard and fractional Brownian motion, Bull. Sci. math. (2022),
https://doi.org/10.1016/j.bulsci.2022.103158

© 0 N o o b~ W N R

e e =
w N = O

14



© 00 N o O B~ W N o=

A OPA D W W W W W W W W WWN NN DNDNDNDNDDNNDNDN R R R R R R R
N B O © 00 N O 0 B W M H O ©W 0 N O 00 B W M H O O O N O 0 B W M = O

JID:BULSCI AID:103158 /FLA [m1L; v1.317] P.46 (1-58)
46 N.H. Tuan et al. / Bull. Sci. math. ese (ssse) eesees

”50672(T _ §) . ga’2(T _ S)||£(HV3’HV1+1) g (5 _ S)Ot[l_(VB—lll)] (T _ g)—2o¢[1—(113—u1)].
(68)

From (67), (68) and the fact that ||<'i'0471(t)HL(HV1+1 vy < Cs, which is obtained by part
a) of Lemma 2.3, one can see

Ea,l(t)ga,Q(T7 §7 S)Q%en ga,Z(Ta gu S)Q%en

<]

~

HV1 Hu1+1

S (=57t (0(3) — o(5) Qe

Hvs

+ (35— s)l-ta—nl(p _ g)=2all=(a=v)] HO_(S)Q%en

(69)

This associated with assumption (o3) helps us estimate I53(t) as

- 2
s @) 1720, 101

T

T
2
< N —all—(v3—r1)] 2 1 = NH-2 5=
NZ/(/(T 5) = H(J(s) o) Qben| . (G—9) 2ds> ds
nZIO s
T T 9
n /(/(5S)a[uusul)](gH)(T5)2a[1(u3u1>1 HJ(S)Q%GRH‘ d§) ds
nZlO S Hv3
T

T
2
ch/ (/(T_s)a[l(usm)](g_s)c(%H)d§> ds
0

T

T
2
2 =\ —2a[l—(v3—v ~ all—(v3—v1)]—(2— =
+||ff||c((o,T];L%<x,Hu3>)/(/(T—S) poliztramnl(z — g)elt=lemvnl=( H)d8> ds.
0

S

(70)
Now, it is required to bound the latter integrals. Since ¢ > % — H > 0, one can see that

/

T 9 T
</(T N S)—a[l—(U3—y1)](§_ S)C—(g—H)d§> ds S /(T— 8)2(—(1—2H)—2a[1—(u3—u1)]ds
s 0
T
< /(T _ gy 1024200 wa ) gy
0
(71)

— H, we also have

Similarly, since a(1 — (v3 — 11)) > &

Hvs
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T

2
(/(T 5)-2all=(a—v)l (5 _ s)a[uusul)](smdg) is

S

((T _ 8)—204[1—(113—Vl)]+a[1—(U3—V1)]—(%—H)+1)stx

St~y T

x ’B(—Qa[l —(vs—v)]+ Lol = (v3 —11)] — (g — H) +1>‘2

< (T — 5)~ (=20 F2a0=(rs—ra))] g g (72)

St~

From (70), (71), (72), and noting (1 — 2H) + 2a(1 — (v5 — 1)) < 1, we deduce that
HT53(t)||L2(Q)HV1) S Co+llolleqominzix.mvsy) - (73)
Combining (63), (66), (73), it is obvious that
||75(t)HL2(Q’HV1 S Co + llolleqo,rycacx, mvsy) - (74)

o Estimating I4(t). We now continue to bound I4(t) by a quite similar way as in the

estimate for I5(t). For I4(t), we can see

t 2H-1
_ t 1
O S [ (5) € enate = o(6)Qben s
¢ £\ 2H-1 , .
SZ/() (t = 5) 1IN0 ot — ) (5)QFen [, ds

t
_ 2 2
< / (t = 82 | a(t = 2 s ) 19() 25 (x ey .
0

On the other hand, part a) of Lemma 2.3 has showed that
[€a2(t — )HL(HV3 Hv3) < Cy. (75)

This helps us bound ||T41(t)HL2(Q,H”1) as

2H 1 2 2
0@y S 3 / o) a0x resy ds S 0120 mpnacs oy -
n>10

(76)
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where we note that fot (t —5)2H=1ds <12H < T2H_ For 145(t), it is obvious that

= 2
HI42(t)||L2(Q7HV1)

t t
2
52/ sz /§H’%(.§75)H’%d§ Enn(t —8)a(s)Q%en|| ds
77,210 S Hv1
¢ ¢ 9
< Z/)\IQ(%_W) sz /§ *%(éfs)H*%d{s' Ea,g(tfs)a(s)Q%en ds
Hvs

By (65) and (75), we deduce that

t
- 2 _(1— 2 2
HI42(75)HL2(97HV1) S /5 (1=2H) ||U(3)||L3(X,Hvs) S HUHC((O,T};Lg(X,HVS))' (77)
0

For 143(t), we observe that

im e
- 2 ~ 1 S ~ —3 .
||I43(t)||L2(Q,H”1) NZ/H/‘S'QQ t,3,5)Q%ey (g)2 (S_S)H e ) ds
n>1 A H*1
/ ; 1 S %_H 2
< /)\72 /éag(t,§,s)Q§en = (5—s)f"2ds ds
ot )
< /(/‘Eag(t,é,s)an o G )H—zdg) ds
7121O s
On the other hand, in a similar way as in (67)-(69), we find that
3 5 3 — g)—all=(ws—m)] 3) — 3
|zt 5 0)Qben| | S @=s) 7l (0(3) — o(s) Qe
z_ all—(vs—11)] 2a[l1—(vs—v1) H
+(5§—3) (t—38)~ $)Q%ey e
(78)
Hence

HT43(t) Hiz(Q,Hn)
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_ CH_3 . 1 12
< /sl 2H /sH S(S—S)H 2 ds ||5a,2(t—8)||2£(gu3,gu3)HU(S)Q%@nHHVSdS-
0
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S / ( / (t =)0 (0(3) - o (s) Qe

2

2
(s — s)H3d§> ds

Hvs
n>1 0 s
ot )
+ Z/ (/(5 . S)a[l—(ug—mﬂ— %—H)(t ) 2afl—(v3—v1)] H Qze H - dg) ds.
n>1 0 s e
(79)
By exactly the same way as in (70)-(73), one arrives at
[ Ta3O)| 20301y S Co F ol comyizax sy - (80)
From (76), (77), (80), we now deduce that
||I4 ||L2(Q Fvi) ~ S Co +llolle ((0,T};L3(X,Hv3)) * (81)

The proof is complete. O

Proof of Lemma 3.5. Estimating Is(t). Let us begin with the estimate for Is;(t) as

5101320 v

T Ho1 2
Z/ ( ) (T = )75 601 (s (T — 5)0(s)Qben ds
n>17} frvitn
T
< / 8)2H 1| Eq 1 (1) Eno(T — )Hﬁ(HV3 vt H QZen s ds.
0

3

>1
Applying part d) of Lemma 2.3 with g1 = v1 + 71, ue = v1 and pyg = v3, we have
||5(¥71(t)5a,2(T )HL(HVs fatry S < ¢—ar (T B 8)—04(1/1—&-1—1/3). (82)

The above property and the observation (63) lead to

T
—2ary —[1— v — Vs 2
HI51 HL2(Q fen) S < 42 /<T_5) [1-2H+a(v1+1-v3)] ||U(3)||L3(X,Hvs)d5
0
S ol : (83)
~ Tlleo.rL3(x. avs)) -

In the same way as in the estimate for I55(¢) in the proof of Lemma 3.4, but the property
(82) is used instead of (62), one can easily get

t—2a7"1

2
HIS? HLZ(Q Hvitri) ~ ”UHC((O.,T];L%(X,HVS))' (84)
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ga,l(t)ga,Q(Ta §, S)Q%en . Apply_
Hvi+r1

ing part b) of Lemma 2.3 with pq = 14 + 71, po = 11 and using the estimate (69), one

To estimate I53(t), we need to bound the term ’

has

01 ()€aa(T,3,5)Q% e,

Hvi+ri

ga,Z(Tv §7 S)Q%en

S ||‘€a’1(t)||£(HV1+17HV1+T1) ‘ v+t

N gayg(T, 3, S)Q%En

fvi+1

<o (1 — gyl (0(5)  o(s)) Qe

Hvs

F (5 — g)oli= sl (p _ z)=20l1— (=) H $)Q%en

’ (85)

In the same way as in the estimate for I's3(¢) in the proof of Lemma 3.4, but the property
(85) is used instead of (69), one arrives at

H753(t)HL2(Q’HV1+T1) St (Ca + HUHC((O,T];Lg(X,Hvs))> . (86)

Combining (83), (84), (86), we deduce that

[ Ts () 12 rin sy ST (Co + ||U||c<<o,T1;L%<X,HV3>>> : (87)

e Estimating 1,(t). Applying part b) of Lemma 2.3 with 1 = vy + 1 and g = v, one

has

Hga,2(t )Hg(Hvz Hvi+1) S (t - 5) a(1=(ra=w)), (88)

Hence, for I4;(t), we can see

HT41 (t) Hiz(Q,H”l"'”)

<Z/< )2H 1 — )21 €0 (t — 8)o (S)Q%enH;lmds

n>1

‘™

t
/ < ) 5)2H_1/\172(17T1)H5a72(t — S)O’(S)Q%Gn’|zyl+lds
10

_ 2 2
S - 3)2H ! [[€a2(t — S)Hg(HVS,HnH) ||U(5)||L3(X,Hvs) ds

o\ﬁ &
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t

S [(t sy iortet- o) 2y s
0

By the observation (63), we deduce that

— 2 2
||I41(t)||L2(Q7Hu1+T1) S ||JHC((O,T];L3(X,HV3))' (89)

Similarly, by using (88) and a similar way as in the estimate for I,2(t) in the proof of
Lemma 3.4, one can easily get

— 2 2
||I42(t)||Lz(Q’Hu1+n) S lellego,riax,fvsy) - (90)

For 1,3(t), we observe that

[ERIG] -

Hvi+1

5 ~ 1
504,2(t7 S, 8)Q2 €n

Hvi+1
By exactly the same techniques as in (78), (79), one also have

||T43(t)HL2(Q,HV1+T1) S CU + ||O—||C((O,T];L%(X,HV3)) . (91)

From (89), (90), (91), we deduce that
||T4(t)||L2(Q7HV1+r1) S CO’ + HO'”C((O,T];L%(X,H'”S)) . (92)
The proof is complete. O

Proof of Lemma 3.6. In the case H € (3,1), the two terms I5(t), 14(¢) have simpler
explicit representations as follows

T
=Y / Eut (1)Ea (T — 3)0(5)Q % endf¥ (5)

n>1 0
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and

FvM

t
OKH
=3 [ | [ et - 906103, %~ 551 | st
n>1 s
t -
- L S\27 ~ _3 ..
:cHZ/ /5a,2(t—s)a(s)cgzen (3)"  G-9"tas | dsu(s). (94)
nZlO s
e Estimating I5(t). Since ||Eq,1(t)En2(T — §)||L(HV4,HV1) < (T — 3)~ell=(ra=)l e can
see that
- 2
175|200, 1)
T 2
1 S %_H 3
:Z/ /Sa71(t)5a72(T—§)a(§)Qien (;) (5—s)H-243| ds
n>1p || 1
TrT 2
1 %7H
< / /‘5a11(t)ga,2(T—§)a(§)Qaen () - 9tas| as
nZlo s H $
T[T oy 2
S / /(T—S) o=sl lo(5)Q%e,| . (2)°  (5-s)"2ds| ds. (95)
/| paated,. ()

Using the Holder inequality, we obtain the following estimate

T T
— 2 s\ 1-2H ~ _3 a Va—U ~
Hf5<t>HLz<Q,ml>5/ /(g) (5 —8)T—3(T — g)~el-ta—mlgg |
0

S
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x / (58— )T =3 (T = 8) == |lo(8)|2, g d5 | ds.

To estimate two integrals of the right-hand side, we prepare a material as follows
/ T(a)T(b
/T ) tdr = ta+b_1% for a,b > 0. (96)
0

By the assumption (o3), the above property allows that

S

T—

P(3/2 H) _pafl—(vg—vy)]
/ T (T—s—1) p—2 dr
0

—H all—(vs—v
F(l _ 9(3232 ))F(l _ pafl p(;; 1)])

I‘(2—p—f2[%—H—i—a(l—(m—m))])'

_ (T* 8)1—;%[%—H+a(1—(u4—u1))}

Using the Holder inequality and the above identity, we have
T
~ -3 N\—a[l—(vs—v =\ (12 =
[ =9 AT =) 0@y oy ds

_3 —a|l—(vg—v
= / H 2 (T—s—1) [A=(va=r)] ||U(T+5)||ig(X,H"4)dT
0

p=2 2
T—s P T—s P
_pB/2—H) M
s| [ @ es o )| [ ot 9l e 07
0
< 22— [3-H+a(l=(va=1))] || ;112 .
S(T—s) 7tz ||U||Lp(o7T;L2(X,HV4))- (97)

In addition, the property (96) also yields that

T
1-2H 5
/(Z) (53— s)—2(T — 5)~ - Cammlgg

T
< SI_QH/(g—s)H_%(T—S) all=(va—r1)] g5

S

T—
gl—2H / SH- 5 T — s —7)~ell=(a—vlgg
0

c«
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< 31—2H(T . 8)1—[%—H+a(1—(y4—u1))].

~

Hence, we deduce that

T
= 2 2 — =241 9[2 _H+a(l—(va—v
HI5(f)HL2(Q,Hu1) S HU”Lﬂ(O,T;L(%(X,HWL))/51 QH(T—S) 7 12l Hrel-0x lmds
0
< ||U||LP 0,T; L2(X HV4)) T—72a(17(1/471/1))7 (98)

where we note that 1 —2H > —1 and (”;—2 +1)—[3—2H +2a(l — (vy —11))] > 0,
which follows from Assumption (o3).

o Estimating 14(t). Now, we will use a similar technique as in above to estimate I4(t).
Using the fact that ||Eq.2(t — §)H£(HV4,HV4) < 1, we can see that

)]} 2605701

Lt 2
l_mg
:Z/ /5%2(:5—5)0(5)@%@”(2)2 (G—s)H-243|  ds
nZlO s Hv1
t [t e 2
< / /)\ (va- ”1>‘ Eanlt =3)o@Qben|  (2)" " (5-s)"Has| ds
Hva \§
n>17 Ls
t [t o 2
S / /Ha(é)Qéen _ (i)Q (§—3)H_%d§ ds.
Fva \§
nZlO Ls
Using the Hoélder inequality, we obtain
- 2
@120,
t o/t - t
S\ - _3 .. ~ _3 ~ ~
5/ /(g) (5—s)7245 /(S—S)H 2 ||a(s)||2Lg(X)HV4)ds ds,
0 s s

Since H—2 > —1, one easily observe that f (%)1_211 (5—s)H~3d5 < s'=2H In addition,
the Holder inequality allows that

t
~ _3 ~\ 12 ~
[ =9 o)y ey 5

t P

S /<§—s>ﬁ“’*%>d§ / 165 ey 05
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2
S lolleoomnzcx ) -

From three latter estimates, we deduce that

t

= 2 2 _92H 2
ITaON ey S Nz eny [ 5715 S Nolnomagon eny - (99)
0

The proof is complete. O

Proof of Lemma 3.7. e Estimating I5(t). To estimate I5(t), we will use the property

||5a’1(t)ga’2(T — S)Hg(HV4’HU1+T1) < pmar (T _ S)—oc(m-‘rl—w;),

~

which is obtained by applying part d) of Lemma 2.3 with u3 = vy + 71, us = v1 and
g = vy4. In this way, we arrive at

- 2
HI5(t)HL2(Q,HV1+T1)
T| T 2
S %7H H—3
- [Earual = 906)Qken (3)° -9 Eas| as
5
n>17 s Hvi+m1
T[T 2
1 %7H
< / /]5a,1(t)ga,2(T—g)o(§)Qaen o (3) Ge9tas| ds
Hvitri \§
n>17 Ls
T[T 2
< 4-2ar T y-all=wa—v)] || (5103 SN et g
(T _ o vi—1q 5 2 _ 5
seen s [ a9 le@@ie,. (3) " -5 tas| as
nZlO s
By using exactly the same way employed to obtain (95)-(98), one easily obtain
_ 2 _ L 2
HIE’(t)HLZ(Q,H”l) St 2ar HUHLP(O,T;LS(X,H’/4))' (100)

e Estimating 14(t). To estimate 14(t), we will use the property

||5a72(t — S)H[,(HV47HV1+T1) ,S (f, — 5)*04(1*(1/471/1)),

which is obtained by applying part b) of Lemma 2.3 with g3 = 11 +r; and ps = vy. In
this way, we arrive at

2

t t
— 1 %7H - _3 ..
Ty = 3 [ | [ €nati=0@I@ben (5) " =) 2as| s
nZlO s

Hvitm
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6Tt 2
PR s\zH .
< / /‘&1)2“—5)0'(8)@%6” P (E)z (5—s)7%d3| ds
n>17y s
¢t - 2
< _ N —a(l—(va—r1)) YL S5\27 = NH-2 -
S3 [ |femnreoe fowaie,, (5 6ot o
nzlo Ls

(101)

Noting that the latter series in (101) has a similar form as in (95) (the difference is that
T is replaced by t). Hence, one can verify that

— 2 2
HI4(t)HLz(QHV1+7-1) 5 ||‘7||Ln(0,T;L3(X,HV4)) . (102)

The proof is complete. O
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