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Abstract

This paper studies the tail behaviours of the stationary distribution of multiple-
regime threshold AR models with multiple heavy-tailed innovations. It is shown
that the marginal tail probability has the same order as that of the innovation with
the heaviest tail. Other new results in this paper include the geometric ergodicity
and the tail dependence of TAR models with multiple heavy-tailed innovations.
Key words. Heavy-tailed distribution, tail probability, threshold AR model, er-
godicity.
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1 Introduction

Tong’s (1978) threshold autoregressive (TAR) model and its many extensions are
one standard class of nonlinear time series models. The probabilistic structures
of these models were studied by many authors. Examples are Chan, Petruccelli,
Tong, and Woolford (1985), Chan and Tong (1985), Tong (1990), Chen and Tsay
(1991), Brockwell, Liu, and Tweedie (1992), Liu and Susko (1992), An and Huang
(1996), An and Chen (1997), Liu, Li, and Li (1997), Ling (1999), Hansen (2011),
and Tsay and Chen (2019) among others. The impact of TAR model in the fields of
econometrics and economics was reviewed by Hansen (2011). In contrast, however,
it seems that the tail behaviours of the stationary distributions of these threshold
time series models have not been discussed in literature.

Tail properties of stationary time series models are very important in ap-
plications, particularly in financial risk analysis, see Embrechts, Kluppelberg, and
Mikosch (1997). Heavy tail is a well known empirical feature in financial time se-
ries. Good evidences show that Gaussian or light-tailed innovations can not describe
the tail behaviors of these time series, see Mandelbrot (1963b), Mandelbrot (1963a),
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Fama (2013) and Adler, Feldaman, and Taqqu (1997). More and more people are
interested in time series models with heavy-tailed innovations. The tail behaviours
of linear models and bilinear models were studied by Resnick (1997) and Davis and
Resnick (1996), respectively. The tail of ARCH and GARCH models were studied
by DeHaan, Resnick, Rootzen, and De Vries (1989), Mikosch and Starica (2000),
Borkovec and Kluppelberg (2001) and Mittnik, Paolella, and Rachev (2002). Pan,
Yu, and Pang (2004) discussed the relation between the marginal tail probability
and the innovation’s tail probability for three important types of time series mod-
els: infinite order moving averages, bilinear time series and solutions of stochastic
difference equations. Jin and An (2005) discussed the tail probability of nonpara-
metric AR models with an additive heavy-tailed innovation and Pan and Wu (2005)
studied the tail probability of nonparametric AR models with varying conditional
variances. Asimita, Gerrarda, Houb, and Peng (2016) used tail dependence to ex-
amine financial extreme co-movements. Heavy-tailed time series has been extended
to multivariate cases in Xie (2017).

This paper considers the tail behaviours of the general form of TAR model:

s P
xi=Y {oo+ Y oiixi1+ & H(rio1 <x—g < ri), €]
i=1 =1

where (€1;,---, &)’ is independent of {x;,,h <1}, I(+) is the indicator function, d is
a positive integer and —oo =1y < ry < --- < ry = co. The following assumption is
used:

Assumption A. For each i = 1,---,s, & has a continuous positive
probability density function over the real line R', and
. P(l&gg| >x
L P(le] > )

=1
x—eo x~ %[ (x)

for some a; > 0, where L(x) > 0 is a slowly varying function.

We say that €;; has a heavy-tailed distribution if Assumption A holds (some-
times it is said that €; follows power-law, and some references called them heavy-
tailed only when ¢; < 2) and @; is called its tail index. Under Assumption A, model
(1.1) is driven by multiple heavy-tailed innovations and hence it is a generalization
of the traditional TAR in Chan et al. (1985) and Chen and Tsay (1991). These in-
novations may be different in different regimes. They may not be independent and
may not have finite means or finite variances. Since this model is new in nature, we
first discuss its geometric ergodicity in Section 2, which guarantees the existence



Tail behaviours of multiple-regime threshold AR models with heavy-tailed innovations

and uniqueness of a stationary distribution for this model. Furthermore, we inves-
tigate the tail behaviours of the stationary distribution of model (1.1) in sections 3
and 4 for the following two cases:

Case 1. {(e;,---,&y)'} is an iid sequence of s-dimensional random
vectors, and

P(|&i| > x,|€j:| > x)

lim — —0, 1<i<j<s. (2
x—eo min{ P(|&;| > x),P(|€j:| > x)}
Case 2. €, =---=¢&y = &, and {&} is an iid sequence of random

variables.

In case 2, the innovations are the same for all regimes of x;_,;. But in case 1, differ-
ent regimes could have different innovations. When €y, - - - , & are independent-in-
tail, particularly independent, random variables, (2) is satisfied (see Asimita et al.
(2016)).

Because the conditions for TAR(1) can be much weaker than those for
TAR(p) (p > 1), we establish the results for TAR(1) and TAR(p) separately in dif-
ferent sections. For case 1, it is shown that the marginal tail probability has the
same order as that of the innovation with the heaviest tail. Section 5 gives an upper
bound for the tail conditional probability of model (1.1).

2 Geometric ergodicity of multiple-regime TAR mod-
els with heavy-tailed innovations

When p=1,d =1, s=2, and €; = &; = &, model (1.1) was studied by Petruccelli
and Woolford (1984). They showed that {x;} is geometrically ergodic iff

P11 < 1,01 < L, 01121 < 1.

This result was extended to the case with p =1, d > 1,5 = 2 by Chen and Tsay
(1991) and it was showed that {x;} is geometrically ergodic iff
d) t(d d) _s(d
on<lon<longn<1, and ¢}l <1,¢/Vg5" <1,
where s(d) and t(d) are nonnegative integers depending on d, and s(d) and 7(d) are
odd and even numbers, respectively. When p =1, d = 1, model (1.1) was studied

by Chan et al. (1985). Cline and Pu (1999) discussed the stability of nonlinear
AR(1) with delay under very general conditions. But their results can not be applied
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to model (1.1). In this section, we provide a simple sufficient condition for the
geometric ergodicity of model (1.1) with p =1 and p > 1 respectively.
We first introduce the following two lemmas.

Lemma 2.1. Assume that {X;} is an aperiodic ¢- irreducible Markov chain, and
let g be a nonnegative measurable function. Then {X,} is geometrically ergodic if
there exist a small set C and constants Ay > 0, A, >0, 0 < p < 1 such that

(i) E{g(X)[Xi—1 =x} <pg(x)—A, forany x¢C;
(ii) E{g(X)|X;—1 =x} <Ay, forany xeC.

This lemma is called drift-criteria for the geometric ergodicity of a Markov
chain, which comes from Tweedie (1975) (see also Nummelin (1984)). Before
given another lemma, we needs the following notations:

Xt - (-x o 7xl‘fm+1>/a

ty°
Ot Xiem) = Y (@jo+@jxi—1 4+ Qipxi—p)(rjioy <x—q < 1)),
=1

J
PXi—1) = (@1, Xt—m)s X1, Xemmt1),
where m = max(p,d). We rewrite model (1.1) in a vector form as follows:
X =P(X—1)+e(x—q)e, (3)
where e(x,_g) =Y3_ I(ric1 <x;—q <ri)€r ande = (1,0,...,0)" is the m—dimensional

unit vector.

Lemma 2.2. Let [, be the Lebesgue measure on R". Under Assumption A, {X;}
defined by (3) is an aperiodic UW,,- irreducible Markov chain, and every bounded
compact set with positive Lebesgue measure is a small set.

Proof. We only give the proof of this lemma for the case with p =1 and d = 2.
When p > 1 or d > 2, the proof is similar. Firstly, take A = [a3,b3) X [a2,D7).
Denote z = (z1,z0)’. Then, 2-step transition probability is

Py(z,A) = P{X3€A|X| =z}
= P{x3 € [a3,b3),x2 € [az, b2)|x1 = z1,%0 = 20}

Suppose that, for example, z9 € (7j,—1,7j,],21 € (rj,—1,7},]. Then, by the definition
of the model, we have

X2 = Q0+ Qo 1x1 +Ejy 2= Qjo 0+ Qjp 121 +Ejy 2
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X3 = Qi 0t @ 1x2t+E€;3
= 0;,0T Qi1 19jo0 T @j; 19jp,121 + @)y 1Ejp 2 + €y 3

Since €;, > and €, 3 are independent, it follows that

Py(z,A) = P{(Pj1,0+ Pi119jo.0 T Pj119jy,121 + @), 1€j,2 T &, 3 € las,b3),
®jo.0 + Pjo121 + €jy 2 € a2, b2)}

v

by—9j) 0= Pjy,121
/ P{az —9;,0 = 9j,.19j,.0 — 9ji 19j,,121 — Qjy 14
2= Pjy,0—Pjy,121

< €3 <b3— 0,0~ 0 19j,.0 — Py 19Pjo.121 — @)y 1u} [y (u)du
by rbs
= / fjo<u_(pj0,0_(Pjo71Z1)
an as

Ji(v=0j,0 = ©j; 19jo.0 — 9jy 195,121 — @y . 1u)dudv
> 0,

where f;(u) denotes the density function of €j and it is positive everywhere. In
the same way, we can get a similar but more complicated inequality for P3(z,A).
By Assumption A, for any z € R> and any Borel measurable subset A of R? with
U2(A) > 0, we have

Pz(Z,A) >0, and P3(Z7A) > 0.

Thus, the Markov chain {X;} is - irreducible and aperiodic.
Finally, let A be an arbitrary bounded compact set with i (A) > 0. Then, by
Assumption A,

V= . V)iefl/fzeA Fio(u—@jo.0— @jy.121)

Ji (V=050 = 9, 19jo.0 — 9j; 19j5,121 — @, .1u) > 0.

Therefore, for any Borel subset B C A with Ly (B) > 0, inf,eq P>(z,B) > v (B) > 0.
This implies that A is a small set. This completes the proof. 0

Now we are ready to state the following theorem for TAR(1) with general
delay d.

Theorem 2.1. Suppose Assumption A holds and max{|@11],|@s1|} < 1. Then

(a) the TAR(1) process {x;}, defined by (1.1) with p=1, is geometrically
ergodic, and hence it has a unique stationary distribution and is strong mixing with
a geometric rate,

(b) the density function of the stationary distribution of {x,;} is positive ev-
erywhere in R'.
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Proof. (a)Let p =max{|@i1],|¢s|}, co=max < j<s|@jo|, and c; =max;<j<s|Pj1].
By the definition of @(-), it follows that

|q)(xl‘—17' o 7xl‘—d)|

N
<cot Y @jtllxe1lI(rj—1 <xia < 1))
j=1
<co+pli1|l(—o<x—q <) +1(x—q > 715-1)]
s—1
+ 2 lojllx—1ll(rj1 <xi—a <rj). 4)
j=2
Let r = maxi<,<,—1 |rj|. Then Zj;al(rj_l <Xpeg S1j) SI(—r <x_q <7). Itis
straightforward to show that when —r < x;,_4 <r,

S
a1l = 1Y (@04 @jix—a)(rjim1 < Xi—2441 < rj) +€(X—2451)]
=
< c

0+ ct|x—al +e(x—2a41)] < co+err+|e(x—2a+1)|

k
Ne—ark] < M+ Y i e(x—2a)],
=1

d-1
ot < Myoi+ Y e (o—2a4i), ()
i=1

where M = cg+ cocy + coc% 4+ 4+ coc’f + c’fr. Let ¢ = co+ c1My_1. Then, com-
bining (4) and (5), we have

d—1
(O —1, X —a)| < plar—1]+c+ Z C[ll_l‘e(xthdH)L (6)
i=1

and
el < |@(x—1,- s x—a)| +|€(x—a)]

d
< plaail et Y e e(—2asi)l- (7)
=1

1=

Define a norm by
X[l = x|+ plaa| 4+ 4 p*Hxal for X = (a1, xa)' €RY.
By (6) and (7), it follows that
IRl = [@Cuts s xa)| +plxa ]+ +p" g
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IA

d
plxi—1|+c+ Z C‘li_l|€(xt—2d+i)|
i=1

d
+0% ol +pe+-+p Y ¢ el 2atio1)|
=1

1=

d
ot pl g+ p? e+ p ! Zcfli_lyg(xt72d+ifd+l)‘
i=1
= plIXi—1lly+cp +Hi—a; ()
where cp =c+cp+--- +cp9!, and

d—1 d

1
H_q = Y p*Y o Ye(roarion)|
=0 =0
d—1d-1
= Z Z pkc}ll|8(xtfdf(k+h))|
k=0 h=0
2d-2

= ) ( Y Pt le(x—a—m)|

m=0 0<hk<d—1k+h=m
2d—1

= Z ar|e(x—a—111)l,

I=1
— k .h ;
where @) = Yo<pk<d—1 k+h=i—1 P ¢]- Furthermore, since [€(x;—g—1+1)| < X5y €141l
it follows that

2d—1 s

H_g<R_q=:Y a '} &1l )
=1 j=1

Firstly, by Lemma 2.2, {X;} is an aperiodic and irreducible Markov chain.

Pick a constant § € (0,min{1,;, ---, ¢ }). By Assumption A, it follows that
5 Y 5
Ele(x,_4)|° = E]| Z Sjtl(rj,1 < Xp—g < rj)|
=1

)
< ZE|8jt|6 =:T'§ < oo,
=1
and

s 2dl o 5
ERY y < ) a) () Elgjiinl)
1=1 j=1
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2d—1 s
< Y a Y Elej—in]® = As <o,
=1 j=1

Now we choose the test function as
gX)=1+|X[8, for X=(x1, - ,xg)€R"

From (3), we have

E{g(X)|Xi-1 =X} = E{1+]|®X)+ee(x)|S}

1+ E[|@(X) [l + leg (xa)]1,)°

1+ E{@(X)]|3 + (|e(xa)][lel])°}
PPIIX [0 +ERY 4+ ch + Ele(xq)|° +1

PPIIX|1 +As+c5+Ts+1.

VAR VAR VAN

IN

Taking A and M such that 0 < p® < A < 1 and

As+c§+Ts+1
> )
A —p?

we get, when || X||, > M,
E{g(X)|X;—1 =X} <Ag(X)— A,

where A; = (A — p®)M% — A; —cg —TI's — 1. Denote C = {X : || X||, < M}. By
Lemma 2.2, C is a small set. For any X € C,

E{gX)|Xi-1=X} <X

where A, = poM9® + As + cg +T's + 1. Then, from Lemma 2.1, {X;} is geomet-
rically ergodic. This implies that {x;} is geometrically ergodic, and hence it has a
unique stationary distribution and satisfies the strong mixing condition: the mixing
coefficient

a(l) = sup sup |P(ANB) — P(A)P(B)|
k AeF* BeFy,

goes to zero exponentially fast as [ — oo, where .ZX_ and . are the o-algebras
generated by {x, }*___, and {x}%, ; Tespectively.

(b) Let F(x) be the stationary distribution function of x;, and denote the den-
sity function of g; by f;, i = 1,---,s. Note that, in model (1.1), these innovations’
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densities are assumed to be continuous and positive over the whole line R!, and
(€11, ,€y) is independent of {x;,s < t}. Then

F(x) = P{x <x}

S
= ZP{xt §x|7”j—1 <Xy—g S 1j}P{rj-1 <xi—q < rj}
j=1
S

40
= Y IFe)-F)] [ Pl xlrior <sa < rjt = y}F ()

.
I
—_

I
M-

Fr) ~F(ry0)] | Plen <x— 1910+ ol}dF()

.
I
—_

Forp - Foy 0] [ 1 e loo+ m)dddrG)

I
-

.
Il
KR

~+oo
{Z[F rj)—F(rj-1)] fj(Z—[%o-l-(pﬂy 1)dF (y) }dz,

I
i

where the last step is guaranteed by the Fubini Theorem. Hence, F (x) has a density
function

s +o0
= Z (rj) =F(rj-)] | filx—=@jo+@juy))dF (y).
Furthermore, since f; > 0,j=1,---,s, f(x) is strictly positive everywhere. This
completes the proof. O

Remark 2.1. Comparing the above theorem with those in Petruccelli and Woolford
(1984), Chan et al. (1985) and Chen and Tsay (1991), one can see that

max{|@1], @} <1

is a stronger condition. But it keeps an important feature, as in Chan et al (1985),
that the coefficients in middle regimes are irrelevant to the ergodicity of model (1.1)
with p = 1. Itis difficult to get a necessary and sufficient condition for the ergodicity
of model (1.1) with p = 1. This remains as an open problem for the heavy-tailed
case.

For the geometric ergodicity of model (1.1) with p > 1, we have the follow-
ing theorem.
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Theorem 2.2. Under Assumption A and the condition
p
A= il <1, 10
1H§1?§ij;|¢]|< (10)

(1) model (1.1) is geometrically ergodic. Hence, it has a unique station-
ary distribution with positive density function in R' and is strong mixing with a
geometric rate.

(2) the density function of the stationary distribution of model (1.1) is posi-
tive everywhere in R'.

Proof. (1) Under Assumption A, {X;} is an aperiodic irreducible Markov chain. If
condition (10) holds, then

K P
01, Xm)| = ]Zl(r,-_l <Xi—qg < 1) [@io+ ) x|
i=1 j=1
< Amax{|x;_1], -, [x—p|} +co
< Amax{|x1|,--, [x—m|} +co

where m = max{p,d} and ¢y = max|@;|. For 0 < A < 1, we can take positive
constants by > by > --- > b,, >0and 0 < p < 1 such that

biA b;
A< L cp, i=2m “Hlepi=1,i=1,,m—1.
bi bi
Consider a norm defined by
1X 1| = max{bi|x1|, -+ ,bu|xm|} for X = (x1,--+,xn) €R".

Then

||¢(Xf*1)||b = max{bl(p(xf*b“'7xl‘—m)7b2|xlfl|7"'7bm|xl‘fm+l|}

max{biA max{|x;_1|,- -, [x—m|} +bico,b2|x; 1|, -, bm|Xs—my1]}
b biA

max{max{bA|x,_], b1—2b2|xt_2’,~-- ,bl—bm]xt,m]},

boA by,

i S T I L

b] 1|xt 1|a ’bm_l
max{p max{b1|xt—1’7b2|xl—2|7"' 7bm|xl—m|}7pb1|xl—1|7
s Pt X—mr1]} +bico

pmax{bi|x;—1|, - ,bm|Xi—m|} + bico

IN

IA

bm—1|x—m+1|} +bico

IN

IN
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= plXi-1llp+Cp.

Therefore, taking the test function g(X) = 1+ |X||$, where 0 < § < min{1, 1, ..., 0},
we can easily prove the geometric ergodicity of {X;} by the drift criteria.
(2) Note that

F(x) = P{x <x}

N

= ;[F(”j)_F@j*l)]
" oo +oo  px
'/m /oo [/mfj(z—[(Pio—i-(Pj]y]+~'~+ngpyp])dz]dF(yl,_,.,yp)
_ /_);{ i%[p(rj)—p(rjl)]
p=

~+oo ~+oo
/ fiz=[@jo+ @iyi + -+ @jpyp))dF (y1,....yp) }dz.

— o0 —

Because f; is positive everywhere, F has a density function which is positive ev-
erywhere. This completes the proof.
]

3 Tail behaviours of stationary distribution for mul-
tiple TAR(1) with heavy-tailed innovations

This section gives the tail shape of the marginal stationary distribution of a TAR(1)
model. We first give the following notations:

min(d—1,/—1)

[—1—-m m
a = Z p 1>
m=max(0,/—d)
C = max i
: 1§.i§s|¢']1|’

max{[@i1[,[@s|} <1,
min(ay,---,0),
= the number of the elementsin  {i: 1 <i<s, 04 =B},

= min P{rj_1 <x_q <r;} >0.
I<j<s

QA 2™
|

Our main result is as follows.
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Theorem 3.1. Suppose Assumption A holds and max{|@y1],|@s|} < 1. Then

P P
Ky < timint 5 > o PR >
xsoo x—BL(x) xse X PL(x)

for Case 1 with K; = tN(14¢;) 7B,

NP d =1,

% 1—pB> ,
2= NQBy241 4P . .
—1_;); L if d>1;
for Case 2 with K = (1+¢;)7P,
2B . o
. 2. U; d=1,
2= Bipila)
#, if d>1.

To prove this theorem, we need the following two lemmas. They have gen-

eral and independent interest for heavy-tailed random variables.

Lemma 3.1. Under Assumptions A and condition (2), it follows that

N

P{Y |ex| > x} ~ Y P{|ex| > x} ~ NxPL(x),
i=1 i=1

as x — oo,

Proof. Let G be a distribution function such that
1-G(x) ~xPL(x), as x—»oo.

Then,

P{|ey| > x} C:{ 0. if a>p

1—G(X) 17 if ak:ﬁa
as x — oo, Take a sequence of positive constant {u, } such that
n[l —G(u,)] — 1, as n—» oo,

and define
Vak(A) =nP{u,"|gs| €A} for A€ B(0,e],

(1)
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where %(0,00] denotes the collection of all Borel measurable subsets of (0, +co].
Note that when A = (x,+o0), x > 0,

Vui(A) = nP{|ex| > upx} — cx P,

as n — oo. We have

Vik = Vi (12)
in (0,c0| for any fixed k =1,--- s as n — oo, where
Vi(dx) = cxfx P~ ldx,x > 0, (13)

and — denotes vague convergence of Radon measures on the space (0,+00] (see
Resnick (1987) or Kallenberg (1983)).

Under condition (2), for {A; € %(0,00],k = 1,--- s} such that there are at
least two sets, say A; and Aj,i # j, with the form (x,4+o0] and x > 0, we obtain

nP{u, " (|en], -, |&x]) € Ar x - x A}
< nP{u, " (lei, [ej]) € Ai < Aj}
= nP{|€&;:| > u,x,|€j:| > u,x}
_ P{lei| > upx,|€ji| > upx}

[—Gluy) (I+o(1))
P{|&;| > unx,|€j| > unx} 1= G(un) )
= min{P{|€y| > upx}, P{|€;| > upx}} 1—G(up) (1+0(1))
—>()-x7ﬁ:(),

as n — oo, Define
6.(A) =nP{u, " (|ey|,- |ea|) €A} for A€ B(]0,]"\{0}).

We have
0, > 0 (14)

on [0,+o0]*\ {0}, where 0 is a measure on [0,4c0]*\ {0} such that
G{yek:y>x}:vk{y:y>x}=ckx_ﬁ, x>0,

and 6{N;_, {vex :y #0}°} = 0, where ey, € R® is the basis element with kth compo-

nent equal to one and the rest zero. It is easy to see that for any A € Z([0,0]°\ {0}),

0(A) = Z Vi{y € [0, 400 : yer € A}. (15)
k=1

Denote

Y(S) = (|811|a'” 7|€Sl‘|>/3
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18 =(1,---,1),
B={(yi. ) € [0, 4o\ {0} - ¥y > 1).
k=1

Then,

P(Yy_y €| > un)
1 —G(uy)

—nP(18Y®) > 1) (140(1))
=nP(u;'Y®) € B)(1+0(1)) = 6,(B)(1+0(1)) — 6(B),
as n — oo, But,
0(B) = ZS: Vi{y € [0,4o0] : yex € B}
k=1

=Y vy e [0,40d] 1y > 1)
=1

k
= d == :N.
;/{Pl}vk( V) Z Ck

k=1

It is easily seen that the above equality holds when u, is replaced by x as x — oo.
Therefore,

P{Y les| >x} ~ NxPL(x).
i=1

It is obvious thatY'$ | P{|e;| > x} ~ Nx PL(x). This completes the proof. O

Lemma 3.2. For a slowly varying function L(x), it follows that

L(ax+D)

— 1,
L(x)
as x — oo for any constants a > 0 and b € R.

Proof. The result comes directly from the Karamata representative (see Embrechts
et al. (1997)) of a slowly varying function:

1) = cwespl [ W, x>z,

for some z > 0, where ¢ and § are measurable functions satisfying c(x) — ¢ €
(0,+<0) and 6(x) — 0 as x — oo. This completes the proof. O
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Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1
Using the notation as in the proof of Theorem 2.1, by (2.6) and (2.7), it
follows that

Xy = [|PX—1)+€(xi—a)ellv
< NPX—1)[ly + [le(x—a)elly
< p||Xt—1”v+Cp+Rz d+|8(xt d>|
1—
< P Xl o P Y Ml )+ R
I-p &
< “lleCo—a—i)| + Re—a—] (P"IXt—nlly — 0)
—p k=0
C
< —"+Zpknt,k, (16)
—P =
where

2d—-1

s
Ri—g=: Z ap Z |€j1—1+1];
=1 j=1

and

2d—1 K

ntk—2Z|ejt Kl + Z alZ|£]t k14115

because of a; = 1, and Y2 = 0 as a > b; For case 2, noting that &(x,_y) = & in this
case, we have

1Xellv < plIXi—tllv+cp +Hi + &, (17)

where

2d—1

=Y aleil
i=1

Similarly to (16), we get

[1X:][y < - p+ZP nlk,
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where
/ 2d—1
Mw =2l + Y, ail&—i—r41-
=2
Hence, for case 1,
P{|IXi[lv > x} < P{5 p+Zp Mokl > x}s (18)
and for case 2,
C nd ’
P{IXillv > 2} < P{sE+ ) pMm el > s (19)
P iz
Therefore, for case 1, since (€1, -, &, ) is independent of (&) 4,, -+ ,&,)" when

t1 # tp, by lemmas 3.1 and 3.2, we have

s 2d-1
P{nx>xt ~ P{2Y lejil >x)+ Z P{ClzZ!%r k11| >x}
=1
2d—1 s

~ ZP{2|8jl Kl >x)+ Z ZP{al"g]t k—l+1] > x}

~ NXBL(X)[zﬁL(x/2>+2dZI B (x/al)]

a
Lx) &' Lk
2d—1
~ NxPLO)[2P + Z af]
=2
as x — oo; For case 2,
, 2d—1
P{n i >x} ~ P{2[g_| >x)+P{ Z ai|& k11| > x}
=2
P
~ P{|3t—k|>2 + ) Plle l+1‘> }
=2
xBoB Zd 1 ) B
~ x P2 L B L —
2d—1
~ xPLx)2P + Z af‘]
=2

as X — oo,
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So, for case 1, by lemmas 3.1-3.2, Assumption A, and Cline’s result (Cline
(1983)),

oo C
P{||X:||y > x} < lim P{Zkzopkntk>X—Tpp}

lim sup <
X—o0 xPL(x) e P> x— Cp}
L NEP Ly af)(x—125)PL(x— 125)
- lim
x—re0 xBL(x)
= NP+ Y )Y o == =2 ),
=2 k=0 —p
For case 2,
li P{IX [y > x} 2P 4y ap
imsup————5—— < ————=—*L
v X PL(x) 1—ph
Since |x;| < ||X;||, it follows that
P P{|X

i XPL(x) T xme  xPL(x)

On the other hand, note that

x| > le(x—a)| — |@(xe—1, %2, s X—q)| > |€(x—a)| — c1]x=1] — co-

Hence
P{lx/| >x} > P{le(xi—a)| —c1lx—1]y —co > x}
> P{le(xi—a)| —c1lxi—1] —co > x,[x 1] < x}
> P{le(x—q)| > (1 +c1)x+co, |x—1| < x}

Therefore, for case 1,

S
P{lx|>x} = Y P{lej| > (1 +ci)x+co,rjm1 <xi—q < rjx—1| <x}
=1

N
= Y P{lep| > (1 4ci)x+co}P{rj-1 <xi—q < rj,|x—1] < x}
=1

> min P(ry-1 <xig <1y bt] <)

17
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N
P{lej| > (1 +c1)x+co} (20)
j=1

Thus, by lemmas 3.1-3.2, we have, for case 1,

. P{x] > x}) . Yo Pllejel > (1+ci)x+co}
liminf ————= > lim
xeo x BL(x) x—yoo xBL(x)
: : ' .
lim 11%1}1_<1SP{rJ_1 <Xp—g <1y x| < x}

= N(1+C1)7B - min P{rj_l <x_q< rj}
1<j<s
= N-(14¢;)7P,

where T =minj<j<,P{rj_1 <x_q <r;}=minj< < frrj?_l f(u)du > 0 by Theorem
2.1; For case 2, noticing that €(x;_4) = &, we have

S
P{lx| >x} = Y P{l&| > (14ci)x+co,|x—1] <x}
j=1
S
= Y P{lal > (1+ci)x+co}P{lx 1| <x}, 1)
j=1
and then
P Pllg 1
iming U > X o PUEL> (Lexteol ppr
X—yo0 x_ﬁL(_x) X—»00 _x_ﬁL(x) X—»00
= (4¢P,

This completes the proof. []
Remark 3.1 Combining (22) and (3.7), we have

N
Y Plleil > (1en)x+co} min Plrjy <xia <] < x}
j=1 ==

oo . c
< Pllal >x) <PLY el >0 720
Jj=0

This inequality shows that x; is light-tailed if {&} are i.i.d. normal. So model (1.1)
turns light-tailed input into light-tailed output, heavy-tailed input into heavy-tailed
output. This feature is similar to that of linear process.
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Remark 3.2 Under the assumption of Theorem 2.1, the coefficients in middle
regimes in model (1.1) do not make any contribution to the existence of the sta-
tionary distribution. However, Theorem 3.1 shows that the innovations in these
regimes may play an important role to the tail index of the stationary distribution.
This is a new and interesting finding.

4 Tail behaviours of stationary distribution for mul-
tiple TAR(p) with heavy-tailed innovations

For the general order case, we can get similar results to the first-order case but in
stronger conditions on autoregressive coefficients.

Theorem 4.1. Suppose model (1.1) satisfies Assumption A and maxi << 25?:1 lij| <
1. Then, for case 1 and case 2, there exist two constants 0 < K; < Ky < oo such
that the stationary distribution of TAR(p) satisfies

P > >
K; SliminfM <limsup ————— Pl x}

<Kj.
e xPL(x) T e xBL(x) T 2

Proof. By using the notations in the proof of Theorem 2.2, we have

1Xelo = PXi—1) +€(xr—a)ells
< NeXi—1)llp +[& el
< plXi-ille +Cp + |&|Cu (Cu = llell)
1_pn n—1
< PMXealls+ o+ Cu ) ple(wia- ]
j=0
C
< 1 pp +Cy ZP & (x—a— j)| (P"IXt—nlly — 0)
Cp j 5
< ITJrCuZP [Z|gi,tfj)|]-
p =0 =1
Then,
oo s
P{[ Xl > x} < )] > x}
j=0 :1
- s _ S
- P J Y I-p
= P{Y p/[Y Il > T (22)
j=0 =1 u

But x| < b, || X5, and then P{|x;| > x} < P{||X;||, > b1x}.
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On the other hand, note that
|xl‘| Z |8(xt—d)| - |(p<x[717xt72,---’xt—m)|
and
Q015525 X m)| < by DX [|n < b7 plIXi—1]lp + b7 '

Then, the result of Theorem 4.1 can be obtained by the same way as that in the
proof of Theorem 3.1.
]

Remark 4.1. From the proofs of Theorem 3.1 and Theorem 4.1, it can be seen
that x, is light-tailed if {&;} are normal. So model (1.1) turns light-tailed input
into light-tailed output, heavy-tailed input into heavy-tailed output. This feature is
similar to that of linear process.

5 The auto-tail-dependence of multiple TAR models
with heavy-tailed innovations

The tail conditional probability
P{|x;,| > x||x,| >x} forlarge x>0

can describe the possibility that an extreme event will occur again at time #, when
such an extreme event has already occurred at time #;. It is very useful in practice,
particularly in financial risk analysis, see Poon, Rockingger, and Tawn (2003). We
call this tail conditional probability the auto-tail-dependence, which is a measure of
possibility that an extreme event causes another extreme event in a time series. Pan
(2002) has discussed tail dependence of ARCH and heavy-tailed Bilinear models.
In this section, based on the main results in section 3 and section 4, we can get the
following upper bound of the tail conditional probability of model (1.1).

Theorem 5.1. Assume the conditions for TAR(1) in Theorem 3.1 and for AR(p)
in Theorem 4.1 are satisfied. Then, the following upper bound for the auto-tail-
dependence of {x;} defined by model (1.1) is true: for any two time points t; < t;,

) K
limsup P{|x;,| > x| |x;,| >x} <1— -1 (23)
X—oo Kz

holds for TAR(1) and TAR(p), where K| and K, are defined as in Theorem 3.1 for
case 1 and case 2, and in Theorem 4.1, respectively.
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Proof. We give the proof for TAR(1) first. Note that, for#; < 1,

P{|x5,| > x, x| > x} = P{|xs,| > x} — P{|xs,| > x, |51, | < x}.

Since

xey | > €, —a)| = [@(xty—1, %2, s Xty —a) | > |€(Xiy—a)| — €1 |x,—1] = co

we have, for case 1,

P{lxn,| > x, x| < x}

> P{le(x,—a| —c1lxn—1| —co > x, x| < x}

> P{|8(xlzfd| _Cl‘x12*1| —Cp > X, ’xl‘zfll <X, ’Xﬁ’ < X}
ZP{|8(xt2—d)| > (1+C1)x+C07|x12—1| < X, |xt1| <x}

S
= ZP{\8]t2| > (14c1)x+co,7j—1 < Xpyeq < 1y [Xp—1| < X531 | < x}
j=1
S

Z {l€jn] > (A +ci)x+co}P{rji—1 <x,—a < rj,|Xep—1] <x,|x, | < x}

)
> min P{r 1 <y < 1y i| Sl <)Y Ple] > (1+en)xao).

j=1
Furthermore, by the stationarity of {x;}, it follows that
P{|xlz| > X, |x11‘ >x}
P{|xy, [ > x}
<o j=1 Pl&jn| > (1 +c1)x+co}
B P{|x | > x}
-min P{rj_1 <Xxyp—q < rj, |x—1] <X, |x | <x}}
1<j<s

But, by Lemma 3.1 and Theorem 3.1,

i Pllgin| > (1+ci)x+co}

liminf

X P{lx,| > x}

S Pllgjn| > (1+c1)x+co}
im
~x—=oo N[(14c1)x+co] PL((14c1)x+¢o)
—B —B

i N[(14cy)x+co] PL((1+c1)x+co) Liminf Nx PL(x)
i Nx—BL(x) = P{|x, | > x}
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: P >
> (1 +Cl)_ﬁN[hIIl>Sup%

K
TKZ'

]—l
>(1+c) PNk =

It follows that

limsup P{|x,,| > x| |x;, | > x}

X—boo
_ limsup P{|xi,| > x, x| > x}
x—yoo P{|xy | > x}
S_ 1 P{l€ir,| > (14c1)x+co
i B Pl > (e
X—r00 P{‘x;l ‘ > X}
- lim lrélji,gsp{rjq <Xpy—d S ) [y —1| <X, x| < x}

<K

sl-%

This completes the proof for case 1.
Now turn to the proof for case 2. For case 2,

P{|xt2| > X, |xt1| Sx}
> P{|e,| > (14c1)x+co, |x,—1] < x,|x, | <x}
S

P{len| > (1+ci)x+cot - Pilxiy—1] < x| | <x}

j=1
Then
P{|xs,| > x, |x,,| > x}
P{x,| > x}
- P{|812|P>{’$1|+>cl;;+co} P{lxe] < x| <]
But

hmlnfp{‘812| > (1+C])X+CO}
X—o0 P{|xy, | > x}
i Pl > (e tao)
X—ro0 [(1+c1)x+co]*5L((1—}—c1)x+co)
[(1+c1)x+c0]’BL((1+c1)x+co)

- lim -liminf

xBL(x)
fad xBL(x) oo P{|x, | > x}
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5.1 Ki
> (1 Bt =21
_( +Cl> 2 K
Therefore

limsup P{|x;,| > x| |x;,| > x}

X—>o0
P{l&,| > (1 K
<1 —timing P> (TFe)xt o) o pn < | <xp<1- KL
x—roo P{|x;,| > x} x—yoo K>

Finally, for TAR(p) with general delay d, we can have, for case 1,

P{lxiy| > x, x| < x}

> 1I<n]i,2§P{rj—1 <-xt2—d < Ty, |x12—1| <Xy 7|xtl+1| <x, |x11| SX}
N

P{l€ji,| > (1+c1+-+cp)x+co}s
j=l1

for case 2,

P{’xQ’ > X, |xt1| Sx} > P{|xfz—1’ <X 7’xt1+1‘ <x, ’xH’ Sx}
P{l&,| > (1+c1+-+cp)x+co},

where ¢; = max < j<s|@ji|,i = 1,...,s. Then, by the same way as above for TAR(1),
we obtain (5.1) for TAR(p). L]

6 Concluding remarks

Threshold AR models have been widely used in applications. However, their tail
behaviours have rarely been studied. This paper tries to fill in this gap. In this
paper, the tail probability and tail dependence of this type of model are studied.
There are important questions remaining open: How to estimate beta in Theorem
3.1 and Theorem 4.1? How sharp is the upper bound 1 — K; /K, in Theorem 5.1?
These questions are worthy of further research.
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