
6BM +QMi`QH 7Q` b?BT `QHH KQiBQM bi�#BHBb�iBQM #�b2/ QM Q#b2`p2`
2M?�M+2/ JS* rBi? /Bbim`#�M+2 `�i2 +QKT2Mb�iBQM

Ab�? �#/mH`�b?22/ CBKQ?∗- A#`�?BK "2FH�M EɃÏɃF/2KB`�H- :2`�BMi "2p�M
a+?QQH Q7 *QKTmiBM;- 1M;BM22`BM; �M/ "mBHi 1MpB`QMK2Mi- :H�b;Qr *�H2/QMB�M lMBp2`bBiv- dy *Qr+�//2Mb

_/- :9 y"�- :H�b;Qr- lEX

�#bi`�+i

AM i?Bb T�T2`- � /Bbim`#�M+2 Q#b2`p2` 2M?�M+2/ KQ/2H T`2/B+iBp2 +QMi`QHH2` UJS*V r?B+?
+QKT2Mb�i2b 7Q` i?2 r�p2@BM/m+2/ /Bbim`#�M+2 K�;MBim/2 �M/ `�i2 Bb T`QTQb2/ 7Q` i?2 b?BT
`QHH KQiBQM bi�#BHBb�iBQM T`Q#H2KX h?2 p2HQ+Biv KQ/2H Q7 i?2 b?BT `QHH KQiBQM Bb mb2/ BM i?2
+QMi`QHH2` /2bB;M iQ ?�M/H2 bHQrHv p�`vBM; KQ/2HHBM; mM+2`i�BMiB2b �M/ 2ti2`M�H /Bbim`#�M+2bX
h?2 `�i2 Q7 +?�M;2 Q7 i?2 /Bbim`#�M+2b BM/m+2/ #v r�p2b Bb i?2M �ii2Mm�i2/ #v 7Q`KmH�i@
BM; � +QMi`QH BMTmi i?�i BM+Q`TQ`�i2b i?2 2biBK�i2/ /Bbim`#�M+2 `�i2 bm+? i?�i Bi Bb �Hr�vb
BM QTTQbBiBQM iQ i?2 `�i2 Q7 i?2 2MpB`QMK2Mi�H /Bbim`#�M+2bX h?2 /Bbim`#�M+2 2biBK�iBQM
r�b �+?B2p2/ #v /2bB;MBM; �M Q#b2`p2` #�b2/ QM +QMp2t QTiBKBb�iBQM 7Q`KmH�i2/ �b �M H2

KBMBKBb�iBQM T`Q#H2KX LmK2`B+�H bBKmH�iBQM bim/B2b- mM/2` p�`BQmb +QM/BiBQMb Q7 i?2 b2�-
b?Qr2/ i?2 2z2+iBp2M2bb Q7 i?2 T`QTQb2/ JS* b+?2K2 BM `2/m+BM; i?2 mM/2bB`2/ b?BT `QHH
KQiBQM BM/m+2/ #v b2� r�p2bX
E2vrQ`/b, a?BT _QHH ai�#BHBb�iBQM- 6BM ai�#BHBb2`- JQ/2H S`2/B+iBp2 *QMi`QH- .Bbim`#�M+2
_2D2+iBQM- .Bbim`#�M+2 _�i2 *QKT2Mb�iBQM

RX AMi`Q/m+iBQM

_QHH bi�#BHBb�iBQM Bb QM2 Q7 i?2 KQbi bim/B2/ T`Q#H2Kb BM b?BT +QMi`QH #2+�mb2 Q7 i?2 /�M;2`
TQb2/ #v `QHHBM; KQiBQMb i?�i �`2 BM/m+2/ #v Q+2�M r�p2b BM ?B;? b2�bX h?2 /�M;2` TQb2/ #v
i?2 r�p2@BM/m+2/ KQiBQMb i?`2�i2Mb i?2 +QK7Q`i Q7 +`2r K2K#2`b �M/ Qp2`�HH +�`;Q b�72ivX
>2M+2- K2�bm`2b �`2 mbm�HHv i�F2M 7`QK i?2 /2bB;M bi�;2 iQ �+?B2p2 b?BT `QHH bi�#BHBb�iBQM �M/

!*Q``2bTQM/BM; �mi?Q`X
1K�BH �//`2bb, BDBKQ?kyy!+�H2/QMB�MX�+XmF UAb�? �#/mH`�b?22/ CBKQ?VX

S`2T`BMi bm#KBii2/ iQ P+2�M 1M;BM22`BM; C�Mm�`v kN- kykR
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i?Bb ;2M2`�HHv BMpQHp2b BM+`2�bBM; i?2 M�im`�H `QHH T2`BQ/ Q7 b?BTbX S2`2x UkyyeV TQBMi2/ Qmi
i?�i /2bTBi2 2zQ`ib ;2�`2/ iQr�`/b 2ti2M/BM; i?2 M�im`�H `QHHBM; T2`BQ/ Q7 i?2 p2bb2H- r�p2@
BM/m+2/ KQiBQM Bb �Hr�vb T`2b2Mi mM/2` +2`i�BM b�BHBM; +QM/BiBQMbX hQ 2Mbm`2 b�72 QT2`�iBQM Q7
p2bb2Hb BM i?2b2 +QM/BiBQMb- b2p2`�H `QHH bi�#BHBb�iBQM /2pB+2b BM+Hm/BM; �MiB`QHH i�MFb- `m//2`-
}Mb- #BH;2 F22Hb- 2i+X �M/ i?2B` �bbQ+B�i2/ +QMi`QH bvbi2Kb ?�p2 #22M /2p2HQT2/ U"�bbH2` �M/
_22/- kyyNc A`F�H 2i �HX- kyRNc GB 2i �HX- kyRec GBm 2i �HX- kykyVX *QKT`2?2MbBp2 `2pB2rb Q7
i?2 /2p2HQTK2Mi Q7 bi�#BHBbBM; +QMi`QH /2bB;M 7Q` b?BT `QHH KQiBQM r2`2 /QM2 #v S2`2x UkyyeV
�M/ EmH� UkyR8VX

�+iBp2 }M bi�#BHBb2`b �`2 rB/2Hv mb2/ BM T`�+iB+�H �TTHB+�iBQMb Q7 `QHH KQiBQM bi�#BHBb�iBQM
2bT2+B�HHv BM ?B;?@bT22/ p2bb2Hb �M/ �`2 p2`v �ii`�+iBp2 #2+�mb2 Q7 i?2B` ;QQ/ T2`7Q`K�M+2
BM `QHH KQiBQM `2/m+iBQM �M/ `2H�iBp2Hv 2�bv +QMi`QH /2bB;M US2`2x- kyyeVX aBKTH2 SA. +QM@
i`QHH2`b /2p2HQT2/ mbBM; +H�bbB+�H +QMi`QH i?2Q`v +�M #2 mb2/ iQ bi�#BHBb2 `QHH mbBM; �+iBp2 }Mb
Uam`2M/`�M 2i �HX- kyydVX �Hi?Qm;? i?2b2 +QMi`QHH2`b �`2 2�bv iQ /2bB;M �M/ BKTH2K2Mi- i?2v
+�M QMHv #2 mb2/ mM/2` `2bi`B+i2/ 2MpB`QMK2Mi�H +QM/BiBQMb �M/ 7Q` � `2bi`B+i2/ +H�bb Q7 b?BTb
U*`QbbH�M/- kyyjVX h?Bb Bb #2+�mb2 � +QMi`QHH2` i?�i +�MMQi �/�Ti iQ +?�M;2b BM 2MpB`QM@
K2Mi�H +QM/BiBQMb `2bmHiBM; BM MQMHBM2�` /vM�KB+b K�v `2bmHi BM `QHH KQiBQM �KTHB}+�iBQM
BMbi2�/ Q7 `2/m+iBQM US2`2x �M/ "H�MF2- kyRkVX JQ`2Qp2`- i?2`2 Bb � M22/ iQ +QMbB/2` bvbi2K
+QMbi`�BMib /m`BM; /2bB;M bBM+2 Bi Bb mbm�HHv /2bB`2/ iQ 2Mbm`2 i?�i i?2 �KTHBim/2 �M/ `�i2
Q7 i?2 }M �+im�iQ` �M/ 2p2M i?�i Q7 i?2 2z2+iBp2 �M;H2 Q7 �ii�+F Q7 i?2 }Mb /Q MQi 2t+22/ �
+2`i�BM i?`2b?QH/ �M;H2 �M/ �M;mH�` p2HQ+Biv UGBm 2i �HX- kyRRc S2`2x �M/ :QQ/rBM- kyy3VX

AM ?�M/HBM; i?2 +?�HH2M;2b TQb2/ #v i?2 r�p2@BM/m+2/ MQMHBM2�` /vM�KB+b- KQ/2H mM+2`@
i�BMiB2b- �M/ 2ti2`M�H /Bbim`#�M+2b BM `QHH /vM�KB+b- /Bz2`2Mi �/p�M+2/ +QMi`QH b+?2K2b ?�p2
#22M T`QTQb2/X a?�`B7 2i �HX URNN8V T`QTQb2/ � KmHiBp�`B�#H2 �TT`Q�+? r?2`2 }M �M/ `m//2`
r2`2 bBKmHi�M2QmbHv +QMbB/2`2/ 7Q` i?2 `2/m+iBQM Q7 r�p2@BM/m+2/ `QHH KQiBQMbX �Hi?Qm;?
i?2 �TT`Q�+? `2bmHib BM ;QQ/ �MiB@`QHHBM; }M T2`7Q`K�M+2- Bi BKTQb2b bi`B+i `2[mB`2K2Mi QM
i?2 `m//2` r?B+? BM/m+2b bB;MB}+�Mi r2�`BM; Q7 i?2 /2pB+2X AM >B+F2v 2i �HX URNNd- RNN8V- H∞

/2bB;M �TT`Q�+? r�b T`QTQb2/ 7Q` `QHH bi�#BHBb�iBQMX >BMQbi`Qx� 2i �HX UkyR8V 2KTHQv2/ H∞

+QMi`QH iQ bi�#BHBb2 `QHH@}M /vM�KB+b r?2`2 L2 ;�BM r�b mb2/ iQ ;m�`�Mi22 i?2 `Q#mbiM2bb
Q7 i?2 +QMi`QHH2`X h?2 +?�HH2M;2 rBi? i?2 K2i?Q/b Bb i?�i i?2 }M �+im�iQ` +QMbi`�BMib r2`2
MQi +QMbB/2`2/X JQ`2 `2+2MiHv- Emb2v`B UkykyV mb2/ H∞ +QMi`QH BM b?BT `QHH bi�#BHBb�iBQM-
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?Qr2p2`- i?2 K2i?Q/ r�b #�b2/ QM � ;v`Qb+QTB+ /2pB+2X 6mxxv HQ;B+ #�b2/ +QMi`QHH2`b ?�p2
�HbQ #22M T`QTQb2/ 7Q` }M bi�#BHBb2`b Uam`2M/`�M �M/ EB`�M- kyydc amiiQM 2i �HX- RNNyVX h?2
+QMi`QH K2i?Q/ r�b mb2/ 7Q` iBK2@/2H�v b?BT `QHH bi�#BHBb�iBQM BM U"�B- kyR9VX Pi?2` BMi2H@
HB;2Mi +QMi`QHH2`b #�b2/ QM M2m`�H M2irQ`Fb ULLbV ?�p2 �HbQ #22M /2p2HQT2/ 7Q` b?BT `QHH
KQiBQM bi�#BHBb�iBQM mbBM; }M bi�#BHBb2`b U"�B 2i �HX- kyRjc GB 2i �HX- kyRec q�M; 2i �HX- kyRkVX
�Hi?Qm;? GB 2i �HX UkyReV +QMbB/2`2/ QmiTmi +QMbi`�BMi- i?2 +QMi`QHH2`b ;2M2`�HHv 7�BH iQ +QM@
bB/2` i?2 T?vbB+�H HBKBi�iBQM Q7 i?2 }M �M;H2 K�;MBim/2 �M/ `�i2X amM 2i �HX UkyR3V mb2/ �
_�/B�H "�bBb 6mM+iBQM LL �TT`Q�+? iQ /2bB;M �M �/�TiBp2 +QMi`QH 7Q` HB7i@722/#�+F bvbi2K
Q7 }M bi�#BHBb2`b BM Q`/2` iQ T`2p2Mi �MiB@`QHHBM;X �i i?Bb TQBMi- Bi Bb BKTQ`i�Mi iQ MQi2 i?�i
7Q` � +QMi`QHH2` iQ ;m�`�Mi22 i?2 b�72iv Q7 � /vM�KB+ bvbi2K- Bi b?QmH/ #2 /2i2`KBMBbiB+ bQ
i?�i Bi Bb TQbbB#H2 iQ p�HB/�i2 b�72 QT2`�iBQM mM/2` �HH +QM/BiBQMbX aBM+2 M2m`�H M2irQ`F@#�b2/
+QMi`QH b+?2K2b +�M #2 biQ+?�biB+ BM M�im`2- Bi Bb BKTQ`i�Mi iQ Tmi i?Bb BMiQ +QMbB/2`�iBQM
r?2M /2bB;MBM; bm+? +QMi`QHH2`b 7Q` `QHH `2/m+iBQM bBM+2 b�BHBM; +QM/BiBQMb p�`v bB;MB}+�MiHvX

P#i�BMBM; QTiBKmK T2`7Q`K�M+2 BM i?2 +QMi`QH Q7 /vM�KB+ bvbi2Kb Bb mbm�HHv /2bB`�#H2X
AM i?2 bi�#BHBb�iBQM Q7 b?BT `QHH KQiBQM- HBM2�` [m�/`�iB+ `2;mH�iQ` UGZ_V �M/ KQ/2H T`2/B+@
iBp2 +QMi`QH UJS*V �H;Q`Bi?Kb �`2 i?2 irQ K�BM QTiBK�H +QMi`QH K2i?Q/b mb2/X 6Q`imM�
�M/ Jmb+�iQ URNNeV T`QTQb2/ �M �/�TiBp2 HBM2�` [m�/`�iB+ UGZV +QKT2Mb�iQ` i?�i �+?B2p2b
�/�Ti�iBQM pB� � KmHiBH�v2` T2`+2Ti`QM M2m`�H M2irQ`FX S�b+Q�H 2i �HX Ukyy8V T`QTQb2/ �
HBM2�` [m�/`�iB+ `2;mH�iQ` 722/#�+F K2+?�MBbK i?�i Bb +QmTH2/ rBi? /Bbim`#�M+2 722/7Q`r�`/
r?BH2 G22 2i �HX UkyRRV +QK#BM2/ �M GZ_ +QMi`QHH2` rBi? TQ/ T`QT2HH2`X AM �//BiBQM iQ
T`QpB/BM; QTiBK�H Q` bm#@QTiBK�H T2`7Q`K�M+2 �M/ 2z2+iBp2 ?�M/HBM; Q7 MQMHBM2�`BiB2b- JS*
T`QpB/2b � KQ`2 M�im`�H �TT`Q�+? iQ ?�M/H2 bvbi2K +QMbi`�BMib r?2M +QKT�`2/ iQ Qi?2`
+QMi`QH b+?2K2b UBM+Hm/BM; GZ_V i?�i ?�p2 #22M T`QTQb2/ 7Q` b?BT `QHH KQiBQM bi�#BHBb�iBQMX
h?Bb Bb /m2 iQ i?2 7�+i i?�i i?2 +QMi`QH �+iBQM Bb +QKTmi2/ #v +QMbB/2`BM; i?2 +QMbi`�BMib
+QM/BiBQMbX *QMi`QH b+?2K2b bm+? �b GZ_ �M/ SA.- r?2`2 b�im`�iBQM #HQ+Fb �`2 mb2/ iQ
BKTH2K2Mi i?2 BMTmif`�i2 +QMbi`�BMib- rQmH/ ;2M2`�HHv `2bmHi BM ?B;?2` Qb+BHH�iBQMb r?2M
BMTmif`�i2 b�im`�iBQM Q++m`bX h?Bb Bb #2+�mb2 i?2 TH�MMBM; Q7 i?2 +QMi`QH �+iBQM #v i?2 +QM@
i`QHH2`b /Q2b MQi Tmi i?2 +QMbi`�BMib BMiQ +QMbB/2`�iBQMX J�H2FBx�/2 2i �HX UkyReV /2p2HQT2/
�M JS* b+?2K2 #�b2/ QM HBM2�` K�i`Bt BM2[m�HBiB2b UGJAbV rBi? QT2`�iBQM�H +QMbi`�BMib 7Q`
i?2 `2/m+iBQM Q7 `QHH �M;H2 �M/ `QHH `�i2 Q7 b?BTb pB� }M bi�#BHBb2`bX S2`2x �M/ :QQ/rBM Ukyy3V
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/2p2HQT2/ � +QMbi`�BM2/ JS* 7Q` }M bi�#BHBb2` iQ T`2p2Mi /vM�KB+ bi�HHX AM i?2 rQ`F- JS*
r�b �HbQ mb2/ iQ Q#i�BM �M �/�TiBp2 bi`�i2;v iQ /2�H rBi? p�`B�iBQM BM b�BHBM; +QM/BiBQMb �M/
b2� bi�i2b #v /2p2HQTBM; � r�p2 /Bbim`#�M+2 KQ/2H iQ T`2/B+i r�p2@BM/m+2/ KQiBQMb r?B+?
r2`2 i?2M 2K#2//2/ BM i?2 JS* 7`�K2rQ`FX S2`2x �M/ :QQ/rBM Ukyy3V i?2M mT/�i2/ i?2
/Bbim`#�M+2 KQ/2H r?2M2p2` b�BHBM; +QM/BiBQMb +?�M;2b Q` 2p2`v ky KBMmi2b B7 MQ +?�M;2
r�b `2+Q`/2/X GBm 2i �HX UkyRRV MQi2/ i?�i i?2 `�i2 Q7 mT/�i2 Bb MQi bmBi�#H2 7Q` 7�bi 72``B2b
�M/ M�p�H p2bb2Hb �M/ ?2M+2- i?2v T`QTQb2/ � K2i?Q/ i?�i mb2b � r�p2@BM/m+2/ 7Q`+2 KQ/2H
`�i?2` i?�M i?2 r�p2@BM/m+2/ KQiBQM KQ/2HX h?2v i?2M 2KTHQv2/ �M �miQ@`2;`2bbBp2 KQ/2H
7Q` �/�TiBp2 r�p2 /Bbim`#�M+2 B/2MiB}+�iBQM iQ �pQB/ T2`7Q`K�M+2 /2;`�/�iBQM `2bmHiBM; 7`QK
KQ/2H mM+2`i�BMiB2bX LQM2 i?2 H2bb- i?2 2z2+iBp2M2bb Q7 i?2 +QMi`QHH2`b UGBm 2i �HX- kyRRc S2`2x
�M/ :QQ/rBM- kyy3V `2Hv QM i?2 �++m`�+v Q7 i?2 r�p2 /Bbim`#�M+2 KQ/2H r?B+? Bb /B{+mHi
iQ T`2+Bb2Hv KQ/2H BM T`�+iB+2X JQ`2Qp2`- i?2 �++m`�+v Q7 i?2 /Bbim`#�M+2 T`2/B+iBQM Bb /2@
TH2i2/ #v b?BT KQ/2HHBM; mM+2`i�BMiB2b 2p2M i?Qm;? i?Bb 2z2+i Bb KQ`2 T`QMQmM+2/ BM i?2
bmT2`TQbBiBQM �TT`Q�+? Q7 S2`2x �M/ :QQ/rBM Ukyy3VX

AM i?Bb T�T2`- � p2HQ+Biv KQ/2H #�b2/ JS* Bb T`QTQb2/ 7Q` `QHH KQiBQM bi�#BHBb�iBQMX �H@
i?Qm;? Em+mF/2KB`�H 2i �HX UkyRNV T`QpB/2/ /2i�BH2/ K�i?2K�iB+�H KQ/2HHBM; Q7 i?2 p2`iB+�H
KQiBQM Q7 � b?BT- i?2v mb2/ i?2 i`�/BiBQM�H p2HQ+Biv 7Q`K JS* 7Q` B``2;mH�` r�p2b /Bbim`#�M+2
`2D2+iBQM r?B+? �TT2�`b M�Bp2 bBM+2 +QMbi�Mi Q` bHQrHv@p�`vBM; /Bbim`#�M+2b �`2 �bbmK2/ BM
i?2 +QMi`QHH2` 7Q`KmH�iBQMX h?2 T`QTQb2/ p2HQ+Biv 7Q`K BM i?Bb rQ`F Bb 2M?�M+2/ #v � /Bbim`@
#�M+2 Q#b2`p2` 7Q` i?2 +QKT2Mb�iBQM Q7 2MpB`QMK2Mi�H /Bbim`#�M+2b �z2+iBM; i?2 b?BT `QHH
KQiBQMX 6Q` Qzb2i@7`22 KQ/2H@#�b2/ T`2/B+iBp2 +QMi`QH BM i?2 T`2b2M+2 Q7 KQ/2HHBM; 2``Q`b
�M/ 2ti2`M�H /Bbim`#�M+2b- `2+2Mi }M/BM;b UCBKQ? 2i �HX- kykyc S�MMQ++?B� 2i �HX- kyR8V ?�p2
2bi�#HBb?2/ i?�i i?2 p2HQ+Biv KQ/2H Bb 2[mBp�H2Mi iQ T�`iB+mH�` +?QB+2b Q7 i?2 ;2M2`�H �TT`Q�+?
@ /Bbim`#�M+2 KQ/2H THmb Q#b2`p2`X hQ BKT`Qp2 i?2 T2`7Q`K�M+2 Q7 i?2 +QMp2MiBQM�H p2HQ+@
Biv KQ/2H- 2biBK�i2/ /Bbim`#�M+2 BM+`2K2Mi Bb BM+Q`TQ`�i2/ BMiQ i?2 +QMi`QH H�r iQ 7m`i?2`
`2/m+2 i?2 2z2+i Q7 i?2 �+im�H r�p2 /Bbim`#�M+2 BM+`2K2MiX hQ �+?B2p2 i?Bb- � +QMi`QH bB;M�H
rBi? irQ /2;`22b Q7 7`22/QK Bb 2KTHQv2/ #v KQ/B7vBM; JS* +Qbi 7mM+iBQM iQ BM+Hm/2 � i2`K
i?�i KBKB+b /Bbim`#�M+2 p2HQ+BivX h?2 +QKTmi2/ QTiBK�H /Bbim`#�M+2 p2HQ+Biv �HHQrb 7Q` i?2
�/DmbiK2Mi Q7 i?2 +QMi`QH bB;M�H iQ BM+Hm/2 i?2 2biBK�i2/ r�p2 /Bbim`#�M+2 BM+`2K2Mi bm+?
i?�i Bi Bb �Hr�vb BM QTTQbBiBQM iQ i?2 p2HQ+Biv Q7 i?2 �+im�H r�p2 /Bbim`#�M+2bX hQ 2biBK�i2
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i?2 mMK2�bm`�#H2 r�p2 BMTmi /Bbim`#�M+2b- � +QK#BM2/ bi�i2 �M/ /Bbim`#�M+2 Q#b2`p2` bBKB@
H�` iQ i?�i T`QTQb2/ BM S�MMQ++?B� �M/ _�rHBM;b UkyyjV Bb /2bB;M2/X h?2 T`QTQb2/ /vM�KB+
Q#b2`p2` ;�BM Bb Q#i�BM2/ #v bQHpBM; �M �TT`QT`B�i2 /Bb+`2i2@iBK2 H2 KBMBKBb�iBQM T`Q#H2KX
h?2`27Q`2- i?2 K�BM +QMi`B#miBQMb Q7 i?Bb T�T2` iQ i?2 HBi2`�im`2 �`2 bmKK�`Bb2/ �b 7QHHQrb,

Ç �M JS* �H;Q`Bi?K i?�i �ii2Mm�i2b i?2 `�i2 Q7 +?�M;2 Q7 i?2 r�p2@BM/m+2/ /Bbim`@
#�M+2b Bb T`QTQb2/ 7Q` b?BT `QHH KQiBQM bi�#BHBb�iBQMX hQ 2Mbm`2 i?�i KQ/2HHBM; 2``Q`b
�M/ K�;MBim/2 Q7 i?2 /Bbim`#�M+2b ?�p2 KBMBKmK BKT�+i QM i?2 +QMi`QH K2i?Q/- i?2
BM+`2K2Mi�H 7Q`K Q7 i?2 b?BT KQ/2H Bb mb2/ bm+? i?�i +QMbi�Mi Q` bHQrHv p�`vBM; mM@
+2`i�BM T�`�K2i2`b �`2 2HBKBM�i2/ BM 2�+? b�KTHBM; BMbi�MiX

Ç h?2 T`QTQb2/ T`2/B+iBp2 +QMi`QHH2` `2HB2b QM � bBM;H2@bi2T 2biBK�iBQM Q7 i?2 r�p2@
BM/m+2/ /Bbim`#�M+2 �M/ �pQB/b i?2 M22/ 7Q` � r�p2 KQ/2H #�b2/ /Bbim`#�M+2 T`2/B+iBQM
�b BM i?2 JS* T`QTQb2/ #v S2`2x �M/ :QQ/rBM Ukyy3V �M/ GBm 2i �HX UkyRRV 7Q` `QHH
KQiBQM bi�#BHBb�iBQMX

Ç h?2 T`QTQb2/ +QMi`QHH2` 7Q` `QHH bi�#BHBb�iBQM r�b b?QrM iQ #2 `Q#mbiHv �bvKTiQiB+�HHv
bi�#H2 bBM+2 i?2 K2i?Q/ `2/m+2b i?2 mM+2`i�BM /Bbim`#�M+2b iQ � +QKT�+i �M/ #QmM/2/
b2iX

h?Bb T�T2` Bb Q`;�MBb2/ �b 7QHHQrbX a2+iBQM k T`2b2Mib i?2 K�i?2K�iB+�H MQMHBM2�` KQ/2H
Q7 i?2 `QHH /vM�KB+b �M/ i?2 p2HQ+Biv 7Q`K `2T`2b2Mi�iBQMX AM a2+iBQM j- i?2 +QMi`QHH2` /2bB;M
/2i�BHb BM+Hm/BM; +QMbi`�BMib ?�M/HBM; �`2 ;Bp2MX AM a2+iBQM 9- Q#b2`p2` /2bB;M Bb ;Bp2M 7Q`
/Bbim`#�M+2 BM/m+2/ #v r�p2b 2biBK�iBQMX a2+iBQM 8 ;Bp2b �M �M�HvbBb Q7 i?2 bi�#BHBiv Q7 i?2
T`QTQb2/ +QMi`QHH2` �M/ MmK2`B+�H bBKmH�iBQM Bb `2TQ`i2/ BM a2+iBQM e iQ /2KQMbi`�i2 i?2
2z2+iBp2M2bb Q7 i?2 +QMi`QH b+?2K2X h?2 MmK2`B+�H bBKmH�iBQM `2bmHib �`2 /Bb+mbb2/ BM a2+iBQM
d r?BH2 +QM+Hm/BM; `2K�`Fb �`2 ;Bp2M BM i?2 H�bi b2+iBQMX
LQi�iBQMbX AM /2b+`B#BM; � bvKK2i`B+ K�i`Bt X- X ≺ 0 �M/ X " 0 `2T`2b2Mi M2;�iBp2
/2}MBi2 �M/ TQbBiBp2 /2}MBi2- `2bT2+iBp2HvX aBKBH�`Hv- X # 0 �M/ X $ 0 BM/B+�i2b i?�i X Bb
`2bT2+iBp2Hv M2;�iBp2 b2KB@/2}MBi2 K�i`Bt �M/ TQbBiBp2 b2KB@/2}MBi2 K�i`BtX h?2 MQi�iBQM
(·)T Bb mb2/ iQ /2MQi2 i?2 i`�MbTQb2 Q7 K�i`Bt Q` p2+iQ` (·)- �M/ i`U·V `2T`2b2Mib i?2 i`�+2
Q7 � b[m�`2 K�i`Bt U·VX � K�i`Bt 2H2K2Mi /2MQi2/ ! BKTHB2b i?�i Bi Bb i?2 i`�MbTQb2 Q7 i?2
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+Q``2bTQM/BM; bvKK2i`B+ 2H2K2MiX A ! B K2�Mb i?2 /2}MBiBQM Q7 A Bb BX A Bb /B`2+iHv
T`QTQ`iBQM�H iQ " Bb r`Bii2M �b A ∝ B �M/ #HF/B�; {x1, . . . , xN} `2im`Mb � #HQ+F@/B�;QM�H
K�i`BtX In `2T`2b2Mib �M B/2MiBiv K�i`Bt Q7 bBx2 n × nX a ≤ b /2b+`B#2b � +QKTQM2Mi@rBb2
BM2[m�HBiv #2ir22M p2+iQ`b a �M/ bX N Bb i?2 b2i Q7 M�im`�H MmK#2`b- N+ Bb i?2 b2i Q7 TQbBiBp2
M�im`�H MmK#2`b �M/ R /2MQi2b i?2 b2i Q7 `2�H MmK#2`bX Rn b?Qrb � n@/BK2MbBQM�H `2�H
p2+iQ` �M/ Rn×m `2T`2b2Mib � n×m `2�H K�i`BtX

kX S`2HBKBM�`B2b �M/ T`Q#H2K 7Q`KmH�iBQM

kXRX .2b+`BTiBQM Q7 i?2 b?BT `QHH /vM�KB+b

h?2 ;2M2`�H KQ/2H /2b+`B#BM; i?2 KQiBQM Q7 � K�`BM2 p2bb2H i�F2b BMiQ +QMbB/2`�iBQM
bm`;2- br�v- ?2�p2- `QHH- TBi+? �M/ v�rX AM T`�+iB+2- i?2 bBt /2;`22@Q7@7`22/QK Ue.P6V KQ/2H
Bb mbm�HHv `2/m+2/X AM i?2 bim/v Q7 `QHH KQiBQM /vM�KB+b- 9.P6 Q` R.P6 Bb Q7i2M mb2/
U>BMQbi`Qx� 2i �HX- kyR8VX h?2 R.P6 KQ/2H +QMbB/2`b QMHv i?2 `QHH KQiBQM /vM�KB+b �M/
i?Bb KQ/2H rBHH #2 mb2/ BM i?Bb bim/v �b BM K�Mv T`2pBQmb bim/B2b U>BMQbi`Qx� 2i �HX- kyR8c
GBm 2i �HX- kyRRc S2`2x �M/ :QQ/rBM- kyy3VX AM i?Bb T�T2`- r2 rBHH +QMbB/2` i?2 MQMHBM2�`
KQ/2H Q7 � b?BT rBi? bQK2 bBKTHB}+�iBQMb #v M2;H2+iBM; i?2 }7i?@Q`/2` i2`K Q7 i?2 `QHH �M;H2
�b BM am`2M/`�M 2i �HX UkyydVX h?Bb 7Q`K Q7 bBKTHB}+�iBQM r�b �HbQ �/QTi2/ BM GB 2i �HX UkyReV
�M/ #v /2}MBM; x = [φ p]T - i?2 MQMHBM2�` KQ/2H +�M #2 /2b+`B#2/ �b 7QHHQrb,






φ̇ = p

ṗ = f(φ, p) + bα +MW

y = x

URV

r?2`2 φ[rad] Bb i?2 `QHH �M;H2- p = φ̇[rad/s] Bb i?2 `QHH `�i2 �M/ α[rad] Bb i?2 }M bi�#BHBb2`
bi22`BM; �M;H2- i?�i Bb- i?2 +QMi`QH BMTmiX h?2 b?BT `QHH /vM�KB+ Bb `2T`2b2Mi2/ #v f(φ, φ̇)-
MW Bb i?2 r�p2@BM/m+2/ KQK2Mib �+iBM; QM i?2 b?BT T2` mMBi BM2`iB� KQK2Mib �M/ bα = MC

/2MQi2b i?2 +QMi`QH KQK2Mib T2` mMBi BM2`iB� KQK2Mib `2bmHiBM; 7`QK i?2 }M bi�#BHBb2`X h?2
}M bi�#BHBb2` ;2M2`�i2/ +QMi`QH KQK2Mi T2` mMBi BM2`iB� KQK2Mib +�M #2 2tTHB+BiHv ;Bp2M �b

MC = −ρU2Af lfCα
L

IXX + JXX
α, UkV
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r?BH2 i?2 b?BT `QHH /vM�KB+b �`2 ;Bp2M #v

f(φ, φ̇) = a1φ+ a2φ
3 + a3φ̇+ a4φ̇|φ̇|, UjV

r?2`2
a1 = − Th

IXX + JXX
, a2 =

Th

φ2
v(IXX + JXX)

,

a3 = − DN

IXX + JXX
−

ρU2Af l2fC
α
L

(IXX + JXX)U
, a4 = − DW

IXX + JXX
,

DN =
2n1

√
Th(IXX + JXX)

π
, DW =

3n2(IXX + JXX)

4
,

IXX + JXX =
TB2

s

g

(
0.3085 +

0.0227Bs

d
− 0.00043L

100

)2

,

�M/ IXX �M/ JXX �`2 i?2 K�bb KQK2Mi Q7 BM2`iB� 7Q` `QHH �M/ i?2 �//2/ K�bb KQK2Mi Q7
BM2`iB�- `2bT2+iBp2Hv U�Hi2`M�iBp2Hv `272``2/ iQ �b i?2 BM2`iB� KQK2MibVX DN �M/ DW �`2 i?2
HBM2�` �M/ MQMHBM2�` /�KTBM; KQK2Mib Q7 `QHH KQiBQMX T [tonne] Bb i?2 /BbTH�+2K2Mi Q7 i?2
b?BTc h[m] /2MQi2b i?2 BMBiB�H K2i�+2Mi`B+ ?2B;?ic φv[rad] Bb i?2 b?BT ~QQ/BM; �M;H2c L[m] Bb
i?2 b?BTǶb H2M;i? #2ir22M Bib T2`T2M/B+mH�`bc Bs[m] Bb i?2 rB/i? Q7 i?2 b?BTc ds[m] Bb i?2
b?BTǶb /`�m;?ic n1 �M/ n2 �`2 i2bi +Q2{+B2MibX h?2 �++2H2`�iBQM /m2 iQ ;`�pBiv Bb /2MQi2/
g[m/s2]c ρ[kg/m3] Bb r�i2` /2MbBivc U [m/s] Bb 7Q`r�`/ b?BT bT22/c Cα

L Bb i?2 `�i2 Q7 +?�M;2 Q7
HB7i +Q2{+B2Mi rBi? `2bT2+i iQ αc Af [m2] Bb i?2 }M �`2�c lf [m] `2T`2b2Mib i?2 KQK2Mi �`K Q7
i?2 }M bi�#BHBb2`X

�Hi?Qm;? GB 2i �HX UkyReV +QMbB/2`2/ i?2 MQMHBM2�` KQ/2H /2b+`B#2/ #v URV- i?2v +QMbB/2`2/
QMHv QmiTmi +QMbi`�BMibc ?Qr2p2`- Bi Bb �`;m�#H2 i?�i i?2 BMTmi �M/ `�i2 +QMbi`�BMib �`2 KQ`2
BKTQ`i�Mi #2+�mb2 i?2 }M �M;H2 �M/ �M;mH�` p2HQ+Biv r?B+? /2i2`KBM2b i?2 2z2+iBp2M2bb Q7
i?2 +QMi`QHH2` Bb HBKBi2/ BM T`�+iB+2X

kXkX q�p2 /Bbim`#�M+2 KQ/2H

h?2 bi�M/�`/ T`�+iB+2 BM i?2 KQ/2HHBM; Q7 r�p2@BM/m+2/ /Bbim`#�M+2b �+iBM; QM � b?BT Bb
iQ KQ/2H i?2 b2� r�p2b �b � biQ+?�biB+ T`Q+2bb U6Qbb2M- kyRRVX h?Bb K2i?Q/ +?�`�+i2`Bb2b i?2
b2� r�p2b 7`2[m2M+v #v � TQr2` bT2+i`�H /2MbBiv USa.VX AM i?Bb T�T2`- i?2 r�p2 bT2+i`mK
7Q`KmH�i2/ #v SB2`bQM C` �M/ JQbFQrBix URNe9V Bb 2KTHQv2/X h?2 r�p2 bT2+i`�H 7Q`KmH�iBQM
r�b +QM+2Bp2/ 7Q` 7mHHv /2p2HQT2/ rBM/@;2M2`�i2/ b2�b BM i?2 LQ`i? �iH�MiB+ P+2�M �b 7QHHQrb,
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S(ω) = Agω
−5 exp(−Bwvω

−4) [m2s] U9V

AM i?2 �#Qp2- Ag = 8.1 × 10−3g2 �M/ Bwv = 3.14/H2
s - r?2`2 Hs[m] Bb i?2 bB;MB}+�Mi r�p2

?2B;?iX �i � +2`i�BM r�p2 7`2[m2M+v ω = ω0[rad/s]- r?2`2 ω0 Bb FMQrM �b i?2 KQ/�H 7`2[m2M+v-
i?2 Sa. �ii�BMb Bib T2�F p�Hm2X h?Bb KQ/�H Q` T2�F 7`2[m2M+v K�v #2 +QKTmi2/ �b 7QHHQrb,

ω0 =

(
4Bwv

5

)1/4

U8V

1[m�iBQM U8V b?Qrb i?�i /Bz2`2Mi bB;MB}+�Mi r�p2 ?2B;?ib Hs +Q``2bTQM/b iQ /Bz2`2Mi KQ/�H
7`2[m2M+v ω0 �M/ i?2`27Q`2- /Bz2`2Mi T2�F p�Hm2b Q7 S(ω). h?2 r�p2 KQ/2H +�M #2 �TT`QtB@
K�i2/ #v � b2+QM/@Q`/2` bvbi2K BM i?2 bi�i2@bT�+2 7Q`K,



 ḋ

ḋw



 =



 0 1

−ω2
0 −2ζwω0







 d

dw



+



 0

kw



wn UeV

yw =
[
0 1

]


 d

dw



 UdV

r?2`2 wn Bb � x2`Q K2�M r?Bi2 T`Q+2bb MQBb2- ζw Bb � /�KTBM; +Q2{+B2Mi r?B+? K�v #2 b2i
iQ � +QMbi�Mi p�Hm2X � ivTB+�H p�Hm2 7Q` i?2 /�KTBM; +Q2{+B2Mi Bb yXR Uq�M; 2i �HX- kyRNVX
Ai Bb M2+2bb�`v iQ MQi2 i?�i i?2 r�p2@BM/m+2/ /Bbim`#�M+2b BM URV Bb ;Bp2M #v MW = dwX
6m`i?2`KQ`2- kw = 2ζwω0σw r?2`2 σw Bb � +QMbi�Mi /2b+`B#BM; i?2 BMi2MbBiv Q7 i?2 r�p2X
h?2 T�`�K2i2` σw +�M #2 +�H+mH�i2/ �b i?2 b[m�`2 `QQi Q7 S(ω0)X 6m`i?2`KQ`2- 7Q` � b?BT
KQpBM; rBi? 7Q`r�`/ bT22/ U - i?2 T2�F 7`2[m2M+v Q7 i?2 r�p2 bT2+i`mK rBHH #2 KQ/B}2/
�++Q`/BM; iQ i?2 7QHHQrBM;,

ωe = ω0 −
ω2
0

g
U cos β U3V

r?2`2 ωe[rad/s] Bb i?2 2M+QmMi2` 7`2[m2M+v �M/ β UradV Bb i?2 U2M+QmMi2`V �M;H2 #2ir22M i?2
?2�/BM; �M/ i?2 /B`2+iBQM Q7 i?2 r�p2X 1[m�iBQM U3V BKTHB2b i?�i i?2 T2�F 7`2[m2M+v Q7 �
r�p2 bT2+i`mK KQpBM; �i � 7Q`r�`/ bT22/ U > 0 b?QmH/ #2 KQ/B}2/ iQ ωe @ i?2 2M+QmMi2`
7`2[m2M+vX
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kXjX o2HQ+Biv KQ/2H 7Q`KmH�iBQM

h?Bb T�T2` �BKb iQ /2bB;M � HBM2�` /Bb+`2i2@iBK2 JS* 7Q` i?2 bi�#BHBb�iBQM Q7 i?2 MQMHBM2�`-
+QMiBMmQmb@iBK2 KQ/2H Q7 b?BT `QHH KQiBQM BM URVX hQ �+?B2p2 i?Bb- i?2 MQMHBM2�` KQ/2H URV
Bb HBM2�`Bb2/ �`QmM/ i?2 QT2`�iBM; TQBMib φ(0) = 0 deg �M/ φ̇(0) = 0 deg /s �M/ i?2 `2bmHiBM;
HBM2�` KQ/2H Bb b�KTH2/ �i � `�i2 /2MQi2/ Ts- i?2 b�KTHBM; T2`BQ/X h?2 �TT`QT`B�i2 +?QB+2
Q7 Ts rBHH /2T2M/ QM i?2 ivT2 Q7 b?BT- �M/ BM T�`iB+mH�` Bib 7Q`r�`/ bT22/ Q` ivTB+�H `�i2 Q7
+?�M;2 Q7 /B`2+iBQMX >2M+2- � /Bb+`2i2@iBK2 bi�i2 bT�+2 `2T`2b2Mi�iBQM +�M #2 Q#i�BM2/ �b
7QHHQrb,

xk+1 = Axk + Buk + Bdd
w
k ,

yk = Cxk +Ddwk .
UNV

6Q` +QMp2MB2M+2- r2 /2}M2 p = φ̇X h?mb- xk = [φk pk]T ∈ Rnx �M/ yk = [φk pk]T ∈ Rny Bb i?2
K2�bm`2/ QmiTmi- uk = αk ∈ Rnu - dwk ∈ Rnd Bb i?2 r�p2@BM/m+2/ /Bbim`#�M+2c A, B, C �`2
bvbi2K K�i`B+2b rBi? �TT`QT`B�i2 bBx2b �M/ Bd Bb i?2 /Bbim`#�M+2 BMTmi K�i`Bt �M/ D = 0

bBM+2 i?2`2 �`2 MQ K2�bm`2/ /Bbim`#�M+2bX hQ /2�H rBi? i?2 KQ/2H UNV mM+2`i�BMiB2b- i?2
p2HQ+Biv 7Q`K UrBi? /2H�v2/ QmiTmiV Q7 i?2 bi�i2 bT�+2 KQ/2H Bb mb2/ �M/ Bi Bb ;Bp2M �b
7QHHQrb UCBKQ? 2i �HX- kykyV,



σk+1

yk



 =

Ã︷ ︸︸ ︷

A 0

C I





x̃k︷ ︸︸ ︷

 σk

yk−1



+

B̃︷ ︸︸ ︷

B

0



µk +

B̃d︷ ︸︸ ︷

Bd

0



 δk, URyV

yk =

C̃︷ ︸︸ ︷[
C I

]


 σk

yk−1



+

D̃︷︸︸︷
D δk. URRV

r?2`2 σk ! xk − xk−1 Bb i?2 bi�i2 BM+`2K2Mi- µk ! uk − uk−1 Bb i?2 +?�M;2 BM +QMi`QH
bB;M�H �M/ i?2 /Bbim`#�M+2 BM+`2K2Mi δk ! dwk − dwk−1X h?2 �m;K2Mi2/ KQ/2H URyV rQmH/ #2
�#H2 iQ 2HBKBM�i2 bi2�/v bi�i2 Qzb2i /m2 iQ KQ/2H KBbK�i+? T`QpB/2/ i?�i i?2 /Bbim`#�M+2b
�`2 +QMbi�Mi Q` bHQrHv@p�`vBM;X >Qr2p2`- i?2 2ti2`M�H r�p2@BM/m+2/ /Bbim`#�M+2b dwk K�v
p�`v bB;MB}+�MiHv bm+? i?�i δk *= 0X h?2`27Q`2- i?2 K�BM Q#D2+iBp2 Q7 i?Bb T�T2` Bb iQ T`QpB/2
`Q#mbiM2bb BM i?2 T`2b2M+2 Q7 KQ/2H mM+2`i�BMiB2b �M/ iQ KBMBKBb2 i?2 BKT�+ib Q7 i?2 p�`vBM;
r�p2@BM/m+2/ /Bbim`#�M+2b r?BH2 7mH}HHBM; i?2 bvbi2K +QMbi`�BMibX

N
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jX *QMi`QHH2` /2bB;M

h?2 KQ/2H@#�b2/ T`2/B+iBp2 +QMi`QH T`Q#H2K +QMbB/2`BM; i?2 Q#D2+iBp2b bi�i2/ BM i?2
T`2pBQmb b2+iBQM +�M #2 TQb2/ �b � +QMbi`�BM2/ i`�+FBM; +QMi`QH T`Q#H2KX �Hi?Qm;? i?2 `QHH
KQiBQM bi�#BHBb�iBQM T`Q#H2K Bb � `2;mH�iBQM T`Q#H2K i?�i +�M bm{+B2MiHv #2 +QMi`QHH2/ #v �
bBKTH2 QmiTmi 722/#�+F T`Q#H2K- i?2 i`�+FBM; +QMi`QH 7Q`KmH�iBQM Bb T`2b2Mi2/ #2+�mb2 Bi Bb
KQ`2 ;2M2`�H �M/ rBHH K�F2 Bi 2�bv 7Q` i?2 T`QTQb2/ +QMi`QH iQ #2 �TTHB2/ iQ Qi?2` bvbi2KbX

.2}MBiBQM jXRX Uh`�+FBM; +QMbi`�BM2/ +QMi`QH T`Q#H2KV :Bp2M i?2 BMBiB�H +QM/BiBQM x̃0- i?2
T`2pBQmb +QMi`QH uk−1 �M/ i?2 /2bB`2/ `272`2M+2 rk- }M/ i?2 +QMi`QH �+iBQM uk = uk−1 + κN -
r?2`2 κN : Rnx +→ Rnu Bb i?2 BM+`2K2Mi�H +QMi`QH Q#i�BM2/ #v KBMBKBbBM; i?2 Q#D2+iBp2
7mM+iBQM,

KBM
µ,ν

J =
1

2
eTt+NSet+N +

1

2

N−1∑

k=0

(eTt+kQet+k + µT
t+kRµt+k + νT

t+kPνt+k),

am#D2+i iQ,

x̃t = x̃0

x̃k+1 = Ãx̃k + B̃µk + B̃dνk

yk = C̃x̃k + D̃δk

|uk| ≤ umax

|µk| ≤ µmax.

URkV

r?2`2 (·)T /2MQi2b i?2 i`�MbTQb2 (·)c ek = rk − yk Bb i?2 QmiTmi 2``Q`c umax = αmax Bb
i?2 H�`;2bi K2+?�MB+�H �M;H2 i?2 }Mb +�M im`M i?`Qm;?c µmax Bb i?2 K�tBKmK }M `�i2 i?2
K�+?BM2`v +QKK�M/BM; i?2 }Mb Bb �HHQr2/ iQ �TTHvX h?2 �//2/ i2`K- νk Bb BM+Hm/2/ iQ KBKB+
i?2 2ti2`M�H /Bbim`#�M+2 BM+`2K2Mi �M/ Bi Bb `272``2/ iQ �b ǶQTiBK�H /Bbim`#�M+2 BM+`2K2MiǶ
r?B+? Bb +QKTmi2/ 7`QK i?2 QTiBKBb�iBQM T`Q#H2KX h?2 r2B;?ib Q �M/ S �`2 TQbBiBp2 b2KB@
/2}MBi2 K�i`B+2b r?BH2 R �M/ P �`2 TQbBiBp2 /2}MBi2X

A7 i?2 r2B;?iBM; K�i`B+2b �`2 b2H2+i2/ �b

Q =



qφ 0

0 qp



 , S =



sφ 0

0 sp



 , R = rµ, P = pν , URjV

Ry
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�M/ φr �M/ pr �`2 mb2/ iQ `2T`2b2Mi i?2 `272`2M+2 p�Hm2b Q7 φ �M/ p `2bT2+iBp2HvX A7 h(x)

`2T`2b2Mib � [m�/`�iB+ 7mM+iBQM Q7 x- i?2 +Qbi 7mM+iBQM +�M #2 BMi2`T`2i2/ �b 7QHHQrb,

V ∝ sφh(φ− φr) + sph(p− pr) + qφh(φ− φr) + qph(p− pr) + rµ(µ) + pνh(ν) UR9V

6`QK UR9V- Bi +�M #2 /`�rM i?�i r?2M2p2` pν - rµ- r2 ?�p2 P - RX h?2M- i?2 [m�/`�iB+
T`Q#H2K URkV rQmH/ #2 bQHp2/ bm+? i?�i ν . µX h?2`27Q`2- b2H2+iBM; P iQ #2 H�`;2 2MQm;?
rQmH/ K�F2 i?2 BKT�+i Q7 ν M2;HB;B#H2 �M/ i?Bb Bb /2bB`2/ #2+�mb2 Bi Bb BMi`Q/m+2/ QMHv iQ
+`2�i2 �M �//BiBQM�H /2;`22 Q7 7`22/QK 7Q` i?2 +QMi`QH BMTmi i?�i rBHH �B/ i?2 7Q`KmH�iBQM Q7
i?2 +QMi`QH BMTmi iQ +QKT2Mb�i2 7Q` i?2 /Bbim`#�M+2 `�i2 BM/m+2/ #v r�p2bX AM i?2 +QMi`QH
Q7 b?BT `QHH KQiBQM- `QHH �M;H2 `2/m+iBQM Bb i?2 K�BM �BK r?B+? BKTHB2b Q b?QmH/ #2 b2H2+i2/
bm+? i?�i qφ > qpX h?2M- i?2 i2`KBM�H r2B;?i S +�M #2 Q#i�BM2/ #v bQHpBM; i?2 /Bb+`2i2@iBK2
�H;2#`�B+ _B++�iB 2[m�iBQM U.�_1Vc i?2 BKTQ`i�M+2 Q7 i?Bb rBHH #2 /Bb+mbb2/ BM a2+iBQM 8X

_2K�`F RX h?2 +Qbi 7mM+iBQM ;Bp2M BM URkV rQmH/ #2 KBMBKBb2/ rBi? `2bT2+i iQ #Qi? µk �M/
νkX *QMb2[m2MiHv- i?2 QTiBK�H bQHmiBQM Q7 i?2 +Qbi 7mM+iBQM J K�v MQi ;Bp2 µ∗

k i?�i +�M #2
mb2/ iQ Q#i�BM i?2 +QMi`QH bB;M�H �b uk = µ∗

k + uk−1 i?�i rQmH/ /`Bp2 i?2 bvbi2K UNV iQ i?2
/2bB`2/ bi�i2X >2M+2- Bi Bb M2+2bb�`v iQ /2pBb2 � K2�Mb iQ mb2 #Qi? µ∗

k �M/ ν∗
k iQ �+?B2p2 i?2

/2bB`2/ +QMi`QHX Ai Bb T2`iBM2Mi iQ 2KT?�bBb2 ?2`2 i?�i r2 ?�p2 MQ +QMi`QH Qp2` i?2 �+im�H
bvbi2K /Bbim`#�M+2 δk- #mi νk Bb BMi`Q/m+2/ iQ +`2�i2 irQ /2;`22@Q7@7`22/QK 7Q` i?2 +QMi`QH i?�i
+�M #2 K�MBTmH�i2/ iQ ?2HT BKT`Qp2 i?2 `2D2+iBQM Q7 i?2 2ti2`M�HHv BM/m+2/ r�p2 /Bbim`#�M+2
BM+`2K2Mi δkX

h?2 JS* T`Q#H2K /2b+`B#2/ �#Qp2 Bb bQHp2/ Qp2` � }MBi2 ?Q`BxQM �b � /2i2`KBMBbiB+ QT@
iBK�H +QMi`QH T`Q#H2K mbBM; i?2 +m``2Mi bi�i2 �b BMBiB�H +QM/BiBQMb �M/ i?2M i?2 bQHmiBQM Bb
BKTH2K2Mi2/ BM � `2+2/BM; ?Q`BxQM K�MM2`X h?mb- i?2 722/#�+F +QMi`QH H�r BKTH2K2Mi2/-
uk = uk−1 + κN i�F2b N 7mim`2 �+iBQMb BMiQ �++QmMi 7`QK i?2 +m``2Mi bi�i2- �M/ Bi Bb UBK@
THB+BiHvV �bbmK2/ i?�i i?2 BM~m2M+2 Q7 i?2 �+im�H /2+BbBQM QM i?Qb2 #2vQM/ i?2 ?Q`BxQM N Bb
�TT`QT`B�i2Hv bmKK�`Bb2/ #v � i2`KBM�H +QbiX >2M+2- i?2 mb2 Q7 � bm{+B2MiHv H�`;2 N ;Bp2b
� `2�bQM�#H2 �TT`QtBK�iBQM 7Q` �M BM}MBi2 ?Q`BxQM +QMi`QH T`Q#H2KX

:Bp2M i?2 BMBiB�H bi�i2 x̃0- r2 b22F iQ Q#i�BM i?2 +QMi`QH p2+iQ`b

η = [

µ̄T

︷ ︸︸ ︷
µT
t , µ

T
t+1, . . . , µ

T
t+N−1,

ν̄T︷ ︸︸ ︷
νT
t , ν

T
t+1, . . . , ν

T
t+N−1]

T ,
UR8V

RR

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

Fin control for ship roll motion stabilisation based on observer enhanced MPC with disturbance rate compensation



i?�i KBMBKBb2 i?2 QTiBKBb�iBQM T`Q#H2K URkVX h?2 QTiBK�H +QMi`QH T`Q#H2K Bb i?2M bQHp2/ �i
2p2`v b�KTHBM; BMbi�Mi t #v mbBM; i?2 +m``2Mi bi�i2 �b i?2 BMBiB�H +QM/BiBQMb- i?�i Bb- x̃0 = x̃tX
h?2 bQHmiBQM Q7 URkV `2/m+2b iQ i?2 [m�/`�iB+ T`Q;`�K,

η∗ = �`; KBM
η

1

2
ηTHη + ηTF



x̃t

r̄





bm#D2+i iQ, Γη ≤ b,

UReV

r?2`2

H =



 GTQG +R (ETQG + VG)T

(ETQG + VG) (ETQE + S + VE + ETVT )



 , F T =



H
TQG HTQE +HTVT

−T G −T ET − U



,

E =





B̃d 0 · · · 0

ÃB̃d B̃d · · · 0
XXX XXX X X X XXX

ÃN−1B̃d ÃN−2B̃d · · · B̃d




, G =





B̃ 0 · · · 0

ÃB̃ B̃ · · · 0
XXX XXX X X X XXX

ÃN−1B̃ ÃN−2B̃ · · · B̃




,

H =





Ã

Ã2

XXX
ÃN




,Q =





C̃TQC̃ · · · 0 0
XXX X X X XXX XXX
0 · · · C̃TQC̃ 0

0 · · · 0 C̃TSC̃




, R =





R · · · 0
XXX X X X XXX
0 · · · R




,

S =





D̃QD̃ + P · · · 0
XXX X X X XXX
0 · · · D̃QD̃ + P




, T =





QC̃ · · · 0 0
XXX X X X XXX XXX
0 · · · QC̃ 0

0 · · · 0 SC̃




,

U =





QD̃ · · · 0 0
XXX X X X XXX XXX
0 · · · QD̃ 0

0 · · · 0 SD̃




, V =





D̃TQC̃ · · · 0 0
XXX X X X XXX XXX
XXX · · · D̃TQC̃ 0

0 · · · 0 D̃TSC̃




.

�HbQ- r̄ = [rTt , r
T
t+1, . . . , r

T
t+N−1]

T X h?2 K�i`Bt Γ �M/ p2+iQ` b �`2 mb2/ iQ BKTH2K2Mi i?2
K�;MBim/2 �M/ `�i2 +QMbi`�BMi QM i?2 }M �+im�iQ` r?B+? rBHH #2 2tTHB+BiHv /2}M2/ BM i?2

Rk
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M2ti bm#b2+iBQMX h?2 K�i`Bt- H Bb �M >2bbB�M K�i`Bt �M/ F M22/b #2 +QKTmi2/ QMHBM2 �i
2p2`v Bi2`�iBQM �b Bi +QMi�BMb i2`Kb bm+? �b x̃t i?�i Kmbi #2 mT/�i2/ QMHBM2X

Ai Bb +QMp2MB2Mi iQ Q#i�BM µ∗
k BM 2p2`v Bi2`�iBQM 7`QK i?2 +QKTmi2/ QTiBK�H η∗- r?2`2

QMHv i?2 }`bi p2+iQ` +QKTQM2Mi Q7 µ̄∗ Bb 2ti`�+i2/ #�b2/ QM i?2 `2+2/BM; ?Q`BxQM T`BM+BTH2X
aBKBH�`Hv- iQ miBHBb2 i?2 QTiBK�H /Bbim`#�M+2 ν∗

k �HQM; rBi? µ∗
k Ur?B+? Bb M2+2bb�`v iQ 2Mbm`2

i?�i i?2 TH�Mi Bb /`Bp2M �++Q`/BM; iQ i?2 KBMBKBb�iBQM +QMi`QH T`Q#H2KV- r2 �HbQ 2ti`�+i i?2
}`bi p2+iQ` +QKTQM2Mi Q7 ν̄∗X hQ 2M�#H2 �M 2z2+iBp2 +QK#BM�iBQM Q7 i?2 QTiBK�H p�Hm2b µ∗

k

�M/ ν∗
k - r2 /2}M2 i?2 +QMi`QH bB;M�H BM+`2K2Mi i?�i Bb /2bB`2/ BM 2p2`v iBK2 bi2T k �b

ψk ! µ∗
k + λk, URdV

>2`2- λk `2T`2b2Mib � +QKTQM2Mi Q7 i?2 +QMi`QH bB;M�H BM+`2K2Mi ψk i?�i Bb /2T2M/2Mi QM ν∗
k

�M/ ;Bp2b �M �//BiBQM�H 7`22/QK Q7 +QMi`QHX >2M+2- i?2 +QMi`QHH2/ �m;K2Mi2/ p2HQ+Biv KQ/2H
URyV Bb i?2M ;Bp2M �b

x̃k+1 = Ãx̃k + B̃ψk + B̃dδk. UR3V

hQ BM+Q`TQ`�i2 ν∗
k BMiQ i?2 +QMi`QH r?BH2 2Mbm`BM; i?�i i?2 QmiTmi 2``Q` ek Bb KBMBKBb2/ �M/

i?2 2z2+ib Q7 i?2 /Bbim`#�M+2 BM+`2K2Mi δk Bb `2/m+2/- r2 M22/ iQ 2Mbm`2 i?�i

B̃λk = Bd(ν
∗
k − δ̂k) URNV

∀ k ≥ 0X LQi2 i?�i δ̂k +�M #2 Q#i�BM2/ 2Bi?2` #v K2�bm`2K2Mi Q` 2biBK�iBQM Q7 i?2 /Bbim`#�M+2
bB;M�H dwk X 6m`i?2`KQ`2- Bi +�M #2 b22M 7`QK URNV i?�i i?2 2biBK�i2/ /Bbim`#�M+2 BM+`2K2Mi δ̂k
Bb BM /B`2+i QTTQbBiBQM iQ i?2 �+im�H bvbi2K /Bbim`#�M+2 `�i2 δk BM UR3VX aBM+2 i?2 BM/m+2/ r�p2
/Bbim`#�M+2b +�MMQi #2 K2�bm`2/ BM i?2 `QHH bi�#BHBb�iBQM +QMi`QH T`Q#H2K- Bi Bb BKTQ`i�Mi
iQ mb2 � ;QQ/ 2biBK�i2 Q7 i?2 �+im�H /Bbim`#�M+2 BM Q`/2` iQ 2Mbm`2 i?�i i?2 2z2+ib Q7 i?2
/Bbim`#�M+2 BM+`2K2Mi Bb �/2[m�i2Hv `2/m+2/X AM ;2M2`�H- B̃ Bb MQi BMp2`iB#H2c ?2M+2- r2
Q#i�BM λk �b

λk = (B̃T B̃)−1B̃T B̃d(ν
∗
k − δ̂k). UkyV

h?2`27Q`2- r2 �`2 b2i iQ /2}M2 i?2 QTiBK�H +QMi`QH bB;M�H u∗
k iQ #2 �TTHB2/ iQ i?2 }M pB� Bib

�+im�iQ` BM 2p2`v iBK2 bi2T �b

u∗
k = uk−1 + µ∗

k + λk. UkRV

Rj
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_2K�`F kX AM ;2M2`�H- (B̃T B̃) Bb �HKQbi �Hr�vb MQM@bBM;mH�` #2+�mb2 B̃ Bb � i�HH K�i`Bt
?�pBM; UMYTV `Qrb �M/ m +QHmKMb- r?2`2 (n + p) > mX �M/ BM � r2HH /2}M2/ bvbi2K-
`�MFUB̃) = m bQ i?�i B̃T B̃ Bb mbm�HHv �M m×m K�i`Bt rBi? `�MF(B̃T B̃) = m- r?B+? K2�Mb
i?�i �M BMp2`b2 rBHH �Hr�vb 2tBbiX >Qr2p2`- B7 i?2 BMp2`b2 QT2`�iBQM Bb MQi �TTHB+�#H2- QM2 +�M
mb2 i?2 Tb2m/Q BMp2`b2 Q7 i?2 K�i`BtX

jXRX *QMbi`�BMib ?�M/HBM;

AM i?Bb bm#b2+iBQM- i?2 7Q`KmH�iBQM Q7 i?2 BMTmi �M/ BMTmi `�i2 +QMbi`�BMi QM i?2 �+im�iQ`
}M �`2 T`2b2Mi2/X

jXRXRX AMTmi +QMbi`�BMi

G2i i?2 mTT2` �M/ HQr2` HBKBi Q7 i?2 �+im�iQ` }M BMTmi �M;H2 #2 ;Bp2M �b-

uKBM ≤ uk ≤ uK�t ∀ k ∈ {t, . . . , t+N − 1}. UkkV

_2+�HH i?�i i?2 +QMi`QH bB;M�H �i �Mv b�KTHBM; BMbi�Mi t Bb ;Bp2M #v

ut = µt + λt + ut−1. UkjV

"v /2}MBM; Λ ! (B̃T B̃)−1B̃T B̃d- QM2 +�M r`Bi2 UkyV �b

λt = Λν∗
t − Λδ̂t. Uk9V

h?mb- QM2 +�M `2�/BHv 7Q`KmH�i2 i?2 +QMi`QH BMTmi +QMbi`�BMi BM i?2 7Q`K Q7 i?2 BM2[m�HBiv,
Γ1︷ ︸︸ ︷

 L1 L2

−L1 −L2



 η ≤

b1︷ ︸︸ ︷

 ūK�t

−ūKBM



−



 Ĩnu

−Ĩnu



ut−1 +



 Ĩnu

−Ĩnu



Λδ̂t, Uk8V

r?2`2

L1 =





I 0 · · · 0

I I · · · 0
XXX XXX X X X XXX
I I · · · I




, L2 =





Λ 0 · · · 0

Λ Λ · · · 0
XXX XXX X X X XXX
Λ Λ · · · Λ




Ĩnu =





I

I
XXX
I




.

ūKBM =





uKBM
XXX

uKBM




�M/ ūK�t =





uK�t
XXX

uK�t




.
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jXRXkX AMTmi `�i2 +QMbi`�BMi

h?2 +QMbi`�BMi QM i?2 }M �+im�iQ` `�i2 Kmbi #2 BKTH2K2Mi2/ QM ψk- r?B+? Bb MQr i?2
�+im�H +QMi`QH BMTmi BM+`2K2Mi U�M/ MQi µkV /m2 iQ i?2 BMi`Q/m+iBQM Q7 λkX G2i i?2 +QMbi`�BMi
#2 ;Bp2M �b

ψKBM ≤ ψk ≤ ψK�t ∀ k ∈ {t, . . . , t+N − 1}. UkeV

r?2`2 ψKBM Bb i?2 KBMBKmK }M �M;H2 `�i2 �M/ ψK�t Bb i?2 K�tBKmK �M;mH�` p2HQ+BivX h?2
BMTmi `�i2 +QMbi`�BMi +�M #2 7Q`KmH�i2/ iQ Q#i�BM,

Γ2︷ ︸︸ ︷

 L3 L4

−L3 −L4







µ̄

ν̄



 ≤

b2︷ ︸︸ ︷

 ψ̄K�t

−ψ̄KBM



+



 Ĩnu

−Ĩnu



Λδ̂t . UkdV

r?2`2 L3 = #HF/B�;(I, . . . , I) �M/ L4 = #HF/B�;(Λ, . . . ,Λ)-

ψ̄KBM =





ψKBM
XXX

ψKBM




, ψ̄K�t =





ψK�t
XXX

ψK�t




.

r?2`2 #HF/B�;(X, . . . , X) `2T`2b2Mib � /B�;QM�H K�i`Bt rBi? /B�;QM�H 2Mi`B2b Q7 XX h?2`2@
7Q`2- i?2 K�i`Bt Γ- �M/ p2+iQ` b r?B+? �`2 `2[mB`2/ iQ BKTH2K2Mi i?2 BM2[m�HBiv +QMbi`�BMi QM
i?2 QTiBKBb�iBQM T`Q#H2K �`2 ;Bp2M �b 7QHHQrb, Γ = [ Γ1

Γ2
], b = [ b1b2 ]. h?2 /Bbim`#�M+2 Q#b2`p2`@

#�b2/ JS* /2b+`B#2/ BM i?Bb b2+iBQM +�M #2 BKTH2K2Mi2/ #v T2`7Q`KBM; i?2 7QHHQrBM; bi2Tb
�i 2�+? Bi2`�iBQM,

RX AMBiB�HBb2 i?2 bi�i2b #v i�FBM; i?2 BMBiB�H K2�bm`2K2Mib xk = x0 �M/ Q#i�BM i?2 2biBK�i2
Q7 /Bbim`#�M+2 BM+`2K2Mi δ̂kX

kX aQHp2 i?2 +QMbi`�BM2/ QTiBKBb�iBQM T`Q#H2K URkV �M/ i?2M Q#i�BM µ∗
k �M/ ν∗

k �b i?2 }`bi
2H2K2Mib BM µ̄∗ �M/ ν̄∗, `2bT2+iBp2HvX

jX *QKTmi2 λk mbBM; /2}MBiBQM UkyVX
9X .2i2`KBM2 i?2 +m``2Mi +QMi`QH bB;M�H u∗

k �++Q`/BM; iQ UkRV �M/ �TTHv Bi iQ i?2 TH�Mi URVX
8X a2i k ← k + 1 �M/ `2im`M iQ bi2T RX

9X S�`�K2i2` 2biBK�iBQM

h?2 T`QTQb2/ JS* �H;Q`Bi?K BM i?2 T`2pBQmb b2+iBQM �bbmK2b i?�i i?2 2biBK�i2 Q7 i?2
r�p2@BM/m+2/ /Bbim`#�M+2b Bb �p�BH�#H2 BM 2�+? iBK2 bi2TX aBM+2 i?2 b2� bi�i2 �M/ b�BHBM;
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+QM/BiBQMb Q7 i?2 p2bb2H +?�M;2 rBi? iBK2- i?2 2biBK�i2 M22/b iQ #2 mT/�i2/ BM 2p2`v b�KTHBM;
BMbi�Mi kX *QMbB/2` i?2 /Bb+`2i2@iBK2 TH�Mi UNV �HQM; rBi? ζk- i?2 bB;M�H iQ #2 2biBK�i2/,

xk+1 = Axk + Buk + Bdd
w
k ,

yk = Cxk +Ddk,

ζk = Exk + Fdk.

. Uk3V

aBM+2 i?2`2 �`2 MQ K2�bm`2/ /Bbim`#�M+2b �M/ �HH bvbi2K bi�i2b �`2 K2�bm`�#H2- C = I2 �M/
D = 0X hQ +?�`�+i2`Bb2 i?2 BMTmi r�p2 /Bbim`#�M+2b iQ Q#i�BM � ;QQ/ 2biBK�i2- r2 T`QTQb2
� 7`2[m2M+v b?�TBM; }Hi2` r?Qb2 /vM�KB+b �`2 ;Bp2M #v

υk+1 = Aiυk + Biwk,

dk = Ciυk +Diwk.
UkNV

:2M2`�HHv- i?2 /vM�KB+ }Hi2` +�M #2 mMbi�#H2- r?B+? BKTHB2b i?�i i?2 2B;2Mp�Hm2b Q7 Ai +�M
#2 QM Q` QmibB/2 i?2 mMBi +B`+H2X

_2K�`F jX h?2 bB;M�H ζk Bb +QMbi`m+i2/ bm+? i?�i Bi +QHH2+ib �HH i?2 bB;M�Hb i?�i M22/ iQ #2
2biBK�i2/X 6Q` BMbi�M+2- B7 �HH bvbi2K bi�i2b �M/ i?2 BMTmi /Bbim`#�M+2b M22/ iQ #2 2biBK�i2/-
ζk rBHH #2 +QMbi`m+i2/ �b

ζk =



I

0



 xk +



0

I



 dk. UjyV

Ai Bb BKTQ`i�Mi iQ MQi2 i?�i i?2 2biBK�iBQM Q7 �HH bvbi2K bi�i2b �M/ BMTmi /Bbim`#�M+2 rQmH/
HBF2Hv H2�/ iQ TQQ` T2`7Q`K�M+2 mMH2bb i?2 /Bbim`#�M+2b �`2 +?�`�+i2`Bb2/ T`QT2`HvX AM/22/-
i?2 7`2[m2M+v b?�TBM; }Hi2` Bb � iQQH iQ T`QT2`Hv +?�`�+i2`Bb2 i?2 /Bbim`#�M+2 bB;M�HX h?2 }Hi2`
+�M #2 mb2/ iQ +?�`�+i2`Bb2 i?2 /Bbim`#�M+2 p2+iQ` BM � MmK#2` Q7 r�vbX Ai rQmH/ mbm�HHv #2
+QMp2MB2Mi iQ BM+Hm/2 � HQr@T�bb Q` #�M/@T�bb +QKTQM2Mi BM i?2 BMTmi }Hi2`- r?Qb2 #�M/rB/i?
Bb iQ #2 /2+B/2/ #�b2/ QM i?2 FMQrH2/;2 �#Qmi i?2 /Bbim`#�M+2 bB;M�HbX �Hi2`M�iBp2Hv- QM2 KB;?i
mb2 bm+? � }Hi2` �i i?2 QmiTmi iQ ;2M2`�i2 � ζ bB;M�H i?�i BM 7�+i `2T`2b2Mib i?2 +QKTQM2Mi Q7
i?2 bB;M�H iQ #2 2biBK�i2/ BM i?2 7`2[m2M+v #�M/ Q7 BMi2`2bi U`�i?2` i?�M i?2 bB;M�H �b Bi BbVX

h?2 �BK Q7 i?2 /2bB;M Q7 i?2 2biBK�iQ` Bb iQ 2z2+iBp2Hv miBHBb2 i?2 K2�bm`2K2Mi p2+iQ` yk
iQ Q#i�BM `2HB�#H2 2biBK�i2b Q7 ζkX h?Bb /vM�KB+ 2biBK�iQ` Bb Q7 i?2 7Q`K

ξk+1 = Aeξk + Beyk,

ζ̂k = Ceξk +Deyk,
UjRV
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r?2`2 ζ̂ ∈ Rne /2MQi2b i?2 2biBK�i2b Q7 ζk �M/ Ae, Be, Ce �M/ De �`2 i?2 Q#b2`p2` K�i`B+2b
iQ #2 7QmM/ BM Q`/2` iQ `2�HBb2 i?2 2biBK�iQ`X

h?2 2biBK�iQ` Bb iQ #2 /2bB;M2/ BM � r�v iQ KBMBKBb2 i?2 T`2/B+iBQM 2``Q` BM bQK2 �TT`Q@
T`B�i2 MQ`KX Ai Bb KQ`2 +QMp2MB2Mi iQ mb2 � b+�H2/ p2`bBQM Q7 i?2 2``Q` bB;M�H �b

εk = W (ζk − ζ̂k), UjkV

r?2`2 W Bb i?2 r2B;?iBM; K�i`Bt ivTB+�HHv i�F2M iQ #2 Q7 � /B�;QM�H 7Q`KX Ai 2M�#H2b i?2
�/DmbiK2Mi Q7 i?2 `2H�iBp2 2KT?�bBb QM i?2 +QKTQM2Mib Q7 i?2 2``Q` bB;M�HX

"�b2/ QM i?2 �#Qp2- i?2 2biBK�iQ` /2bB;M T`Q#H2K +�M MQr #2 bi�i2/ �b 7QHHQrb, ;Bp2M
i?2 +HQb2/@HQQT TH�Mi Uk3V �M/ i?2 7`2[m2M+v b?�TBM; }Hi2` UkNV- i?2 �BK Bb iQ /2bB;M �M
2biBK�iQ` UjRV bm+? i?�i i?2 i`�Mb72` K�i`Bt Tεw 7`QK i?2 BMTmi w Q7 i?2 }Hi2` UkNV iQ i?2
b+�H2/ 2``Q` bB;M�H ε BM UjkV Bb bi�#H2 �M/ ?�b �M mTT2` #QmM/ γ /2}M2/ BM bQK2 �TT`QT`B�i2
MQ`KX

_2K�`F 9X Ai Bb BMi2`2biBM; iQ Q#b2`p2 i?�i i?2 /Bbim`#�M+2 7`2[m2M+v b?�TBM; }Hi2` +�M #2
BMi`Q/m+2/ �`iB}+B�HHv iQ i?2 T`Q#H2K U�M/ KQ`2 +QMp2MB2MiHv bQ BM � /Bb+`2i2@iBK2 b2iiBM;V
2p2M r?2M Bi Bb MQi +QMbB/2`2/ BM i?2 Q`B;BM�H T`Q#H2K 7Q`KmH�iBQMX *QMbB/2` i?2 /Bb+`2i2 TH�Mi
Uk3V 7Q` r?B+? i?2 �BK Bb iQ /2bB;M �M 2biBK�iQ` UjRVX aBM+2 MQ 2tQ@bvbi2K 2tBbib #2+�mb2
Ai, Bi, Ci �`2 �HH pQB/ �M/ Di = I- r2 rQmH/ ivTB+�HHv +QMbB/2` KBMBKBbBM; � T�`iB+mH�` MQ`K
Q7 i?2 i`�Mb72` K�i`Bt Tεd 7`QK dw iQ εX A7 i?2 /Bbim`#�M+2b ?�p2 /QKBM�Mi iBK2@p�`vBM;
+QKTQM2Mib- Bi KB;?i #2 T`272`�#H2 iQ mb2 � bi�#H2 }Hi2` r?Qb2 #�M/rB/i? Bb +?Qb2M BM � r�v
iQ �TT`QT`B�i2Hv +?�`�+i2`Bb2 i?2 /Bbim`#�M+2bX

9XRX S`Q#H2K bQHmiBQM

AM i?Bb MQi2- �M Q#b2`p2`@#�b2/ bQHmiBQM iQ i?2 2biBK�iBQM T`Q#H2K U/2}M2/ BM i?2 T`2pBQmb
b2+iBQMV rBi? /Bbim`#�M+2 7`2[m2M+v b?�TBM; }Hi2` Bb T`2b2Mi2/X hQ BKTH2K2Mi i?2 Q#b2`p2`
#�b2/ bQHmiBQM- i?2 TH�Mi Uk3V /vM�KB+b �`2 K2`;2/ rBi? i?�i Q7 i?2 7`2[m2M+v b?�TBM; }Hi2`
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UkNVX AM i?Bb 7�b?BQM- r2 2tT`2bb i?2 /vM�KB+b Q7 i?2 2ti2M/2/ TH�Mi �b 7QHHQrb,



xk+1

υk+1





︸ ︷︷ ︸
ϑk+1

=



A BdCi

0 Ai





︸ ︷︷ ︸
Ao



xk

υk





︸ ︷︷ ︸
ϑk

+



B

0





︸ ︷︷ ︸
Bo

uk +



BdDi

Bi





︸ ︷︷ ︸
B̄o

wk,

yk =
[
Cy DyCi

]

︸ ︷︷ ︸
Co

ϑk +DyDi︸ ︷︷ ︸
Do

wk,

ζk =
[
E FCi

]

︸ ︷︷ ︸
Eo

ϑk + FDi︸︷︷︸
Fo

wk.

UjjV

h?2 Q#b2`p2` iQ 2biBK�i2 i?2 bi�i2 �M/ i?2 QmiTmi bB;M�Hb Q7 i?2 2ti2M/2/ TH�Mi KQ/2H UjjV
+�M #2 +QMbi`m+i2/ �b-

ϑ̂k+1 = Aoϑ̂k + Bouk − L(yk − ŷk),

ŷk = Coϑ̂k,

ζ̂k = Eoϑ̂k.

Uj9V

q2 +�M 2bi�#HBb? i?2 /2i2+i�#BHBiv +QM/BiBQM Q7 i?2 �m;K2Mi2/ Q#b2`p2` #�b2/ QM i?2
`2bmHib ;Bp2M BM S�MMQ++?B� �M/ _�rHBM;b UkyyjVX h?2 /2i2+i�#BHBiv Q7 i?2 �m;K2Mi2/ bvbi2K
UjjV Bb ;m�`�Mi22/ T`QpB/2/ i?�i i?2 TH�Mi (A,B,C) Bb /2i2+i�#H2 �M/ i?2 +QM/BiBQM

rank



I − A −BdCi

Cy DyCi



 = nd + nx, Uj8V

�HbQ ?QH/b �M/ i?Bb Bb M2+2bb�`v �M/ bm{+B2Mi iQ ;m�`�Mi22 i?2 2tBbi2M+2 Q7 � bi�#H2 2biBK�iQ`X

_2K�`F 8X h?2 �m;K2Mi�i2/ bvbi2K UjjV �M/ +QM/BiBQM Uj8V `2/m+2 iQ i?Qb2 ;Bp2M BM S�M@
MQ++?B� �M/ _�rHBM;b UkyyjV #v mbBM; � 7`2[m2M+v b?�TBM; }Hi2` r?2`2 Ai, Bi �M/ Ci �`2 �HH
B/2MiBiv K�i`B+2b �M/ Di = 0. h?2`27Q`2- i?2 �m;K2Mi�iBQM �M/ /2i2+i�#BHBiv +QM/BiBQM ;Bp2M
BM S�MMQ++?B� �M/ _�rHBM;b UkyyjV �`2 T�`iB+mH�` +�b2b Q7 i?2 KQ`2 ;2M2`�H `2T`2b2Mi�iBQMb
;Bp2M #v UjjV �M/ Uj8VX

q2 MQi2 ?2`2 i?�i i?2 K�i`Bt L Bb i?2 Q#b2`p2` ;�BM K�i`Bt iQ #2 +QKTmi2/X q2 �HbQ
2KT?�bBb2 �i i?Bb TQBMi i?�i i?2 Q#b2`p2`@#�b2/ 2biBK�iQ` +Q``2bTQM/b iQ i?2 +?QB+2 Q7 i?2
`2�HBb�iBQM K�i`B+2b BM � bT2+B}+ r�v �b 7QHHQrb,



 Ae Be

Ce De



 =



 Ao + LCo −L

Eo 0



 . UjeV
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h?2 bi�i2 2biBK�iBQM 2``Q` Bb +QKTmi2/ �b εk ! ϑk − ϑ̂kX h?2`27Q`2- i?2 2pQHmiBQM Q7 ε �M/ ε

�`2 ;Bp2M �b-
εk+1 = (Ao + LCo)︸ ︷︷ ︸

A

εk + (Bo + LDo)︸ ︷︷ ︸
B

wk,

εk = WEo︸ ︷︷ ︸
C

εk +WFo︸ ︷︷ ︸
D

wk.
UjdV

"�b2/ QM i?Bb `2T`2b2Mi�iBQM Q7 i?2 2``Q` /vM�KB+b- r?B+? Bb #�bB+�HHv � `2�HBb�iBQM Q7 Tεw-
QM2 +�M 2�bBHv �``Bp2 �i GJA +QM/BiBQMb i?�i 2Mbm`2 i?2 bi�#BHBiv Q7 � bT2+B}2/ MQ`K #QmM/
QM TεwX

9XkX H2 avMi?2bBb

h?2 K�i`Bt BM2[m�HBiv +QM/BiBQMb 7Q` ||Tεw||2 < γ +�M #2 2tT`2bb2/ Ua+?2`2` �M/ q2BH�M/-
kyR8V BM /Bb+`2i2@iBK2 �b 7QHHQrb,

i`(Z) < γ,




X 0 !

0 γI !

XA XB X




" 0,





X 0 CT

0 γI DT

C D Z




" 0.

Uj3V

"v BMi`Q/m+BM; M ! XL- r2 +�M Q#i�BM �M GJA +QM/BiBQM rBi? X = X �b 7QHHQrb,

i`(Z) < γ,





X ! !

0 γI !

WEo WFo Z




" 0,





X 0 !

0 γI !

XAo +MCo XBo +MDo X




" 0.

UjNV

h?2M- i?2 Q#b2`p2` ;�BM +�M #2 +QKTmi2/ 7`QK � bQHmiBQM Q7 i?Bb GJA T`Q#H2K �b L =

X−1M 7Q` i?2 KBMBKmK �+?B2p�#H2 γ r?B+? b�iBb}2b UjNVX
"v Q#i�BMBM; i?2 ;�BM L- i?2 Q#b2`p2` Uj9V +�M +QMp2MB2MiHv #2 BKTH2K2Mi2/ iQ 2biBK�i2

/Bbim`#�M+2b BM/m+2/ #v r�p2b r?B+? +QKTH2i2 i?2 /2bB;M Q7 i?2 Q#b2`p2`@#�b2/ JS* T`Q@
TQb2/ BM i?Bb MQi2X h?2 7mM+iBQM�H #HQ+F /B�;`�K Q7 i?2 T`QTQb2/ +QMi`QHH2` Bb /2TB+i2/ BM
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Model-based

dynamic optimiser

Proposed Model Predictive Controller

Control Input

x̂k d̂wk

⌫k

µk

rk yk
calculator (16)

Optimal observer for

Nonlinear dynamic model

of ship roll motion

Plant

parameter estimation

uk = ↵

6B;m`2 R, "HQ+F /B�;`�K `2T`2b2Mi�iBQM Q7 i?2 T`QTQb2/ JS* b+?2K2 rBi? +QK#BM2/ bi�i2 �M/ /Bbim`#�M+2
2biBK�iQ` 7Q` `QHH KQiBQM bi�#BHBb�iBQM pB� }M +QMi`QHX

6B;m`2 R- r?2`2 i?2 QmiTmib Q7 � KQ/2H@#�b2/ QTiBKBb2` �`2 i?2 ǶQTiBK�H /Bbim`#�M+2Ƕ BM+`2@
K2Mi νk- �M/ QTiBK�H +QMi`QH BM+`2K2Mi µkX "�b2/ QM i?2 +m``2Mi QmiTmi Q7 i?2 TH�Mi �M/
i?2 �TTHB2/ +QMi`QH bB;M�H- i?2 QTiBK�H Q#b2`p2` T`QpB/2b �M 2biBK�i2 7Q` i?2 bi�i2b �M/ /Bb@
im`#�M+2bX lMHBF2 i?2 2biBK�i2/ bi�i2b i?�i �`2 72/ #�+F BMiQ i?2 KQ/2H@#�b2/ QTiBKBb2`- i?2
/Bbim`#�M+2 2biBK�i2b �`2 72/ BMiQ i?2 +QMi`QH BMTmi +�H+mH�iQ` r?B+? ;Bp2b � +QMi`QH bB;M�H
u i?�i Bb � 7mM+iBQM Q7 i?2 irQ QmiTmib 7`QK i?2 QTiBKBb2` �M/ i?2 UBM+`2K2MiV /Bbim`#�M+2
2biBK�i2b �b BM UkRVX

8X ai�#BHBiv �M�HvbBb

h?Bb b2+iBQM T`2b2Mib �M �M�HvbBb Q7 i?2 bi�#BHBiv Q7 i?2 T`QTQb2/ /Bbim`#�M+2 Q#b2`p2`@
#�b2/ JS* rBi? BM+`2K2Mi /Bbim`#�M+2 +QKT2Mb�iQ`X *QMbB/2`BM; i?2 mM+2`i�BM M�im`2 Q7
i?2 b?BT `QHH /vM�KB+b- Bi Bb 2bb2MiB�H iQ b?Qr i?�i i?2 T`QTQb2/ JS* Bb `Q#mbiHv bi�#H2X
AM JS* 7`�K2rQ`F- 72�bB#BHBiv �M/ bi�#BHBiv �M�HvbBb +�M #2 T2`7Q`K2/ #v b?QrBM; i?�i i?2
QTiBKBb�iBQM T`Q#H2K Bb `2+m`bBp2Hv 72�bB#H2 �M/ i?2 +Qbi 7mM+iBQM Bb � Gv�TmMQp 7mM+iBQMX AM
+�``vBM; Qmi i?Bb �M�HvbBb- irQ �TT`Q�+?2b �`2 rB/2Hv mb2/X h?2 }`bi +QMbB/2`b �M �//BiBQM�H
i2`KBM�H +QMbi`�BMi x̃t+N = 0 r?BH2 i?2 b2+QM/ K2i?Q/ /2}M2b x̃t+N ∈ Xf r?2`2 Xf Bb �
+QMp2t b2iX Ai Bb r2HH FMQrM i?�i i?2 7Q`K2` �TT`Q�+? `2/m+2b i?2 bBx2 Q7 i?2 72�bB#BHBiv
`2;BQMX >2M+2- r2 rBHH �/QTi i?2 b2+QM/ �TT`Q�+? iQ BM+`2�b2 i?2 `2;BQM Q7 �ii`�+iBQMX
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8XRX LQKBM�H ai�#BHBiv �M�HvbBb

AM i?Bb bm#b2+iBQM- r2 rBHH /Bb+mbb i?2 72�bB#BHBiv �M/ bi�#BHBiv Q7 i?2 T`QTQb2/ +QMi`QHH2`
mM/2` MQKBM�H TH�Mi +QM/BiBQMX 6Q` +QMp2MB2M+2- r2 �bbmK2 i?�i i?2 /Bbim`#�M+2 dwk Bb 2Bi?2`
x2`Q Q` +QMbi�Mi r?B+? BKTHB2b i?�i δ̂k = δk = 0.

.2}MBiBQM 8XRX � b2i O Bb b�B/ iQ #2 TQbBiBp2Hv BMp�`B�Mi 7Q` bvbi2K x̃k+1 = g(x̃k,κN(x̃k))

B7 x̃0 ∈ O =⇒ x̃k ∈ O ∀ k ∈ N+X

�bbmKTiBQM RX h?2 i2`KBM�H b2i Xf Bb BMp�`B�Mi mM/2` i?2 HQ+�H +QMi`QH H�r κN(x̃k) r?B+?
BKTHB2b x̃k+1 = Ãx̃k + BκN(x̃k) ∈ Xf ∀ x̃k ∈ Xf c r?2`2 B =

[
B̃ B̃d

]
. h?2 bi�i2 �M/ BMTmi

+QMbi`�BMib QM Xf �`2 7mH}HH2/, Xf ⊆ X,κN(x̃k) ∈ U ∀ x̃k ∈ Xf X

S`QTQbBiBQM 8XkX lM/2` �bbmKTiBQM R- � T`2/B+iBp2 +QMi`QH H�r κN : Rnx +→ Rnu /2}M2/
7Q` i?2 MQKBM�H TH�Mi g(x̃k, µk, νk) = Ãx̃t+k + B̃µ∗

k + B̃dν∗
k #v KBMBKBbBM; i?2 +Qbi 7mM+iBQM

URkV bm#D2+i iQ i?2 +QMbi`�BMi x̃t+N ∈ Xf Bb `2+m`bBp2Hv 72�bB#H2 T`QpB/2/ i?�i i?2 BMBiB�H
+QM/BiBQM Q7 i?2 bi�i2 x̃t Bb 72�bB#H2 �M/ i?2 `2+2/BM; ?Q`BxQM T`BM+BTH2 Bb �TTHB2/X

S`QQ7X 6B`bi- H2i mb 2tT`2bb i?2 +Qbi 7mM+iBQM URkV BM � K�MM2` i?�i `2�/BHv b?Qrb Bib
bBKBH�`Biv iQ i?2 +QMp2MiBQM�H [m�/`�iB+ JS* +Qbi 7mM+iBQM �M/ +QMbi`�BMib �b 7QHHQrb,

Q(x̃) : KBM
ū

1

2
eTt+NSet+N

︸ ︷︷ ︸
h2`KBM�H +Qbi

+
1

2

N−1∑

k=0

{
eTt+kQet+k + uTt+kRut+k

}

︸ ︷︷ ︸
ai�;2 +Qbi

, U9yV

bm#D2+i iQ,
ut+k ∈ U,

x̃t+k ∈ X,

x̃t+N ∈ Xf .

U9RV

r?2`2 ut+k =
[
µ∗
t+k

δ∗t+k

]
Bb Q#i�BM2/ #v bQHpBM; i?2 JS* KBMBKBb�iBQM T`Q#H2K- R = [ R 0

0 P ] �M/
U �M/ X �`2 +QMp2t b2ibX �++Q`/BM; iQ UkRV- i?2 +QMi`QH BMTmi iQ #2 BKTH2K2Mi2/ �i �Mv
iBK2 k rQmH/ i?2M #2 u∗

k = [ I Λ ] uk + uk−1X "�b2/ QM i?2 +Qbi 7mM+iBQM ;Bp2M BM U9yV- Bi Bb
2pB/2Mi i?�i i?2 T`QTQb2/ JS* +Qbi 7mM+iBQM Bb 2bb2MiB�HHv i?2 b�K2 �b i?�i mb2/ BM bi�M/�`/
JS* T`Q#H2KX >Qr2p2`- i?Bb rQ`F ?�b /BpB/2/ i?2 +QMi`QH uk BMiQ irQ +QKTQM2Mib iQ 2M�#H2
i?2 miBHBb�iBQM Q7 �M QTiBK�H /Bbim`#�M+2X "�b2/ QM i?2 +Qbi U9yV- i?2 MQKBM�H TH�Mi +�M #2

kR
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`2@r`Bii2M �b g(x̃k, uk) = Ãx̃t+k + BukX A7 i?2 bvbi2K Bb /`Bp2M #v � 722/#�+F +QMi`QH H�r
κN : Rnx +→ Rnu - i?2 bQHmiBQM Q7 i?2 +HQb2/@HQQT bvbi2K Bb g(x̃k,κN(x̃k))X

aBM+2 i?2 BMBiB�H bi�i2 +QM/BiBQM x̃t Bb �bbmK2/ iQ #2 72�bB#H2- i?2 bQHmiBQM iQ i?2 ZS
(40)- �b � 7mM+iBQM Q7 i?2 bi�i2- vB2H/b i?2 +QMi`QH b2[m2M+2 ū(x̃) = {ut(x̃), ut+1(x̃), . . . ,

ut+N−1(x̃)} �M/ i?2 +Q``2bTQM/BM; bi�i2 i`�D2+iQ`v Bb {x̃t, x̃t+1, . . . , x̃t+N}X �i i?2 M2ti
iBK2 bi2T- i?2 bi�i2 #2+QK2b x̃t+1 �M/ i?2 +Q``2bTQM/BM; QTiBK�H +QMi`QH b2[m2M+2 ū(x̃) =

{ut+1(x̃), ut+2(x̃), . . . , κN(x̃t+N)} Bb 72�bB#H2 #2+�mb2 UBV xt+N ∈ Xf → κN(x̃t+N) Bb 72�bB#H2
�M/ UBBV x̃t+N+1 = Ãx̃t+N + BκN(x̃t+N) ∈ Xf X h?2`27Q`2- `2+m`bBp2 72�bB#BHBiv Bb BKTHB2/ #v
i2`KBM�H +QbiX

hQ b?Qr i?�i i?2 T`2/B+iBp2 +QMi`QH H�r Bb �bvKTiQiB+�HHv bi�#H2- r2 K�F2 i?2 7QHHQrBM;
�//BiBQM�H �bbmKTiBQMbX

�bbmKTiBQM kX h?2 bi�;2 +Qbi Bb bi`B+iHv TQbBiBp2 �M/ QMHv x2`Q �i i?2 Q`B;BM r?B+? Bb
�bbmK2/ iQ #2 x̃ = 0 �M/ u = 0X

�bbmKTiBQM jX AM i?2 i2`KBM�H b2i Xf - i?2 i2`KBM�H +Qbi Bb � +QMiBMmQmb Gv�TmMQp 7mM+iBQM
�M/ Bi b�iBb}2b, 61(x̃k+1)− 61(x̃k) ≤ −62(x̃k,κN(x̃k)) ∀ x̃k ∈ Xf X

h?2Q`2K 8XjX lM/2` �bbmKTiBQM R- k �M/ j- � T`2/B+iBp2 +QMi`QH H�r κN(x̃k) 7Q` i?2 MQKBM�H
TH�Mi g(x̃k, uk) #�b2/ QM i?2 KBMBKBb�iBQM Q7 i?2 +Qbi U9yV Bb �bvKTiQiB+�HHv bi�#H2X

S`QQ7X *QMbB/2` i?2 �Hi2`M�iBp2 7Q`K Q7 i?2 +Qbi URkV ;Bp2M BM U9yV- QM2 +�M +QMp2MB2MiHv
`2@r`Bi2 i?2 +Qbi 7mM+iBQM �b

J(x̃t) = 61(x̃t+N) +
N−1∑

k=0

62(x̃t+k, ut+k), U9kV

r?2`2 61(xt+N) = eTt+NSet+N �M/ 62(x̃t+k, ut+k) = eTt+kQet+k + µT
t+kRµt+k + δTt+kP δt+kX h?2

72�bB#H2 BMTmi b2[m2M+2 ū(x̃) = {ut(x̃), ut+1(x̃), . . . , κN(x̃t+N)} +Q``2bTQM/b iQ i?2 bi�i2 x̃t+1
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�M/ i?2 +Qbi 7mM+iBQM +Q``2bTQM/BM; iQ i?Bb bi�i2 Bb ;Bp2M �b

J(x̃t+1) ≤ 61(x̃t+N+1) +
N∑

k=1

62(x̃t+k, ut+k)

= 61(Ãx̃t+N + BκN(x̃t+N)) +
N−1∑

k=0

62(x̃t+k, ut+k)

− 62(x̃t, ut) + 62(x̃t+N , ut+N)

= J(x̃t)− 62(x̃t, ut) + p(x̃),

=⇒ J(x̃t+1)− J(x̃t) ≤ −62(x̃t, ut) + p(x̃)

U9jV

r?2`2 p(x̃) = 61(Ãx̃t+N +BκN(x̃t+N))−61(x̃t+N)+ 62(x̃t+N ,κN(x̃t+N)) �M/ 7`QK �bbmKTiBQM
j- p(x̃) ≤ 0X aBM+2 62(x̃t, ut) Bb TQbBiBp2 /2}MBi2 #�b2/ QM �bbmKTiBQM k- r2 ?�p2 J(x̃t+1) ≤

J(x̃t)X h?Bb +QKTH2i2b i?2 T`QQ7 bBM+2 J(x̃t+k) Bb � Gv�TmMQp 7mM+iBQM /2+`2�bBM; �HQM; i?2
+HQb2/@HQQT i`�D2+iQ`B2bX

aBM+2 i?2 �bvKTiQiB+ bi�#BHBiv �M/ `2+m`bBp2 72�bB#BHBiv T`QQ7b �#Qp2 `2Hv QM �bbmKTiBQMb
R- k �M/ j- r2 rBHH MQr b?Qr i?�i i?2 i?`22 �bbmKTiBQMb �`2 p�HB/X

G2i κN(x̃k) = Kx̃k 7Q` �HH x̃k ∈ Xf r?2`2 Xf ⊆ XX LQi2 i?�i i?Bb +QMi`QH H�r Bb QMHv p�HB/
�i i?2 N i? bi2T Q` r?2M i?2 bi�i2 i`�D2+iQ`v 2Mi2`b i?2 i2`KBM�H b2i Xf X

*H�BK 8X9X h?2 i2`KBM�H b2i Xf Bb BMp�`B�Mi mM/2` i?2 HQ+�H +QMi`QH H�r κN(x̃k) = Kx̃k B7
i?2 ;�BM K Bb +QKTmi2/ �b i?2 bQHmiBQM iQ i?2 .�_1,

S∞ − (Ã+ BK)TS∞(Ã+ BK) = Q+ F T
∞RK. U99V

S`QQ7X *?QQb2 i?2 i2`KBM�H r2B;?i S = S∞X �HbQ +?QQb2 i?2 i2`KBM�H b2i Xf iQ #2
� K�tBK�HHv BMp�`B�Mi b2i 7Q` i?2 +HQb2/@HQQT bvbi2K x̃k+1 = (Ã + BK)x̃kX h?2M- x̃k+1 =

(Ã+ BK)x̃k ∈ Xf 7Q` �HH xk ∈ Xf X >2M+2- �bbmKTiBQM R Bb b�iBb}2/X
aBM+2 62 Bb TQbBiBp2 /2}MBi2- �bbmKTiBQM k Bb 7mH}HH2/X AM/22/ �bbmKTiBQM j `2T`2b2Mib

QTiBK�H +Qbi /2+`2�b2 r?B+? Bb b?QrM iQ #2 b�iBb}2/ #v i?2 7QHHQrBM; G2KK�X

G2KK� 8X8X 6Q` �HH x̃ ∈ Xf - i?2 QTiBK�H +Qbi /2+`2�b2, 61(x̃k+1)−61(x̃k) ≤ −62(x̃k,κN(x̃k)) ∀

x̃k ∈ Xf - ?QH/bX

S`QQ7X "�b2/ QM i?2 /2}MBiBQM Q7 61(x̃k)- i?2 H27i ?�M/ bB/2 UG>aV Q7 i?2 QTiBK�H +Qbi
/2+`2�b2 BM2[m�HBiv +�M #2 r`Bii2M �b x̃T

k+1Sx̃k+1 − x̃T
k Sx̃kX aBM+2 x̃k+1 = (Ã + BK)x̃k- i?2

kj
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G>a #2+QK2b x̃T
k (Ã+ BK)TS∞(Ã+ BK)x̃k − x̃T

k S∞x̃kX PM i?2 #�bBb Q7 U99V- r2 ?�p2

x̃T
k (Ã+ BK)TS∞(Ã+ BK)x̃k − x̃T

k S∞x̃k

= −x̃T
k (Q+ F T

∞RK)x̃k,
U98V

_2+�HH i?�i Q ≥ 0 �M/ R > 0 r?B+? BKTHB2b i?�i x̃T
k (Q + F T

∞RK)x̃k ≥ 0c i?mb- i?2 G>a Q7
U98V Bb bi`B+iHv M2;�iBp2 �M/ QMHv x2`Q �i i?2 Q`B;BMX

8XkX _Q#mbi ai�#BHBiv �M�HvbBb

h?Bb bm#b2+iBQM �BKb iQ 2ti2M/ i?2 `2bmHib 7`QK i?2 MQKBM�H +�b2 iQ i?2 mM+2`i�BM TH�Mi
r?B+? K2�Mb i?�i dwk Bb p�`vBM; �M/ mM+2`i�BM bm+? i?�i δk Bb MQM@x2`QX h?Bb b+2M�`BQ �TTHB2b
iQ i?2 b?BT `QHH KQiBQM bi�#BHBb�iBQM T`Q#H2K r?B+? Bb i?2 7Q+mb Q7 i?Bb T�T2`X >2M+2- r2
b?�HH b?Qr i?�i i?2 T`QTQb2/ �H;Q`Bi?K Bb BM?2`2MiHv `Q#mbi iQ i?2 r�p2 BM/m+2/ p�`vBM; �M/
mM+2`i�BM /Bbim`#�M+2b dwk X hQ T`Q+22/- H2i UR3V #2 r`Bii2M KQ`2 2tTHB+BiHv �b

x̃k+1 = Ãx̃k + B̃(µk + λk) + B̃dδk. U9eV

"v bm#biBimiBM; UkyV BMiQ U9eV- i?2 7QHHQrBM; 2[m�iBQM +�M #2 Q#i�BM2/,

x̃k+1 = Ãx̃k +

B︷ ︸︸ ︷[
B̃ B̃d

]
uk +

w︷ ︸︸ ︷
B̃d(δk − δ̂k) . U9dV

6`QK U9dV- i?2 7Q`KmH�i2/ bi�i2@bT�+2 KQ/2H Bb Q7 i?2 7Q`K Q7 �M mM+2`i�BM bvbi2K rBi? BMTmi
/Bbim`#�M+2 wX h?2 T2`im`#2/ bvbi2K Bb KQ/2HH2/ �b i?2 /Bz2`2M+2 2[m�iBQM,

G(x̃k) = {g(x̃k,κN(x̃k + ek)) + w | ek ∈ E,w ∈ W} U93V

r?2`2 ek `2T`2b2Mi i?2 2``Q` BM i?2 bi�i2 #2+�mb2 Bi Bb MQi T`2+Bb2Hv FMQrM /m2 iQ K2�bm`2K2Mi
�M/fQ` 2biBK�iBQM 2``Q` �M/ i?2 ;2M2`B+ bQHmiBQM Q7 i?2 T2`im`#2/ bvbi2K Bb /2MQi2/ φew

k (x̃)X

_2K�`F eX AM ;2M2`�H- i?2 r�p2 BM/m+2/ mM+2`i�BMiv w rBHH #2 � bK�HH T�`�K2i2` #2+�mb2
Bi `2T`2b2Mib � KBiB;�i2/ BM+`2K2Mi Q7 i?2 r�p2 /Bbim`#�M+2 #2ir22M irQ iBK2 bi2Tb �M/ Bb
x2`Q r?2M i?2 K�;MBim/2 Q7 i?2 2biBK�i2/ /Bbim`#�M+2 BM+`2K2Mi δ̂k 2[m�Hb i?2 K�;MBim/2 Q7
i?2 �+im�H bvbi2K /Bbim`#�M+2 BM+`2K2Mi δkX h?2`27Q`2- i?2 �//BiBp2 r�p2 KQiBQM /2T2M/2Mi
/Bbim`#�M+2 w ∈ W Bb +QKT�+i �M/ #QmM/2/- �M/ i?Bb ?QH/b 2p2M 7Q` `�TB/Hv +?�M;BM; r�p2@
BM/m+2/ /Bbim`#�M+2b T`QpB/2/ i?�i i?2 2biBK�i2 δ̂ Q7 i?2 �+im�H /Bbim`#�M+2 BM+`2K2Mi δk +�M
#2 Q#i�BM2/X
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S`QTQbBiBQM 8Xe U:`BKK 2i �HX Ukyy9VVX *QMbB/2` i?2 MQKBM�H +HQb2/@HQQT bvbi2K g(x̃k,κN(x̃))X
6Q` �Mv εp > 0- i?2`2 2tBbi δp > 0 bm+? i?�i B7 {W,E} ∈ δpB- i?2 `Q#mbi �bvKTiQiB+ bi�#BHBiv
+QM/BiBQM, φew

k (x̃) ≤ β(|x̃|, k) + εp ?QH/b 7Q` G(x̃k) T`QpB/2/ i?�i, URV � +QMiBMmQmb Gv�TmMQp
7mM+iBQM 2tBbib 7Q` g(x̃k,κN(x̃))X UkV Q(x̃) Bb `2+m`bBp2Hv 72�bB#H2X

LQi2 i?�i B Bb � mMBi #�HH �M/ β Bb Q7 +H�bb KL 7mM+iBQMX h?2`27Q`2- i?2 K2i?Q/ BM i?Bb
T�T2` T`QpB/2b `Q#mbi �bvKTiQiB+ bi�#BHBiv bBM+2 i?2 +QM/BiBQMb ;Bp2M BM S`QTQbBiBQM 8Xe ?�p2
#22M b?QrM iQ ?QH/ BM i?2 T`2pBQmb bm#b2+iBQMX

_2K�`F dX h?2 T`QTQb2/ K2i?Q/ Bb � `2@�``�M;2/ p2`bBQM Q7 Ƕbi�M/�`/Ƕ mM+2`i�BM bvbi2Kb
rBi? K2�bm`2K2Mif2biBK�iBQM 2``Q` �M/ �//BiBp2 BMTmi /Bbim`#�M+2X h?2 �M�HvbBb b?Qrb i?�i
i?2 T`QTQb2/ K2i?Q/ 7�HHb rBi?BM i?2 `Q#mbi �bvKTiQiB+ bi�#BHBiv T`QQ7b r?B+? +�M #2 7QmM/ BM
U:`BKK 2i �HX- kyy9c S�MMQ++?B� 2i �HX- kyRR�-#VX h?2 #2M2}i Q7 i?2 T`QTQb2/ `27Q`KmH�iBQM
Bb i?�i Bi K�F2b Bi TQbbB#H2 iQ +QKT2Mb�i2 7Q` #Qi? i?2 K�;MBim/2 �M/ `�i2 Q7 i?2 BMTmi
/Bbim`#�M+2X

eX LmK2`B+�H bBKmH�iBQM

� MmK2`B+�H bBKmH�iBQM Bb +QM/m+i2/ iQ /2KQMbi`�i2 i?2 2z2+iBp2M2bb Q7 i?2 T`QTQb2/
JS* �H;Q`Bi?K QM i?2 MQMHBM2�` /vM�KB+ KQ/2H Q7 i?2 b?BT `QHH KQiBQMX h?2 KQ/2H Q7 i?2
r�p2@BM/m+2/ /Bbim`#�M+2 +�M #2 /2b+`B#2/ #v � biQ+?�biB+ T`Q+2bb #�b2/ QM i?2 SB2`bQM@
JQbFQrBix bT2+i`mKX h?2 bBKmH�iBQM Q7 i?2 b?BT KQ/2H Bb T2`7Q`K2/ #v b2iiBM; i?2 b2�
bi�i2 iQ 8 r?B+? +Q``2bTQM/b iQ `Qm;? b2� +QM/BiBQMbX h?2 bB;MB}+�Mi r�p2 ?2B;?i Bb b2H2+i2/
�b Hs = 3.5K- /�KTBM; +QMbi�Mi Bb +?Qb2M �b ζw = 0.1 �M/ wn Bb i�F2M �b � x2`Q@K2�M
:�mbbB�M r?Bi2 T`Q+2bb MQBb2 rBi? /Bz2`2Mi bi�M/�`/ /2pB�iBQMb 7Q` /Bz2`2Mi b2� +QM/BiBQMbX
h?2 bBKmH�iBQM bim/v r�b T2`7Q`K2/ mbBM; i?2 p2bb2H KQ/2H ;Bp2M BM GB 2i �HX UkyReVX h?2
p2bb2H ?�b � /2bB;M bT22/ Q7 15 FMQibX h?2 HBM2�`Bb2/ MQMHBM2�` KQ/2H URV Bb b�KTH2/ �i �
`�i2 Q7 50Kb iQ Q#i�BM,

xk+1 =



 0.9999 0.0492

−0.0053 0.9673



 xk +



0.0001

0.0022



uk +



0

1



 dwk U9NV

hQ BKTH2K2Mi i?2 Q#b2`p2`- i?2 imMBM; T�`�K2i2`b �`2 b2H2+i2/ i?mb, W = 1- Ai, Bi �M/ Ci

�`2 �HH B/2MiBiv K�i`B+2b �M/ Di = 0. hQ �+i �b � #2M+?K�`F 7Q` i?2 T`QTQb2/ T`2/B+iBp2
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Wave induced disturbance

6B;m`2 k, hBK2 2pQHmiBQM Q7 i?2 r�p2@BM/m+2/ /Bbim`#�M+2 +Q``2bTQM/BM; iQ #2�K b2� +QM/BiBQMb rBi? bB;@
MB}+�Mi b2� ?2B;?i Hs = 3.5K �M/ Bib 2biBK�i2 �`2 b?QrMX

+QMi`QH �H;Q`Bi?K- r2 /2bB;M2/ �M GZ_ +QMi`QHH2` #v mbBM; i?2 p2HQ+Biv KQ/2H URyV iQ 2M�#H2
/Bbim`#�M+2 `2D2+iBQMX Ai Bb BKTQ`i�Mi iQ ?B;?HB;?i i?�i BM GZ_- i?2 `2+2/BM; ?Q`BxQM +QMi`QH
U_>*V T`Q#H2K Bb bQHp2/ 7Q` N = ∞ r?BH2 JS* Bb 7Q`KmH�i2/ iQ bQHp2 7Q` }MBi2 N iQ
�TT`QtBK�i2 BM}MBi2 ?Q`BxQM +QMi`QHH2`X h?2 QT2M@HQQT T2`7Q`K�M+2 Bb i?2 `2bTQMb2 Q7 i?2
b?BT rBi?Qmi �+iBp2 +QMi`QHX h?2 imMBM; T�`�K2i2`b mb2/ 7Q` i?2 /Bbim`#�M+2 Q#b2`p2`@#�b2/
JS* U.P"@JS*V �M/ GZ_ r2`2 b2H2+i2/ �b Q = #HF/B�;(5, 0.01) �M/ R = 0.02X h?2
i2`KBM�H 2``Q` r2B;?i S rBHH i?2M #2 Q#i�BM2/ 7`QK i?2 bQHmiBQM Q7 /Bb+`2i2@iBK2 _B++�iB
2[m�iBQMX h?2 T�`�K2i2`b bT2+B}+ iQ i?2 .P"@JS* r2`2 P = 1010, N = 100X .m2 iQ
i?2 HQM; T`2/B+iBQM ?Q`BxQM N - r2 BKTH2K2Mi2/ � +QMi`QH ?Q`BxQM Nu = 2 iQ bT22/ mT i?2
bQHmiBQM iQ i?2 QTiBKBb�iBQM T`Q#H2K �M/ 7Q` BKT`Qp2/ T2`7Q`K�M+2X h?2 bBKmH�iBQM bim/v
r�b +�``B2/ Qmi BM J�hG�" 2MpB`QMK2MiX q2 T`2b2Mi i?2 bBKmH�iBQM Q7 i?2 p2bb2H BM i?`22
/Bz2`2Mi b2� +QM/BiBQMbX

eXRX "2�K a2�b �i a2� ai�i2 8

�b �M BHHmbi`�iBQM iQ b?Qr i?2 M�im`2 Q7 i?2 /Bbim`#�M+2- 6B;m`2 k b?Qrb i?2 r�p2@BM/m+2/
/Bbim`#�M+2 bB;M�H dw +Q``2bTQM/BM; iQ `Qm;? b2� bi�i2 8 (Hs = 3.5KV rBi? 2M+QmMi2` �M;H2-
β = 90 deg �M/ Bib 2biBK�i2 d̂w Q#i�BM2/ #v mbBM; i?2 Q#b2`p2` /2bB;M2/ BM a2+iBQM 4X h?2
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t(s) 



MQBb2 bB;M�H wn Bb i�F2M �b � :�mbbB�M r?Bi2 MQBb2 rBi? x2`Q K2�M �M/ bi�M/�`/ /2pB�iBQM
Q7 yXR8X Ai +�M #2 b22M i?�i i?2 2biBK�i2 +HQb2Hv 7QHHQrb i?2 �+im�H r�p2 /Bbim`#�M+2X AM i?2
7QHHQrBM; r2 rQmH/ +QMbB/2` i?2 +QMi`QHH2`b T2`7Q`K�M+2 mM/2` irQ /Bz2`2Mi 7Q`r�`/ b?BT
bT22/X

*�b2 aim/v R, a2� bi�i2 8 BM #2�K b2�b rBi? b?BT 7Q`r�`/ bT22/ Q7 R8 FMQib

AM i?Bb +�b2 bim/v- r2 b?�HH +QMbB/2` i?2 bBKmH�iBQM Q7 i?2 p2bb2H r?2M Bi b�BHb �i i?2
/2bB;M bT22/ Q7 15 FMQib mM/2` i?2 `Qm;? b2� +QM/BiBQMbX 6B;m`2 j b?Qrb i?2 THQi Q7 i?2
MQMHBM2�` p2bb2H KQ/2H `2bTQMb2 rBi?Qmi �Mv +QMbi`�BMi BKTH2K2Mi�iBQM BM i?2 bvbi2KX AM
i?2 THQi- i?2 /vM�KB+ bi�i2b �M/ +QMi`QH BMTmi �KTHBim/2 �M/ `�i2 2pQHmiBQM rBi? iBK2 7Q`
i?2 QT2M@HQQT- GZ_ �M/ .P"@JS* bBKmH�iBQM `2bmHib �`2 b?QrMX h?2 `2bmHi b?Qrb i?�i
#Qi? GZ_ �M/ .P"@JS* T`QpB/2 � bB;MB}+�Mi `QHH KQiBQM /�KTBM; r?2M +QKT�`2/ rBi?
i?2 mM+QMi`QHH2/ TH�MiX h?2 mM+QMi`QHH2/ TH�Mi ;Bp2b `QHH �M;H2 rBi? � `QQi K2�M b[m�`2
U_JaV p�Hm2 Q7 1.92 deg �M/ `QHH `�i2 _Ja p�Hm2 Q7 1.50 degfbX q?2`2�b GZ_ `2/m+2/
i?2b2 p�Hm2b iQ 0.15 deg �M/ 0.36 degfb- .P"@JS* `2/m+2/ i?2 `QHH �M;H2 iQ 0.15 deg �M/
`QHH `�i2 iQ 0.12 degfb- `2bT2+iBp2HvX h?2`27Q`2- i?2 T`QTQb2/ +QMi`QHH2` �+?B2p2/ #2ii2` `QHH
�M;H2 �M/ `QHH `�i2 `2/m+iBQM r?B+? BKTHB2b i?�i i?2 +`2r rBHH 2MDQv � bKQQi?2` b�BH mM/2`
i?2 .P"@JS*X h?2 .P"@JS* T`QpB/2/ � #2ii2` T2`7Q`K�M+2 #2+�mb2- BM �//BiBQM iQ
+QKT2Mb�iBM; 7Q` /Bbim`#�M+2 �KTHBim/2 pB� i?2 p2HQ+Biv KQ/2H- Bi +QKT2Mb�i2b 7Q` i?2 r�p2@
BM/m+2/ /Bbim`#�M+2 `�i2X

h�#H2 A, *�b2 aim/v R U6BM bi�#BHBb2/ b?BT �i R8 FMQib BM #2�K b2�bV, S2`7Q`K�M+2 +QKT�`BbQM 7Q` i?2 QT2M
HQQT- GZ_ �M/ .P"@JS* �bbmKBM; MQ T?vbB+�H HBKBib QM i?2 BMTmi K�;MBim/2 �M/ `�i2 +QMbi`�BMibX

S�`�K2i2` o�Hm2 U_JaV W _2/ W �KT

_QHH �M;H2 QT2M HQQT 1.9214 @ @

_QHH �M;H2 GZ_ 0.1535 NkXyRW @

_QHH �M;H2 .P"@JS* 0.0911 N8XkeW @

_QHH `�i2 QT2M HQQT 1.4991 @ @

_QHH `�i2 GZ_ 0.3632 d8XddW @

_QHH `�i2 .P"@JS* 0.1242 NRXdkW @
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6B;m`2 j, *�b2 bim/v R U6BM bi�#BHBb2/ b?BT �i R8 FMQib BM #2�K b2�bV, hBK2 2pQHmiBQM Q7 i?2 p2bb2H KQ/2H
bi�i2b- BMTmi �M/ BMTmi `�i2 BM i?2 T`2b2M+2 Q7 r�p2@BM/m+2/ /Bbim`#�M+2 dw rBi?Qmi BMTmi �M/ BMTmi `�i2
+QMbi`�BMibX PT2M HQQT `2bTQMb2 U`2/V �M/ i?2 +QMi`QHH2/ TH�Mi `2bTQMb2 U#Hm2V �`2 b?QrMX

6B;m`2 9, *�b2 bim/v R U6BM bi�#BHBb2/ b?BT �i R8 FMQib BM #2�K b2�bV, hBK2 2pQHmiBQM Q7 i?2 p2bb2H KQ/2H
bi�i2b- BMTmi �M/ BMTmi `�i2 BM i?2 T`2b2M+2 Q7 r�p2@BM/m+2/ /Bbim`#�M+2 dw rBi? BMTmi �M/ BMTmi `�i2
+QMbi`�BMibX PT2M HQQT `2bTQMb2 U`2/V �M/ i?2 +QMi`QHH2/ TH�Mi `2bTQMb2 U#Hm2V �`2 b?QrMX
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h�#H2 AA, *�b2 aim/v R U6BM bi�#BHBb2/ b?BT �i R8 FMQib BM #2�K b2�bV, S2`7Q`K�M+2 +QKT�`BbQM 7Q` i?2 QT2M
HQQT- GZ_ �M/ .P"@JS* rBi? BMTmi K�;MBim/2 �M/ `�i2 +QMbi`�BMib BKTH2K2Mi2/X

S�`�K2i2` o�Hm2 U_JaV W _2/ W �KT

_QHH �M;H2 QT2M HQQT 2.0847 @ @

_QHH �M;H2 GZ_ 2.8821 @ j3Xk8W

_QHH �M;H2 .P"@JS* 0.7565 ejXdRW

_QHH `�i2 QT2M HQQT 1.2623 @ @

_QHH `�i2 GZ_ 2.6471 @ RyNXdyW

_QHH `�i2 .P"@JS* 0.5039 eyXy3W

>Qr2p2`- i?2 +QMi`QH BMTmi �M;H2b b?QrM BM 6B;m`2 j �`2 [mBi2 H�`;2 �M/ BM T`�+iB+2-
i?2 BMTmi �KTHBim/2 �M/ `�i2 �`2 `2bi`B+i2/ �M/ � ivTB+�H `�M;2 Bb ±30 deg (�M/ 30 deg /s)X
>2M+2- r2 +QMbB/2`2/ � K�;MBim/2 +QMbi`�BMi Q7 ±30 deg �M/ K�tBKmK `�i2 Q7 25 deg /sX
6B;m`2 9 b?Qrb i?2 bBKmH�iBQM `2bmHib 7Q` i?2 +QMbi`�BM2/ b+2M�`BQX "�b2/ QM i?2 `2bmHib-
r2 7QmM/ i?�i i?2 +QMbi`�BMib +�mb2/ GZ_ BMTmib �M/ Bib `�i2 iQ b�im`�i2X h?Bb +�mb2/ `QHH
�M;H2 �M/ `QHH `�i2 �KTHB}+�iBQM rBi? _Ja p�Hm2b Q7 2.88 deg �M/ 2.65 degfb- `2bT2+iBp2Hvc
r?B+? �`2 ?B;?2` i?�M 2.08 deg �M/ 1.26 degfb _Ja p�Hm2b ;Bp2M #v i?2 QT2M@HQQT TH�MiX
lM/2` .P"@JS* +QMi`QH- i?2 _Ja p�Hm2b Q7 i?2 `QHH �M;H2 �M/ `QHH `�i2 �`2 0.76 deg �M/
0.50 degfb `2bT2+iBp2HvX h?2 `2bmHib BKTHv i?�i .P"@JS* T`QpB/2b 63.71% `2/m+iBQM BM `QHH
�M/ 60.08% /2+`2�b2 BM i?2 p2bb2H `QHH `�i2 r?BH2 GZ_ ;�p2 38.25% �M/ 109.7% �KTHB}+�iBQMb
BM `QHH �M;H2 �M/ `QHH `�i2- `2bT2+iBp2HvX AM h�#H2b A �M/ AA- i?2 Qp2`�HH T2`7Q`K�M+2b Q7 i?2
+QMi`QHH2`b BM #2�K b2�b rBi? b?BTǶb 7Q`r�`/ bT22/ Q7 R8 FMQib �`2 bmKK�`Bb2/ BM i2`Kb Q7
_Ja p�Hm2b Q7 i?2 `QHH �M;H2 �M/ `QHH `�i2 2``Q`bX

*�b2 aim/v k, a2� bi�i2 8 BM #2�K b2�b rBi? Ry FMQib b?BT 6Q`r�`/ bT22/

h?2 mb2 Q7 }M bi�#BHBb2` 7Q` `QHH KQiBQM bi�#BHBb�iBQM Bb r2HH FMQrM iQ #2 2bT2+B�HHv 2z2+iBp2
�i ?B;? bT22/ U>BMQbi`Qx� 2i �HX- kyR8c S2`2x- kyyeVX AM i?Bb +�b2 bim/v- r2 b?�HH 2t�KBM2 i?2
T2`7Q`K�M+2 Q7 i?2 }M bi�#BHBb2` r?2M +QMi`QHH2/ #v GZ_ �M/ i?2 T`QTQb2/ .P"@JS* �i
b?BTǶb bT22/ i?�i Bb irQ@i?B`/ Q7 /2bB;M bT22/X h?2 `2bmHi Q7 i?2 bBKmH�iBQM rBHH ;Bp2 �M B/2� Q7
?Qr 2z2+iBp2 i?2 b?BT +�M #2 bi�#BHBb2/ B7 Bi 2Mi2`b `Qm;? b2�b �i � bT22/ r2HH #2HQr Bib `�i2/
7Q`r�`/ bT22/X AM 6B;m`2 8- i?2 `2bTQMb2 Q#i�BM2/ 7Q` i?2 p2bb2H �i `2H�iBp2Hv HQr bT22/ Bb
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6B;m`2 8, *�b2 aim/v k U6BM bi�#BHBb2/ b?BT �i Ry FMQib BM #2�K b2�bV, hBK2 2pQHmiBQM Q7 i?2 p2bb2H KQ/2H
bi�i2b- BMTmi �M/ BMTmi `�i2 BM i?2 T`2b2M+2 Q7 r�p2@BM/m+2/ /Bbim`#�M+2 dw rBi? BMTmi �M/ BMTmi `�i2
+QMbi`�BMibX PT2M HQQT `2bTQMb2 U`2/V �M/ i?2 +QMi`QHH2/ TH�Mi `2bTQMb2 U#Hm2V �`2 b?QrMX

b?QrMX AM ;2M2`�H- i?2 `2bmHib b?Qr i?�i i?2 T`QTQb2/ b+?2K2 Bb biBHH �#H2 iQ H2�/ iQ `QHH �M/
`QHH `�i2 `2/m+iBQM r?BH2 GZ_ ;�p2 BM+`2�b2/ `QHH �M/ Bib `�i2 �KTHB}+�iBQMX h?2 `2bmHi Q7 i?2
+QKT�`BbQM Q7 i?2 T2`7Q`K�M+2 Q7 #Qi? +QMi`QH b+?2K2b Bb T`2b2Mi2/ BM h�#H2 AAA #v +QKTmiBM;
i?2 `QQi K2�M b[m�`2 U_JaV p�Hm2b Q7 i?2 `QHH �M;H2 �M/ `QHH `�i2 2``Q`bX AM +QKT�`BbQM iQ i?2
mM+QMi`QHH2/ TH�Mi- i?2 T`QTQb2/ .P"@JS* T`QpB/2/ �#Qmi 46% `QHH �M;H2 i`�+FBM; 2``Q`
`2/m+iBQM r?BH2 GZ_ ;�p2 105% `QHH i`�+FBM; 2``Q` �KTHB}+�iBQMX 6m`i?2`KQ`2- GZ_ `2bmHi2/
BM 122% `QHH `�i2 2``Q` �KTHB}+�iBQM r?BH2 i?2 T`QTQb2/ T`2/B+iBp2 +QMi`QHH2` T`QpB/2/ 44%

`2/m+iBQM Q7 i?2 i`�+FBM; 2``Q` BM i?2 `QHH `�i2X h?2`27Q`2- 7Q` � `2/m+2/ 7Q`r�`/ bT22/ Q7
i?2 p2bb2H- i?2 T`QTQb2/ +QMi`QH b+?2K2 +�M T`QpB/2 � KQ`2 +QK7Q`i�#H2 b�BHBM; +QM/BiBQMb
BM `Qm;? b2�b 7Q` i?2 T�bb2M;2`b QM i?2 b?BT r?2M +QKT�`2/ iQ i?2 mM+QMi`QHH2/ TH�Mi �M/
GZ_ +QMi`QHH2/ TH�MiX

eXkX Zm�`i2`BM; a2�b �i a2� ai�i2 8

AM i?Bb bm#b2+iBQM- r2 +QMbB/2` `Qm;? b2� +QM/BiBQMb r?2M i?2 b?BTǶb 2M+QmMi2` �M;H2-
β = 45 deg U[m�`i2`BM; b2�bVX >2`2- i?2 MQBb2 bB;M�H wn Bb �bbmK2/ iQ ?�p2 � bi�M/�`/
/2pB�iBQM Q7 R8WX q2 +QMbB/2` /Bz2`2Mi 7Q`r�`/ bT22/ Q7 i?2 b?BT BM i?2 7QHHQrBM; irQ +�b2bX

jy

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

Fin control for ship roll motion stabilisation based on observer enhanced MPC with disturbance rate compensation

~·~-0 50 100 150 200 250 300 

-

s r: . 
i,- -20 ~ 

0 50 100 150 200 250 300 
t(s) 

:-· : l ' ' ; ' ' ,' • ! •.:' , I ,, • : : ,,' ~, \ ; ', \ 

-5 '------~--'----~-'---~--~---~-----'LJ 
0 50 100 150 200 250 300 

t (s) 
5 

o L. ~AA , AA h fi A.,A AM ... AA"• A.,_ A ~ ·' AA fi = -5 
0 50 100 150 200 250 300 

t(s) 

::-
0 50 100 150 200 250 300 

::W 
0 50 100 150 

t(s) 
200 250 300 



h�#H2 AAA, *�b2 aim/v k U6BM bi�#BHBb2/ b?BT �i Ry FMQib BM #2�K b2�bV, S2`7Q`K�M+2 +QKT�`BbQM 7Q` i?2 QT2M
HQQT- GZ_ �M/ .P"@JS* `2bTQMb2b rBi? i?2 BMTmi K�;MBim/2 �M/ `�i2 +QMbi`�BMib BKTH2K2Mi2/X

S�`�K2i2` _Ja W _2/ W �KT

_QHH �M;H2 QT2M HQQT 2.1248 @ @

_QHH �M;H2 GZ_ 3.7496 @ deX9dW

_QHH �M;H2 .P"@JS* 1.015 8kXkjW @

_QHH `�i2 QT2M HQQT 1.2153 @ @

_QHH `�i2 GZ_ 2.7985 @ RjyXkdW

_QHH `�i2 .P"@JS* 0.6422 9dXReW @

h�#H2 Ao, *�b2 aim/v R U6BM bi�#BHBb2/ b?BT �i R8 FMQib BM [m�`i2`BM; b2�bV, S2`7Q`K�M+2 +QKT�`BbQM 7Q` i?2
QT2M HQQT- GZ_ �M/ .P"@JS* `2bTQMb2b rBi? i?2 BMTmi K�;MBim/2 �M/ `�i2 +QMbi`�BMib BKTH2K2Mi2/X

S�`�K2i2` o�Hm2 U_JaV _2/m+iBQM �KTHB}+�iBQM

_QHH �M;H2 QT2M HQQT 3.3864 @ @

_QHH �M;H2 GZ_ 3.6935 @ NXydW

_QHH �M;H2 .P"@JS* 0.8669 d9X9yW @

_QHH `�i2 QT2M HQQT 1.2473 @ @

_QHH `�i2 GZ_ 1.6350 @ jRXy3W

_QHH `�i2 .P"@JS* 0.5333 8dXk9W @

*�b2 aim/v R, Zm�`i2`BM; b2�b �i b2� bi�i2 8 rBi? R8 FMQib b?BT 7Q`r�`/ bT22/

h?2 Q#i�BM2/ bBKmH�iBQM `2bmHib �`2 b?QrM BM 6B;m`2 e r?2`2 .P"@JS* Bb b?QrM iQ ;Bp2
� bB;MB}+�Mi `2/m+iBQM Q7 `QHH �M/ `QHH `�i2X �b b?QrM BM h�#H2 Ao- i?2 T`QTQb2/ T`2/B+iBp2
+QMi`QH `2/m+2/ i?2 _Ja 2``Q` p�Hm2b Q7 i?2 `QHH `�i2 �M/ `QHH �M;H2 r?2M +QKT�`2/ iQ i?2
QT2M@HQQT TH�Mi #v d9X9W �M/ 8dXk9W- `2bT2+iBp2HvX GZ_- QM i?2 Qi?2` ?�M/- ;�p2 NXydW
�KTHB}+�iBQM BM i?2 p2bb2HǶb `QHH �M/ jRXy3W `QHH `�i2 �KTHB}+�iBQMX "�b2/ QM i?2 i�#mH�i2/
`2bmHib- Bi +�M #2 +QM+Hm/2/ i?�i GZ_ ;2M2`�HHv H2/ iQ `QHH KQiBQM �KTHB}+�iBQM r?BH2 i?2
T`QTQb2/ +QMi`QH b+?2K2 `2bmHi2/ BM � bB;MB}+�Mi `2/m+iBQM Q7 i?2 b?BTǶb `QHH KQiBQMX
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6B;m`2 e, *�b2 aim/v R U6BM bi�#BHBb2/ b?BT �i R8 FMQib BM [m�`i2`BM; b2�bV, hBK2 2pQHmiBQM Q7 i?2 p2bb2H
KQ/2H bi�i2b- BMTmi �M/ BMTmi `�i2 BM i?2 T`2b2M+2 Q7 r�p2@BM/m+2/ /Bbim`#�M+2 dw rBi? BMTmi �M/ BMTmi `�i2
+QMbi`�BMibX PT2M HQQT `2bTQMb2 U`2/V �M/ i?2 +QMi`QHH2/ TH�Mi `2bTQMb2 U#Hm2V �`2 b?QrMX

*�b2 aim/v k, Zm�`i2`BM; b2�b �i b2� bi�i2 8 rBi? b?BT 7Q`r�`/ bT22/ Q7 Ry FMQib

h?2 bBKmH�iBQM `2bmHib 7Q` i?2 p2bb2H �i � `2/m+2/ bT22/ 7Q` b2� bi�i2 8 BM [m�`i2`BM;
b2�b Bb b?QrM BM 6B;m`2 dX �;�BM- .P"@JS* Bb �#H2 iQ T`QpB/2 � bB;MB}+�Mi T2`7Q`K�M+2
BKT`Qp2K2Mi #Qi? BM i2`Kb Q7 `QHH �M;H2 �M/ `QHH `�i2 `2/m+iBQMX q?2`2�b .P"@JS* `2/m+2/
i?2 _Ja p�Hm2 Q7 `QHH �M;H2 Q7 i?2 p2bb2H 7`QK 3.22 deg UmM+QMi`QHH2/V iQ 1.07 deg- GZ_
�KTHB}2/ i?2 �M;H2 iQ �+?B2p2 �M _Ja p�Hm2 Q7 4.45 degX 6m`i?2`KQ`2- i?2 Qp2`�HH `2/m+iBQM
BM `QHH �M/ `QHH `�i2 T`QpB/2/ #v .P"@JS* Bb /2KQMbi`�i2/ BM h�#H2 oX GZ_- QM i?2 Qi?2`
?�M/- ;2M2`�HHv `2bmHi2/ BM �KTHB}+�iBQM Q7 `QHH �M;H2 �M/ `QHH `�i2 �b b?QrM BM i?2 i�#H2X

eXjX "Qr a2�b �i a2� ai�i2 8

AM i?Bb b+2M�`BQ- i?2 r�p2@BM/m+2/ /Bbim`#�M+2 bB;M�H dw +Q``2bTQM/b iQ `Qm;? b2� bi�i2
8 (Hs = 3.5KV rBi? 2M+QmMi2` �M;H2- β = 135 deg �M/ Bib 2biBK�i2 d̂wX h?2 MQBb2 bB;M�H wn

Bb i�F2M �b � :�mbbB�M r?Bi2 MQBb2 rBi? x2`Q K2�M �M/ bi�M/�`/ /2pB�iBQM Q7 yX9X �;�BM- r2
b?�HH +QMbB/2` i?2 +QMi`QHH2`b T2`7Q`K�M+2 mM/2` irQ /Bz2`2Mi 7Q`r�`/ b?BT bT22/ +QM/BiBQMbX
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h�#H2 o, *�b2 aim/v k U6BM bi�#BHBb2/ b?BT �i Ry FMQib BM [m�`i2`BM; a2�bV , S2`7Q`K�M+2 +QKT�`BbQM 7Q` i?2
QT2M HQQT- GZ_ �M/ .P"@JS* `2bTQMb2b rBi? i?2 BMTmi K�;MBim/2 �M/ `�i2 +QMbi`�BMib BKTH2K2Mi2/X

S�`�K2i2` o�Hm2 U_JaV _2/m+iBQM �KTHB}+�iBQM

_QHH �M;H2 QT2M HQQT 3.2196 @ @

_QHH �M;H2 GZ_ 4.4485 @ j3XRdW

_QHH �M;H2 .P"@JS* 1.0691 eeXdNW @

_QHH `�i2 QT2M HQQT 1.4724 @ @

_QHH `�i2 GZ_ 2.1790 @ 9dXNNW

_QHH `�i2 .P"@JS* 0.5310 ejXN9W @

6B;m`2 d, *�b2 aim/v k U6BM bi�#BHBb2/ b?BT �i Ry FMQib BM [m�`i2`BM; b2�bV, hBK2 2pQHmiBQM Q7 i?2 p2bb2H
KQ/2H bi�i2b- BMTmi �M/ BMTmi `�i2 BM i?2 T`2b2M+2 Q7 r�p2@BM/m+2/ /Bbim`#�M+2 dw rBi? BMTmi �M/ BMTmi `�i2
+QMbi`�BMibX PT2M HQQT `2bTQMb2 U`2/V �M/ i?2 +QMi`QHH2/ TH�Mi `2bTQMb2 U#Hm2V �`2 b?QrMX
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h�#H2 oA, *�b2 aim/v R U6BM bi�#BHBb2/ b?BT �i R8 FMQib BM #Qr b2�bV, S2`7Q`K�M+2 +QKT�`BbQM 7Q` i?2 QT2M
HQQT- GZ_ �M/ .P"@JS* `2bTQMb2b rBi? i?2 BMTmi K�;MBim/2 �M/ `�i2 +QMbi`�BMib BKTH2K2Mi2/X

S�`�K2i2` o�Hm2 U_JaV _2/m+iBQM �KTHB}+�iBQM

_QHH �M;H2 QT2M HQQT 0.9951 @ @

_QHH �M;H2 GZ_ 2.0649 @ RydX8RW

_QHH �M;H2 .P"@JS* 0.4679 8kXN3W @

_QHH `�i2 QT2M HQQT 0.9472 @ @

_QHH `�i2 GZ_ 2.5118 @ Re8XR3W

_QHH `�i2 .P"@JS* 0.3832 8NX89W @

*�b2 aim/v R, a2� bi�i2 8 BM #Qr b2�b rBi? b?BT 7Q`r�`/ bT22/ Q7 R8 FMQib

h?2 bBKmH�iBQM `2bmHib 7Q` i?2 p2bb2H rBi? 7Q`r�`/ bT22/ Q7 R8 FMQib 7Q` b2� bi�i2 8 BM
#Qr b2�b Bb b?QrM BM 6B;m`2 3X AM i?2 };m`2- KBMBK�H b�im`�iBQM Q++m``2/ BM i?2 BMTmi bB;M�H
Q7 .P"@JS* +QKT�`2/ iQ i?2 +QMi`QH bB;M�H Q7 GZ_X >Qr2p2`- i?2 BMTmi `�i2 b�im`�iBQM
BM i?2 .P"@JS* Bb bB;MB}+�MiHv ;`2�i2` i?�M Bi Bb 7Q` GZ_X LQM2i?2H2bb- .P"@JS* biBHH
T`QpB/2 � bB;MB}+�Mi T2`7Q`K�M+2 BKT`Qp2K2Mi #Qi? BM i2`Kb Q7 `QHH �M;H2 �M/ `QHH `�i2
`2/m+iBQMX q?2`2�b .P"@JS* `2/m+2/ i?2 QmiTmi `2;mH�iBQM _Ja 2``Q` Q7 i?2 p2bb2HǶb
`QHH �M;H2 7`QK 1.00 deg UmM+QMi`QHH2/V iQ 0.47 deg- GZ_ �KTHB}2/ i?Bb p�Hm2 iQ 2.06 degX
h?2 BKT`Qp2K2Mi T`QpB/2/ #v .P"@JS* r�b 2p2M ;`2�i2` 7Q` `QHH `�i2 r?BH2 GZ_ T`QpB/2b
;`2�i2` �KTHB}+�iBQM Q7 i?2 `QHH `�i2X h?2 Qp2`�HH T2`7Q`K�M+2b Q7 GZ_ �M/ .P"@JS* �`2
T`2b2Mi2/ BM h�#H2 oA �M/ GZ_ T`QpB/2/ �KTHB}+�iBQM Q7 `QHH �M;H2 �M/ `QHH `�i2X

*�b2 aim/v k, a2� bi�i2 8 BM #Qr b2�b rBi? Ry FMQib b?BT 7Q`r�`/ bT22/

h?2 bBKmH�iBQM `2bmHib 7Q` i?2 p2bb2HǶb 7Q`r�`/ bT22/ Q7 Ry FMQib 7Q` b2� bi�i2 8 BM #Qr
b2�b Bb b?QrM BM 6B;m`2 NX AM i?2 };m`2- .P"@JS* ;2M2`�HHv `2/m+2/ ii?2 T2�F p�Hm2 Q7
`QHH �M;H2 �M/ Bib `�i2X AM �//BiBQM- .P"@JS* T`QpB/2b �M Qp2`�HH bB;MB}+�Mi T2`7Q`K�M+2
BKT`Qp2K2Mi BM i?2 QmiTmib `2;mH�iBQMX q?2`2�b .P"@JS* `2/m+2/ i?2 QmiTmi `2;mH�iBQM
_Ja 2``Q` Q7 i?2 `QHH �M;H2 Q7 i?2 p2bb2H 7`QK 1.45 deg UmM+QMi`QHH2/V iQ 0.89 deg- GZ_
�KTHB}2/ i?Bb p�Hm2 iQ 3.66 degX h?2 BKT`Qp2K2Mi T`QpB/2/ #v .P"@JS* r�b 2p2M ;`2�i2`
7Q` `QHH `�i2 r?BH2 GZ_ T`QpB/2b ;`2�i2` �KTHB}+�iBQM Q7 i?2 `QHH `�i2 r?2M +QKT�`2/ iQ
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6B;m`2 3, *�b2 aim/v R U6BM bi�#BHBb2/ b?BT �i R8 FMQib BM #Qr b2�bV, hBK2 2pQHmiBQM Q7 i?2 p2bb2H KQ/2H
bi�i2b- BMTmi �M/ BMTmi `�i2 BM i?2 T`2b2M+2 Q7 r�p2@BM/m+2/ /Bbim`#�M+2 dw rBi? BMTmi �M/ BMTmi `�i2
+QMbi`�BMibX PT2M HQQT `2bTQMb2 U`2/V �M/ i?2 +QMi`QHH2/ TH�Mi `2bTQMb2 U#Hm2V �`2 b?QrMX

`QHH `�i2 Q7 i?2 mM+QMi`QHH2/ p2bb2HX h?2 Qp2`�HH `2/m+iBQM BM `QHH �M/ `QHH `�i2 T`QpB/2/ #v
.P"@JS* Bb /2KQMbi`�i2/ BM h�#H2 oAAc r?2`2 GZ_- QM i?2 Qi?2` ?�M/- ;2M2`�HHv `2bmHi2/
BM �KTHB}+�iBQM Q7 `QHH KQiBQMX

dX .Bb+mbbBQMb

AM i?Bb b2+iBQM- r2 b?�HH /Bb+mbb i?2 `2bmHib Q#i�BM2/ 7`QK i?2 MmK2`B+�H bBKmH�iBQM bim/v
+�``B2/ Qmi BM i?2 T`2pBQmb b2+iBQM mM/2` p�`BQmb b2� +QM/BiBQMb �M/ 7Q`r�`/ bT22/ Q7 i?2
p2bb2HX h?2 bim/v b?Qr2/ i?�i- 7Q` i?2 QT2M HQQT `2bTQMb2 Q7 i?2 p2bb2H- i?2 K�tBKmK
_Ja p�Hm2 7Q` `QHH r�b Q#i�BM2/ BM [m�`i2`BM; b2�b r?2M i?2 7Q`r�`/ bT22/ Q7 i?2 p2bb2H
Bb 10 FMQibX h?2 KBMBKmK `QHH �M;H2- QM i?2 Qi?2` ?�M/- Q++m``2/ BM #Qr b2�b r?2M i?2
p2bb2H 7Q`r�`/ bT22/ Bb 15 FMQibX GZ_ �M/ .P"@JS* r2`2 �#H2 iQ T`QpB/2 bB;MB}+�Mi
BKT`Qp2K2Mi BM `QHH �M/ `QHH `�i2 `2/m+iBQM 7Q` �M mM+QMbi`�BM2/ }M �+im�iQ`X Ai Bb T2`iBM2Mi
iQ TQBMi Qmi i?�i- 2p2M BM i?Bb +�b2- .P"@JS* T`QpB/2/ ;`2�i2` `QHH KQiBQM `2/m+iBQM �M/
H2bb2` b2MbBiBpBiv iQ i?2 `�M/QKM2bb iQ i?2 b2� r�p2bX >Qr2p2`- i?2 mM+QMbi`�BM2/ b+2M�`BQ Bb
MQi T`�+iB+�Hc ?2M+2- r2 K�BMHv +QMbB/2`2/ +QMbi`�BM2/ }M �+im�iQ` Bb i?2 bBKmH�iBQM bim/vX
h?2 `2bmHib- Q#i�BM2/ 7`QK i?2 +QMbi`�BM2/ BMTmi �M/ BMTmi `�i2- b?Qr2/ i?�i GZ_ KQbiHv

j8

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

Fin control for ship roll motion stabilisation based on observer enhanced MPC with disturbance rate compensation
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`2bmHi2/ BM `QHH KQiBQM �KTHB}+�iBQM r?BH2 i?2 T`QTQb2/ +QMi`QHH2` T`QpB/2/ 2MQ`KQmb `QHH
KQiBQM `2/m+iBQMX AM i2`Kb Q7 p2bb2H bT22/- `QHH KQiBQM `2/m+iBQM 7Q` i?2 b?BT #�b2/ QM i?2
+QMi`QH Q7 i?2 }M bi�#BHBb2` r�b TQQ`2` �i HQr2` bT22/ Q7 i?2 p2bb2Hc i?Bb Bb +QMbBbi2Mi rBi?
T`2pBQmb }M/BM;b U6Qbb2M- kyRRc S2`2x- kyyeVX h?2 T`QTQb2/ +QMi`QHH2` ;�p2 i?2 #2bi `QHH
`2/m+iBQM BM [m�`i2`BM; b2�b U�i ?B;? p2bb2H bT22/V �M/ i?2 H2�bi BM #Qr b2�b U�i HQr p2bb2H
bT22/VX AM #Qr b2�b- r?2`2 i?2 2M+QmMi2` 7`2[m2M+v Bb ?B;?2bi /m2 iQ i?2 �M;H2 Q7 2M+QmMi2`-
Bi Bb 2tT2+i2/ i?�i i?2 /Bbim`#�M+2b rQmH/ ?�p2 H2bb2` BKT�+i QM i?2 `QHH KQiBQM Q7 i?2 p2bb2H
US2`2x- kyyeVX h?Bb TQBMi Bb 2pB/2Mi 7`QK i?2 7�+i i?�i i?2 KBMBKmK T2�F p�Hm2b BM `QHH
KQiBQM r�b �+?B2p2/ mM/2` #Qr b2�bX >Qr2p2`- i?2 T2`7Q`K�M+2b Q7 #Qi? +QMi`QHH2`b r2`2
TQQ`2bi BM i?2b2 b2� +QM/BiBQMb �M/ i?Bb Bb #2+�mb2 i?2 +QMi`QHH2`bǶ T2`7Q`K�M+2b �`2 �z2+i2/
#v Qi?2` 7�+iQ`b bm+? �b i?2 bT22/ Q7 i?2 p2bb2H �M/ i?2 M�im`2 Q7 wn- i?2 BMTmi r?Bi2 MQBb2
bB;M�HX

AM ;2M2`�H- i?2 BKT`2bbBp2 T2`7Q`K�M+2 Q7 .P"@JS* Bb #2+�mb2 i?2 T`QTQb2/ +QMi`QH
�H;Q`Bi?K +QMbB/2`b i?2 BMTmi �M/ `�i2 +QMbi`�BMi `2[mB`2K2Mib BM /2i2`KBMBM; i?2 ǵ#2biǶ +QM@
i`QH KQp2 i?�i QTiBKBb2b i?2 b?BTǶb `2bTQMb2 r?BH2 GZ_ /Q2b MQi BM+Q`TQ`�i2 i?2 +QMbi`�BMib
BM i?2 _>* T`Q#H2KX �HbQ- i?2 T`QTQb2/ b+?2K2 �ii2Mm�i2b i?2 r�p2@BM/m+2/ /Bbim`#�M+2
`�i2 BM �//BiBQM iQ 2HBKBM�iBM; i?2 /Bbim`#�M+2 K�;MBim/2X JQ`2Qp2`- i?2 b�im`�iBQM Q7 �M
GZ_ +QMi`QHH2` +�M ;2M2`�HHv H2�/ iQ BMbi�#BHBiv r?BH2 JS* K�v MQi +QMp2`;2 #mi rQmH/ #2
`2bi`B+i2/ iQ Qb+BHH�i2 BM � HBKBi +B`+H2X Ai Bb BKTQ`i�Mi iQ TQBMi Qmi i?�i BM+`2�bBM; i?2 ;�BM
R BM Q`/2` iQ �pQB/ b�im`�iBQM Q7 i?2 GZ_ +QMi`QH BMTmi H2�/b iQ BM+`2�b2/ `QHH �KTHB}+�iBQMX
6Q` BMbi�M+2- F22TBM; Q r2B;?i mM+?�M;2/ �M/ +?QQbBM; R = 500 +�M ?2HT BM i?2 2HBKBM�iBQM
Q7 i?2 b�im`�iBQM Q7 i?2 GZ_ +QMi`QHH2`X >Qr2p2`- BM #2�K b2�b �i b2� bi�i2 8 rBi? p2bb2H
KQpBM; �i `�i2/ 7Q`r�`/ bT22/- i?Bb b2iiBM;b +�M ;Bp2 `QHH �M;H2 �KTHB}+�iBQM Q7 mT iQ 126%

+QKT�`2/ iQ i?2 109.7% b?QrM BM h�#H2 AAX >2M+2- +?QQbBM; i?2 GZ_ T�`�K2i2`b iQ �pQB/
b�im`�iBQM Q7 i?2 +QMi`QH bB;M�H K�v rQ`b2M i?2 T2`7Q`K�M+2 Q7 i?2 +QMi`QH b+?2K2 BM i?2b2
+?�HH2M;BM; b2iiBM;bX

3X *QM+HmbBQMb

h?2 b?BT `QHH KQiBQM ?�b � MQMHBM2�` /vM�KB+b �M/ Bb bm#D2+i iQ b2� r�p2@BM/m+2/ /Bb@
im`#�M+2b i?�i i?`2�i2M Bib bi�#BHBivX AM i?Bb T�T2`- �M Q#b2`p2` 2M?�M+2/ KQ/2H T`2/B+iBp2
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h�#H2 oAA, *�b2 aim/v k U6BM bi�#BHBb2/ b?BT �i Ry FMQib BM #Qr b2�bV, S2`7Q`K�M+2 +QKT�`BbQM 7Q` i?2 QT2M
HQQT- GZ_ �M/ .P"@JS* `2bTQMb2b rBi? i?2 BMTmi K�;MBim/2 �M/ `�i2 +QMbi`�BMib BKTH2K2Mi2/X

S�`�K2i2` o�Hm2 U_JaV _2/m+iBQM �KTHB}+�iBQM

_QHH �M;H2 QT2M HQQT 1.4551 @ @

_QHH �M;H2 GZ_ 3.6561 @ R8RXkeW

_QHH �M;H2 .P"@JS* 0.8878 j3XNNW @

_QHH `�i2 QT2M HQQT 0.6294 @ @

_QHH `�i2 GZ_ 1.6693 @ Re8XkkW

_QHH `�i2 .P"@JS* 0.3928 jdX8NW @

6B;m`2 N, *�b2 aim/v k U6BM bi�#BHBb2/ b?BT �i Ry FMQib BM #Qr b2�bV, hBK2 2pQHmiBQM Q7 i?2 p2bb2H KQ/2H
bi�i2b- BMTmi �M/ BMTmi `�i2 BM i?2 T`2b2M+2 Q7 r�p2@BM/m+2/ /Bbim`#�M+2 dw rBi? BMTmi �M/ BMTmi `�i2
+QMbi`�BMibX PT2M HQQT `2bTQMb2 U`2/V �M/ i?2 +QMi`QHH2/ TH�Mi `2bTQMb2 U#Hm2V �`2 b?QrMX
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+QMi`QH �H;Q`Bi?K #�b2/ QM p2HQ+Biv HBM2�` KQ/2Hb rBi? /Bbim`#�M+2 BM+`2K2Mi +QKT2Mb�iBQM
?�b #22M T`QTQb2/ 7Q` i?2 bi�#BHBb�iBQM Q7 b?BT `QHH KQiBQMX aBM+2 i?2 p2bb2H KQ/2H +QMbB/2`2/
Bb MQMHBM2�`- r2 HBM2�`Bb2/ i?2 KQ/2H �`QmM/ Bib QT2`�iBM; TQBMi iQ Q#i�BM i?2 T`QTQb2/ HBM2�`
T`2/B+iBp2 +QMi`QHH2`X h?2 bim/v +QMbB/2`b i?2 2MpB`QMK2Mi�H /Bbim`#�M+2b BM/m+2/ #v r�p2b
�M/ +QMbi`�BMib QM i?2 }M �+im�iQ` K�;MBim/2 �M/ `�i2X h?2 T`QTQb2/ +QMi`QHH2` r�b /2@
bB;M2/ #v T`QTQbBM; � [m�/`�iB+ T`Q#H2K i?�i +QKTmi2b i?2 QTiBK�H BMTmi �M/ /Bbim`#�M+2
BM+`2K2MibX hQ 2Mbm`2 i?�i i?2 bvbi2K r�b /`Bp2M �++Q`/BM; iQ i?2 KBMBKBb�iBQM Q7 i?2 +Qbi
7mM+iBQM- i?2 +QKTmi2/ QTiBK�H +QMi`QH �M/ /Bbim`#�M+2 /2pB�iBQMb �`2 mb2/ BM 2p2`v iBK2
bi2TX h?Bb �TT`Q�+? T`QpB/2b �M �//BiBQM�H /2;`22 Q7 7`22/QK 7Q` i?2 +QMi`QH bB;M�H- r?B+?
r�b 2tTHQBi2/ iQ 7Q`KmH�i2 � +QMi`QH bB;M�H i?�i Bb � 7mM+iBQM Q7 i?2 2biBK�i2/ 2MpB`QMK2M@
i�H /Bbim`#�M+2bX "v 2Mbm`BM; i?�i i?2 2biBK�i2/ r�p2@BM/m+2/ /Bbim`#�M+2 BM+`2K2Mi Bb
�Hr�vb BM QTTQbBiBQM iQ i?2 �+im�H /Bbim`#�M+2 BM+`2K2Mi- i?2 2z2+ib Q7 i?2 r�p2@BM/m+2/
/Bbim`#�M+2b r2`2 7m`i?2` KBiB;�i2/X hQ 2biBK�i2 i?2 2MpB`QMK2Mi�H /Bbim`#�M+2b BM/m+2/
#v r�p2b- r2 /2bB;M2/ �M Q#b2`p2` r?Qb2 ;�BM r�b Q#i�BM2/ #v bQHpBM; �M H2 KBMBKBb�iBQM
T`Q#H2KX 6m`i?2`KQ`2- i?2 bi�#BHBiv �M�HvbBb Q7 i?2 +QMi`QH bvbi2K r�b T`QpB/2/X LmK2`B+�H
bBKmH�iBQM Q7 i?2 p2bb2H BM p�`BQmb `Qm;? b2� +QM/BiBQMb b?Qr2/ i?�i i?2 T`QTQb2/ �H;Q`Bi?K
+�M ;Bp2 bB;MB}+�Mi T2`7Q`K�M+2 BKT`Qp2K2Mi BM b?BT `QHH KQiBQM bi�#BHBb�iBQM 2p2M r?2M
i?2 b?BTǶb 7Q`r�`/ bT22/ Bb HQr2` i?�M Bib `�i2/ bT22/X

AM i?Bb bim/v- r2 +QMbB/2`2/ i?2 +QMbi`�BMib BM i?2 BMTmi �M/ Bib `�i2 rBi?Qmi +QMbB/2`BM;
i?2 2z2+iBp2 �M;H2 Q7 �ii�+F r?B+? Bb mbm�HHv BKTQ`i�Mi BM � /2bB;M bBim�iBQMX AM 7mim`2
`2b2�`+?- i?2 2z2+iBp2 �M;H2 Q7 �ii�+F K�v #2 +QMbB/2`2/ iQ T`2p2Mi � /vM�KB+ bi�HH BM i?2
}MbX �HbQ- Bi rQmH/ #2 BMi2`2biBM; iQ 2tTHQ`2 i?2 T2`7Q`K�M+2 Q7 i?2 +QMi`QH K2i?Q/ r?2M
i?2`2 Bb � +?�M;2 BM b�BHBM; +QM/BiBQMb bm+? �b � bm//2M +?�M;2 BM b2� bi�i2 Q` /B`2+iBQM
Q7 b�BH r?BH2 i?2 b?BT Bb BM KQiBQMX 6m`i?2`KQ`2- r?2`2�b Qm` +QMi`QH K2i?Q/ `2HB2/ QM �
bBM;H2 bi2T 2biBK�iBQM �M/ /B`2+i �ii2Mm�iBQM Q7 i?2 r�p2@BM/m+2/ /Bbim`#�M+2 `�i2- 7mim`2
`2b2�`+? K�v BMp2biB;�i2 �M �Hi2`M�iBp2 K2�Mb i?�i `2Hv QM T`2/B+i2/ /Bbim`#�M+2 `�i2 Qp2`
� /2}M2/ ?Q`BxQM #�b2/ QM Bib +m``2Mi 2biBK�i2 iQ +QKT2Mb�i2 7Q` i?2 `�i2 Q7 +?�M;2 Q7 i?2
2MpB`QMK2Mi�H /Bbim`#�M+2bX
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�+FMQrH2/;K2Mi

h?2 }`bi �mi?Q` Bb i?�MF7mH iQ i?2 *QKKQMr2�Hi? a+?QH�`b?BT *QKKBbbBQM U*a*V BM
i?2 lE 7Q` bTQMbQ`BM;- mM/2` �r�`/ LmK#2` L:aa@kyR3@dj- ?Bb Ja+ /2;`22 �i :H�b;Qr
*�H2/QMB�M lMBp2`bBiv U:*lV �M/ T`QpB/BM; ?BK rBi? � i?2bBb `2b2�`+? ;`�MiX

_272`2M+2b

"�B- _X- kyR9X �/�TiBp2 7mxxv QmiTmi@722/#�+F K2i?Q/ �TTHB2/ iQ }M +QMi`QH 7Q` iBK2@/2H�v
b?BT `QHH bi�#BHBx�iBQMX J�i?2K�iB+�H S`Q#H2Kb BM 1M;BM22`BM; kyR9X

"�B- qX- GB- hX- :�Q- sX- JvBMi- EXhX- kyRjX L2m`�H M2irQ`F #�b2/ /B`2+i �/�TiBp2 #�+Fbi2T@
TBM; K2i?Q/ 7Q` }M bi�#BHBx2` bvbi2K- BM, AMi2`M�iBQM�H avKTQbBmK QM L2m`�H L2irQ`Fb-
aT`BM;2`X TTX kRkĜkRNX

"�bbH2`- *X*X- _22/- �XJX- kyyNX �M �M�HvbBb Q7 i?2 #BH;2 F22H `QHH /�KTBM; +QKTQM2Mi
KQ/2H- BM, S`Q+X Ryi? AMiHX *QM7X ai�#BHBiv Q7 a?BTb �M/ P+2�M o2?B+H2bX

*`QbbH�M/- SX- kyyjX h?2 2z2+i Q7 `QHH@bi�#BHBb�iBQM +QMi`QHH2`b QM r�`b?BT QT2`�iBQM�H T2`@
7Q`K�M+2X *QMi`QH 1M;BM22`BM; S`�+iB+2 RR- 9kjĜ9jRX

6Q`imM�- GX- Jmb+�iQ- :X- RNNeX � `QHH bi�#BHBx�iBQM bvbi2K 7Q` � KQMQ?mHH b?BT, KQ/2HBM;-
B/2MiB}+�iBQM- �M/ �/�TiBp2 +QMi`QHX A111 h`�Mb�+iBQMb QM +QMi`QH bvbi2Kb i2+?MQHQ;v 9-
R3Ĝk3X

6Qbb2M- hXAX- kyRRX >�M/#QQF Q7 K�`BM2 +`�7i ?v/`Q/vM�KB+b �M/ KQiBQM +QMi`QHX CQ?M
qBH2v � aQMbX

:`BKK- :X- J2bbBM�- JXCX- hmM�- aX1X- h22H- �X_X- kyy9X 1t�KTH2b r?2M MQMHBM2�` KQ/2H
T`2/B+iBp2 +QMi`QH Bb MQM`Q#mbiX �miQK�iB+� 9y- RdkNĜRdj3X

>B+F2v- LX- :`BK#H2- JX- CQ?MbQM- JX- E�i2#B- JX- J2HpBHH2- _X- RNNdX _Q#mbi }M `QHH
bi�#BHBb�iBQM Q7 bm`7�+2 b?BTb- BM, S`Q+22/BM;b Q7 i?2 jei? A111 *QM72`2M+2 QM .2+BbBQM
�M/ *QMi`QH- A111X TTX 9kk8Ĝ9kjyX
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>B+F2v- LX- :`BK#H2- JX- CQ?MbQM- JX- E�i2#B- _X- qQQ/- .X- RNN8X >@BM}MBiv }M `QHH
bi�#BHBb�iBQM +QMi`QH bvbi2K /2bB;MX A6�* S`Q+22/BM;b oQHmK2b k3- jy9ĜjRRX

>BMQbi`Qx�- JX- GmQ- qX- aQ�`2b- *X:X- kyR8X _Q#mbi }M +QMi`QH 7Q` b?BT `QHH bi�#BHBx�iBQM
#�b2/ QM Hk@;�BM /2bB;MX P+2�M 1M;BM22`BM; N9- RkeĜRjRX

A`F�H- JX�X- L�HH�v�`�bm- aX- "?�ii�+?�`vv�- aX- kyRNX LmK2`B+�H T`2/B+iBQM Q7 `QHH /�KTBM;
Q7 b?BTb rBi? �M/ rBi?Qmi #BH;2 F22HX P+2�M 1M;BM22`BM; RdN- kkeĜk98X

CBKQ?- AX�X- EɃÏɃF/2KB`�H- AX"X- "2p�M- :X- P`mFT2- SX1X- kykyX Pzb2i@7`22 KQ/2H T`2/B+iBp2
+QMi`QH, � bim/v Q7 /Bz2`2Mi 7Q`KmH�iBQMb rBi? 7m`i?2` `2bmHib- BM, kyky k3i? J2/Bi2``�M2�M
*QM72`2M+2 QM *QMi`QH �M/ �miQK�iBQM UJ1.V- A111X TTX edRĜedeX

Em+mF/2KB`�H- AX"X- *�FB+B- 6X- u�xB+B- >X- kyRNX � KQ/2H T`2/B+iBp2 p2`iB+�H KQiBQM +QMi`QH
Q7 � T�bb2M;2` b?BTX P+2�M 1M;BM22`BM; R3e- RyeRyyX

EmH�- EX- kyR8X �M Qp2`pB2r Q7 `QHH bi�#BHBx2`b �M/ bvbi2Kb 7Q` i?2B` +QMi`QHX h`�MbL�p,
AMi2`M�iBQM�H CQm`M�H QM J�`BM2 L�pB;�iBQM �M/ a�72iv Q7 a2� h`�MbTQ`i�iBQM NX

Emb2v`B- aX- kykyX *QMbi`�BM2/ ?ũ +QMi`QH Q7 ;v`Qb+QTB+ b?BT bi�#BHBx�iBQM bvbi2KbX S`Q@
+22/BM;b Q7 i?2 AMbiBimiBQM Q7 J2+?�MB+�H 1M;BM22`b- S�`i J, CQm`M�H Q7 1M;BM22`BM; 7Q`
i?2 J�`BiBK2 1MpB`QMK2Mi - R9d8yNykkyNyjkRdX

G22- aX- _?22- EXSX- *?QB- CXqX- kyRRX .2bB;M Q7 i?2 `QHH bi�#BHBx�iBQM +QMi`QHH2`- mbBM; }M
bi�#BHBx2`b �M/ TQ/ T`QT2HH2`bX �TTHB2/ P+2�M _2b2�`+? jj- kkNĜkjNX

GB- _X- GB- hX- "�B- qX- .m- sX- kyReX �M �/�TiBp2 M2m`�H M2irQ`F �TT`Q�+? 7Q` b?BT `QHH
bi�#BHBx�iBQM pB� }M +QMi`QHX L2m`Q+QKTmiBM; Rdj- N8jĜN8dX

GBm- *X- q�M;- .X- w?�M;- uX- J2M;- sX- kykyX JQ/2H T`2/B+iBp2 +QMi`QH 7Q` T�i? 7QHHQr@
BM; �M/ `QHH bi�#BHBx�iBQM Q7 K�`BM2 p2bb2Hb #�b2/ QM M2m`Q/vM�KB+ QTiBKBx�iBQMX P+2�M
1M;BM22`BM; kRd- Ryd8k9X

GBm- CX- �HH2M- _X- uB- >X- kyRRX a?BT KQiBQM bi�#BHBxBM; +QMi`QH mbBM; � +QK#BM�iBQM Q7
KQ/2H T`2/B+iBp2 +QMi`QH �M/ �M �/�TiBp2 BMTmi /Bbim`#�M+2 T`2/B+iQ`X S`Q+22/BM;b Q7 i?2
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AMbiBimiBQM Q7 J2+?�MB+�H 1M;BM22`b- S�`i A, CQm`M�H Q7 avbi2Kb �M/ *QMi`QH 1M;BM22`BM;
kk8- 8NRĜeykX

J�H2FBx�/2- >X- C�?2/@JQiH�;?- JX_X- JQ�p2MB- "X- JQ�`2}�MTQm`- �X- :?�bb2KB- >X- kyReX
_Q#mbi KQ/2H T`2/B+iBp2 +QMi`QH 2KTHQv2/ iQ i?2 +QMi�BM2` b?BT `QHH KQiBQM mbBM; }M@
bi�#BHBx2`X *Q;2Mi 1M;BM22`BM; j- Rkj89d3X

S�MMQ++?B�- :X- :�#B++BMB- JX- �`iQMB- �X- kyR8X Pzb2i@7`22 KT+ 2tTH�BM2/, MQp2HiB2b-
bm#iH2iB2b- �M/ �TTHB+�iBQMbX A6�*@S�T2`bPMGBM2 93- j9kĜj8RX

S�MMQ++?B�- :X- _�rHBM;b- CX"X- kyyjX .Bbim`#�M+2 KQ/2Hb 7Q` Qzb2i@7`22 KQ/2H@T`2/B+iBp2
+QMi`QHX �A*?1 DQm`M�H 9N- 9keĜ9jdX

S�MMQ++?B�- :X- _�rHBM;b- CX"X- q`B;?i- aXCX- kyRR�X *QM/BiBQMb mM/2` r?B+? bm#QTiBK�H
MQMHBM2�` KT+ Bb BM?2`2MiHv `Q#mbiX avbi2Kb � *QMi`QH G2ii2`b ey- d9dĜd88X

S�MMQ++?B�- :X- q`B;?i- aXCX- _�rHBM;b- CX"X- kyRR#X S�`iB�H 2MmK2`�iBQM KT+, _Q#mbi
bi�#BHBiv `2bmHib �M/ �TTHB+�iBQM iQ �M mMbi�#H2 +bi`X CQm`M�H Q7 S`Q+2bb *QMi`QH kR- R98NĜ
R9eeX

S�b+Q�H- _X- _Q/`B;m2b- "X- aQ�`2b- *X:X- kyy8X _QHH@v�r `2;mH�iBQM mbBM; bi�#BHBxBM; }Mb �M/
`m//2` BM � /Bbim`#�M+2 Q#b2`p2` #�b2/ +QKT2Mb�iQ` b+?2K2- BM, J�`BiBK2 h`�MbTQ`i�iBQM
�M/ 1tTHQBi�iBQM Q7 P+2�M �M/ *Q�bi�H _2bQm`+2b- hrQ oQHmK2 a2iX *_* S`2bb- TTX d9yĜ
d9dX

S2`2x- hX- kyyeX a?BT KQiBQM +QMi`QH, +Qm`b2 F22TBM; �M/ `QHH bi�#BHBb�iBQM mbBM; `m//2` �M/
}MbX aT`BM;2` a+B2M+2 � "mbBM2bb J2/B�X

S2`2x- hX- "H�MF2- JX- kyRkX a?BT `QHH /�KTBM; +QMi`QHX �MMm�H _2pB2rb BM *QMi`QH je-
RkNĜR9dX

S2`2x- hX- :QQ/rBM- :X*X- kyy3X *QMbi`�BM2/ T`2/B+iBp2 +QMi`QH Q7 b?BT }M bi�#BHBx2`b iQ
T`2p2Mi /vM�KB+ bi�HHX *QMi`QH 1M;BM22`BM; S`�+iB+2 Re- 93kĜ9N9X
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SB2`bQM C`- qXCX- JQbFQrBix- GX- RNe9X � T`QTQb2/ bT2+i`�H 7Q`K 7Q` 7mHHv /2p2HQT2/ rBM/
b2�b #�b2/ QM i?2 bBKBH�`Biv i?2Q`v Q7 b� FBi�B;Q`Q/bFBBX CQm`M�H Q7 ;2QT?vbB+�H `2b2�`+?
eN- 8R3RĜ8RNyX

a+?2`2`- *X- q2BH�M/- aX- kyR8X GBM2�` K�i`Bt BM2[m�HBiB2b BM +QMi`QHX G2+im`2 LQi2b- .mi+?
AMbiBimi2 7Q` avbi2Kb �M/ *QMi`QH- .2H7i- h?2 L2i?2`H�M/b jX

a?�`B7- JX- _Q#2`ib- :X- amiiQM- _X- RNN8X a2�@i`B�H 2tT2`BK2Mi�H `2bmHib Q7 }Mf`m//2` `QHH
bi�#BHBb�iBQMX *QMi`QH 1M;BM22`BM; S`�+iB+2 j- dyjĜdy3X

amM- JX- Gm�M- hX- GB�M;- GX- kyR3X P+2�M 1M;BM22`BM; Rej- jydĜjkRX

am`2M/`�M- aX- EB`�M- oX- kyydX *QMi`QH Q7 b?BT `QHH KQiBQM #v �+iBp2 }Mb mbBM; 7mxxv HQ;B+X
a?BTb �M/ Pzb?Q`2 ai`m+im`2b k- RRĜkyX

am`2M/`�M- aX- G22- aX- EBK- aX- kyydX aim/B2b QM �M �H;Q`Bi?K iQ +QMi`QH i?2 `QHH KQiBQM
mbBM; �+iBp2 }MbX P+2�M 1M;BM22`BM; j9- 89kĜ88RX

amiiQM- _X- _Q#2`ib- :X- .2�`/2M- aX- RNNyX q�`b?BT `QHH bi�#BHBb�iBQM mbBM; 7mxxv +QMi`QH Q7
i?2 }M bi�#BHBb2`b- BM, �/p�M+2/ AM7Q`K�iBQM S`Q+2bbBM; BM �miQK�iB+ *QMi`QH U�AS�*Ƕ3NVX
1Hb2pB2`- TTX RdRĜRd8X

q�M;- >X- *?2M- "X- GBM- *X- kyRkX .B`2+i �/�TiBp2 M2m`�H +QMi`QH 7Q` bi`B+i@722/#�+F biQ+?�b@
iB+ MQMHBM2�` bvbi2KbX LQMHBM2�` .vM�KB+b ed- kdyjĜkdR3X

q�M;- GX- sB`Qb- LXAX- GQ;?Bb- 1XEX- kyRNX .2bB;M �M/ +QKT�`BbQM Q7 >ũf>k +QMi`QHH2`b 7Q`
7`B;�i2 `m//2` `QHH bi�#BHBx�iBQMX CQm`M�H Q7 J�`BM2 a+B2M+2 �M/ �TTHB+�iBQM R3- 9NkĜ8yNX
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