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Abstract
The failure processes of heterogeneous repairable systems with minimal repair assumption can be modelled by nonho-
mogeneous Poisson processes. One approach to describe an unobserved heterogeneity between systems is to multiply
the intensity function by a positive random variable (frailty term) with a gamma distribution. This approach assumes that
the relative frailty distribution among survivors is independent of age. Where systems are being continuously repaired
and modified, the frailty distribution may be dependent on the system’s age. This paper investigates the application of the
inverse Gaussian (IG) frailty model for modelling the failure processes of heterogeneous repairable systems. The IG
frailty model, which combines the power law model and inverse Gaussian distribution, assumes that the relative frailty
distribution among survivors becomes increasingly homogeneous over time. We develop the maximum likelihood for
the IG frailty model, a method for event prediction, and investigate the effect of accuracy of the IG estimator and mis-
specification of the frailty distribution through a simulation study. The mean estimates of the scale and shape parameters
of the intensity function are examined for bias and efficiency loss. We find that the developed estimator is robust to
changes in the input parameters for a relatively large sample sizes. We investigate the robustness of selecting an IG com-
pared with a gamma frailty model. The developed IG model is applied to real data for illustration showing an improve-
ment on existing models.
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Introduction

In the reliability literature, industrial systems are gener-
ally classified as either non-repairable or repairable.1,2

A non-repairable system is one where after a failure has
occurred the system stops functioning and the system
cannot be repaired.2 A non-repairable system can fail
only once, and a lifetime model such as the Kaplan-
Meier, Exponential, or Weibull distribution provides
the distribution of the time to failure of such systems.2

A repairable system is a system that can repaired and
returned to operation without the need to replace the
system.1

For repairable systems, we distinguish between the
different system states after being repaired.3 The sys-
tem’s performance may return to the same state that it
was at the start of operation, referred to as ‘as good as
new’, or its performance may be returned to the same
state as before the failure, that is, ‘as bad as old’

condition.3 The former relates to a renewal process
(RP) which is characterised by a renewal distribution
describing the time between failures, and which is also
called a perfect repair model, and corresponds to an
assumption of the replacement of a system. ‘As bad as
old’ condition can be modelled by a nonhomogeneous
Poisson process (NHPP) which is characterised by the
rate of occurrence of failures, and corresponds to the
minimal repair assumption.2 Minimal repair means that
a failed system is restored just back to a functioning
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state, and after repair the system continues as ‘if noth-
ing had happened’.2 This implies that the likelihood of
system failure, right after a failure and subsequent
repair, is the same as it was immediately before the fail-
ure. Repair times in this kind of modelling are assumed
to be negligible.2

For many systems, the minimal repair assumption is
appropriate to describe the maintenance regime
adopted, that is, the purpose of repairing is to bring the
system back to operation as soon as possible and the
condition of the system is broadly the same as it was
just before the failure occurred.3,4 For such systems,
NHPP is a more appropriate model to characterise the
failure occurrences in the systems than a renewal pro-
cess.3 NHPP models are flexible due to their assump-
tion that events occur randomly in time, with rates
which may vary with time.2 NHPP allows the model-
ling of trends of the failure time occurrences such as
whether a system is improving or deteriorating.3

Therefore, this paper will concentrate on the modelling
of repairable systems using NHPP.

NHPP are widely used models in reliability, for
example: for analysis of failures of electrical power
transformers in Dias De Oliveira et al.5; for modelling
of failures of ball bearing6; for failures of numerically
controlled machine tools in Wang and Yu7; or for
modelling software reliability.8 NHPP have also been
applied to other real world applications, that is, to
study noise exposure in Guarnaccia et al.9

This paper is concerned with the problem of predict-
ing the behaviour of a system based on failure data
from several similar systems.2 According to Asfaw and
Lindqvist,2 Lindqvist10, Deep et al.11 there may be
unobserved heterogeneity among the systems which, if
overlooked, may lead to inaccurate predictions.
Heterogeneity among systems may be due to different
material, different design, different location and so
on12,13 while homogeneity among systems may be dri-
ven by similar repairing practises, similar usage pat-
terns, etc. An intuitive way of interpreting
heterogeneity is to imagine an unknown covariate, with
values that may vary among systems, which leads to an
unexpected variation in the failure intensity of the dif-
ferent processes.3 The unobservable heterogeneity,
which is often called frailty in the survival analysis liter-
ature, is typically modelled by multiplication of the
intensity function by a positive random variable taking
independent values across the systems with unit mean
and therefore described by its variance.3

The study of heterogeneity is widely applied in vari-
ous fields like politics,14 and medical research.15 In sur-
vival analysis, the effects of unobserved heterogeneity
have been studied in several papers including but not
limited to Vaupel et al.,16, Kheirietal.,17 Hanagal et al.18

In reliability engineering, the effects of unobserved het-
erogeneity have been studied for various component
problems like failures,19 maintainability,20 remaining
useful life,21 and spare-part management.22 For non-
repairable systems, some examples include Lin and

AspLund 23,24, Linetal.25 that used the frailty model to
analyse the lifetime of locomotive wheels.

For repairable systems, unobserved heterogeneity
has been studied with the minimal repair assumption.
Early works include.26,27 Lindqvist et al.28 developed a
heterogeneous trend renewal process model, which gen-
eralises the HPP and NHPP, to capture unobserved
heterogeneity in multiple repairable components. They
introduced a gamma distributed multiplicative factor
on the failure intensity. D’Andrea29 suspected heteroge-
neity in the failure time data for mining trucks in
Brazil. They assumed that the mining trucks were sub-
ject to minimal repair and thus modelled the data using
NHPP with a gamma distributed frailty term.

Asfaw and Lindqvist2 investigated heterogeneous
population composed of independent NHPP using
gamma-distributed frailty. Slimacek and Lindqvist30

extended the basic NHPP to include covariates and
unobserved heterogeneity in analysing wind turbine
failure data. Lindqvist and Slimacek3 developed the
method for parameter estimations in heterogeneous
NHPP population when the distribution of frailty is
unspecified. The NHPP model was extended to include
covariates in Slimacek and Lindqvist.13 Most of these
papers on minimal repair have parametrically modelled
heterogeneity using the gamma frailty model in which
unobserved effects are assumed to be gamma
distributed.

Hougaard31 introduced the inverse Gaussian (IG)
distributions for modelling unobserved effects. The IG
distribution has a unimodal density and is a member of
the exponential family. Its shape resembles that of other
skewed density functions, such as the lognormal and
gamma distributions. Chhikara and Folks32 studied the
IG distribution and found that there are many striking
similarities between the statistics derived from this dis-
tribution and those of the normal distribution. These
properties make the IG potentially attractive for model-
ling purposes for survival data.18

The IG distribution has some advantages as a frailty
distribution. It provides flexibility in modelling, when
early occurrences of failures are dominant in a life time
distribution and its failure rate is expected to be non-
monotonic.18 Also IG is almost an increasing failure
rate distribution when it is slightly skewed and hence is
also applicable to describe lifetime distribution which is
not dominated by early failures.18 Hougaard31 noted
that survival models with gamma and IG frailties
behave very differently, specifically that the relative
frailty distribution among survivors is independent of
age for the gamma, but becomes more homogeneous
with time for the IG. The conclusion was derived by
observing the coefficient of variation of the two frailty
distributions of survivors. For the gamma distribution,
the coefficient of variation is a constant. However, for
the IG distribution, the coefficient of variation is a
decreasing function of time. In fact, a few studies in
areas such as medicine and epidemiology have sug-
gested the IG frailty model as an alternative to the
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gamma frailty model for modelling unobserved
effects.15,17,33,34

The likelihood function for the IG frailty model can
be easily obtained and has closed-form representation,
which indicates fast and simple estimation of para-
meters.18,35 Despite these desirable properties, for fail-
ure data with the minimal repair assumption, the
application of the NHPP model in which the unob-
served effects are assumed to be IG distributed has not
be fully investigated. The first objective of this paper is
to evaluate the application of the NHPP model with
IG distributed frailties for analysing failure data from
repairable systems and to compare its results with the
gamma distributed frailties.

In a model with unobserved heterogeneity, it is nec-
essary to define the distribution of the unobserved
effects.36,37 Since the modelled heterogeneity is unob-
servable, the appropriate choice of distribution of the
unobserved effects is not easily discernable.3,38

Furthermore, the choice of the distribution of unob-
served effects can give interesting general results in
terms of the variance of the unobserved effects).3 For
instance, a large variance could indicate deficiencies in
the choice of the distribution which may influence the
model fit.3,38 It is therefore useful to examine the extent
to which mis-specification of the frailty distribution
affects the validity of intensity function estimators.38

Yet the impact of frailty distribution mis-specification
with regards to the minimal repair assumption has not
been investigated. Another objective of this paper is to
examine the impact of wrongly specifying the frailty
distribution in a NHPP model. To accomplish this
objective, NHPP model with IG distributed frailties
will be developed and compared with a gamma distrib-
uted frailty model through a simulation study and anal-
ysis of a real dataset. Statistical fit and prediction
performance of the two models will be compared over
different heterogeneity levels, sample sizes and compo-
nent failure behaviours.

Another issue of interest in this paper pertains to
event prediction for repairable systems subject to mini-
mal repair and unobserved heterogeneity. The ability to
predict the occurrence of failure events at an individual
unit level can aid optimal maintenance decision making
for individual components.11 However, the majority of
research on unobserved heterogeneity with the minimal
repair assumption have predominantly focussed on
investigating the significance of covariates and the
frailty term in the fitted model rather than prediction
for the system and/or individual components. The few
works that have considered event prediction for point
processes with unobserved heterogeneity includes:
Deep et al.11 that used a semi-parametric Andersen and
Gill model for failure prediction of a new component in
a Teleservice system using collected data from old units;
and Jahani et al.39 who developed a multivariate
Gaussian convolution process (MGCP) for fleet-based
event prediction in which failure prediction for an indi-
vidual unit is conducted using data collected from other

units. The third objective of this paper is to develop a
method for predicting the occurrence of failure events
at the component level based on the NHPP model with
gamma and IG distributed unobserved heterogeniety
effects. To accomplish this objective, an empirical
Bayes framework will be adopted to update the frailty
term.

The contribution of this study is threefold. First, we
develop an IG frailty model and the parameter estima-
tors for repairable systems whose components become
homogeneous over time. Using a simulation study, we
examine the performance of the estimators.
Furthermore, we investigate the impact of mis-
specifying the frailty distribution in a NHPP model.
Finally, using empirical Bayes framework, we develop
a method for prediction of a component’s mean resi-
dual life and prediction of the expected number of fail-
ures at the component and system levels.

The rest of the paper is organised as follows. First,
we describe a general system with heterogeneous com-
ponents. We develop the IG frailty model and an esti-
mator for the IG frailty model. We describe a
simulation study to investigate the accuracy of the esti-
mator. This study is extended to further examine the
impact of mis-specification of the frailty distribution.
We present an analysis of a real dataset. We conclude
by reflecting on the implications of our findings, the
limitations of our study and provide suggestions for
further work.

System description

Consider a system subject to minimal repairs upon fail-
ure. When a minimal repair is performed upon failure,
the times between subsequent failures may not be iden-
tically distributed, which constitutes an NHPP.1,40

Consider that the system is a ‘happy system’ in its
burn in phase. A ‘happy system’ has increasing inter-
failure times. Also, consider that within a mission time,
components in the wear-out phase (components with
decreasing inter-failure times) are removed without
replacement whereas components in the burn-in phase
(relatively new components) are subject to minimal
repair upon failure. As the number of the removed
components increases, the relative frailty among the
remaining working components in the system become
homogeneous over time.

This paper shall concentrate on the most commonly
used power law intensity function to characterise the
ROCOF (Rate of occurrence of failures) of the NHPP
(see e.g. Rausand and Hoyland41). One reason for its
popularity is that the power law as a function of time t
is of the same form as the hazard rate of a Weibull dis-
tribution.2 The power law model has a good fit to fail-
ure data from repairable systems and is quite effective
in representing a system which is experiencing reliability
improvement (i.e. inter-failure times are increasing).42

The power law model is given as:
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c0(t)=vrtr�1, ð1Þ

where c0(t) is the intensity function at time t, v is the
scale parameter and r is the shape parameter that con-
trols the shape of the curve. The parameter r in the
power law model gives the following information about
the system: if r . 1, then the system is deteriorating
(sad); if 0\ r \ 1, then the system is improving
(happy) and if r=1 the NHPP model reduces to an
HPP.

Consider that a system has m independent repairable
components. Each component is observed from the
start of operation to time t. Let nj be the recorded
number of failures for the jth component and let tij be
the age at the ith occurrence of failure for component j,
where i=1, 2, . . . , nj, and j=1, 2, . . . ,m. We assume
that the number of failures vary across the components
and that there is no available covariate recorded for
each component (however this information could be
easily incorporated to the modelling). A positive ran-
dom variable zj, drawn from a distribution f(zj; u), is
included in the NHPP model to account for component
unobserved effects, where u is the variance parameter.
zj acts multiplicatively on the intensity function,2 mak-
ing the model a NHPP with random effect (also
referred to as a frailty model29). The variance para-
meter u is the parameter of interest in which small val-
ues of u reflects homogeneity in the failure pattern of a
group of components and large values of u reflects high
heterogeneity in the failure pattern of a group of the
components. To make the baseline intensity function
identifiable, a restriction is placed on f(zj, u) such that
the frailties (random effects) are assumed to have an
expected value E(zj)=1 and Var(zj)= u. Thus compo-
nents with zj . 1 will fail more often than components
with zj \ 1.16

Conditional on the frailty term zj, the intensity func-
tion for component j can be expressed as:

c(tjzj)=vjrt
r�1
ij = lzjrt

r�1
ij , ð2Þ

where vj = lzj is the scale parameter and r is the shape
parameter. We assume that the components in system
have the same ageing behaviour (i.e. same shape para-
meter r) but different magnitudes (i.e. scale parameter).
As a result, the scale parameter vj will be made to be
component specific by making l fixed and introducing
a random effect zj which is modelled by a parametric
distribution. We will assume that l has a value of one
to reduce the effect l might have on each zj.

IG frailty model

This section presents an IG frailty model based on the
NHPP with IG distributed random effects. IG distribu-
tion has a simple Laplace transform which is useful for

deriving the reliability function.43,44 In addition,
gamma and IG distributions both have uni-modal den-
sity functions.44 IG distribution is described by two
characteristics, namely, a mean parameter m . 0 and
precision parameter d . 0. The two-parameter IG dis-
tribution is given as:

f(z)=

ffiffiffiffiffiffiffiffiffiffi
d

2pz3

r
exp

�d(z�m)2

2zm2

� �
: ð3Þ

As mentioned above, the frailty model poses restric-
tions on the mean and variance on the distribution. Let
E(z)=1=m and Var(z)= u= m3

d
. The one-parameter

IG distribution is:

f(z)=
1ffiffiffiffiffiffiffiffiffi
2pu
p z

�3
2 exp

�(z� 1)2

2zu

� �
: ð4Þ

Maximum likelihood for IG frailty model

Assume that the random effect zj of the conditional
intensity equation (2) is drawn from an IG distribution
equation (4), then the conditional likelihood function
for component j with random effect zj is given below
as:

Lj(l0(tij)jzj)=
Ynj
i=1

zjl0(tij)

 !
exp�zjL0(t) ð5Þ

where l0(tij)= lrt
r�1
ij and L0(t)= ltr. t is the observa-

tion length of component j. Here, j is a fixed
Identification number for a component. tij represents
each failure time ti observed over the entire life span of
component j. zj is a fixed value generated for component
j and it influences each failure time ti of component j for
the rest of its life.

The total log likelihood function for all the compo-
nents is given by:

l =n logl+n logr+(r�1)
Xm
j=1

Xnj
i=1

logtij+mlog(2) . . .

+
m

u
�m

2
log(2pu)�

Xm
j=1

(nj�1=2)

2
log(1+2ultr) . . .

+
Xm
j=1

logknj�1=2
2

(1+2ultr)

u

� �
,

ð6Þ

where k nj�1=2
2

	 
 :½ � is a modified bessel function of the sec-

ond kind. We present the derivation of the log likeli-
hood function in Appendix A. Taking the derivative of
the log likelihood function with respect to l, r and u:
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dl

dl
=

n

l
�

Pm
j=1 trknj +1=2

2

(
ffiffiffi
ro
p

)
u

h i
ffiffiffiffi
ro
p

knj�1=2
2

(
ffiffiffi
ro
p

)

u

h i ð7Þ

where ro =2ultr +1:

dl

dr
=

n

r
+
Xm
j=1

Xnj
i=1

log tij �mltr log t: ð8Þ

dl

du
= � n

u2
� n

2u
+
Xm
j=1

nj�1=2

u
+
Xm
j=1

ffiffiffiffi
ro
p

knj+1=2

2

(
ffiffiffi
ro
p

)

u

h i
u2knj�1=2

2

(
ffiffiffi
ro
p

)

u

h i . . .

�
Xm
j=1

ltrknj+1=2

2

(
ffiffiffi
ro
p

)

u

h i
u
ffiffiffiffi
ro
p

knj�1=2
2

(
ffiffiffi
ro
p

)

u

h i :
ð9Þ

Estimates of l, r and u can be obtained by setting
the derivatives to zero. The expression for the estima-
tors of l, r and the heterogeneity parameter u cannot
be derived analytically. One way to deal with this prob-
lem is to use a numerical method such as Newton-
Raphson’s method which run a gradient descent algo-
rithm to optimise the likelihood function.2 Gradient
descent approaches assume that the likelihood function
to be maximised is smooth and concave. For the maxi-
mum likelihood estimation process of gamma frailty
model (see, e.g. Asfaw and Lindqvist2).

Simulation study

In this section, we conduct a simulation study. We
describe the simulation design and data simulated. We
assess the performance of the IG estimators with
respect to bias in the estimates of the scale l, shape r

and heterogeneity parameter u given some known input
parameter values. Finally, we assess the robustness of
the IG and gamma frailty model in a mis-specification
study.

Simulation design

Throughout the simulation study, the underlying fail-
ure process for the components in a system are consid-
ered to follow a nonhomogeneous Poisson process
(NHPP) with basic rate of occurrence of failures of a
power law process lrtr�1ij and are conditional on a
frailty term zj whose distribution f(zj, u) is known.
When the IG frailty model estimators are examined,
the frailty term zj is IG distributed. However, when the
effectiveness of the IG and gamma frailty models are
examined, the frailty term zj is either gamma or IG dis-
tributed. For each process, input values of l are fixed
to 1 while r and u are varied. Nineteen sample sizes,
n=10–100 with five step size increments, are used to

assess the impact of increasing the sample size on para-
meter estimates. Sample size in this paper refers to the
number of components in the system. The mean of
1000 parameter estimates are assessed for r and u.
Equal observation length of t =0–t =10 is assumed
for each system. Whilst it is, in principle, straight for-
ward to generalise the likelihood function to the case of
different observation lengths, doing so complicates the
computation of estimates.2 Thus, in order to simplify
the estimation, the observation lengths are made equal.

To perform the simulation study, data is generated.
The following algorithm is used to generate failure time
data from each frailty model. If the failure times of a
component are assumed to be independent given the
frailty term and that the sequence of failure times forms
a counting process, samples of an NHPP can be gener-
ated from an Homogeneous Poisson Process (HPP).
Consider an HPP with intensity function l(t), an inter-
val (t(i�1), ti) for component j and mean function:

L(t(i�1), ti)=L(ti)� L(t(i�1)), ð10Þ

where the random variables L(t(i�1), ti) are independent
and identically exponential distributed with mean 1.
Suppose that there is no failure at installation time
(t=0), then by inverse probability method the reliabil-
ity function can be expressed as:

exp �L(t(i�1))ð Þ=U(i�1) ð11Þ

and

L(t(i�1))= � log (U(i�1)), ð12Þ

where U(i�1) is drawn from a uniform distribution with
an interval between 0 and 1. Suppose there are covari-
ates then the mean function conditional on the frailty
term becomes

L(t(i�1))=L0(t(i�1))zjexp(bX), ð13Þ

where b is a vector of regression coefficients. The cov-
ariates are depicted by X such that when X= x(t) the
covariates are time varying and X= x implies time
invariant covariates. If the intensity function is based
on the power law model and each zj is drawn from
either a gamma or an IG distribution then

L(t(i�1))= lt(i�1)
rzjexp(bX): ð14Þ

Solving for a failure time t(i�1) from equation (14)
leads to the expression given by:

t(i�1) =
L(t(i�1))

zjlexp(bX)

� �1=r

ð15Þ

and
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t(i�1) =
� log (U(i�1))

zjlexp(bX)

� �1=r

: ð16Þ

The NHPP process of component j observed up to
the ith failure time ti can be generated by the following
recurrence formula

ti =
� log (Ui)

zjlexp(bX)
+ t(i�1)

r

� �1=r

: ð17Þ

If there are no available covariates that is, X=0,
equation (16) becomes

t(i�1) =
� log (U(i�1))

zjl

� �1=r

ð18Þ

and the recurrence formula becomes

ti =
� log (Ui)

zjl
+(t(i�1))

r

� �1=r

: ð19Þ

To illustrate how to generate data when covariates
are unavailable, a single NHPP process for component
j can be simulated by the recurrence formula in equa-
tion (19) using the algorithm below.

1. Set parameter values for l, r and u

2. Set a value for t

3. Draw a random value zj from the known frailty
distribution f(zj, u)

4. Set t0 =0
5. Set i=1
6. Draw Ui from a uniform distribution ;U(0, 1)
7. Generate the first failure time by:

ti =
� log (Ui)

zjl
+(t0)

r

� �1=r

: ð20Þ

8. If ti . t stop simulation otherwise i= i+1
9. Draw Ui from a uniform distribution ;U(0, 1)
10. Generate the next failure time as:

ti =
� log (Ui)

zjl
+(t(i�1))

r

� �1=r

: ð21Þ

11. Repeat steps 8–10 until ti . t.

Evaluation of IG estimator

To assess the performance of the IG frailty model’s
estimator developed earlier in this paper, the Bias % of
the mean from each estimated parameter will be deter-
mined. Given the input value of an arbitrary parameter

p with its estimator p̂. The Bias of the estimates after
1000 simulations will be calculated using:

Bias(p)=

P1000
n=1 p̂n
1000

� p: ð22Þ

We assess the IG estimators by observing the Bias(p)
from the mean of 1000 estimates of r and u. The results
are presented in Figure 1. The input values for l, r and
u are 1, (0:1, 0:2, 0:3, 0:4, 0:5, 0:6, 0:7, 0:8, 0:9) and
(0:3, 0:6, 0:9, 1:2, 1:5, 1:8, 2:1, 2:4, 2:7), respectively.

From Figure 1(a) we observe that the bias in the esti-
mated r values was 2.5% for sample size 10 however
the bias in the estimated r values reduced as the sample
size increased. From Figure 1(b), the bias in the esti-
mated u values ranged between �0:3 and 0:1 when the
sample size is set to 10 but the estimated values rapidly
improve and converge to the input value as the sample
size is increased. We see that the estimator is robust to
different choices of r and u, and beyond a sample size
of 10, the estimator performs well.

Mis-specification study of gamma and IG frailty
models

In this section, we assess the performance of the gamma
and IG estimators to mis-specification of the frailty dis-
tribution. When one of the models is known to be the
correct frailty model from which the data are gener-
ated, and the other frailty model will in consequence be
wrongly specified. The performance of the wrongly
specified model will be assessed in terms of the model’s
goodness of fit to the generated data and prediction
accuracy when predicting the expected number of com-
ponent failures. Since model selection using only maxi-
mum likelihood could be misleading due to variation in
data, the sample sizes will be chosen to be sufficiently
large in order to reduce the probability of selecting the
wrong model.45

Analysis of the robustness of each wrongly specified
frailty model (gamma or IG) is conducted by an assess-
ment of the proportion of selections of each wrongly
specified model using Akaike information criterion
(AIC). AIC is used for goodness-off fit (GOF) test
because AIC is one of the commonly used information-
based criteria for model selection46 and the AIC has
been widely used either on its own or together with
other tests (e.g. Barabadi et al.,22 Izumi and Ohtaki47).
AIC is similar to the Bayesian information criterion
(BIC) in the sense that they both compare maximum
likelihood values to select the appropriate model.
Compared to AIC, BIC penalises model complexity
more heavily meaning that more complex models will
perform worse and will, in turn, be less likely to be
selected.48 In this paper, the Gamma and IG frailty
models considered have the same number of para-
meters and similar level of complexity. Thus, model
selections from BIC will not differ from AIC because
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the penalty term in the BIC will have the same effect
on the two model’s values. AIC has been widely used
to compare frailty models in the literature some exam-
ples include.49,50 The expression of AIC is given by46:

AIC= � 2log(L)+2p, ð23Þ

where L is the maximised likelihood value and p is the
number of parameters in the model. When two models
are compared, AIC considers the model with the smal-
lest AIC value to have a better fit to the data. Further
information on the AIC can be found in.46 We will gen-
erate 1000 simulated data for fixed input values of l, r

and u and then we will count the number of times each
of fitted model is chosen by the AIC. Out of the 1000
simulated data, we will note the number of times the
wrongly specified model is selected as the better model.

Furthermore, we examine the robustness of each
wrongly specified frailty model in terms of their predic-
tion of the expected number of component failures in
the simulated data. The expected number of compo-
nent failures in the system in a specific interval is given
as:

E½NS(t1, t2)�=
Xm
j=1

E½Nj(t1, t2)�, ð24Þ

where E½Nj(t1, t2)� is the expected number of the

failures of the jth component between times t1 and t2.

E½Nj(t1, t2)�= 1
u
log(uL0(t1, t2)+1)�

1
u and E½Nj(t1, t2)�

= 1
u
(
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+2uL0(t1, t2)

p
� 1) for gamma and IG frailty

models respectively. E½Nj(t1, t2)� is derived from the

marginal reliability function for each component. We
present the derivation of E½Nj(t1, t2)� and the marginal

reliability function in the Appendix B and C.
We compare the predicted results with those from

the correct model using root mean squared error
(RMSE). We then assess the proportion of the wrong

model selected as the better model by the RMSE. The
expression of RMSE is given by:

RMSE=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPnI
i=1 (fi � oi)

2

nI

s
ð25Þ

where fi =E½NS(ti, ti+1)� is the forecasts (expected
number of component failures between time (ti, ti+1)
and oi depicts the observed number of component fail-
ures between time (ti, ti+1) from the simulated data. nI
is the number of time intervals of equal length that the
observed data is grouped into and tnI = t. To compute
RMSE, the difference between the forecasts and
observed number of component failures are squared
and averaged over the number of time intervals to get
the mean squared error (MSE); RMSE is the square
root of MSE.51 The model with the smallest RMSE
value has the best prediction accuracy.

The performance of each specified model is assessed
in four cases involving fixed r, and u values.

� Case one involves setting u–0.3 to reflect low het-
erogeneity between components and modifying r.

� Case two involves setting u–3 to reflect high hetero-
geneity between components and modifying r.

� Case three involves setting r–0.3 to reflect compo-
nents’ early life behaviour with frequent failures
and modifying u.

� Case four involves setting r–0.9 to reflect compo-
nents with similar behaviour as those in the mid-life
phase and modifying u.

In each case, when one of the two parameters is
fixed, the other is varied. For fixed settings of r, the u

values analysed are (0:3, 0:6, 0:9, 1:2, 1:5, 1:8, 2:1, 2:4,
2:7, 3). For fixed settings of u, the r values analysed are
(0:3, 0:4, 0:5, 0:6, 0:7, 0:8, 0:9). The result for each case
is presented in Figures 2to 5.

(a) (b)

Figure 1. Plot of the Bias on estimates from IG frailty model estimators: (a) bias on r input values and (b) bias on u input values.
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Case One: Low heterogeneity. In case one, we set u=0:3
to reflect low heterogeneity between components. The
results are presented in Figure 2. For low heterogeneity,
the likelihood of mis-specifying the IG or the gamma
model is zero for r values from 0.4 to 0.9. In contrast,
when r=0:3 the proportion of assumed model selec-
tion was 1.5 % for IG and 1 % for gamma for sample
size less than 25. The probability of mis-specifying the
models was zero for sample sizes greater than 25. Thus,
for data with low heterogeneity when one wrongly spe-
cify either the IG or gamma frailty model, either in
terms of model fit or prediction, the chances of the
wrong model being selected is very small.

Case Two: High heterogeneity. For case two, we set u–3 to
reflect high heterogeneity between components. The
results are presented in Figure 3. From Figure 3(a) and
(b). We see that in terms of model fit, the proportion of
cases where the wrong model is selected when the sam-
ple size is less than 50 ranged between 3%–11% and
1%–10% for IG and gamma model respectively.
However, as the sample size is increased, the propor-
tion reduces to zero for r values from 0.3 to 0.8. For
r=0:9 the proportion of wrong models selected can be
seen to slowly decline. Because r =0:9 mimics the

behaviour of components in the mid-life stages, failure
observations in the data are few. The few failure occur-
rence together with high heterogeneity between compo-
nents increases the possibility of selecting the wrong
model. In contrast, the proportion of the wrong model
selected can be seen to reduce as sample size increased.

The results for determining the appropriate model
when using prediction as the measurement are pre-
sented in Figure 3(c) and (d). We observe a similar
reduction in incorrectly selected models when gamma is
wrongly specified. When IG is wrongly specified, the
proportion of IG model selection is zero for r values
from 0.4 to 0.9. In contrast, when r=0:3 the propor-
tion of IG model selection was up to 6% for sample
size less than 50 and zero otherwise. The 6% selection
of the IG model may be due to the sensitivity of the
RMSE to outliers in the predicted number of compo-
nent failures. For data with high heterogeneity, the
probability of selecting the wrong model whether for
model fit or for prediction is low and only happens
when the sample size is small.

Case Three: Component early life behaviour. In case three,
we set r to 0.3 to reflect components’ early life beha-
viour in which failures occur due to component defects

(a) (b)

(c) (d)

Figure 2. Plot of probability of selecting the wrong model when heterogeneity is low u = 0:3: (a) IG model selections by AIC, (b)
gamma model selections by AIC, (c) IG model selections by RMSE and (d) gamma model selections by RMSE.
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or installation issues. The results for case three are pre-
sented in Figure 4. From the four plots 4a, 4b, 4c and
4d we see that in terms of prediction or model fit, the
proportion of wrong model selections (whether IG or
gamma) could be as high as 10% when the sample size
is less than 50 and heterogeneity is high, that is, close to
3. However, as the sample size is increased from 50, the
likelihood of selecting the wrong model reduces to zero.
More broadly, we see that the proportion of wrong
models selected increases as u increases from 0.3 to 3.
This supports our findings when we compare sections
4.3.1 and 4.3.2.

Case Four: Component mid-life behaviour. In case four, we
set r–0.9 to reflect components nearing the mid-life
stages where time between component failures are
almost constant. The results are presented in Figure 5.
From Figure 5(a) and (b) we see that in terms of model
fit, the proportion of selections of the wrong model
increased as heterogeneity levels increased for IG and
gamma model reaching 12% and 10%, respectively. In
contrast, as the sample size is increased from 10 to 100
the proportion of wrong model selections reduced for
all u values from 0.3 to 3.

Summary of analysis. Reflecting on our study, several
conclusions can be drawn from our analysis. First,
when the sample sizes increase above 50, the likelihood
of selecting the wrong model significantly reduces for
almost all choice of parameters. This provides confi-
dence that when we have many units/components, we
are likely to select the correct model. Second, the effect
of heterogeneity for low sample sizes is noticeable. As
we increase the heterogeneity from u=0:3 to u=3, the
probability of selecting the incorrect model increases.
Third, we see little difference between the ability of the
AIC or the RMSE to select the correct model. As a
selection tool, the RMSE method is a slight improve-
ment on the AIC, particularly when the underlying dis-
tribution is from an IG. It also seems to be better than
the AIC for identifying the correct distribution when
heterogeneity is high. When the distribution is known
to be gamma, there is little difference between the two
methods for selecting the correct distribution.

Application to classic dataset

We compare the two frailty models using a dataset from
the literature, that is, failure times of air conditioner
components from a set of airplanes studied by.28 This

(a) (b)

(c) (d)

Figure 3. Plot of probability of selecting the wrong model when heterogeneity is high u = 3: (a) IG model selections by AIC, (b)
gamma model selections by AIC (c) IG model selections by RMSE and (d) gamma model selections by RMSE.
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data was used as28 compared a Heterogenous trend
renewal process, an NHPP model with gamma distribu-
ted random effect, and a Homogeneous Poisson process
with gamma distributed random effect. Lindqvist28

found that an NHPP model with gamma distributed
random effect provides a better fit than Ordinary
NHPP model, identifying heterogeneity among compo-
nents in the data. Here we compare the IG and gamma
frailty models using the successive failure times before
truncation as given in Table 1 to see if the IG provides
a better fit. Note that it is not possible to say whether
or not the true data generating process comes from an
IG or Gamma; we merely wish to explore if our model
produces any improvements on existing methods.

The results of fitting IG frailty model and gamma
frailty model are summarised in Table 2. Parameter
estimates for the gamma frailty model were obtained as
l=3:3533 10�4, r=1:1424 and u=0:1334 while the
parameter estimates of the IG frailty model were
obtained as l=5:8613 10�4, r=1:1186 and
u=0:9412. The values of u by the two frailty models,
show a low level of heterogeneity between the compo-
nents of the system. Whilst Lindqvist28 found the
gamma frailty model as the better model for the data
when compared to Ordinary NHPP model, based on
AIC and RMSE values in Table 2, the IG frailty model

has a marginally better fit compared with the gamma
frailty model.

Furthermore, we compared predictions of the
expected number of failures from the two models with
observed data using RMSE. We found that there is lit-
tle difference in the predictions of the observed number
of system failures from the gamma and IG frailty mod-
els when time is less than 500 days (see Figure 6 for the
plot of the predictions). However, in line with
Hougaard31 findings that the relative frailty distribu-
tion among survivors from an IG model becomes more
homogeneous with time, we found that once we extend
beyond 500 days the survivors become more homoge-
neous and the IG model substantially outperforms the
gamma. Based on the selection values of AIC and
RMSE in terms of model fit and prediction, one can
infer that IG frailty model is marginally better in terms
of model fit and better in terms of predictions of the
expected number of component failures for the air con-
ditioner data when number of days is greater than 500.

Equation (24) is useful for predicting the expected
number of failures at the system level. For component
level prediction, the predicted number of failures for all
the components will always be the same, even if there
are clear differences in the pattern of failure occur-
rences. The reason is that the value of the variance

(a) (b)

(c) (d)

Figure 4. Plot of probability of selecting the wrong model when early life failures are considered r = 0:3: (a) IG model selections by
AIC, (b) gamma model selections by AIC, (c) IG model selections by RMSE and (d) gamma model selections by RMSE.
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(a) (b)

(c) (d)

Figure 5. Plot of probability of selecting the wrong model when component failures are similar to the mid-life phase r = 0:9: (a) IG
model selections by AIC, (b) gamma model selections by AIC, (c) IG model selections by RMSE and (d) gamma model selections by
RMSE.

Table 1. Failures times for Air conditioners in 13 Airplanes.

Airplane number

7907 7908 7909 7910 7911 7912 7913 7914 7915 7916 7917 8044 8045
194 413 90 74 55 23 97 50 359 50 130 487 102
209 427 100 131 375 284 148 94 368 304 623 505 311
250 485 160 179 431 371 159 196 380 309 605 325
279 522 346 208 535 378 163 268 650 592 612 382
312 622 407 710 755 498 304 290 627 710 436
493 687 456 722 994 512 322 329 639 715 468

696 470 792 574 464 332 800 535
865 494 813 621 532 347 891 594

550 842 846 609 544 934 728
570 917 689 732 880
649 690 811 907
733 706 899 921
777 812 945
836 950
865 955
983 991

Table 2. Parameter estimates of gamma and IG frailty models when fitted to Air conditioner failure time data.

l r Var u AIC RMSE

gamma 0.003353 1.142425 0.133469 1335.281 2.893
IG 0.005861 1.118666 0.980574 1331.92 2.856
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parameter u in the equation for the expected number of
failures equation (24) is the same for each component.
Thus, predictions of the expected number of failures
for individual components will be computed by using
an empirical Bayes approach to account for variability
using the mean frailty estimates (see Carlin and Louis52

for more on empirical Bayes).
Using an empirical Bayes approach, we developed a

method for individual component prediction of the
mean residual life (MRL) and expected number of fail-
ures conditional on the expected frailty value. The devel-
oped method is then applied to make predictions for
components in the Air conditioner data. The developed
method uses Bayes theorem to update the frailty distri-
bution for each j component based on the observed data
from the jth component. With the updated frailty distri-
bution, we get a point estimate (in this case the mean of
the distribution) of the value of the frailty term for the
jth component. Then, we use the new frailty term to
compute the intensity, survival function and make indi-
vidual event prediction of the MRL and expected num-
ber of failures for each jth component.

Using Bayes theorem, we can have the posterior dis-
tribution of the frailty term z�j of the j

th component as:

hj(z
�
j ju)=

Lj(l0(tij)jzj)f(zj;u)Ð ‘

0
Lj(l0(tij)jzj)f(zj;u)dzj

, ð26Þ

where hj(z
�
j ju) is the posterior distribution of Z�j ,

Lj(l0(tij)jzj) is the data likelihood for component j, and
f(zj; u) is the prior distribution (i.e. the gamma or IG
distributions). Lj(marg) =

Ð ‘

0 Lj(l0(tij)jzj)f(zj; u)dzj is the
marginal likelihood for component j. We present the
derivations of hj(z

�
j ju), and the point estimate of the

value of the frailty term for IG and gamma in appendix
B and C respectively. We used the maximum likelihood

methods presented in the third section to estimate u,
and parameters of l0(tij) then we used the Bayesian
method to estimate the updated frailty term. The use of
frequentist to estimate parameters and Bayesian
method to estimate the value of the random effects is
common in mixed-effects models (see e.g. Deep et al.,11

Gebraeel et al.53).
The expected number of failures of the jth component

conditional on the expected frailty value between time
t1 and t2 is given as:

E½Nj(t1, t2jzj)�=
ðt2
t1

z�j l0(t)dt: ð27Þ

System level prediction of expected number of com-
ponent failures is E½NS(t1, t2)�=

Pm
j=1 E½Nj(t1, t2)�:

The expression of the MRL is given as:

mrlj(t)=

ð‘

t

Rj(xjt)dx=
Ð ‘

t
Rj(x)dx

Rj(t)
, ð28Þ

where t is the end of observation length and
Rj(:)= exp�z

�
j L0(:):

For each of the components (Airplanes) in the Air
conditioner data, we predicted the mean residual life
and compared predictions of the expected number of
failures from the IG and Gamma models with observed
data using RMSE. The mean frailty estimate for each
component zj, mean residual life prediction, and RMSE
values for the expected number of failures for each
Airplane is presented in Table 3. The RMSE values in
Table 3 shows that out of 13 components, the IG frailty
model is better at predicting the expected number of
failures for 11 components compared the gamma frailty
model. For illustration we present the plots of the pre-
dictions of the expected number of failures for four
Airplanes (Airplane 7909, Airplane 7914, Airplane 7915
and Airplane 7917) in Figure 7(a) to (d). From the
Figures, we see a difference in the predictions of the
observed number of failures for each of the Airplanes
from the gamma and IG frailty models when time is
more than 250days.

In terms of mean residual life predictions for each
component Airplane, we apply Eq 28 for IG and
gamma frailty models and found that there are differ-
ences in the MRL predictions of the Airplanes by the
two models. For some Airplanes, for example
Airplanes 7910, 7912 and 8044, the difference was as
little as one or 2 days. In other Airplanes such as: 7909,
7911, 7913, 7914, 7915, 7916 and 7917, the differences
ranged from eleven to 77days. However, given the
selection of the IG frailty by the RMSE values of a lot
of the Airplanes, the MRL predicted values by the IG
frailty model may be chosen for optimal maintenance
decision making for most of the Airplanes.

Figure 6. Plot of the expected number of failures predicted by
the IG and gamma frailty models compared to the observed
cumulative number of failures within the interval 0–1000 h
(system level prediction).
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Conclusion

In this paper, we applied the IG frailty model for ana-
lysing failure data from heterogeneous repairable sys-
tems. The IG frailty model, which combines the power
law model and IG distribution, assumes that the rela-
tive frailty distribution among survivors becomes more

homogeneous over time. This is in contrast to the com-
monly used gamma frailty models which assume that
the relative frailty distribution among survivors is inde-
pendent of age. The objectives of this paper were to
evaluate the application of IG frailty model for analys-
ing failure data from heterogeneous repairable systems,

Table 3. Mean frailty z�j , Mean residual life and RMSE value for the expected number of failures of each Airplane.

z�j Mean residual life (Days) RMSE value for the expected no. of failures

Airplane ID gamma IG gamma IG gamma IG

Plane.7907 0.8197 0.4849 117.3 136.5987 1.0137 1.0012
Plane.7908 0.9412 0.6105 102.3372 108.7911 0.8338 0.8375
Plane.7909 1.4272 1.1561 67.8388 56.3213 0.8103 0.7582
Plane.7910 1.0019 0.6758 96.2018 98.3719 0.8536 0.8498
Plane.7911 0.8197 0.4849 117.3 136.5987 0.6726 0.6603
Plane.7912 1.0627 0.7424 90.7624 89.6296 0.7873 0.7863
Plane.7913 1.2449 0.9469 77.5854 70.3957 1.3625 1.3511
Plane.7914 1.4272 1.1561 67.8388 56.3213 1.3958 1.3664
Plane.7915 0.6982 0.3696 137.3962 178.5138 0.6737 0.6463
Plane.7916 0.8197 0.4849 117.3 136.5987 0.807 0.7939
Plane.7917 0.5767 0.2703 165.8234 242.7943 0.4922 0.4183
Plane.8044 1.0019 0.6758 96.2018 98.3719 0.774 0.7828
Plane.8045 1.1842 0.8781 81.5381 75.8732 0.7651 0.7569

(a) (b)

(c) (d)

Figure 7. Plot of the expected number of failures predicted by the IG and gamma frailty models compared to the observed
cumulative number of failures within the interval 0–1000 h (component level prediction): (a) Airplane 7909, (b) Airplane 7914, (c)
Airplane 7915 and (d) Airplane 7917.
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compare its results with the gamma frailty model, and
develop a method for event prediction based on the IG
and gamma frailty models. To accomplish the objec-
tives, we developed the IG frailty model and a method
for parameter estimation of the IG frailty model using
maximum likelihood estimation and numerical meth-
ods. A comparison of the gamma and IG frailty models
was conducted to examine whether both models are
good alternatives of each other. Statistical fit of the
gamma and IG frailty models as well as the prediction
performance was thoroughly studied and compared.
We found that regardless of the degree of heterogeneity
or frequency of failures when early component beha-
viour is concerned, the probability of selecting a wrong
model is low whether for model fit or for prediction
purpose. A wrong model is only selected when the sam-
ple size is small. We applied the two frailty models to a
classic dataset where the gamma frailty model had been
studied. Our results found that the IG frailty model
was better in terms of model fit and prediction when
the number of days was greater than 500.

This research identified a number of areas for future
research. First, the IG frailty model could be integrated
into other degradation processes to explore its advances
more broadly in reliability modelling. Instead of using
the Gaussian or gamma distributions, further research
could investigate other positive skewed distribution to
describe unobserved heterogeneity. In addition, it would
be valuable to further investigate the application of the
IG frailty model. For example, when a system is operat-
ing in a varying environment, its degradation para-
meters are usually random and dependent on the
operating environment, which can be potentially charac-
terised by the IG frailty model. Another interesting
research direction lies in the way of describing uncer-
tainty in reliability modelling. Instead of using a prob-
ability distribution, fuzzy sets or interval values could be
used to model the uncertain parameters or coefficients.
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Appendix A

The derivation of the IG frailty model’s unconditional
log likelihood function is presented below.

Since zj is unobservable from the data, the contribu-
tion of the jth component to the full likelihood is
obtained when the marginal likelihood of the jth com-
ponent is derived. The marginal likelihood of the jth

component is derived after integrating out the random
effects from the conditional likelihood function. The
conditional likelihood function of the jth component is
given as:
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Ynj
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where f(zj; u) is the IG density.
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The marginal likelihood of the jth component is given
as:

Lj(marg) =

Qnj
i=1 l0(tij)
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where k(nj�1=2) :½ � is a modified bessel function of the sec-
ond kind and

Ð ‘

0 xs�1exp(ax
h�bx�h)dx= 2

h (
b
a )

( s2h)k(sh)½2
ffiffiffiffiffi
ab
p
�

(see Shoukri et al.54).
The total likelihood function for all the components

is given by:

L =
Ym
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Taking the logarithm of the likelihood function of
equation (32) results in:
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Appendix B

The expressions for the posterior distribution, expected
frailty value, expected number of failures and marginal
reliability function for the IG frailty model is derived as
follows.

The marginal reliability function of the jth compo-
nent is given as:

Rj(t)=

ð‘

0

Rj(tjzj)f(zj; u)dzj, ð34Þ

where f(zj; u) is the IG distribution and
Rj(tjzj)= exp�zjL0(t): Thus

Rj(t)=

ð‘

0

1ffiffiffiffiffiffiffiffiffi
2pu
p z

�3
2

j exp
�zjL0(t)�

(zj�1)2

2zju
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dzj, ð35Þ

and

Rj(t)= exp
1
u
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+2uL0(t)
p	 
	 


, ð36Þ

where Rj(t) is derived by replacing s with L0(t) in the
Laplace transform for gamma distribution
Lj½s�= exp

1
u
1�
ffiffiffiffiffiffiffiffiffiffiffi
1+2us
pð Þð Þ (See Mundo et al.55 for deriva-

tion of Laplace transform of IG and Gamma frailty
models).

The marginal expected number of failures of the jth

component between time t1 and t2 is given as:

E½Nj(t1, t2)�=Lj(t1, t2)= � log(Rj(t1, t2))

= 1
u
(
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+2uL0(t1, t2)

p
� 1):

ð37Þ

The marginal expected number of component failures
in the system between time t1 and t2 is given as:

E½NS(t1, t2)�

=
Xm
j=1

E½Nj(t1, t2)�=
m

u
(
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p
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where m is the number of components in the
system.

Next we derive the posterior distribution for z�j given
a IG prior distribution. Replacing the expressions of
Lj(marg), Lj(l0(tij)jzj) and f(zj; u) in the Bayes formula
Eq(26), then the posterior distribution of z�j for the jth

component will be derived as:

hj(z
�
j ju) =

z
nj�32
j

exp
�zj

(2uL0(t)+1)

2u
� 1
2uzj

� �
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2

)
k nj�1=2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(1+2uL0(t))
p

u

h i :
ð39Þ

The value of the frailty term for component j is then
derived as a point estimate by finding the mean of the
updated frailty distribution hj(z

�
j ju). The mean of the

updated frailty distribution z�j =E½z�j � is derived as:
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and

E½z�j �=
2uL0(t)+1ð Þ�(

nj +1=2

2
)
k nj +1=2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(1+2uL0(t))
p

u

h i
2uL0(t)+1ð Þ�(

nj�1=2
2

)
k nj�1=2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(1+2uL0(t))
p

u

h i , ð42Þ

where nj is the number of events that component j
has experienced. u is the estimated variance parameter
from the gamma frailty likelihood estimator, and L0(t)
is the cumulative intensity of the component until time
t. k(nj�1=2) :½ � is a modified Bessel function of the second
kind.

Appendix C

The expressions for the posterior distribution, expected
frailty value, expected number of failures and marginal
reliability function for the gamma frailty model is
derived as follows.

The marginal reliability function of the jth compo-
nent is given as:

Rj(t)=

ð‘

0

Rj(tjzj)f(zj; u)dzj, ð43Þ

where f(zj; u)=
z
1
u
�1
j exp

�
zj
u

u
1
uG(1

u
)

is a gamma distribution and

Rj(tjzj)= exp�zjL0(t):

Thus,
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and

Rj(t)= (uL0(t)+1)�
1
u, ð45Þ

where Rj(t) is derived by replacing s with L0(t) in
the Laplace transform for gamma distribution Lj½s�
=(us+1)�

1
u.

The expected number of failures of the jth component
between time t1 and t2 can be derived from the marginal
reliability as:

E½Nj(t1, t2)�=Lj(t1, t2)= � log(Rj(t1, t2))

= 1
u
log(uL0(t1, t2)+1)�

1
u

ð46Þ

The expected number of component failures in the
system between time t1 and t2 is given as:

E½NS(t1, t2)�=
Xm
j=1

E½Nj(t1, t2)�=
m

u
log(uL0(t1, t2)+1)�

1
u:

ð47Þ

where m is the number of components in the system.
Next we derive the posterior distribution for z�j given a

gamma prior distribution. For gamma frailty model, the
expression of Lj(marg) is given by Asfaw and Lindqvist2:
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Qnj
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5 ð48Þ

Replacing the expressions of Lj(marg), Lj(l0(tij)jzj),
and f(zj; u) for the gamma frailty model in the Bayes
formula equation (26), then the posterior distribution
of z�j for the j

th component will be derived as:
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The expression for the mean of the updated frailty
distribution z�j =E½z�j � is given as:
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However, hj(z
�
j ju) is a gamma density function, thus

the associated posterior mean is:

E½z�j �=
(nj +

1
u
)

(L0(t)+
1
u
)
, ð51Þ

where nj is the number of events that component j
has experienced. u is the estimated variance parameter
from the gamma frailty likelihood estimator, and
L0(t) is the cumulative intensity of the component
until time t.
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