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Abstract
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accelerates investment and mitigates the ex-post debt overhang relative to exclusive market debt

structures. A growth firm optimally increases its reliance on bank debt and decreases its usage

of market debt when it has fewer valuable growth opportunities, its asset volatility is higher, its
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1 Introduction

In corporate finance theory, most existing capital structure models assume that: (i) firms are

optimally financed by a single type of debt that can force the firm into immediate liquidation in

default (i.e., public or market debt) due to the dispersion of its creditors (Leland, 1994, 1998;

Hackbarth and Mauer, 2012; Diamond and He, 2014; Sundaresan, Wang, and Yang, 2015; Bolton,

Wang, and Yang, 2020; Hackbarth, Rivera, and Wong, 2021), which ignores the stylized fact that

firms often simultaneously use different types of debt in practice; and (ii) the capital structure choice

for a firm with heterogeneous (mixed) debt financing is independent of its real investment decisions

(Bolton and Freixas, 2000; Park, 2000; DeMarzo and Fishman, 2007; Hackbarth, Hennessy, and

Leland, 2007), which overlooks the most important ex-post debt overhang problem first analyzed

by Myers (1977). Empirically, extensive studies have recognized heterogeneity in the sources of

debt financing (Rauh and Sufi, 2010; Colla, Ippolito, and Li, 2013; Becker and Ivashina, 2014;

Chen, Maslar, and Serfling, 2020) and the negative impact of debt-in-place on corporate investment

(Hennessy, 2004; Alanis, Chava, and Kumar, 2018).

Notably, unlike market debt, bank (private or negotiable) debt can generally be renegotiated with

a single creditor, delaying inefficient and costly bankruptcy when a firm is in financial distress (see

Lummer and McConnell, 1989; Gilson, John, and Lang, 1990; Fan and Sundaresan, 2000; Sundaresan

and Wang, 2007). However, a large body of theoretical studies has treated these two debt instruments

as uniform within a firm, providing no insights into the precise roles of heterogeneous debt structures

in determining corporate policies and the substantial capital structure variation documented in

practice.1 Remarkably, Morellec, Valta, and Zhdanov (2015) and Shibata and Nishihara (2015b)

incorporate both investment decisions and various debt structures into trade-off capital structure

models to investigate the intertwined effects between a firm’s marginal financing decisions (market

versus bank debt) and its investment decisions. Nevertheless, neither considers the simultaneous

usage of both market and bank debt within a firm, thus overlooking the possible interactions of

these two debt instruments.2

Motivated by corporate finance theory and empirical evidence, this paper develops a theoretical

link between heterogeneous debt structures and corporate financing and investment policies. In

particular, we adopt a setting that resembles that of Hackbarth, Hennessy, and Leland (2007) and

extend their discussions by incorporating a series of flexible investment opportunities, in the spirit of

Diamond and He (2014), DeMarzo and He (2021), and Wong and Yu (2022). Specifically, we consider

a firm that has both assets-in-place and flexible future investment opportunities. The firm is initially

financed with an optimal mixture of equity, senior bank debt and junior market debt, maximizing

1Theoretical studies have often treated corporate debt as uniform because they want to build more tractable models

(Rauh and Sufi, 2010).
2Both Morellec, Valta, and Zhdanov (2015) and Shibata and Nishihara (2015b) assume that a firm makes discrete

financing choices between market and bank debt in a real options framework.
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the ex ante value of equity (Hackbarth, Hennessy, and Leland, 2007). A default on bank debt leads

to a renegotiation with a permanent reduction of coupon payments and a corresponding proportion

of the equity stake being paid to compensate bank lenders, i.e., an irreversible debt-for-equity swap

to retire some existing bank debt in the spirit of Morellec et al. (2015). Similar to Leland (1994),

the maturity of private and public debt contracts is perpetual. At any future time, shareholders can

make an all-or-nothing decision regarding the growth of assets-in-place, and they have the timing

option to default on debt obligations, leading to either renegotiation or formal bankruptcy. Asset

growth is financed by internal funds (or equity) (Diamond and He, 2014; DeMarzo and He, 2021;

Wong and Yu, 2022), facilitating the analysis of debt overhang, i.e., the pure negative effect of debt

in place on corporate investment.

Shareholders generally prefer debt renegotiation to formal bankruptcy, implying that bank debt

might always be superior to market debt. However, the opposite might occur when our model con-

siders shareholders’ bargaining power in default (Fan and Sundaresan, 2000; Sundaresan and Wang,

2007; Davydenko and Strebulaev, 2007; Shibata and Nishihara, 2015a,b; Wong and Yu, 2022) and

renegotiation frictions (Davydenko and Strebulaev, 2007; Favara, Schroth, and Valta, 2012; Morel-

lec, Valta, and Zhdanov, 2015). Private bank debt delays inefficient and costly bankruptcies during

financial distress should renegotiation be successful. Nevertheless, bank debt does not always domi-

nate market debt, especially when shareholders have stronger bargaining power or the renegotiation

friction is larger, further justifying demandable market debt issuance. Thus, our model allows us to

explore optimal debt composition within a firm, significantly differing from existing studies focusing

on the choice of bank debt versus bank debt (Morellec, Valta, and Zhdanov, 2015; Shibata and

Nishihara, 2015b).

In our model setting, a firm’s optimal debt structure is driven by the trade-off among tax shield

benefits, bankruptcy costs, and debt overhang costs. To further emphasize the main implications of

the interaction between debt heterogeneity and future growth opportunities, on the one hand, we

construct two extreme benchmark models, each considering either an exclusive bank debt structure

or an exclusive market debt structure. On the other hand, we provide another benchmark model

in which the firm never invests, and thus its asset growth rate features an exogenous constant. We

then focus on the following questions that existing trade-off models leave unresolved. First, how do

growth firms financed with a combination of bank and market debt choose their ex-post corporate

policies in the presence of debt overhang problems analyzed by Myers (1977)? What factors drive

such choices? Second, how will firms’ optimal debt composition be determined in the presence of

a series of future growth opportunities? Finally, how do firm characteristics affect the interaction

between investment dynamics and debt structure decisions?

Our research emphasizes the negative effect of debt overhang on the equity incentives to undertake

investments under a heterogeneous debt structure. Many theoretical studies with homogeneous

market debt structures, such as Mauer and Ott (2000), Hennessy (2004), Hackbarth and Mauer
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(2012), Diamond and He (2014), Sundaresan, Wang, and Yang (2015), and Chen and Manso (2017),

have elaborated on debt overhang in corporate finance from the perspective of different market

frictions. Our main contribution to this line of research is to introduce bank debt in addition to

market debt and to provide new predictions concerning the role of bank debt in the corporate capital

structure.3

We show that compared with the widely used exclusive market debt structure, mixed bank and

market debt financing accelerates firm investment and thus mitigates the ex-post debt overhang

problem. The intuition underlying the mechanism of this result differs from the direct wealth

transfer effect on investment timing investigated in Mauer and Ott (2000), Hackbarth and Mauer

(2012), Sundaresan, Wang, and Yang (2015), and Chen and Manso (2017) with a single irreversible

investment option in the spirit of McDonald and Siegel (1986); our model follows Diamond and He

(2014) and captures the indirect effects of debt overhang by which the inclusion of bank debt delays

bankruptcy and preserves more future investment opportunities, leading to a larger marginal impact

of the firm’s assets-in-place on the equity value, thus strengthening shareholders’ current investment

incentives (i.e., setting a lower investment threshold).4

After demonstrating the effects of heterogeneous debt financing on shareholders’ investment

incentives, we then address how the firm’s ex-post growth opportunities affect its ex ante optimal

choice of debt composition. In general, firms with growth opportunities tend to optimally increase

their usage of market debt and reduce their reliance on bank debt in total debt relative to an

otherwise identical firms with no growth opportunities. This result reflects the trade-off between

the tax shield benefits of market debt and the cost reduction of bankruptcy and debt overhang

from bank debt.5 Furthermore, this change in debt composition becomes more pronounced when

growth firms have more valuable growth opportunities. Additionally, we provide several insights into

the determinants of the optimal debt composition across other firm characteristics, the changing of

which affects the attractiveness of senior bank debt and junior market debt. Notably, we find that

3Many theoretical studies have particularly emphasized the role of bank debt in a firm’s capital structure because

strong covenant restrictions in bank debt contracts can help firms to achieve a less severe moral hazard problem (see,

e.g., Park, 2000; DeMarzo and Fishman, 2007).
4We thank the anonymous referee for noting that the debt overhang effect in our model, with a series of reversible

investment opportunities in the spirit of Diamond and He (2014), is significantly different from that investigated by the

model with a single irreversible investment in the spirit of McDonald and Siegel (1986). In our model, “activating the

investment does not lead to the wealth transfer from shareholders to debtholders in the same way a lumpy irreversible

investment does as default occurs at the same level of the cash flow process before and after investment. Therefore,

investment timing is solely related to the curvature of the shareholders’ value function and to the moment its slope is

sufficiently steep to trigger the flow of investment. In general, renegotiable debt, which allows for deferring liquidation

for longer, would generally result in a higher slope of the shareholders’ value function for a given cash flow level, hence

fostering efficient investment.”
5Bank debt also has the shield benefits, but they are smaller than those of market debt due to the debt-for-equity

swap during renegotiation.

4

Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof



higher (lower) asset volatilities, lower (higher) bankruptcy costs and lower (higher) corporate tax

rates enhance a firm’s reliance on senior bank debt (subordinated market debt) in total debt. These

model predictions reconcile several empirical findings (Johnson, 1997; Rauh and Sufi, 2010) and

yield a set of novel empirical tests of the joint determinants of a firm’s debt types.

Our model also sheds light on two additional theoretical implications and thus generates novel

empirical tests. First, we find a U-shaped relationship between shareholders’ investment incentives

and debt renegotiation frictions for growth firms with mixed debt financing. The non-monotonic

relationship is driven by the variation in the debt renegotiation friction regarding shareholders’ trade-

offs between the positive effect of the reduction in total debt and the negative effect of the change in

debt composition (i.e., decreased reliance on bank debt and increased usage of market debt) when

making an ex-post investment decision. To the best of our knowledge, the linkage between debt

renegotiation frictions and a growth firm’s choice of investment has rarely been discussed in the

literature. As a result, this finding offers a testable hypothesis on the empirical prediction regarding

the relationship between debt renegotiation frictions and shareholders’ investment incentives based

on the role of debt heterogeneity in corporate capital structure decisions.6

Second, we extend our baseline model by assuming that the cost of investment is time varying,

representing that the firm faces time-varying growth opportunities. In such an environment, we

provide a testable prediction of how the cyclicality of a firm’s growth opportunities affects its optimal

debt composition. That is, our extended model predicts that firms with stronger cyclicality of growth

opportunities tend to first decrease (increase) and then increase (decrease) their reliance on bank

(market) debt in total debt, exhibiting a (an inverted) U-shaped pattern. Theoretically, our extended

model also complements the discussions in Chen and Manso (2017), who employ an irreversible real

options model of the type described by McDonald and Siegel (1986) and investigate the impact of

time-varying growth opportunities on a firm’s capital structure decisions with homogeneous market

debt structures.

Related literature To emphasize the contributions of our article, following Hackbarth, Hen-

nessy, and Leland (2007), we summarize the features of related structural trade-off models in Ta-

ble 1. Specifically, this table collects the two main strands of the recent literature on debt financing

(columns (1-2)) and dynamic trade-off models with endogenous investment (column (5)).

Our paper contributes to the growing literature examining the interaction between corporate

financing and investment decisions associated with debt overhang in dynamic trade-off models with

exclusive market debt financing described by Leland (1994). Hackbarth and Mauer (2012) develop a

dynamic model to study debt structure and its impact on corporate investment and find that jointly

optimal capital and priority structures can virtually eliminate the debt overhang that results from

6Favara, Schroth, and Valta (2012) empirically explore the relationship between equity beta and debt renegotiation

frictions across countries.
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agency conflicts. Diamond and He (2014) provide a thorough analysis of the effects of debt maturity

on the debt overhang problem. Sundaresan, Wang, and Yang (2015) develop an analytically tractable

model in which a firm has multiple rounds of investment with financing flexibility, and they emphasize

that debt structures have quantitatively significant implications for debt overhang. Furthermore,

Chen and Manso (2017) offer several new predictions on how the presence of macroeconomic risk

affects a firm’s investment and capital structure decisions. Our work complements these studies by

incorporating heterogeneous debt financing into the analysis of corporate financing and investment

decisions.

Table 1: Related structural trade-off models

Negotiable Market Bargaining Closed-form Investment

debt debt power solution flexibility

(1) (2) (3) (4) (5)

Leland (1994) N Y N Y N

Fan and Sundaresan (2000) Y N Y Y N

Hackbarth et al. (2007) Y Y Y Y N

Sundaresan and Wang (2007) Y N Y Y N

Pawlina (2010) Y N Y Y N

Hackbarth and Mauer (2012) N Y N Y N

Diamond and He (2014) N Y N Y Y

Morellec, Valta, and Zhdanov (2015) Y Y Y Y N

Shibata and Nishihara (2015a) Y N Y Y N

Shibata and Nishihara (2015b) Y Y Y Y N

Sundaresan, Wang, and Yang (2015) N Y N Y N

Chen and Manso (2017) N Y N Y N

Wong and Yu (2022) Y N Y Y Y

This Paper Y Y Y Y Y

In addition, our paper ties into a strand of the literature that explores the role of exclusive nego-

tiable debt financing in firm decision making. Fan and Sundaresan (2000) adopt a Nash bargaining

game for debt renegotiation to investigate the impact of varying bargaining power on renegotiation

and payout policies. Sundaresan and Wang (2007) further employ a real-options framework and

explore how the possibility of debt renegotiation during financial distress impacts ex ante growth-

option-exercising decisions, debt capacity and firm value. Pawlina (2010) shows that the presence

of negotiable debt exacerbates a firm’s underinvestment problem. By incorporating debt financ-

ing constraints into the model framework of Sundaresan and Wang (2007), Shibata and Nishihara

(2015a) examine the effects of negotiable debt on a firm’s investment decisions. However, these

studies describe such investment as either an irreversible and one-shot decision or an exogenous

policy. Recently, based on the model framework of Diamond and He (2014), Wong and Yu (2022)

investigate the real effect of credit default swap (CDS) trading on investment dynamics and debt
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financing in a dynamic trade-off model with negotiable debt and flexible investment opportunities.

Our article is closely related to Hackbarth, Hennessy, and Leland (2007), who employ the classical

Leland-type capital structure framework and explore the optimal mixture of bank and market debt,

in the following two respects. First, inspired by Diamond and He (2014) and Wong and Yu (2022),

we incorporate flexible investment decisions into Hackbarth, Hennessy, and Leland’s model. Since

the debt structure and investment decisions interact with one another, the optimal investment

timing varies under different debt structures. Thus, it is necessary to incorporate the investment

decision into a dynamic trade-off model. Second, we consider an irreversible debt-for-equity swap

with renegotiation frictions to reflect the situation that we are seeking and capture the feature of

bank debt contracts in the model, which is different from Hackbarth, Hennessy, and Leland’s model

that uses strategic debt service with costless renegotiation. This setting allows us to yield a rich set

of novel insights and empirical predictions on heterogeneous debt financing.

Finally, the present work is also closely related to a set of papers that study the effects of various

debt structures on corporate policy choices in a unified framework. Typically, Morellec, Valta, and

Zhdanov (2015) investigate the choice between bank and market debt in a firm’s marginal financing

decision and its effects on investment decisions. Shibata and Nishihara (2015b) develop a model to

study the impact of bank and market debt structure under issuance limit constraints on corporate

financing and investment decisions. However, neither Morellec, Valta, and Zhdanov nor Shibata

and Nishihara consider mixed debt financing since the debt choice in their models is assumed to be

mutually exclusive. To the best of our knowledge, this paper is the first attempt to investigate the

interaction between debt heterogeneity and investment dynamics in a structural trade-off model in

which firms simultaneously use bank and market debt. In this manner, we can jointly determine the

optimal composition of bank and market debt in our model and shed light on how optimal mixed

debt financing affects corporate investment and valuation.

The remainder of this article is organized as follows. Section 2 develops a dynamic trade-off

model that incorporates both flexible investment opportunities and heterogeneous debt financing.

Section 3 solves the model, and Section 4 provides key model implications. Section 5 explores the

impact of time-varying investment opportunities on firms’ mixed debt financing choices, followed

by a summary of novel empirical predictions in Section 6. Finally, Section 7 concludes the study.

Technical information is gathered in Appendix A.

2 Model setup

Following Hackbarth, Hennessy, and Leland (2007) and Diamond and He (2014), we extend the

classical Leland-type capital structure framework to a dynamic structural model that simultaneously

incorporates both dynamic investment opportunities and heterogeneous debt financing. Throughout

the paper, we assume that assets can be continuously traded in a complete and arbitrage-free market.
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2.1 Firm cash flows and investment opportunities

Consider a firm with assets-in-place that is endowed with dynamic investment opportunities to

expand its assets at any time t. The assets-in-place generate an operating cash flow, which is given

by {Xt : t ≥ 0} and evolves according to7

dXt = (µ+ i(Xt))Xtdt+ σXtdZt, (1)

where constants µ and σ are the baseline growth rate and volatility of the cash flow, respectively, and

{Zt : t ≥ 0} is standard Brownian motion defined for the risk-neutral probability space, (Ω,F ,P).

At each point in time, the firm’s asset growth rate is subject to investment rate i(X), which is

dependent on the current cash flow level X. Notably, we follow Diamond and He (2014) and Wong

and Yu (2022) and assume that the investment policy is controlled by shareholders and takes a

binary constant value, in that

i (X) =

{
i, if X ≥ Xi;

0, if X < Xi.
(2)

Here, Xi denotes the investment threshold, which indicates that a firm invests (cuts investment)

when its cash flow level exceeds (is less than) Xi. The random first passage time, Ti, that the firm’s

cash flow level reaches the threshold, Xi, satisfies

Ti = inf{t ≥ 0, Xt = Xi}.

In addition, investment incurs a cost, which is given by φi(X)X and is financed by internal funds

(retained earnings)(Diamond and He, 2014).

Let the constant r > 0 denote the risk-free interest rate. Following Wong and Yu (2022) and

Diamond and He (2014), the after-tax present value of an all-equity-financed firm that always invests

satisfies

Et
[∫ ∞

t
e−r(u−t)((1− τ)Xu − φiXu)du

]
= UiXt, (3)

where Ui ≡ (1−τ)(1−φ̃i)
r−(µ+i) and φ̃ ≡ φ

(1−τ) ; τ ∈ (0, 1) denotes the corporate tax rate. For convergence,

we assume that the interest rate is higher than the maximal (risk-neutral) cash flow growth rate in

that r > µ + i. Conversely, when a firm never invests, its present value of assets is given by U0Xt,

where U0 ≡ 1−τ
r−µ . As shown in Wong and Yu (2022), we impose the parametric restriction to ensure

that Π ≡ Ui/U0 > 1, which captures the positive marginal benefit of investment and thus measures

the profitability of the firm’s future investment opportunities.8

7This cash flow specification is similar to that used in the dynamic investment models of Diamond and He (2014)

and Wong and Yu (2022).
8This ratio Π ≡ Ui/U0 can also be interpreted as the all-equity-financed firm’s Tobin’s Q (see Wong and Yu, 2022).
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2.2 Debt structure and default

By featuring debt heterogeneity, our model assumes that a firm simultaneously issues two classes

of perpetual debt, namely bank and market debt, at the initial time.9 Bank debt and market debt

have promised coupon payments b and c, respectively. A firm that falls into financial distress (i.e.,

experiences a credit event) in the future may default on its existing debt obligations. Because of

limited liability, suppose that shareholders first attempt to initiate a private workout instead of

declaring bankruptcy to renegotiate the coupon payment of bank debt upon default. Let Tn be the

first passage time of the firm’s cash flow, Xt, through the endogenous renegotiation threshold, Xn,

from above, which is given by

Tn = inf{t ≥ 0, Xt = Xn}.

Debt restructuring allows a firm to deleverage by removing a fraction m ∈ [0, 1) of the coupon

payment b at the expense of paying a corresponding fraction ρ of the total equity to bank lenders (i.e.,

debt-for-equity swaps).10 The reduced coupon payment for bank lenders after debt restructuring is

denoted by bn = (1 −m)b.11 We further assume that the debt renegotiation process is formalized

as Nash bargaining, consistent with Fan and Sundaresan (2000), Sundaresan and Wang (2007), and

Wong and Yu (2022). Because of bargaining, both shareholders and bank lenders can obtain a

proportion of the total surplus according to their bargaining powers η and 1 − η, respectively. In

contrast, the coupon payment to market lenders cannot be modified outside the formal bankruptcy

process; this feature is presented by Leland (1994) and supported by the empirical evidence in Gilson

et al. (1990) and Asquith et al. (1994).12

The restructuring of bank debt entails a cost and thus might fail.13 Our model captures such

frictions by defining the probability of failure, q ∈ [0, 1], of debt renegotiation, as discussed in

Davydenko and Strebulaev (2007), Favara, Schroth, and Valta (2012), and Morellec, Valta, and

9In the model, we consider a one-shot capital structure decision at the initial time, which is a standard assumption

in the capital structure literature. See, for example, Leland (1994), Hackbarth, Hennessy, and Leland (2007), and

Morellec, Valta, and Zhdanov (2015).
10Because debt structure and investment dynamics are central to our analysis, we do not consider the optimal terms

of the bank debt contract in our model, and we calibrate the parameter value of m based on theoretical estimation

and empirical evidence to the extent that it is available.
11Morellec, Valta, and Zhdanov (2015) also introduce a debt-for-equity swap to capture the feature of the bank

debt contract. In their model, unlike ours, all existing bank debt is removed with an equity stake when firms are in a

period of financial distress. However, some empirical evidence has documented that bank lenders typically receive a

combination of permanent debt reduction and an equity stake in exchange for their debt (see, e.g., Franks and Torous,

1994; Altman and Karlin, 2009).
12Due to the dispersion of debt holders, market debt cannot be renegotiated when a firm falls into financial distress,

which is the only difference between market debt and bank debt in our model (see, e.g., Morellec, Valta, and Zhdanov,

2015; Shibata and Nishihara, 2015b).
13Restructuring costs include various costs during both out-of-court renegotiation and formal bankruptcy, such as

legal costs, loss of reputation, accounting expenses, and so forth (see, e.g., Favara, Schroth, and Valta, 2012).
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Zhdanov (2015). A higher q implies a more costly renegotiation process, costs that are borne

by shareholders. Once renegotiation fails, the shareholders declare bankruptcy, and the firm is

liquidated. In such a scenario, the absolute priority rule (APR) is enforced, and the outside option

value for shareholders is zero. Furthermore, we assume that the new owner will not re-level the

restructured firm and lose any future investment opportunities when a liquidation event occurs (see,

for example, Leland, 1994, 1998). Let α ∈ (0, 1) denote the bankruptcy loss rate. At bankruptcy,

both market debt holders and bank debt holders then jointly share liquidation value L(Xt), which

is equal to

L(Xt) = (1− α)U0Xt. (4)

In this model, we assume that bank debt is senior to market debt upon bankruptcy, consistent with

the theoretical prediction in Hackbarth, Hennessy, and Leland (2007) and the empirical evidence

reported by Rauh and Sufi (2010). That is, lenders of junior market debt will not receive payoffs

until senior bank lenders are fully paid off at bankruptcy. Thus, senior bank debt holders receive

reservation value Rb(Xt), which is given by

Rb(Xt) = min

{
b

r
, L(Xt)

}
, (5)

while junior market debt holders collect the remaining value Rm(Xt), which satisfies

Rm(Xt) = max

{
L(Xt)−

b

r
, 0

}
. (6)

For simplicity, we assume that shareholders and bank lenders renegotiate only once. We could

generalize the model to a case with multiple (finite) costly renegotiations (see, e.g., Moraux and

Silaghi, 2014). However, in addition to some quantitative (but not qualitative) differences, we

believe that our main results also hold in such a setting. Then, provided that debt renegotiation

is successful, the firm continues to operate with the restructured total coupon payment (bn + c).

However, the firm could still default on its restructured debt obligations if its fundamental condition

deteriorates. The first passage time of the firm’s cash flow, Xt, through the endogenous bankruptcy

threshold, Xd from above, is defined as

Td = inf{t ≥ 0, Xt = Xd}.

At this time, the firm is formally liquidated, and outside debt holders receive the corresponding

liquidation value.

3 Model solution

The model is solved by backward induction. At time 0, the firm’s assets-in-place generate a

cash flow X0, and it issues both senior bank debt and junior market debt. Thereafter, sharehold-

ers can make decisions regarding renegotiation, future investment and bankruptcy. Note that the
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renegotiation threshold Xn splits firm’s operations into two stages: before debt restructuring and

after debt restructuring. The investment threshold Xi also divides a firm’s cash flow into the two

regions of an investment region for Xt > Xi with i(X) = i and a non-investment region for Xt < Xi

with i(X) = 0. We follow Wong and Yu (2022) and assume that the ordering of the firm’s optimal

thresholds is described as follows:

Xd < Xi < Xn < X0.

Although this ordering is endogenous, it can be easily satisfied with our calibrated model parameters.

Intuitively, shareholders would cut investment at any future time if the firm falls into financial

distress. However, as discussed in Wong and Yu (2022), they would prefer to negotiate down the

debt burden first and keep the investment alive in this situation because investment creates persistent

value in this modeling environment.

Based on the firm’s decision-making process, Figure 1 plots five possible paths that a firm might

take during its life cycle. At t = 0, X0, there are two scenarios regarding the firm’s performance.

The first path shows the best outcome, as the firm grows at rate µ + i and does not experience

any financial distress. The second path reflects financial distress if the firm’s cash flow continues

declining, where debt restructuring occurs at t = 30, Xn. After debt restructuring, we assume that

no further debt renegotiation occurs, and there are three scenarios. First, the decreased debt burden

may allow the firm to escape financial distress; thus, the firm’s cash flow continues rising along the

third path. Second, the fourth path shows that debt restructuring could lead to a more severe cash-

flow reduction, and the firm might choose to cut investment at t = 50, Xi. Subsequently, if the firm’s

cash flow level can increase to meet the threshold Xi, shareholders would optimally exercise growth

opportunities again to increase their asset growth rate, expecting that the cash flow will continue

rising along the fifth path. However, if the firm’s fundamental condition continues deteriorating

along the fourth path, it ultimately chooses to file for bankruptcy and loses any future investment

opportunities to increase the asset growth rate at t = 70, Xd.

0 10 20 30 40 50 60 70

Figure 1: This figure shows five possible paths that firms might take during their life circle.
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Let En(X; bn, c), Dn(X; bn, c), and Mn(X; bn, c) denote the new values of equity, bank and market

debt after restructuring, respectively. Then, let us denote by E(X; b, c), D(X; b, c), and M(X; b, c)

the values of equity, bank and market debt before restructuring, respectively. The total firm value

is therefore defined by the sum of the values of equity, bank and market debt.

3.1 After the debt restructuring stage

3.1.1 Equity value and equity holders’ decisions

After debt restructuring (Td > T > Tn), the total equity value function En(X) captures the

ex-post optimal investment and bankruptcy decisions selected by shareholders. The after-tax cash

flow net of the investment cost (i.e., dividend) to shareholders is (1− τ)(Xt − c− bn)− φi(Xt)Xt at

each time t. Moreover, the capital gains over each time interval (t, t+dt) are given by E[dEn], where

E[•] is an expectation operator. By applying the dynamic programming method and Itô’s lemma,

we have that the market value of equity En(X) satisfies the following ordinary differential equation

(ODE):

rEn(X) = max
i(X)∈{0,i}

{
(1− τ)(X − c− bn)− φi(X)X + (µ+ i(X))XE′n(X) +

σ2

2
X2E′′n(X)

}
. (7)

In Equation (7), the no-arbitrage rule implies that, at any time interval, the required return for

holding a firm’s equity (the left-hand side) should be equal to the sum of the after-tax cash flow net

of the investment cost (the first two terms on the right-hand side) and the expected change in the

equity value (the last two terms). The first-order condition (FOC) for investment i(X) generates

the optimal investment threshold that satisfies the following:

E′n(Xi) = φ. (8)

Equation (7) is simultaneously solved by using the following four boundary conditions:
limX→∞

En(X)
X < +∞, the standard no-bubble condition;

limX↓Xi
En (X) = limX↑Xi

En (X) , the value-matching condition at Xi;

limX↓Xi
E′n (X) = limX↑Xi

E′n (X) , the non-arbitrage condition at Xi;

limX↓Xd
En (X) = 0, the value-matching condition at Xd.

(9)

In Equation (9), because the possibility of bankruptcy in the normal region is negligible when X is

sufficiently large, we impose the no-bubble condition for equity to exclude speculative bubbles. Value

matching at the investment threshold Xi is a continuity condition. The non-arbitrage condition at

the investment threshold Xi requires that the first derivative of the equity value on the left-hand

side at Xi be equal to the first derivative of the equity value on the right-hand side at Xi.
14 The

14Please see the detailed discussion of the non-arbitrage condition in Dumas (1991).
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value-matching condition at the default threshold Xd demonstrates the equality between the equity

value after debt restructuring and the recovery value at final bankruptcy.

For the bankruptcy threshold, the smooth pasting of En(X) at Xd delivers the following endoge-

nous bankruptcy threshold (see, e.g., Leland, 1994):

E′n(Xd) = 0. (10)

The endogenous default threshold Xd is uniquely determined by a nonlinear equation that is solved

numerically. Then, the equity value is summarized as follows.

Proposition 1 Given the shareholders’ optimal investment threshold Xi and optimal default thresh-

old Xd, after debt restructuring, the equity value En(X) is given by

En (X) =

{
UiX − (1− τ) c+bnr +A1X

γ1 , if Xi ≤ X,
U0X − (1− τ) c+bnr +A2X

β1 +A3X
β2 , if Xd < X < Xi.

(11)

Constants γ1, β1, β2, A1, A2, and A3 are defined in Appendix A.1.

The expression for the equity value is intuitive. The firm in the after debt restructuring stage

(T > Tn) faces two different regions depending on whether shareholders stop investing. First, in the

interval [Xi,+∞), the equity value consists of three components. The first two terms denote the

expected present value of the unlevered firm that always invests net of the expected present value of

the perpetual after-tax total coupon payment when there is no default risk. The last term captures

the value adjustments when the firm enters the non-investment region in the future. Second, in the

interval [Xd, Xi), the firm is in the non-investment region, and the market value of equity consists

of four components. The first two terms are the expected present value of the unlevered firm that

never invests net of the expected present value of the perpetual after-tax total coupon payment

when there is no default risk. The last two terms capture the changes in value by considering both

possible future defaults and re-entering the investment region again.

3.1.2 Values of market debt and bank debt

We derive the market debt value in the after debt restructuring stage (Td > T > Tn) as follows.

Market lenders receive coupon payment c each time. Moreover, they also receive capital gains E[dMn]

over each time interval (t, t+ dt). On the basis of the standard variation principle, the market debt

value Mn(X) is solved by the following ODE:

rMn(X) = c+ (µ+ i(X))XM ′n(X) +
σ2

2
X2M ′′n(X), (12)

which is dependent on the shareholders’ optimal bankruptcy threshold Xd, optimal investment policy

i(X) and the corresponding investment threshold Xi. In Equation (12), the left-hand side represents
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the return required by market debt holders, while the right-hand side is the sum of debt service (the

first term) and the expected change in the value of market debt at any time interval (the last two

terms).

Equation (12) is solved subject to the following four boundary conditions:
limX→∞Mn(X) = c

r , the standard no-bubble condition;

limX↓Xi
Mn (X) = limX↑Xi

Mn (X) , the value-matching condition at Xi;

limX↓Xi
M ′n (X) = limX↑Xi

M ′n (X) , the non-arbitrage condition at Xi;

limX↓Xd
Mn (X) = Rm(Xd), the value-matching condition at Xd.

(13)

The standard no-bubble condition shows that market debt becomes risk-free when a firm’s cash

flow level becomes sufficiently large; thus, its value equals the expected present value of perpetual

debt service c. The interpretation of the other boundary conditions is similar to those discussed in

Equation (9). Then, using Equations (12)–(13), we can summarize the solutions for the value of

market debt as the following proposition.

Proposition 2 Given a shareholder’s optimal investment threshold Xi and optimal bankruptcy

threshold Xd, after debt restructuring, the value of market debt is given by

Mn (X) =

{
c
r + C1X

γ1 , if Xi ≤ X,
c
r + C2X

β1 + C2X
β2 , if Xd < X < Xi.

(14)

Constants C1, C2, and C3 are defined in Appendix A.1.

Proposition 2 shows that in the interval [Xi,+∞), the value of market debt consists of two

components. The first term is the default-free debt value c/r. The last term captures the value

adjustments when the firm enters the non-investment region in the future. In the interval [Xd, Xi),

the value of market debt consists of three components. The default-free debt value c/r is given in

the first term. The last two terms capture the changes in value for possible future bankruptcy and

re-entering the investment region.

The value function Dn(X) for bank debt with the reduced coupon payment bn satisfies an ODE

similar to Equation (12). The boundary conditions are:
limX→∞Dn(X) = bn

r , the standard no-bubble condition;

limX↓Xi
Dn (X) = limX↑Xi

Dn (X) , the value-matching condition at Xi;

limX↓Xi
D′n (X) = limX↑Xi

D′n (X) , the non-arbitrage condition at Xi;

limX↓Xd
Dn (X) = Rb(Xd), the value-matching condition at Xd.

(15)

We then summarize the solutions for the value of bank debt as the following proposition.
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Proposition 3 Given a shareholders’ optimal investment threshold Xi and optimal bankruptcy

threshold Xd, after debt restructuring, the value of bank debt is given by

Dn (X) =

{
bn
r + F1X

γ1 , if Xi ≤ X,
bn
r + F2X

β1 + F3X
β2 , if Xd < X < Xi.

(16)

Constants F1, F2, and F3 are defined in Appendix A.1.

3.2 Before the debt restructuring stage

3.2.1 Bank debt value and Nash bargaining

To obtain the bank debt value before the debt restructuring stage, we first solve the Nash

bargaining game between the original shareholders and bank lenders (Fan and Sundaresan, 2000;

Sundaresan and Wang, 2007; Morellec, Valta, and Zhdanov, 2015) in debt renegotiation. The out-

come of this Nash bargaining process depends on the outside options (reservation value) of original

shareholders and bank lenders, i.e., the payoffs that both parties will obtain when the firm is liqui-

dated. The outside option for shareholders is zero, and the outside option for bank lenders is Rb(X).

In the event that shareholders initiate renegotiation, the threat of liquidation should be credible to

induce acceptance by the bank. That is, the debt-for-equity swap must be chosen to ensure that the

liquidation value obtained by the bank at bankruptcy is weakly less than the value that it acquires

by accepting the renegotiation offer. Intuitively, once the threat of bankruptcy by shareholders is

not credible, we can easily verify that simultaneous default on both types of debt is optimal since

the bankruptcy threshold chosen by shareholders is identical to that derived by issuing only market

debt with coupon cnew = b+ c.15 Thus, to focus on mixed debt policies that entail renegotiation, we

follow previous studies, such as Hackbarth, Hennessy, and Leland (2007), and make the following

assumption about parameter choices:16

Assumption 1. We restrict our attention to model parameter choices that ensure that ρ(X)En(X)+

Dn(X) > Rb(X) to induce acceptance of the renegotiation offer by the bank.

Under the above assumption, when a successful renegotiation between the two parties is realized

at renegotiation time Tn, the net gain for the original shareholders is (1−ρ(Xn))En(Xn), and the net

gain for bank lenders is ρ(Xn)En(Xn) +Dn(Xn)−Rb(Xn). Following Fan and Sundaresan (2000),

15For some extreme parameter values, the renegotiation between shareholders and bank lenders in our model would

not occur. For example, based on our calibrated model, when shareholders’ bargaining power or renegotiation friction

is sufficiently high, the equity dilution, ρ, would be greater than 100%, indicating that shareholders must give more

than they have in the company. As a result, there will be no debt restructuring in such cases since the threat of

shareholder default is not credible.
16This assumption can be satisfied when we calibrate the model based on the existing empirical evidence and

theoretical predictions.
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the optimal swap rate ρ∗(Xn) is a result of the following optimization problem:

ρ∗(Xn) = argmax
ρ(Xn)

{
[(1− ρ(Xn))En(Xn)]η [ρ(Xn)En(Xn) +Dn(Xn)−Rb(Xn)]1−η

}
= 1− η(En(Xn) +Dn(Xn)−Rb(Xn))

En(Xn)
.

(17)

Before the debt structuring stage (T < Tn), bank lenders receive coupon payment b at each time.

By anticipating a shareholders’ realized investment policy i(X) = i, the value function of bank debt

D(X) satisfies the following ODE:

rD(X) = b+ (µ+ i)XD′(X) +
σ2

2
X2D′′(X), (18)

given the bank lender’s rational expectation of the shareholders’ realized investment policy i(X) = i.

The market value of bank debt is solved subject to the following value-matching and no-bubble

conditions: {
limX↓Xn D(X) = limX↑Xn{(1− q)[Dn (X) + ρ∗(X)En(X)] + qRb(X)},
limX→∞D(X) = b

r .
(19)

The value-matching condition shows that, at renegotiation, bank lenders receive the expected value,

which is equal to the weighted average of the total surplus received by bank lenders after restructuring

and the reservation value. The standard no-bubble condition shows that bank debt becomes risk

free when a firm’s cash flow level becomes sufficiently large; thus, its value equals the expected

present value of perpetual debt service b. Using standard calculations as in Leland (1994), we can

summarize the solutions for the value of bank debt as the following proposition.

Proposition 4 Given a shareholders’ optimal investment threshold Xi, optimal renegotiation thresh-

old Xn and optimal default threshold Xd, in the before debt restructuring stage (T < Tn), bank lenders

bearing a coupon flow of b are worth the following:

D(X) =
b

r
+

[
(1− q)(Dn (Xn) + ρ∗(Xn)En(Xn)) + qRb(Xn)− b

r

](
X

Xn

)γ1
. (20)

Proposition 4 shows that D(X) is given by the sum of the expected value of the perpetual

coupon flow absent default risk (b/r), the changes in value for possible future financial distress and

the temporary halt in investment.

3.2.2 Values of equity and market debt

Prior to debt restructuring, the after-tax cash flow net of the investment cost (i.e., dividend) to

shareholders is (1 − τ)(Xt − b − c) − φiXt at each time t. Thus, the equity value function E(X)

before debt restructuring must satisfy the following ODE:

rE(X) = (1− τ)(X − b− c)− φiX + (µ+ i)XE′(X) +
σ2

2
X2E′′(X). (21)
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Solving the value function E(X) is subject to the following value-matching and no-bubble conditions:{
limX↓Xn E(X) = limX↑Xn(1− q)(1− ρ∗(X))En (X) ,

limX→∞
E(X)
X < +∞.

(22)

Then, we can present the following proposition.

Proposition 5 Given shareholders’ optimal investment threshold Xi, optimal renegotiation thresh-

old Xn and optimal default threshold Xd, the market value of equity E(X) before the debt restruc-

turing stage (T < Tn) satisfies

E(X) =

(
UiX − (1− τ)

b+ c

r

)
+

[
(1− q)(1− ρ∗(Xn))En(Xn)− UiXn + (1− τ)

b+ c

r

](
X

Xn

)γ1
.

(23)

Equation (23) indicates that the equity value function in the before debt restructuring stage

(T < Tn) is given by the sum of the expected present value of a perpetual flow of dividends and

the adjustment in the equity value caused by potential future debt renegotiation, the halting of

investment and bankruptcy. Shareholders select the renegotiation threshold Xn to maximize the

equity value, consistent with, for instance, Fan and Sundaresan (2000) and Sundaresan and Wang

(2007). Thus, the following smooth-pasting condition at threshold level Xn should hold:

E′(Xn) = (1− q)[E′n(Xn)− (ρ∗(Xn)En(Xn))′]. (24)

Again, the above condition translates into nonlinear equations that can be solved numerically because

of the absence of closed-form solutions.

We derive the market debt value as follows. Market lenders receive the coupon payment c at

each time point, and the value of market debt M(X) satisfies

rM(X) = c+ (µ+ i)XM ′(X) +
σ2

2
X2M ′′(X). (25)

Equation (25) is solved by using the following value-matching and no-bubble conditions:{
limX↓Xn M (X) = limX↑Xn{(1− q)Mn (X) + qRm(X)},
limX→∞M(X) = c

r .
(26)

Using Equations (25)-(26), we can summarize the solutions for the value of market debt as the

following proposition.

Proposition 6 Given a shareholders’ optimal investment threshold Xi, optimal renegotiation thresh-

old Xn and optimal default threshold Xd, the value of market debt M(X) before the debt restructuring

stage (T < Tn) satisfies

M (X) =
c

r
+
[
(1− q)Mn (Xn) + qRm(Xn)− c

r

]( X

Xn

)γ1
, if X ≥ Xn. (27)
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3.3 Optimal debt structure

We now turn to the discussion of a firm’s optimal debt structure. At the initial financing time,

shareholders select the optimal mixture of bank and market debt to maximize the ex ante equity

value, which is equal to the initial firm value V (X0; b, c) (Leland, 1994). That is, the firm’s optimal

debt structure is solved by the following optimization problem:

{b∗(X0), c∗(X0)} = arg max
b,c
{V (X0; b, c)} , (28)

given the shareholders’ ex-post optimal investment, debt renegotiation and default policies. The

optimal coupon payment on bank and market debt cannot be obtained analytically. The optimal

initial market leverage ratio of the firm, LR, is measured by the ratio of the market value of total

debt to the market value of the firm, which is given by

LR(X0; b∗(X0), c∗(X0)) =
M(X0; b∗(X0), c∗(X0)) +D(X0; b∗(X0), c∗(X0))

V (X0; b∗(X0), c∗(X0))
. (29)

To fully understand the endogenous distribution of the composition of debt finance, we decompose

total debt into two components, namely the ratio of bank debt to total firm debt defined by LRb =

D/(M +D) and the ratio of market debt to total firm debt defined by LRm = M/(M +D).

4 Model implications

In this section, we conduct numerical analyses to better illustrate our model implications, which

are novel in the literature (see, e.g., Hackbarth, Hennessy, and Leland, 2007; Morellec, Valta, and

Zhdanov, 2015).

4.1 Parameter calibration and choice

Following the capital structure and corporate investment literature, we use the following annu-

alized parameter values for our numerical analysis. The initial level of productivity is normalized to

X0 = 1. Similar to Diamond and He (2014) and Wong and Yu (2022), the risk-free interest rate is

r = 5%, the baseline growth rate is µ = 0.5%, the asset volatility is σ = 25%, and the effective tax

rate is τ = 20%. We take the empirical estimate in Glover (2016) and set the bankruptcy cost rate

to α = 45%.

Shareholders’ bargaining power, the probability of renegotiation failure, and the coupon conces-

sion are key parameters that drive the differences between bank debt and market debt. Shareholders’

bargaining power is taken to be η = 40%, consistent with the average value in the sample analyzed

by Favara, Schroth, and Valta (2012), who use insiders’ share of equity as a proxy variable to mea-

sure shareholders’ bargaining power. The probability of renegotiation failure is taken to be q = 54%,

which is also in line with the average value in the sample reported by Favara, Schroth, and Valta
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(2012). We consider a coupon concession parameter of m = 50%, which falls into the range of the

theoretical predictions in Moraux and Silaghi (2014).17

For the real investment parameters, we set the incremental productivity growth rate to be i = 2%,

which is close to the calibration reported by Wong and Yu (2022). We fit the firm’s Tobin’s Q to

approximate the average Tobin’s Q (i.e., 1.89) in the sample of large firms in Compustat from 1993

to 2003 used by Eberly and Rebelo (2009) by setting the investment cost parameter to φ = 5.18

This parameter choice is also consistent with the calibration in Wong and Yu (2022).

4.2 Heterogeneous debt structures and corporate policies

In this section, we conduct quantitative analysis based on our baseline model to evaluate the

effects of debt heterogeneity on corporate investment dynamics, bankruptcy policy, the capital struc-

ture decision, and firm value. Although a large number of firms simultaneously use more than one

type of debt for debt financing (see Rauh and Sufi, 2010), some firms issue only one type of debt

in debt financing. Thus, it is worthwhile to compare the results revealed by our model with those

derived from two other models using alternative debt structures, i.e., the exclusive market debt struc-

ture and the exclusive bank debt structure. These two special cases are derived in Appendix A.2.

Moreover, we focus on the impact of shareholders’ bargaining power η and renegotiation frictions q

on corporate policies since both parameters drive the different features between bank and market

debt.19 Such an analysis allows us to illustrate a novel result that firms with mixed debt financing

can mitigate ex-post debt overhang relative to the benchmark firms with an exclusive market debt

structure.20

4.2.1 Optimal leverage and ex ante firm value

Debt composition varies across the distribution of shareholders’ bargaining power and renegotia-

tion frictions, as shown in Figure 2. Panel A of Figure 2 illustrates that shareholders with sufficiently

low bargaining power rely exclusively on bank debt, consistent with the discussions in Hackbarth,

Hennessy, and Leland (2007). In contrast, when shareholders’ bargaining power is sufficiently large

(i.e., η ∈ [η∗, 1]), the value of bank debt would fall to less than the reservation value, and rene-

17Moraux and Silaghi (2014) predict that the coupon is reduced at least to 67% and at most to 27% of the ini-

tial coupon payment in renegotiation. Additionally, Silaghi (2018) predicts that the coupon reduction obtained in

renegotiation is substantial.
18Tobin’s Q is defined as the ratio of the total market value of the firm to the value of assets-in-place, where the

value of assets-in-place is given by U0Xt.
19In the extreme case of q = 1, bank debt is non-renegotiable, which is equivalent to market debt. However, to

highlight our main results, we do not consider this special case in the following numerical analysis.
20In the literature on corporate finance theory, a number of studies have been devoted to discussing Myers’s debt

overhang problem under an exclusive market debt structure. See, for example, Mauer and Ott (2000), Hennessy (2004),

Hackbarth and Mauer (2012), Diamond and He (2014), Sundaresan et al. (2015), and Wong and Yu (2022).
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gotiation would not occur. In such a situation, bank and market debt are equivalent. Thus, as η

increases, the total leverage with mixed debt financing exhibits a downward jump at η∗ = 0.50. We

find a similar pattern of optimal leverage with mixed debt financing regarding renegotiation frictions

q in Panel C of Figure 2. The downward jump reflects that the optimal leverage is identical to the

leverage achieved by issuing market debt only with coupon cnew = c+b. In the following, we confine

our attention to the situations in which the threat of liquidation is credible.

Debt structures have significant implications for optimal leverage and firm value, as indicated in

Figure 2. First, in all simulated scenarios, a comparison between the two constructed benchmarks

reveals that the exclusive bank debt structure dominates the exclusive market debt case because

it entails a lower implied bankruptcy cost. Therefore, firms issuing bank debt only would take on

higher leverage and achieve higher firm value. Second, as indicated in Figure 2, a firm achieves the

highest market leverage when issuing a mixture of bank and market debt. The reason for this finding

is that firms with mixed debt financing can enjoy greater tax benefits of debt relative to the case of

financing with bank debt only, and they bear lower bankruptcy costs relative to the case of financing

with market debt only. This evidence implies that using both market and bank debt might mitigate

the financial constraints for financially constrained firms. Similar to market leverage, we show that

firms with mixed debt financing outperform other firms with only bank debt or only market debt.

In our base case, our model indicates that heterogeneous debt financing could enhance firm value by

0.25% (0.67%) relative to the exclusively bank (market) debt case. These results are consistent with

the observation that many corporations choose mixed debt financing (see Rauh and Sufi, 2010).

4.2.2 Ex-post corporate policies: investment and bankruptcy

To understand how optimal dynamic corporate investment and bankruptcy decisions vary with

different debt structures, we perform a comparative static analysis regarding ex-post corporate poli-

cies. Figure 3 shows that compared with the exclusive market debt financing, the exclusive bank

debt structure significantly delays bankruptcy thanks to its renegotiation feature. Additionally, the

postponing of default caused by bank debt financing preserves more future investment opportunities

and leads to a larger marginal impact of the firm’s assets-in-place on the equity value (i.e., a steeper

E′n(X) curve). This positive effect feeds back to the present and increases shareholders’ current in-

vestment incentives. Therefore, a firm issuing bank debt exclusively invests earlier and has a higher

asset growth rate than a firm financed exclusively with market debt, mitigating underinvestment

distortions due to debt overhang. This result is in sharp contrast to the model prediction of Pawlina

(2010) that firms financed with negotiable (bank) debt are more hesitant to invest. Pawlina assumes

that a firm’s expansion investment is financed exclusively by negotiable debt and that such invest-

ment features an irreversible and one-shot decision (of the type described by McDonald and Siegel,

1986), and he finds that shareholders set a higher investment threshold with exclusively negotiated

debt than those of a firm financed with market debt only. Our result regarding the impact of nego-
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Figure 2: The comparative statics of the effects of shareholders’ bargaining power, η, and renegoti-

ation frictions, q, on optimal leverage and firm value under three different types of debt structure:

i.e., a mix of bank and market debt, bank debt only, and market debt only.

tiable debt on the investment incentive problem in a setting with multiple investment opportunities

extends and complements the discussion in Pawlina (2010).

Intuitively, the bankruptcy threshold and investment threshold for a firm that simultaneously

issues bank and market debt remains between the two benchmark cases. This statement is confirmed

in Figure 3. Panels A and B of Figure 3 further show the non-monotonic effects of shareholders’

bargaining power η on bankruptcy and investment thresholds for firms with heterogeneous debt

financing. There are two opposing effects on the ex-post bankruptcy decision. First, all else being

equal, stronger shareholders (with higher bargaining power) can extract more renegotiation surplus

in a private workout; thus, they delay bankruptcy at a lower threshold (see Panel A of Figure 3).21

Second, as noted in Hackbarth, Hennessy, and Leland (2007), bank (market) debt represents a

smaller (larger) proportion of the total capital structure when shareholders have stronger bargaining

power because rational bank lenders react to a decreasing proportion of the renegotiation surplus by

reducing the firm’s bank debt capacity, further leading to a higher bankruptcy threshold. Considered

together, the effect of the change in debt composition dominates (is dominated by) the effect of

21This effect of shareholders’ bargaining power on bankruptcy policy is also discussed in Wong and Yu (2022).
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Figure 3: The comparative statics of shareholders’ bargaining power, η, and renegotiation frictions,

q, regarding a firm’s optimal default and investment policies under three different types of debt

structure, i.e., a mix of bank and market debt, bank debt only, and market debt only.

surplus extraction for stronger (weaker) shareholders, thus implying a non-monotonic relationship

between bargaining power and the bankruptcy threshold. In addition, a longer (shorter) distance to

bankruptcy preserves more future investment opportunities, strengthening (mitigating) shareholders’

incentive to invest. Thus, the corporate investment policy presents the same pattern as the default

policy with respect to shareholders’ bargaining power.

We also observe a non-monotonicity of bankruptcy and investment thresholds for firms with het-

erogeneous debt financing in the renegotiation friction q, as shown in Panels C and D of Figure 3. An

increase in q indicates two indirect effects on the final bankruptcy threshold. First, bank debt loses

its advantage because shareholders would bear higher renegotiation costs; thus, they would tend to

use more market debt and less bank debt in total debt, inducing a higher bankruptcy threshold.

Second, since shareholders anticipate that high leverage might trigger ex-post renegotiation earlier,

they would choose to optimally issue less total debt ex ante, inducing a lower bankruptcy threshold.

At low values of q, the former effect is dominated by the the latter effect, and shareholders delay for-

mal bankruptcy as q increases. In contrast, when q is sufficiently large, the former effect dominates,
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and thus, shareholders accelerate formal bankruptcy as q increases. An earlier (later) bankruptcy

caused by more renegotiation frictions destroys (preserves) more future investment opportunities;

thus, shareholders’ current incentive to invest is weaker (stronger).22

4.3 Flexible growth opportunities and corporate policies

Hackbarth, Hennessy, and Leland (2007) provide a thorough analysis of the optimal mix of bank

and market debt and its determinants in a traditional trade-off model. However, much less is known

about how optimal corporate policies will be determined in the presence of a series of future flexible

growth opportunities and heterogeneous debt structures. The answer to this question is important

given that a firm’s ability to adjust its size through investing influences its financial policy (see, e.g.,

Hennessy, 2004; Alanis, Chava, and Kumar, 2018). A novel feature of our model is the interaction

between debt heterogeneity and flexible growth opportunities, as suggested by Diamond and He

(2014). This setting allows us to analyze the implications of future flexible growth opportunities for

the optimal mix of bank and market debt. To facilitate discussion, we provide a benchmark model

in which the firm never invests, and thus its asset growth rate features an exogenous constant µ.

The model solution of this special case is given in Appendix A.3. Then, the difference between the

solutions of these two models exclusively captures the impact of flexible growth opportunities, which

is shown in Figure 4.

In this model, shareholders make a trade-off between the tax benefit of debt and the costs

induced by higher market leverage that they bear by themselves when deciding how much debt

to issue (see Leland, 1994). Panel A of Figure 4 conveys the following insights. First, we note

that firms with flexible growth opportunities tend to use lower leverage to finance the initial firm

size than an otherwise identical firm with no growth opportunities. This point partly reflects that

growth firms are concerned about the future debt-overhang costs arising from shareholder-creditor

conflicts over investment policy when the leverage level is too high. Second, a firm with more

profitable growth opportunities rationally uses lower leverage to mitigate the future debt-overhang

burdens than a firm with less profitable growth opportunities. In a related analysis based on a real-

options model, Sundaresan, Wang, and Yang (2015) discussed a similar issue involving the effects

of multiple growth opportunities on a firm’s initial leverage usage. However, they focused only on a

homogeneous market debt structure. Our study complements the discussions in Sundaresan, Wang,

and Yang (2015) by considering the simultaneous issuance of bank and market debt in a standard

trade-off capital structure model with dynamic investment, in the spirit of Diamond and He (2014)

and Wong and Yu (2022).

As a complement to Panel A in Figure 4, Panel B plots the optimal composition of bank and

22Firms delay investment (i.e., a higher threshold Xi) when there is sufficiently higher renegotiation friction in

private workouts, consistent with the empirical findings of Favara et al. (2017) that “debt renegotiation frictions that

strengthen the enforcement of debt contracts induce underinvestment distortion.”
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Figure 4: The comparative statistics of the effect of the profitability of growth opportunities, Π, on

a firm’s optimal leverage (Panel A), default (Panel C) and investment policies (Panel D). Panel B

decomposes the optimal mixed debt financing in Panel A and shows the composition of bank and

market debt.

market debt as a function of the profitability of growth opportunities. Shareholders optimally issue

a greater share of bank debt out of total debt across two types of firms (with or without investment

options), mainly driven by bank debt mitigating the potential downside of bankruptcy risk. However,

the presence of flexible future growth opportunities encourages shareholders to optimally reduce the

usage of bank debt and issue more market debt than no-growth firms. For example, for the base

case, the ratio of bank debt to total debt is 15.86% lower for growth firms than for no-growth

firms. Accordingly, the ratio of market debt to total debt is 28.64% higher for growth firms than

for the corresponding no-growth firms. Furthermore, a growth firm tends to significantly reduce its

reliance on bank debt and increase the usage of market debt when future growth opportunities are

more valuable. This evidence suggests that, although bank debt can render firms less exposed to

debt overhang and expensive bankruptcy costs, the tax shield benefit of market debt dominates for

high-growth firms.

In Panels C and D in Figure 4, we examine the effects of future investment profitability on

corporate bankruptcy and investment policies. Future investment opportunities have two opposing
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effects on bankruptcy. First, firms with more profitable investment opportunities are less likely to

default (a lower bankruptcy threshold) because of good future prospects. In addition, firms tend to

use more market debt and less bank debt when they have more profitable investment opportunities

(illustrated in Panel B), leading to a higher bankruptcy threshold. Our model predicts that high-

growth firms trigger later bankruptcy (a lower threshold Xd) since the former effect dominates the

latter. Thanks to the good prospects of future investment opportunities, the lower probability of

bankruptcy for high-growth firms strengthens shareholders’ investment incentives and increases the

asset growth rate (a lower threshold Xi).

4.4 Other comparative static results

Following the literature on classical capital structure trade-off models (see, e.g., Leland, 1994),

we provide comparative statics of corporate policies for three additional parameters, namely asset

volatility (σ), bankruptcy costs (α), and the corporate tax rate (τ). These comparative static results

might depend on the value of growth opportunities. To ensure the robustness of our results, we also

consider the change in the value of growth opportunities Π by choosing two different investment cost

parameter values φ ∈ {0.5, 12.5}. As we see in the following discussion, confirming our previous key

results, firms with more profitable investment opportunities tend to use more market debt and less

bank debt than firms with less profitable investment opportunities, regardless of the values of σ, α,

and τ .

4.4.1 Asset volatility (σ)

Figure 5 presents corporate policies when asset volatility varies from σ = 0.2 to σ = 0.6 for a

firm with Π = 1.24 (low-growth) and Π = 1.78 (high-growth). As shown in Panel A of Figure 5,

a firm with mixed debt financing would take on lower market leverage when its cash flow is riskier

in both high- and low-growth firms. The intuition comes from the value effect. First, an increase

in asset volatility increases the equity value because of the standard real-options effect, as discussed

in Leland (1994) and Sundaresan, Wang, and Yang (2015). Second, the total debt value is greatly

increased under significant uncertainty because of the endogenous coupon effect. Overall, the equity

value has greater sensitivity to asset volatility than the total debt value due to its convexity feature.

Thus, the market leverage decreases with asset volatility. Regarding the optimal debt structure, we

identify a change in debt composition whereby firms tend to increase (decrease) their proportion of

bank (market) debt out of total debt when asset growth is subject to significant uncertainty (Panel

B of Figure 5). This result is straightforward since firms optimally issue more bank debt to absorb

the downside risk when asset risk is higher.

Panel C of Figure 5 illustrates the decreasing monotonic effect of asset volatility on the bankruptcy

threshold, driven by the real option value of waiting (Sundaresan, Wang, and Yang, 2015; Wong and
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Figure 5: The comparative statics of the effect of asset volatility σ on corporate policies for two

types of firms, i.e., high-growth firms (Π = 1.78) and low-growth firms (Π = 1.24).

Yu, 2022). Additionally, when uncertainty is higher, the issuance of a larger (smaller) share of bank

(market) debt also delays the bankruptcy trigger. As a result, the delay of bankruptcy preserves

more future growth opportunities and thus strengthens shareholders’ current investment incentives

and induces a higher asset growth rate (i.e., a lower investment threshold), as shown in Panel D of

Figure 5.

4.4.2 Bankruptcy costs (α)

Figure 6 depicts the impact of bankruptcy costs (α) on corporate policies for two given values

of Π (1.24 and 1.78). Overall, as shown in Panel A of Figure 6, the optimal leverage decreases with

the bankruptcy cost, the effect of which is more significant for low-growth firms. In addition, the

value of outside options for bank lenders decreases with bankruptcy costs (i.e., a smaller strategic

benefit), causing the proportion of bank debt in total debt to decline significantly and firms with

high bankruptcy costs to rely on more market debt, regardless of the value of growth opportunities

(Panel B of Figure 6).

An increase in bankruptcy costs has two effects on shareholders’ bankruptcy policies. First,

with an increase in bankruptcy costs, firms will optimally issue less total debt ex ante to delay
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Figure 6: The comparative statics of the effect of bankruptcy costs α on corporate policies for two

types of firms, i.e., high-growth firms (Π = 1.78) and low-growth firms (Π = 1.24).

ex-post bankruptcy. Second, an increase in bankruptcy costs reduces the total renegotiation sur-

plus and results in the issuance of a larger (smaller) share of market (bank) debt, leading to a

higher bankruptcy threshold. The former effect always dominates the latter, leading to a decreasing

bankruptcy threshold with bankruptcy costs for both high- and low-growth firms (see Panel C of

Figure 6). However, low-growth firms reduce their bankruptcy thresholds at a faster rate. Similarly,

postponing bankruptcy preserves more future investment opportunities; thus, shareholders have a

stronger incentive to invest (a lower investment threshold and a higher asset growth rate) when α

increases, as shown in Panel D of Figure 6.

4.4.3 Corporate tax rate (τ)

Although it is well known in the capital structure literature that the tax rate τ is highly correlated

with a firm’s market leverage ratio, few studies, whether theoretical or empirical, link the tax effect

to a firm’s choice of debt type. Figure 7 presents corporate policies across τ for a firm with Π = 1.24

(low-growth) and Π = 1.78 (high-growth). Generally, shareholders have a stronger incentive to

issue debt ex ante, when the tax shield benefit dominates the bankruptcy and debt overhang costs.

Therefore, firm leverage increases with tax rate τ for both high- and low-growth firms (Panel A of
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Figure 7)). By further exploring the optimal debt composition in a higher tax rate environment,

growth firms tend to decrease their usage of bank debt and increase their reliance on market debt due

to the dominance of the tax shield benefits, as indicated in Panel B of Figure 7. Empirically, there

have been few studies that have linked the corporate tax rate and the choice of debt type.23 This

finding thus motivates a hypothesis to empirically test the relationship between firm debt structure

choice and the corporate tax rate environment. Panel C of Figure 7 illustrates that an increase in

the corporate tax rate increases a firm’s debt capacity, leading to a higher bankruptcy threshold. In

such cases, shareholders have a lower incentive to invest for both high- and low-growth firms due

to the severe debt overhang (i.e., a higher investment threshold and a lower asset growth rate, as

shown in Panel D of Figure 7). Moreover, low-growth firms reduce their asset growth rate at a faster

rate as τ increases.
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Figure 7: The comparative statics of the effect of the tax rate τ on corporate policies for two types

of firms, i.e., high-growth firms (Π = 1.78) and low-growth firms (Π = 1.24).

5 Time-varying investment opportunities

23Sharpe and Nguyen (1995) and Graham, Lemmon, and Schallheim (1998) examine the relevant issues regarding

tax effects.
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In our previous setting, we assume that a firm faces only constant investment opportunities

throughout its life. Chen and Manso (2017) demonstrate that in an exclusive market debt structure,

stochastic growth opportunities have a significant impact on firms’ capital structure choices. A

natural question is then what would happen to heterogeneous debt financing in our model when we

introduce time-varying investment opportunities. Inspired by Chen and Manso (2017), we extend

our baseline model by assuming that the economy has two observable aggregate states, denoted by

st ∈ {G,B}, with G representing a good (boom) state and B representing a bad (recession) state.

Let λ(G) (or λ(B)) be the risk-adjusted transition intensity out of state G (or B) to B (or G). Thus,

the probability of the state of the world switching from one state to the other within an infinitesimal

time interval (t, t+ dt) is λ(st)dt.

To capture the time-varying investment opportunities, we assume that a firm in each state faces

different investment costs φ. The investment cost is countercyclical (i.e., φ(G) < φ(B)), representing

that the profitability of the firm’s growth opportunities is cyclical. This assumption is consistent with

the existing literature on investment over the business cycle (Chen and Manso, 2017).24 Following

the standard approach, we solve our extended model in Appendix A.4. Such an extension facilitates

the investigation of how a firm optimally adjusts its leverage and debt composition when anticipating

time-varying investment conditions. We provide a brief numerical analysis as follows.

Based on the calibration in Bolton, Chen, and Wang (2013), the risk-adjusted transition inten-

sities for the aggregate state are considered to be (λ(G), λ(B)) = (0.2, 0.25). We set the investment

cost in the bad state B to φ(B) = 8, implying that the profitability of a growth opportunity in state

B is 1.4. We then define the profitability difference between state G and state B as Π(G)/Π(B). In

Figure 8, we vary the investment cost φ(G) ∈ [0.5, 8] to obtain Π(G)/Π(B). A higher Π(G)/Π(B)

implies that the cyclicality of growth opportunities is stronger. Figure 8 reports the optimal market

leverage and debt composition in both states when the profitability difference changes.25

Panel A of Figure 8 shows that the firm takes on more market leverage in bad state B than in

good state G because of the value effect. That is, when the firm’s growth opportunity switches from

the good state to the bad state, shareholders lose more value than debt holders, leading to higher

market leverage.26 Moreover, firms optimally decrease their total market leverage in the good state

as the profitability difference between two states increases, as they anticipate higher debt overhang

costs in the future. Similarly, in bad state, shareholders are still reluctant to issue more debt since

they expect that the current bad state could change to the good state, and they might face a higher

debt overhang cost.

24To emphasize the impact of time-varying investment opportunities on corporate financing policies, all other pa-

rameters are constant over time and are not affected by macroeconomic conditions.
25Upon a necessary relabeling process, we can obtain the corresponding results for the case in which we vary the

investment cost φ(B).
26This result is similar to the discussion in Hackbarth, Miao, and Morellec (2006), who demonstrate that leverage

with homogeneous market debt structures is countercyclical.
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Figure 8: The effects of the future investment profitability difference, Π(G)
Π(B) , on a firm’s optimal

leverage and its decomposition of bank and market debt between good and bad states.

Panel B of Figure 8 further analyzes the endogenous distribution of debt composition in two

aggregate states. In particular, we show that firms optimally choose to increase the usage of market

(bank) debt and decrease their reliance on bank (market) debt in total debt when future growth

opportunities shift from a good (bad) prospect state to a bad (good) prospect state. This result

reflects the variation in the trade-off between the tax shield benefits of market debt and the reduction

of bankruptcy and the debt overhang costs of bank debt. Moreover, our results reconcile with the

stylized fact and theoretical prediction in De Fiore and Uhlig (2015) that “nonfinancial corporations

started shifting the composition of their debt from bank loans toward debt securities early in 2008.”

Another implication from our dynamic model is that Panel B of Figure 8 illustrates the opposite

effect of the profitability difference on bank and market debt issuance. With an increase in the

profitability difference, the firm first decreases (increases) and then increases (decreases) the optimal

bank (market) debt proportion in total debt, exhibiting a (an inverted) U-shaped relation in both

states. This finding reflects that when growth opportunities are less cyclical, the firm’s default risk

becomes lower; thus, it tends to use more market debt and less bank debt, as the tax shield benefit

of market debt dominates the reduction in bankruptcy and debt overhang costs from bank debt.

In contrast, when the profitability difference is sufficiently high (i.e., stronger cyclical of growth

opportunities), the opposite holds true, as the firm’s incentive to lower bankruptcy costs and debt

overhang costs outweighs the tax benefits.

6 Heterogeneous debt structure and its empirical predictions

We have shown in our numerical analyses that our theoretical results reconcile several empirical

findings. In this section, we summarize some novel empirical tests regarding how firm characteristics

affect the optimal debt composition and corporate policies.

Observation 1. The issuance of bank debt along with market debt mitigates the ex-post debt
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overhang effect relative to the benchmark firms with an exclusive market debt structure.

Our model generates a testable prediction for debt overhang and debt renegotiability. Pawlina

(2010) employed a real-options framework and found that firms financed exclusively with renego-

tiated debt face a higher magnitude of Myers’s debt overhang problem than the benchmark firms

financed exclusively with market debt. In contrast, in Subsection 4.2.2, we develop a dynamic in-

vestment model and find that the combination of negotiated debt and market debt financing delays

bankruptcy and accelerates current investment and therefore mitigates the ex-post debt overhang

cost relative to the exclusive market debt case. As a consequence, in a regression model of the

investment rate run jointly for both types of firms, we expect the coefficient of the interaction term

of the debt overhang proxy (see Hennessy, 2004) and debt renegotiability to be positive.

Observation 2. Higher friction in the renegotiation of debt restructuring first increases and

then decreases shareholders’ investment incentives for growth firms with mixed debt financing.

Our model generates an empirical prediction regarding shareholders’ investment incentives for

growth firms with senior bank debt and subordinated market debt financing and debt renegotiation

frictions. In Subsection 4.2.2, we find that, for growth firms with lower debt renegotiation frictions,

the shareholder’s investment incentive increases with q (i.e., a lower investment threshold). In

contrast, for growth firms with higher debt renegotiation frictions, the shareholder’s investment

incentive decreases with q (i.e., a higher investment threshold). Empirically, there are few empirical

predictions about the effects of debt renegotiation frictions on corporate investment policy within

a growth firm with mixed debt financing. As a result, in a regression model of the investment rate

run for growth firms with mixed debt financing, we expect that the coefficient of the term of debt

renegotiation frictions (the explanatory variable) has a positive or negative sign, depending on the

severity of debt renegotiation frictions faced by growth firms.

Observation 3. Firms with more profitable growth opportunities are expected to reduce their

reliance on bank debt and increase their usage of market debt relative to firms with less profitable

growth opportunities.

Some empirical studies have investigated the impact of the presence of growth opportunities on

the choice between an exclusive market debt structure and an exclusive bank debt structure (see,

e.g., Morellec, Valta, and Zhdanov, 2015). However, these studies have overlooked the complex

debt structures within a firm. In Subsection 4.3, our model predicts that the presence of growth

opportunities is expected to reduce the firm’s reliance on bank debt and increase the usage of market

debt. This effect is much more pronounced among growth firms, in which the profitability of growth

opportunities is larger. Thus, to investigate the impact of the presence of growth opportunities

on the choice of bank debt and market debt within a firm, we can estimate simultaneous equation

models with bank debt and market debt as endogenous variables. Furthermore, we can test how

firms’ debt compositions vary when growth opportunities are more valuable.

Observation 4. Firms with stronger cyclicality of growth opportunities tend to first decrease
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(increase) and then increase (decrease) their reliance on bank (market) debt as a share of total debt.

Time-varying investment opportunities play an important role in simultaneously determining the

optimal composition of bank and market debt in the corporate debt structure. In our extended model

discussed in Section 5, we document a novel theoretical result that a firm with stronger cyclicality

of growth opportunities first decreases (increases) and then increases (decreases) the usage of bank

(market) debt as a share of total debt. To the best of our knowledge, there have been few empirical

predictions about how the cyclicality of growth opportunities affects a growth firm’s joint choice of

debt types. As a result, our model’s prediction could motivate hypotheses to empirically test this

relationship.

7 Conclusion

Most of the extant theoretical literature on corporate financing and investment, such as Hack-

barth and Mauer (2012), Morellec, Valta, and Zhdanov (2015), Sundaresan, Wang, and Yang (2015),

Shibata and Nishihara (2015a), and Shibata and Nishihara (2015b), has ignored the stylized fact

that firms simultaneously use bank and market debt (see Rauh and Sufi, 2010; Hackbarth, Hennessy,

and Leland, 2007). In this paper, we integrate two strands of the literature, namely endogenous

investment and heterogeneous debt structure, and develop a dynamic trade-off capital structure

model that captures both flexible investment opportunities and heterogeneous debt financing. In

our model, private bank debt is renegotiable during financial distress; thus, it delays an inefficient

and costly bankruptcy should renegotiation be successful. This setting allows us to shed light on the

interactions between mixed debt financing and investment decisions when shareholders optimally

choose growth option exercises, renegotiation and bankruptcy policies and when the growth firm’s

optimal debt structure is driven by the trade-off among tax shield benefits, bankruptcy costs and

debt overhang costs.

Our model generates the following novel and important results. First, our analysis uncovers a

positive effect of bank debt on the debt overhang problem stemming from its ability to postpone

inefficient firm bankruptcy in private workouts. This delay of costly bankruptcy preserves more

future growth opportunities, leading to a larger marginal impact of the firm’s assets-in-place on

the equity value, strengthening shareholders’ current investment incentives. As a result, we show

that the issuance of bank debt along with market debt mitigates the ex-post debt overhang effect

relative to the benchmark case of firms with an exclusive market debt structure. Second, our model

demonstrates that a growth firm tends to optimally increase (decrease) the usage of bank debt and

decrease (increase) its reliance on market debt as a share of total debt when it has fewer (more)

valuable growth opportunities, its asset volatility is higher (lower), its bankruptcy cost is lower

(higher), or there is a low (high) tax rate environment. These results complement and extend

the discussions in Morellec, Valta, and Zhdanov (2015) and Shibata and Nishihara (2015b) who
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explored how firm characteristics affect the choice between an exclusive bank debt structure and

an exclusive market debt structure. Finally, we extend our baseline model by incorporating time-

varying investment opportunities and investigate how a firm optimally adjusts its debt composition

in such circumstances. The model predicts that firms with more cyclical growth opportunities should

first decrease (increase) and then increase (decrease) the usage of bank (market) debt as a share of

total debt.

Although our model generates some novel insights into corporate financing and investment de-

cisions by recognizing that debt heterogeneity is an important feature of public firms, we consider

only secured bank debt and subordinated market debt. However, in the real world, firms often

simultaneously use various other types and priorities of debt, e.g., convertible debt (Lyandres and

Zhdanov, 2014; Giambona, Golec, and Lopez-de Silanes, 2021) and mortgage debt. Thus, the nat-

ural step to extend our model is to incorporate these types of debt with different control provisions

and re-examine the relevant issues.
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Appendix A

A.1 Appendix for Section 3

To derive the value of corporate securities in our model, we first provide the following constants:

γ1 = − 1
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+
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2

)2
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As shown in Section 3, the value of corporate securities after debt restructuring is solved in two

regions:

N1 = [Xi,+∞), N2 = [Xd, Xi),

where N1 denotes the investment region, while N2 denotes the non-investment region. Similar to

Wong and Yu (2022) and Diamond and He (2014), the total equity value satisfies ODE (7). Then

its general solution can be expressed by (11). The constant coefficients A1, A2, and A3 are obtained

from the boundary conditions given in Equation (9), which yields

A1 = (U0 − Ui)Xi +A2X
β1
i +A3X

β2
i ,

A2 =
(β2 − γ1)Xβ2

i [(1− τ)(c+ bn)/r − U0Xd]−Xβ2
d (U0 − Ui)(γ1 − 1)Xi

(β2 − γ1)Xβ2
i X

β1
d − (β1 − γ1)Xβ1

i X
β2
d

,

A3 =
Xβ1
d (U0 − Ui)(γ1 − 1)Xi − (β1 − γ1)Xβ1

i [(1− τ)(c+ bn)/r − U0Xd]

(β2 − γ1)Xβ2
i X

β1
d − (β1 − γ1)Xβ1

i X
β2
d

.

For the value of market debt, the general solution is given by (14) and subject to the boundary

conditions given in Equation (13). Then, the constant coefficients C1, C2, and C3 are given as

follows:

C1 = c/r + C2X
β1
i + C3X

β2
i ,

C2 =
(β2 − γ1)Xβ2

i [Rm(Xd)− c/r]−Xβ2
d (γ1 − 1)c/r

(β2 − γ1)Xβ2
i X

β1
d − (β1 − γ1)Xβ1

i X
β2
d

,

C3 =
Xβ1
d (γ1 − 1)c/r − (β1 − γ1)Xβ1

i [Rm(Xd)− c/r]
(β2 − γ1)Xβ2

i X
β1
d − (β1 − γ1)Xβ1

i X
β2
d

.
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The general solution for the value of bank debt is given by (16). The three constant coefficients

F1, F2, and F3 are simultaneously determined by the boundary conditions given in Equation (15).

We then obtain

F1 = bn/r + F2X
β1
i + F3X

β2
i ,

F2 =
(β2 − γ1)Xβ2

i [Rb(Xd)− bn/r]−Xβ2
d (γ1 − 1)bn/r

(β2 − γ1)Xβ2
i X

β1
d − (β1 − γ1)Xβ1

i X
β2
d

,

F3 =
Xβ1
d (γ1 − 1)bn/r − (β1 − γ1)Xβ1

i [Rb(Xd)− bn/r]
(β2 − γ1)Xβ2

i X
β1
d − (β1 − γ1)Xβ1

i X
β2
d

.

Before debt restructuring, a similar derivation process for the bank debt value, the equity value

and the market debt value is shown as before; thus, we can obtain Propositions 4, 5, and 6,

respectively.

A.2 Appendix for Section 4.2

A.2.1 Exclusive market debt structure

First, we consider the model with firms financed exclusively with equity and market debt. Let

Vc(X), Ec(X), and Mc(X) denote the total values of the firm, equity and market debt, respectively.

The corresponding default and investment thresholds are denoted by Xc
d and Xc

i , respectively. In the

absence of bank debt, the value of corporate securities is only solved in two regions: the investment

region and non-investment region. We thus take b = 0 and remove the debt restructuring opportunity

from our baseline model. Using a similar derivation process to that shown in Section A.1, we can

summarize the main results as the following proposition.27

Proposition 7 For firms financed exclusively with equity and market debt, the market value of

equity Ec (X) satisfies

Ec (X) =


(
UiX − (1− τ) cr

)
+W1X

γ1 , if Xc
i ≤ X,(

U0X − (1− τ) cr
)

+W2X
β1 +W3X

β2 , if Xc
d < X < Xc

i ,
(A.1)

where

W1 = (U0 − Ui)(Xc
i )

1−γ1 +W2(Xc
i )
β1−γ1 +W3(Xc

i )
β2−γ1 ,

W2 =
(1− γ1)(U0 − Ui)Xc

i (X
c
d)
β2 − (U0X

c
d − (1− τ)c/r) (β2 − γ1)(Xc

i )
β2

(β2 − γ1)(Xc
i )
β2(Xc

d)
β1 − (β1 − γ1)(Xc

i )
β1(Xc

d)
β2

,

W3 =
(U0X

c
d − (1− τ)c/r) (β1 − γ1)(Xc

i )
β1 − (1− γ1)(U0 − Ui)Xc

i (X
c
d)
β1

(β2 − γ1)(Xc
i )
β2(Xc

d)
β1 − (β1 − γ1)(Xc

i )
β1(Xc

d)
β2

.

The optimal investment threshold Xc
i is also determined by the condition E′c(X

c
i ) = φ. The optimal

bankruptcy threshold, which is selected by shareholders, is determined by the smooth-pasting condition

27Similar expressions are derived by Diamond and He (2014).
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limX↓Xc
d
E′c(X) = 0. By anticipating shareholders’ investment and default policies, the value of

market debt Mc(X) satisfies

Mc (X) =


c
r +H1X

γ1 , if Xc
i ≤ X,

c
r +H2X

β1 +H3X
β2 , if Xc

d < X < Xc
i .

(A.2)

Here, the coefficients H1, H2, and H3 are given by

H1 = H2(Xc
i )
β1−γ1 +H3(Xc

i )
β2−γ1 ,

H2 =
(β2 − γ1)(Xc

i )
β2 (L(Xc

d)− c/r)
(β2 − γ1)(Xc

i )
β2(Xc

d)
β1 − (β1 − γ1)(Xc

i )
β1(Xc

d)
β2
,

H3 =
(γ1 − β1)(Xc

i )
β1 (L(Xc

d)− c/r)
(β2 − γ1)(Xc

i )
β2(Xc

d)
β1 − (β1 − γ1)(Xc

i )
β1(Xc

d)
β2
.

The expressions given in Equations (A.1) and (A.2) for the values of equity and market debt,

respectively, are similar to the expressions obtained previously. We thus obtain a similar interpre-

tation. Finally, the optimal capital structure decisions, which are chosen to maximize the ex ante

equity value (initial firm value), are determined by c∗c(X0) = argmaxc Vc(X0; c).

A.2.2 Exclusive bank debt structure

We now consider firms financed exclusively with equity and bank debt. To facilitate exposition,

let us denote by Eb(X), Db(X), and Vb(X) the equity value, bank debt value, and firm value,

respectively, in the before debt restructuring stage. Moreover, let Enb(X) and Dnb(X) denote

the equity value and bank debt value, respectively, in the after debt restructuring stage. The

corresponding investment, bankruptcy, and renegotiation thresholds are denoted by Xb
i , X

b
d, and

Xb
n, respectively.

Under the exclusive bank debt structure, the value functions of equity after and before debt

restructuring resemble Equations (11) and (23), respectively, with c = 0. Here, the optimal invest-

ment, renegotiation and bankruptcy thresholds are given by the condition E′nb(X
b
i ) = φ, smooth-

pasting condition E′b(X
b
n) = (1 − q)[(E′nb(Xb

n) − (ρ(Xb
n)Enb(X

b
n))′)] and smooth-pasting condition

E′nb(X
b
d) = 0, respectively. Similarly, the value functions of bank debt after and before debt restruc-

turing resemble Equations (16) and (20), respectively, but with c = 0. Finally, shareholders choose

the optimal coupon payment c∗b to maximize the ex ante equity value (initial firm value), in that

c∗b(X0) = argmaxb Vb(X0; b).

A.3 Appendix for Section 4.3

The setting in the absence of flexible growth opportunities serves as a benchmark to better

understand the determinants of the optimal mixture of bank and market debt. In such situations,

we need only consider two possible events triggered by the evolution of the cash flow X: renegotiation
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and final bankruptcy. Using the same derivation procedure as that in our baseline model, we can

obtain the valuation of corporate securities in the benchmark model. We summarize the main results

as follows.

Proposition 8 In the after debt restructuring stage (T > Tn), the value of the firm’s total equity

(En(X)) is given by

En(X) = U0X −
(1− τ)(c+ bn)

r
−
[
U0Xd −

(1− τ)(c+ bn)

r

](
X

Xd

)γ1
, (A.3)

where the optimal bankruptcy threshold is given by Xd = γ1(1− τ)(c+ bn)/[(γ1− 1)U0r]. The values

of bank debt (Dn(X)) and market debt (Mn(X)) satisfy

Dn(X) =
bn
r

+

[
Rb(Xd)−

bn
r

](
X

Xd

)γ1
, (A.4)

Mn(X) =
c

r
+
[
Rm(Xd)−

c

r

]( X

Xd

)γ1
, (A.5)

respectively. At the time of renegotiation, the Nash bargaining process between shareholders and

bank lenders remains the same as that in the baseline model. In the before debt restructuring stage

(T < Tn), the value of the firm’s original equity (E(X)) is given by

E(X) =

(
U0X − (1− τ)

b+ c

r

)
+

[
(1− q)(1− ρ∗(Xn))En(Xn)− U0Xn + (1− τ)

b+ c

r

](
X

Xn

)γ1
,

(A.6)

where the optimal renegotiation threshold is also determined by the condition (24). The expressions

for the value of bank debt (D(X)) and market debt (M(X)) are the same as Equations (20)) and

(27)), respectively, given the specified bank debt value Dn(X), market debt value Mn(X) and equity

value En(X) in the absence of flexible growth opportunities.

A.4 Technical details for Section 5

We first define the following two functions to solve the model with time-varying investment

opportunities:

gs,L(y) ≡ r + λs − µy −
σ2

2
y(y − 1),

gs,H(y) ≡ r + λs − (µ+ i)y − σ2

2
y(y − 1),

where y is a variable and s ∈ {G,B}.
Let γ1,L and γ2,L be the two negative roots and γ3,L and γ4,L be the two positive roots of the

quadratic equation gB,L(y)× gG,L(y) = λGλB.
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Let γ1,M and γ2,M be the two negative roots and γ3,M and γ4,M be the two positive roots of the

quadratic equation gB,L(y)× gG,H(y) = λGλB.

Let γ1,H and γ2,H be the two negative roots and γ3,H and γ4,H be the two positive roots of the

quadratic equation gB,H(y)× gG,H(y) = λGλB.

Let β1,v and β2,v be the two roots of the quadratic equation gG,v(y) = 0 for v ∈ {H,L}, respec-

tively.

Next, we derive the solution for the equity value. The presentation of the value function for equity

is dependent on the ordering of the renegotiation, investment and bankruptcy boundaries in both

states, which are endogenously determined. We first conjecture and then verify the ordering of these

decisions, as discussed in the existing literature on investment and capital structure decisions under

business cycles (see, e.g., Chen and Manso, 2017). Specifically, first, the firm takes i = 0 only in

the after debt restructuring stage in both states, as noted previously. Second, it is straightforward

to show that shareholders exercise the growth option earlier and exercise the bankruptcy option

later in the good state than in the bad state after debt restructuring, i.e., Xi(G) < Xi(B) and

Xd(G) < Xd(B). We then assume that the following ordering after debt restructuring holds:28

Xd(G) < Xd(B) < Xi(G) < Xi(B).

This ordering yields four relevant intervals for cash flow Xt when we solve the value of equity:

L1 = (Xd(G), Xd(B)], L2 = (Xd(B), Xi(G)], L3 = (Xi(G), Xi(B)] and L4 = (Xi(B),+∞). Before

debt restructuring, it is intuitive that

Xn(G) < Xn(B).

That is, shareholders exercise the renegotiation option later in the good state than in the bad state.

Thus, the equity value can be solved in two intervals: L5 = (Xn(G), Xn(B)] and L6 = [Xn(B),+∞).

After debt restructuring. After the restructuring of bank debt, for X ∈ L1, the firm is solvent

but does not exercise investment in the good state, while it goes bankrupt in the bad state. Thus,

the equity value En(X,B) = 0, while En(X,G) satisfies the following ODE:

(r + λG)En(X,G) = (1− τ)(X − c− bn) + µXE
′
n(X,G) +

σ2X2

2
E

′′
n(X,G). (A.7)

For X ∈ L2, the firm is solvent but does not exercise investment in either state. Thus, equity

values En(X,B) and En(X,G) satisfy the following system of ODEs:{
(r + λB)En(X,B) = (1− τ)(X − c− bn) + µXE

′
n(X,B) + σ2X2

2 E
′′
n(X,B) + λBEn(X,G),

(r + λG)En(X,G) = (1− τ)(X − c− bn) + µXE
′
n(X,G) + σ2X2

2 E
′′
n(X,G) + λGEn(X,B).

(A.8)

28This order can easily be satisfied with our calibrated model parameters.
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For X ∈ L3, the firm has already exercised investment in state G but has not made investment

in state B. En(X,B) and En(X,G) thus satisfy the following system of ODEs:{
(r + λB)En(X,B) = (1− τ)(X − c− bn) + µXE

′
n(X,B) + σ2X2

2 E
′′
n(X,B) + λBEn(X,G),

(r + λG)En(X,G) = (1− τ)(X − c− bn)− φGiX + (µ+ i)XE
′
n(X,G) + σ2X2

2 E
′′
n(X,G) + λGEn(X,B).

(A.9)

For X ∈ L4, the firm has always made the investment in either state, and En(X,B) and En(X,G)

satisfy the following system of ODEs:{
(r + λB)En(X,B) = (1− τ)(X − c− bn)− φBiX + (µ+ i)XE

′
n(X,B) + σ2X2

2 E
′′
n(X,B) + λBEn(X,G),

(r + λG)En(X,G) = (1− τ)(X − c− bn)− φGiX + (µ+ i)XE
′
n(X,G) + σ2X2

2 E
′′
n(X,G) + λGEn(X,B).

(A.10)

The solutions of the above ODE system can be calculated as

En(X,B) =


0, X ∈ (0, Xd(B)];∑4

j=1A
E
j X

γj,L + (1− τ)[wLX − k(c+ bn)], X ∈ (Xd(B), Xi(G)];∑4
j=1H

E
j X

γj,M + (1− τ)[wB,MX − k(c+ bn)], X ∈ (Xi(G), Xi(B)];∑4
j=1 J

E
j X

γj,H + (1− τ)[wB,HX − k(c+ bn)], X ∈ (Xi(B),∞);

(A.11)

and

En(X,G) =



0, X ∈ (0, Xd(G)];∑2
j=1N

E
j X

βj,L + (1−τ)X
r+λG−µ −

(1−τ)(c+bn)
r+λG

, X ∈ (Xd(G), Xd(B)];∑4
j=1B

E
j X

γj,L + (1− τ)[wLX − k(c+ bn)], X ∈ (Xd(B), Xi(G)];∑4
j=1 I

E
j X

γj,M + (1− τ)[wG,MX − k(c+ bn)], X ∈ (Xi(G), Xi(B)];∑4
j=1K

E
j X

γj,H + (1− τ)[wG,HX − k(c+ bn)], X ∈ (Xi(B),+∞);

(A.12)

where

BE
j =

λG
gG,H (γj,L)

AEj , j ∈ {1, 2, 3, 4},

IEj =
λG

gG,H (γj,M )
HE
j , j ∈ {1, 2, 3, 4},

KE
j =

λG
gG,H (γj,H)

JEj , j ∈ {1, 2, 3, 4},

wG,M =
(r + λB − µ)[1− φGi/(1− τ)] + λG

(r + λB − µ)(r + λG − µ− i)− λBλG
,

wB,M =
r + λG + λB[1− φGi/(1− τ)]− µ− i
(r + λB − µ)(r + λG − µ− i)− λBλG

,

wG,H =
[r + λB − µ− i][1− φGi/(1− τ)] + λG[1− φBi/(1− τ)]

(r + λG − µ− i)(r + λB − µ− i)− λGλB
,

wB,H =
[r + λG − µ− i][1− φBi/(1− τ)] + λB[1− φGi/(1− τ)]

(r + λG − µ− i)(r + λB − µ− i)− λGλB
,
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wL =
r + λG + λB − µ

(r + λG − µ)(r + λB − µ)− λGλB
,

k =
λG + λB + r

(r + λG)(r + λB)− λGλB
.

The coefficients AE1 , AE2 , AE3 , AE4 , HE
1 , HE

2 , HE
3 , HE

4 , NE
1 , NE

2 , JE1 , JE2 , JE3 , and JE4 are

determined by the following boundary conditions. First, we have the standard no-bubble conditions:

lim
X↑∞

En(X,G)

X
<∞,

lim
X↑∞

En(X,B)

X
<∞.

Second, En(X,G) and En(X,B) satisfy the value-matching conditions at the boundary of regions

L1, L2, L3, and L4, in that

limX↓Xd(B)En (X,B) = 0, limX↓Xd(G)En (X,G) = 0,

limX↑Xi(G)En (X,B) = limX↓Xi(G)En (X,B) , limX↑Xi(B)En (X,B) = limX↓Xi(B)En (X,B) ,

limX↑Xd(B)En (X,G) = limX↓Xd(B)En (X,G) , limX↑Xi(G)En (X,G) = limX↓Xi(G)En (X,G) ,

limX↑Xi(B)En (X,G) = limX↓Xi(B)En (X,G) .

Finally, En(X,G) and En(X,B) should satisfy the non-arbitrage conditions at the boundary of

regions L1, L2, L3, and L4, in that

limX↑Xi(G)E
′
n (X,B) = limX↓Xi(G)E

′
n (X,B) , limX↑Xi(B)E

′
n (X,B) = limX↓Xi(B)E

′
n (X,B) ,

limX↑Xd(B)E
′
n (X,G) = limX↓Xd(B)E

′
n (X,G) , limX↑Xi(G)E

′
n (X,G) = limX↓Xi(G)E

′
n (X,G) ,

limX↑Xi(B)E
′
n (X,G) = limX↓Xi(B)E

′
n (X,G) .

The optimal bankruptcy and investment decisions {Xd (B) , Xd (B) , Xi (B) , Xi (B)} after debt

restructuring satisfy the following four smooth-pasting conditions:

E′n (Xd (B) , B) = 0, E′n (Xd (G) , G) = 0,

E′n (Xi (B) , B) = φ(B), E′n (Xi (G) , G) = φ(G).

Before debt restructuring. For X ∈ L5, the firm has already performed the debt restructuring

in state B but has not performed the debt restructuring in state B. Thus, En(X,B) = (1− q)(1−
ρ(B))En(X,B) and E(X,G) satisfy the following ODE:

(r + λG)E(X,G) = (1− τ)(X − c− b)− φGiX + (µ+ i)XE
′
(X,G) +

σ2X2

2
E

′′
(X,G) + λGE(X,B).

(A.13)

For X ∈ L6, the firm has not yet performed the debt restructuring in either state; therefore,

E(X,G) and E(X,B) satisfy the following system of ODEs:{
(r + λB)E(X,B) = (1− τ)(X − c− b)− φBiX + (µ+ i)XE

′
(X,B) + σ2X2

2 E
′′
(X,B) + λBE(X,G),

(r + λG)E(X,G) = (1− τ)(X − c− b)− φGiX + (µ+ i)XE
′
(X,G) + σ2X2

2 E
′′
(X,G) + λGE(X,B).

(A.14)
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Given the optimal swap rate {ρ∗(X,G), ρ∗(X,B)} in the bank debt restructuring process in each

state, the solutions of the above ODE system are given by

E(X,B) =

{
(1− q)(1− ρ∗(X,B))En(X,B), X ∈ (0, Xn(B)];∑4

j=1 a
E
j X

γj,H + (1− τ)[wB,HX − k(b+ c)], X ∈ (Xn(B),+∞);
(A.15)

and

E(X,G) =


(1− q)(1− ρ∗(X,G))En(X,G), X ∈ (0, Xn(G)];∑2

j=1 n
E
j X

βj,H + (1− q)η
∑2

j=1

λGJ
E
j

gG,H(γj,H)X
γj,H+

(1−τ)[1+(1−q)ηλG(wB,H−(1−α)wL)]
r+λG−µ−iG X − (1−τ)[b+c+(1−q)ηλGk(bn+c−bn/(1−τ))]

r+λG
, X ∈ (Xn(G), Xn(B)];∑4

j=1 b
E
j X

γj,H + (1− τ)[wG,HX − k(b+ c)], X ∈ (Xn(B),+∞).

(A.16)

Here,

bEj =
λG

gG,H (γj,H)
aEj , j ∈ {1, 2, 3, 4}.

Again, the coefficients aE1 , aE2 , aE3 , aE4 , nE1 , and nE2 are determined by the following boundary

conditions. First, to exclude bubbles, we have

lim
X↑∞

En(X,G)

X
<∞,

lim
X↑∞

En(X,B)

X
<∞.

Next, at the restructuring threshold of bank debt, the value-matching conditions imply

limX↑Xn(B)E (X,B) = limX↓Xn(B)(1− q)(1− ρ∗(X,B))En (X,B) ,

limX↑Xn(G)E (X,G) = limX↓Xn(G)(1− q)(1− ρ∗(X,G))En (X,G) ,

limX↑Xn(B)E (X,G) = limX↓Xn(B)E (X,G) ,

limX↑Xn(B)E
′ (X,G) = limX↓Xn(B)E

′ (X,G) .

The optimal restructuring boundary {Xn(B), Xn(G)} of bank debt satisfies two smooth-pasting

conditions:

E′ (Xn(G), G) = (1− q)[E′n (Xn(G), G)− (ρ∗(Xn(G), G)En (Xn(G), G))′],

E′ (Xn(B), B) = (1− q)[E′n (Xn(B), B)− (ρ∗(Xn(B), B)En (Xn(B), B))′].

In each state st, we can also obtain the solutions for bank debt (D (Xt, st) and Dn (Xt, st))

and market debt (M (Xt, st) and Mn (Xt, st)) in the same way as we do for equity. We omit their

descriptions for brevity reasons. Finally, the optimal debt structure is determined by

{b∗ (X0, s0) , c∗ (X0, s0)} = arg max
b,c
{E (X0, s0; b, c) +D (X0, s0; b, c) +M (X0, s0; b, c)} , s0 ∈ {G,B}.

(A.17)
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Highlights 
 

Debt heterogeneity has a significant impact on corporate financing and investment. 

 

The inclusion of bank debt financing can mitigate the ex-post debt overhang problem. 

 

Firms with more growth opportunities tend to use more market debt and less bank debt. 

 

Non-monotonic effects of the cyclicality of growth opportunities on debt composition. 
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