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A B S T R A C T

In this paper we employ the closed-form of the Adaptive Length Scale Model (ALS-C) [Ghosh et al., ‘‘A
new model for dilute polymer solutions in flows with strong extensional components’’, J. Rheol. 46, 1057–
1089 (2002)] and we investigate its characteristics and potential to more accurately capture pressure-drop in
contraction flows of viscoelastic fluids. The ALS-C model was originally derived based on purely homogeneous
elongational flows in order to model coil-stretch hysteresis. However, in its originally proposed form we reveal
a number of numerical issues which have not been analysed previously and are reported here considering
both standard rheological flows, simple channel flows and complex flows within a 4:1 contraction. We
demonstrate a new approach for evaluating the instantaneous change in the adaptive length scale as a result
of instantaneous changes in the flow field, overcoming the need to employ other root-finding approaches.
Guidelines are provided for the correct use of the employed local Weissenberg number and a modified
approach is considered for the evolution equation of the actual extensibility, allowing its efficient use in
complex numerical simulations. We illustrate that a suitable combination of the model parameters can produce
behaviours that are found experimentally in viscoelastic fluids and we find that pressure-drop enhancements
in flows within 4:1 contractions observed experimentally are achievable.
. Introduction

Viscoelastic fluid flows within contractions and or contraction /ex-
ansions geometries (both planar and axisymmetric) have been, and
ontinue to be, of great importance both from numerical and experi-
ental perspectives. Flows of non-Newtonian fluids within these con-

igurations manifest significantly different responses from the equiv-
lent Newtonian fluid flows [1] as is illustrated in a variety of ex-
erimental [2–12] and numerical [13–18] studies. These different be-
aviours include the formation of vortices at the entrance region (both
alient and entrance corners), the enhancement of the pressure-drop
cross the contraction and the generation of velocity overshoots along
he flow centreline.

The experimental study of Binding and Walters [5] illustrated that
ressure-drop enhancements can be observed for flows of Boger fluids
oth in axisymmetric and planar contraction geometries. In Fig. 1,
eproduced from their study, it can be seen that at low flow rates
oger and Newtonian fluids demonstrate the same entry pressures. As
he flow rates are increased the entry pressure of the former increases
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significantly for both geometries, while as discussed in their study, the
kinematics are not the same within the two geometries and significant
differences exist. On the contrary, in a later study by Nigen and
Walters [19] the flow of Boger fluids within axisymmetric contractions
illustrated significant enhancements in the excess pressure-drop, while
in the equivalent flows within planar contractions no clear differences
were found in the evaluated pressure-drops between Boger and New-
tonian fluids. The authors stated that differences between the fluid
flows within planar configurations could only be observed through the
kinematics when the flows were at high flow rates for the Boger fluids.
These different findings highlight that rheological differences between
Boger fluids are an important factor [20] and need to be carefully
considered.

In addition, contraction flows have been chosen as ‘‘benchmark’’
problems for viscoelastic fluid flow modelling from a numerical per-
spective [21]. Coates et al. [22] examined the flow within both 4:1
and a 8:1 axisymmetric, abrupt, contractions using a modified version
of the upper convected Maxwell model, in an attempt to reproduce
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Fig. 1. Entry pressure data for the Boger fluid flow within axisymmetric and planar
contraction geometries. Circular symbols are for the Boger fluids and cross symbols
for Newtonian fluids. Reprinted from D. M. Binding and K. Walters, On the use of
flow through a contraction in estimating the extensional viscosity of mobile polymer
solutions, 30, 233–250 (1988) [5], with permission from Elsevier.

what it was observed experimentally by McKinley et al. [6] when
investigating the flow of Boger fluids through such geometries. The
authors illustrated that numerical simulations could produce a qual-
itative agreement in terms of the corner vortex formation, but they
fail to predict the strong enhancement in pressure drop observed ex-
perimentally. In the numerical study of Aboubacar et al. [13], the
authors investigated the flow of polymer solutions within planar and
axisymmetric 4:1 contractions designed with and without rounded
corners. They employed the Oldroyd-B model in order to investigate
constant viscosity viscoelastic fluids, while they considered the linear
and exponential forms of the Phan-Thien and Tanner (PTT) model to ex-
amine the influence of shear-thinning. Later, Alves et al. [14] reported
benchmark solutions for the Oldroyd-B model and two forms of the
PTT model (i.e. linear and exponential) within planar 4:1 contractions.
Their study was in agreement with the results reported in Aboubacar
et al. [13], with all viscoelastic models being unable to predict the large
enhancements in pressure drop seen experimentally. Similar findings
have also been reported in the study of Binding et al. [15], where
the authors investigated pressure-drop related issues when employing
the Oldroyd-B model within axisymmetric and planar 4:1 contractions,
1:4 expansions and 4:1:4 contraction/expansions. They focused on
the effects of the solvent-to-total viscosity ratio and illustrated that
pressure-drop enhancements could not be found, with the highly con-
centrated polymer solutions exhibiting smaller values of pressure-drop
and deviating more from the Newtonian response.

The above numerical studies demonstrated that currently the most
commonly employed closed-from viscoelastic models are able to predict
qualitatively the formation of upstream vortices in contractions (or
contraction/expansions) and report the onset of elastic instabilities
that occur for further increases of the characteristic Weissenberg num-
ber. Their failure [1] however to provide accurate estimates for the
pressure-drop, which is today a well-known problem of the closed form
constitutive models, is important and, as was stated in Rothstein and
McKinley [8], the constitutive models should be able to predict the
large pressure-drop enhancements observed experimentally in stable
laminar flows.

The use of contraction or contraction/expansion configurations, is
not limited to studies that focus solely on the investigation of the rich
dynamics of viscoelastic fluids. Designs of this type or equivalent that
generate similar dynamics are encountered in a range of engineering
2

applications and thus, providing meaningful pressure drop measure-
ments is of practical importance. Geometries with a contraction or
contraction/expansion have been identified as appropriate platforms
for performing measurements and studies related to the extensional
rheology of viscoelastic fluids [23–31] and for characterising other
samples of interest, such as DNA, or blood plasma [32–34], red blood
cells [35,36] and capsules [37,38]. Furthermore, being able to eval-
uate accurately the pressure-drop will be beneficial for the design of
microfluidic chips such as those being used as rectifiers, or for those
used as platforms for replicating flows within porous media [39–43].

Constitutive equations that are derived from elastic dumbbell mod-
els are very popular for use in numerical simulations. They are com-
monly quite inexpensive [44,45] but they also introduce concepts
that are related to the underlying physics, thus offering a connec-
tion between macroscopic elements and microstructure [44]. The Fi-
nite Extensible Non-Linear Elastic (FENE) representation of a polymer
molecule is very popular, since it provides realistic behaviour [46]
and various closures have been proposed for deriving models from
the kinetic theory for use in analytical or computational analysis.
Applying closures to the models from kinetic theory however, impacts
significantly the rheological responses [47]. The most popular closure
used in computational fluid dynamics (CFD) simulations is provided by
the FENE-P model [48], where P stands for the Peterlin approximation
but this closure is known to be problematic. Other closures have also
been proposed [49] in attempt to fix the poor approximation of the
FENE kinetic theory that were induced by the Peterlin approximation,
especially for transient flows. Lielens et al. [49] have proposed the
FENE-L and FENE-LS closures and used their models in stochastic sim-
ulations to illustrate better approximations to the responses predicted
by the FENE representation for several rheometrical flows. Chilcott
and Ralison [50] proposed the FENE-CR model, a modification of the
FENE-P model, which would be more appropriate to describe Boger
fluids. Their model was able to keep the basic characteristics of the
FENE-P and predict a constant shear viscosity instead of shear-thinning
that the FENE-P model predicts. Further extensions of the FENE-CR
have also been proposed, such as the FENE-MCR model [22] and the
FENE-CD [44].

Recent advances in numerical simulations and procedures have
indicated some progress regarding the pressure-drop issue. Koppol
et al. [51] used a multi-scale simulation approach and investigated
numerically the flow within a 4:1:4 contraction/expansion and com-
pared their findings with the experimental study of Rothstein and
McKinley [8]. The authors illustrated the ability to capture a pressure-
drop enhancement for all the cases examined, however the extensibility
parameter values employed were far lower from those reported in Roth-
stein and McKinley [8]. In the study of Nystrom et al. [52], the authors
simulated viscoelastic fluid flows within several types of axisymmetric
4:1 contractions using the FENE-CR model to reflect the flow of a
Boger fluid. The authors demonstrated for three different, but relatively
small (and unlikely physical), values of the extensibility parameter that
the model manages to predict some enhancement in the pressure drop
for dilute polymer solutions, despite the fact that the model possesses
weaker first normal-stresses compared to the Oldroyd-B model. In
Zografos et al. [30], the authors investigated numerically the flow of
viscoelastic fluids within a smooth hyperbolic contraction/expansion
geometry and demonstrated that some small enhancements in pressure-
drop can be obtained when using the FENE-P model. Further advances
on the issue have been reported in Jahromi et al. [53]. The authors
proposed a hybrid model which combines the White–Metzner and
FENE-CR models and illustrated that the model could capture the
pressure-drop enhancements observed in Rothstein and McKinley [8].
Their ‘‘swanINNFM’’ model uses a dissipative function which employs
the actual extensional strain rate evaluated by the flow invariants. The
function was proposed to have two different versions (swanINNFM(c)
and swanINNFM(q)) resulting in different responses when controlling a

material dissipative extensional-viscous time-scale that was introduced
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as an internal parameter. However, both versions of the model predict
an unbounded extensional viscosity in steady extensional flow. The
work was extended further in López-Aguilar et al. [54,55], where a
multimodal version of the swanINNFM(q) version (swIM) was proposed
together with the swanINNFM(q)+ development (swAM), demonstrat-
ing the capabilities of the model when investigating the flow of dilute
polymer solutions in a range of different geometries and in particular
showing good agreement with the experimental findings of Nigen and
Walters [19]. The efficiency of the model was later demonstrated in
Webster et al. [20], where the authors managed to reproduce what
was found in the experimental study of Binding and Walters [5] in
terms of pressure-drop. It should be mentioned however that despite
these advances, for all the above studies the values of the employed
extensibility parameters where relatively small in contrast to what has
been typically reported for experimental fluids [8,56] and the models
are basically empirical.

Despite these advances in numerical modelling, there is still plenty
of room left for new simple closed-form models that will bridge the
gap with experiments. In this study we employ the closed form of the
adaptive length scale model (ALS-C) proposed by Ghosh et al. [45] and
illustrate its performance when it is used in CFD. As we discuss in the
following sections, the model (both in the stochastic and closed form)
follows the FENE representation. In the original paper it was shown
that although a single FENE chain is very efficient when evaluating the
behaviour of a polymer at large strains, on the contrary it is inadequate
for capturing the correct behaviour in slowly deforming regions for
which multiple chains are required in order to capture more accurately
the occurring physics. Since this is computationally very expensive, the
basic idea that led to the derivation of the adaptive length scale model
and its closed-form is the requirement for a model that can approximate
these polymer dynamics using a single spring. To our knowledge this is
the first time the ALS-C model is used in CFD simulations and we report
its behaviour for a simple straight 2D channel flow and investigate the
benchmark problem of a 2D, planar, 4:1 contraction.

The rest of the paper is organised as follows: In Section 2 the
basic equations describing the ALS-C model are presented and the
modifications considered are discussed. In Section 3 the rheometric
properties of the model are demonstrated considering the case of a
steady-state planar extensional flow and the case of a steady-state shear
flow. Then in Section 4 the performance of the model in CFD simula-
tions is illustrated for different values of its internal parameters, while
comparisons with the responses of the FENE-P model are provided.
Finally, in Section 5 conclusions are given together with an outlook
for further work.

2. Governing equations

The basic equations describing the flow of a viscoelastic fluid mod-
elled by the ALS-C model are firstly presented. The derivation together
with an in-depth analysis of the origins of these equations and their
correlation with principles from kinetic theory have been extensively
discussed in Ghosh et al. [45] and Gupta [57] and thus, we do not
unnecessarily repeat them here but simply refer interested readers to
these original papers. The adaptive length scale model proposed by
Ghosh et al. [45] introduces new physical variables that are based on an
important concept. Assuming a generic quantity 𝜙, the concept suggests
that specific quantities able to capture the instantaneous changes to
molecular parameters in the limit of instantaneous changes of the
flow field should be considered, and are denoted with an asterisk,
𝜙∗. However, the drawback of this approach is that the effects of
these instantaneous changes and the use of 𝜙∗ directly in any con-
stitutive equation for the polymeric stress may lead to instantaneous
‘‘jumps’’ in the polymeric stress contributions. As Ghosh et al. [45]
argued, such jumps are unphysical and are not observed experimen-
tally, and therefore new equivalent quantities should be introduced
for which the asterisks are dropped to distinguish from that limit
3

i.e. 𝜙. These new variables describe the behaviour of microstructural
information without the instantaneous change assumption, and have
the tendency to go towards the pseudo steady-state that is described
by 𝜙∗ (i.e. instantaneous molecular change limit).

Before presenting our analysis, we slightly modify the notation used
in Ghosh et al. [45], in order to aid the readability of the equations
and make, in our view, the forthcoming analysis more easy to follow.
The ALS-C model does not consider the behaviour of each individual
polymer molecule (as the stochastic version does), but rather employs
average values of the required quantities (e.g. ⟨𝜙⟩ and ⟨𝜙∗

⟩). As such,
he average and instantaneous adaptive length scale is defined as ⟨𝑏∗seg⟩

nd is related to the polymer molecule extensibility which adjusts to the
ocal flow. In our analysis here we will only consider the closed form
f the adaptive length scale model, thus henceforth the brackets which
ndicate average values are dropped and we simply define ⟨𝑏∗seg⟩ ≡ 𝑏∗s .
s explained previously, although the idea of instantaneous jumps is
ssential in order to capture sudden flow changes, this would result in
nphysical jumps in the polymer contribution to the stresses. Thus, the

‘real’’ adaptive length scale is defined as ⟨𝑏seg⟩ ≡ 𝑏s, which approaches
the pseudo steady-state of the instantaneous extensibility parameter 𝑏∗s .
When the maximum extension is reached both dimensionless extensi-
bility parameters obtain the maximum molecular extension 𝑏m (defined
s 𝑏max in Ghosh et al. [45]). Finally, we will compare our ALS-C
esults extensively with the FENE-P model [48]. We note that 𝑏m ≡ 𝐿2

r 𝑏m ≡ 𝐿2 − 3 depending on the version of the FENE-P considered,
here 𝐿2 is the usual notation employed for the maximum extensibility
arameter of the FENE-P model [58].

.1. The closed form adaptive length scale (ALS-C) model

The closed-form equation for evaluating the instantaneous adaptive
ength scale based on our notation is expressed as follows

Wieff

𝐾∗

(

1 − Tr𝐀
𝑏∗s

𝑏m
𝑏∗s

)

= 𝑧, (1)

where Tr𝐀 is the trace of the conformation tensor 𝐀, while 𝑧 is an
‘‘order one’’ model constant that controls the behaviour of 𝑏∗s . Ac-
cording to Ghosh et al. [45], the precise value cannot be set by the
theory, but when 𝑧 < 1 rapid growth of stresses is expected. The
effects of varying 𝑧 are examined in Section 3.2. Ghosh et al. [45]
proposed that the evolution equation to be developed for the polymer
extensibility (discussed in Section 2.2) should include a stiffening term
that will cause 𝑏s to decrease towards 𝑏∗s . The required stiffening was
suggested to be proportional to the effective Weissenberg number,
Wieff, appearing in the left hand side of Eq. (1) and is defined as

Wieff = 1
2
𝜆Eig(�̇�𝛾𝛾eff), (2)

where 𝜆 is the relaxation time, and Eig(�̇�𝛾𝛾eff) is the maximum eigenvalue
of an effective rate-of-strain tensor elegantly defined as:

�̇�eff =
⎡

⎢

⎢

⎣

�̇�11 𝑠�̇�12 𝑠�̇�13
𝑠�̇�21 �̇�22 𝑠�̇�23
𝑠�̇�31 𝑠�̇�32 �̇�33

⎤

⎥

⎥

⎦

, (3)

where 𝑠 = (𝑏0∕𝑏m)1∕2 is a parameter that multiplies the off-diagonal
elements of the shear-rate tensor (when 𝑠 = 1, �̇�𝛾𝛾eff ≡ �̇�𝛾𝛾 = [∇𝐮 + (∇𝐮)T],
where 𝐮 is the velocity vector) and 𝑏0 is an appropriate fitting pa-
rameter that controls the onset of the shear-thinning behaviour Ghosh
et al. [45]. In the following sections we investigate and report the
influence of both the 𝑧 and 𝑠 parameters.

Ghosh et al. [45] restricted their analysis to homogeneous shear
or extensional flow and used in Eq. (1) the characteristic Weissenberg
number for each specific case. In contrast we employ Wieff throughout,
since it is a more appropriate choice when dealing with general flows
where the local deformation is changing and is not constant as in the

homogeneous viscometric flows dealt with in Ghosh et al. [45]. Finally,
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the parameter 𝐾∗ appearing in Eq. (1) is a dimensionless parameter
defined as [45,57]:

𝐾∗ =
𝑏∗s

𝑏∗s + 5

(

√

(𝑏m + 5)(𝑏m + 7)
𝑏m

)

×
(

[2(𝑀∗ + 1)2 + 7][(𝑀∗ + 1)2 − 1]
45

−
12[(𝑀∗ + 1)2 + 1][(𝑀∗ + 1)2 − 1]

45(𝑀∗ + 1)(𝑏∗s + 7)

)1∕2
, (4)

where, 𝑀∗ = 𝑏m∕𝑏∗s , is the number of segments or equal-length springs
that represent the polymer chain. From its definition it is obvious that
since 𝑏∗s ≤ 𝑏m then 𝑀∗ ≥ 1.

The solution of Eq. (1) for a given flow field (i.e. known Wieff, Tr𝐀)
and desired fluid properties (𝑏m, 𝑧, 𝑠), will provide the appropriate
values for the adaptive length scale. In order to obtain this solution
exactly a root finding method is required, such as a standard bisec-
tion method that was employed in Burmenko [59]. Employing the
ALS-C model in finite volumes or other standard computational fluid
dynamics (CFD) simulations, Eq. (1) will have to be solved at every
computational cell that is discretising the physical domain. Using a
root finding method is expected to add extra computational costs and
for that reason a different approach is followed here which is more
computationally efficient. More details on how 𝑀∗ is approximated are
given in Section 2.4.

2.2. Evolution equation of the polymer extensibility

Once the value of the adaptive length scale is approximated, then
the dimensionless evolution of the polymer’s extensibility 𝑏s can be
evaluated using the following formula:
𝑑𝑏𝑠
𝑑𝑡

= −|𝐧�̇� × 𝐧A|Wieff
(

1 −
Tr𝐀𝑏m
(𝑏∗𝑠 )2

)

(𝑏𝑠 − 𝑏∗𝑠 )𝐾
∗ + (𝑏𝑚 − 𝑏𝑠)𝐾, (5)

where, 𝑡 = 𝑡∕𝜆, is the dimensionless time, 𝐾 is a dimensionless
parameter evaluated in an identical manner as 𝐾∗ using Eq. (4) and
by dropping all stars (𝑏∗s ≡ 𝑏s and 𝑀∗ ≡ 𝑀 = 𝑏m∕𝑏s). The unit vectors
𝐧�̇� and 𝐧A are each parallel to the eigenvectors that correspond to the
largest eigenvalues of the rate-of-strain tensor and the conformation
tensor respectively. The first term of the right-hand side of Eq. (5)
is a stiffening term which causes 𝑏s to decrease towards 𝑏∗s , while
the second term acts as a relaxation term which makes the adaptive
length scale to return to 𝑏m [45,57]. In Ghosh et al. [45], the authors
considered a different approach and instead of 𝐧A, a vector that is
composed by the square root of the diagonal elements of 𝐀 normalised
by (Tr𝐀)1∕2 was used (see Eq. (52) in Ghosh et al. [45]). This approach
was considered valid for a Protean coordinate system [60–62], which
the authors employed in their analysis. The coordinates of a system of
this type are provided by the streamlines and the lines orthogonal to
them. However, such a Protean system is limited to 2D flows and flows
that are without recirculation regions and thus, it has a very limited
usage especially for investigating general flows [1]. As a consequence
we use Eq. (5) throughout. In Appendix A a discussion is provided
demonstrating the important issues met when the original approach is
considered.

Fig. 2 demonstrates the non-monotonic expected behaviours of the
instantaneous (𝑏∗s ) and actual (𝑏s) extensibilities, in contrast with the
constant value of the FENE-P extensibility parameter (𝐿2) for a steady
homogeneous pure shear flow with increasing Wi, defined as Wi = 𝜆�̇�0.
It can be seen that at low Weissenberg numbers the behaviour of 𝑏∗s and
𝑏s is identical and equal to 𝐿2. At moderate Wi, both the instantaneous
and actual extensibilities start to deviate from 𝑏m. The former decreases
to a minimum value, while the latter demonstrates a similar trend but
with a higher minimum value. At higher Wi, they both start to increase
until they asymptotically return to the value of 𝑏m ≡ 𝐿2 in the limit
Wi → ∞. Finally, as can be seen by the model equations, Eqs. (1), (2),
(4) and (5), 𝑏s and 𝑏∗s do not depend upon the polymer concentration
of the fluid (i.e. representing a dilute polymer solution or otherwise).
This behaviour is independent of the solvent-to-total viscosity ratio
𝛽 = 𝜂𝑠∕𝜂0, where 𝜂𝑠 is the solvent viscosity, 𝜂0 = 𝜂𝑠 + 𝜂𝑝 is the total
zero-shear viscosity and 𝜂 the polymer viscosity.
4

𝑝

Fig. 2. Qualitative behaviour of the real (𝑏s) and the instantaneous (𝑏∗s ) extensibilities
of the ALS-C model, in comparison with the FENE-P extensibility parameter (𝐿2) for
increasing values of Weissenberg numbers when in homogeneous steady shear flows.

2.3. Evolution equation of the conformation tensor

The evolution equation of the conformation tensor for the ALS-C
model follows the Peterlin approximation, similar to the FENE-P model
[48], and is written in dimensionless form as:

𝑑𝐀
𝑑𝑡

= Wi
[

∇𝐮T ⋅ 𝐀 + 𝐀 ⋅ ∇𝐮
]

− 𝐾𝐀
(

1 − Tr𝐀
𝑏s

𝑏m
𝑏s

) +𝐾
(

𝑏s
𝑏m

)

𝐈, (6)

where 𝐈 is the identity tensor. It worth noting that Eq. (6) proposed
in Ghosh et al. [45] does not include the convection term of the
conformation tensor, since the authors consider homogeneous flows.
Since we are interested in general flows and in order to make use of the
complete upper convected derivative we take into account the missing
𝐮 ⋅ ∇𝐀 term. Eq. (6) can therefore be expressed as

𝜆
▿
𝐀 = − 𝐾𝐀

(

1 − Tr𝐀
𝑏s

𝑏m
𝑏s

) +𝐾
(

𝑏s
𝑏m

)

𝐈, (7)

where
▿
𝐀 = (𝜕𝐀∕𝜕𝑡) + 𝐮 ⋅∇𝐀 −

[

∇𝐮T ⋅ 𝐀 + 𝐀 ⋅ ∇𝐮
]

is the upper convected
derivative of the conformation tensor [63].

The polymeric contributions to the stress tensor for the ALS-C model
are evaluated from the conformation tensor [45]:

𝜏𝑝 =
𝜂𝑝
𝜆

[(

𝑏m
𝑏s

)2 𝐀
1 − Tr𝐀

𝑏s

𝑏m
𝑏s

−
𝑏m
𝑏s

𝐈
]

. (8)

At this point it is worth comparing directly the above expression for
the ALS-C model with the equivalent for the widely used FENE-P
model [48]. The correlation between the stress tensor and the confor-
mation tensor for the FENE-P model is written in Kramers’ form [30,
64,65]:

𝜏𝑝 =
𝜂𝑝
𝜆

(

𝑓𝐴𝐀 − 𝑎𝐈
)

, (9)

where 𝑓𝐴 = 𝐿2∕(𝐿2−Tr𝐀) is a function of the trace of the conformation
tensor and 𝑎 is a function of 𝐿2, 𝑎 = 𝐿2∕(𝐿2 − 3). Comparing Eqs. (8)
and (9) it can be seen that when the Weissenberg number is very low
or very large, for which 𝑏s ≃ 𝑏m (see Fig. 2), the stress tensor of the
ALS-C model becomes

𝜏𝑝 =
𝜂𝑝
𝜆

[

𝐀
1 − Tr𝐀

𝑏m

− 𝐈
]

, (10)

which is very similar with the FENE-P model (𝑏m ≡ 𝐿2), except for the
term multiplied by the identity tensor. On the contrary, at moderate
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Weissenberg numbers it can be seen that Eq. (8), becomes:

𝑝 = 𝑀
𝜂𝑝
𝜆

[

𝑀𝐀
1 − 𝑀2Tr𝐀

𝑏m

− 𝐈
]

. (11)

ractically, this shows that all the important contributions are mul-
iplied by the number of segments 𝑀 , which is larger than unity
𝑏s < 𝑏m).

.4. Numerical implementation

The numerical procedure employing the equations of the ALS-C
odel is implemented within our in-house finite volume, CFD solver,
hich follows the discretisation principles described in Oliveira et al.

66], Alves et al. [14] and Afonso et al. [67]. The cases we are
nvestigating here consider incompressible and isothermal fluid flows.
herefore, the continuity and the momentum equations are employed
nd solved numerically:

⋅ 𝐮 = 0 , (12)
( 𝜕𝐮
𝜕𝑡

+ 𝐮 ⋅ ∇𝐮
)

= −∇𝑝 + ∇ ⋅ 𝜏𝜏𝜏 , (13)

here 𝜌 is the fluid’s density, 𝑝 is the pressure and 𝜏𝜏𝜏 is the extra
tress tensor. The latter is expressed as the sum of the solvent stress
omponent, 𝜏𝜏𝜏𝑠 (Newtonian part), and the polymeric stress component:

= 𝜏𝜏𝜏𝑠 + 𝜏𝜏𝜏𝑝 = 𝜂𝑠�̇�𝛾𝛾 + 𝜏𝜏𝜏𝑝 . (14)

n this paper, we examine cases where the solvent-to-total-viscosity
atio is set as 𝛽 = 0.90 and 𝛽 = 0.95, a typical value for dilute polymer
olutions, with Boger-fluid-like behaviour [7,8,68].

The evolution equation of the conformation tensor given in Eq. (16),
s solved numerically within a finite-volume methodology, as described
n detail in Afonso et al. [18,67], following the log-conformation ap-
roach [69] which employs the evolution of the logarithm of con-
ormation tensor (𝚿 = log𝐀). The evolution of the logarithm of the
onformation is expressed in the form:
𝜕𝚿
𝜕𝑡

+ 𝐮 ⋅ ∇𝚿 − (𝛀𝚿 −𝚿𝛀) − 2𝐁 = −1
𝜆
(

𝑓 (e𝚿)𝐈 − 𝑓 ′[𝑏]e−𝚿
)

, (15)

where 𝛀 is a pure rotational component and 𝐁 a traceless extensional
component. For further details and an in depth analysis the reader
is referred to Fattal and Kupferman [69] and Afonso et al. [67]. The
pressure and velocity fields are coupled using the SIMPLEC algorithm
for collocated meshes by employing the Rhie and Chow interpolation
technique [70]. The convective terms both in the momentum and the
evolution equation of the logarithm of the conformation tensor, are
discretised using the CUBISTA high-resolution scheme [14], while all
diffusive terms are evaluated with central differences. All the calcula-
tions here were carried out at a vanishing Reynolds number, Re → 0
(creeping flow conditions are imposed by ensuring the convective
term, 𝐮 ⋅ ∇𝐮, in the momentum equation is identically zero, Eq. (13)),
where we seek only steady-state solutions. Once the velocity, stress and
conformation tensor fields are evaluated, Eq. (5) is solved to obtain the
behaviour of 𝑏s. The ordinary differential equation is solved explicitly
subdividing the employed time step into a number of smaller internal
steps (i.e. 10) for a more accurate evaluation of the time derivative.

Finally, the 𝑀∗ parameter introduced in Section 2.1 is approxi-
mated by employing a quadratic function which describes its relation-
ship with 𝐾∗. As can be seen in Fig. 3, the behaviour of 𝐾∗ (Eq. (4)) as
function of 𝑀∗ for different values of maximum polymer extensibility
can be approximated by a quadratic function, 𝑓𝑄, fairly well over a
large range of both 𝑀∗ and 𝑏m. Interestingly 𝐾∗ appears to be insen-
sitive to 𝑏m, considering a range of 𝑏m values that are typically used
when studying numerically polymer molecules (300 ≤ 𝑏m ≤ 10000) [7,
8,30,56,64,71]. Therefore, 𝐾∗ is replaced here by 𝑓𝑄 = 𝑎1𝑀2+𝑎2𝑀+𝑎3
and Eq. (1) is modified to read:

Wieff (

1 − Tr𝐀 (𝑀∗)2
)

= 𝑧. (16)
5

𝑓𝑄 𝑏m
Fig. 3. Behaviour of 𝐾∗ parameter as function of 𝑀∗ for different values of 𝑏m together
with a quadratic fit function 𝑓𝑄 = 𝑎1𝑀2 + 𝑎2𝑀 + 𝑎3, where 𝑎1 = 0.128, 𝑎2 = 0.774 and
𝑎3 = 0.0648. The dashed box highlights the region where the majority of significant
variations of 𝑀∗ occur.

The coefficients of the quadratic function are taken to be 𝑎1 = 0.128,
𝑎2 = 0.774 and 𝑎3 = 0.0648. After some mathematical rearrangements
of Eq. (16), 𝑀∗ is evaluated explicitly by using:

𝑀∗ =

−𝑎2𝑧 +

√

𝑎22𝑧2 − 4
(

𝑧𝑎1 + Wieff Tr𝐀
𝑏m

)

(𝑎3𝑧 − Wieff)

2(𝑧𝑎1 + Wieff Tr𝐀
𝑏m

)
. (17)

Once 𝑀∗ is obtained, the instantaneous extensibility is known since
𝑏∗s = 𝑏m∕𝑀∗.

3. Rheometric properties

The predictions of the model with standard homogeneous viscomet-
ric flows are illustrated here. In particular the behaviour of steady-state
planar extensional and steady-state shear flows is examined. The re-
sponses of the ALS-C model are always compared with the equivalent
case of the FENE-P model.

3.1. Steady-state planar extensional flow

The case of a steady-state planar extensional flow is a category of
the ‘‘shear-free’’ flows which are considered as one of the standard
flows of rheology [72,73]. This type of extensional flow allows defor-
mation only along two dimensions (2D) and is produced by a velocity
field that is defined as 𝐮 = (�̇�0𝑥1,−�̇�0𝑥2, 0). This field stretches the fluid
element across the 𝑥1 direction and squeezes it along the 𝑥2 direction,
where �̇�0 is the constant applied strain-rate of the deformation and
𝑥1, 𝑥2 are the Cartesian coordinates. This velocity field will result in
a shear-rate tensor that is given by:

�̇� = [∇𝐮 + (∇𝐮)T] =
⎡

⎢

⎢

⎣

2�̇�0 0 0
0 −2�̇�0 0
0 0 0

⎤

⎥

⎥

⎦

. (18)

Evaluating the eigenvalues of the shear-rate tensor (det(𝜃𝐈 − �̇�𝛾𝛾) = 0),
three real values exist, 𝜃1 = 2�̇�0, 𝜃2 = −2�̇�0 and 𝜃3 = 0, for which the cor-
responding normalised eigenvectors are 𝐧1 = (1, 0, 0), 𝐧2 = (0, 1, 0) and
𝐧3 = (0, 0, 1). In Section 2.2, Wieff was introduced as a function of the
maximum eigenvalue and thus, from Eq. (2) Wieff = 𝜆�̇�0. Additionally,
from Eq. (18) it can be seen that the 𝑠 parameter is not influencing the
response of the ALS-C model when in steady-state extensional planar
flow (and any of the other equivalent types e.g. uniaxial or biaxial
extension).

Solving numerically the equations for a planar extensional flow
using MATLAB®, the response of the ALS-C model with 𝛽 = 0 and
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Fig. 4. Normalised planar extensional viscosity of the ALS-C model for 𝛽 = 0 (𝜂𝑠∕𝜂0 = 0)
when 𝑏m = 300 and 𝑧 = 1 for increasing Wi in contrast with the equivalent behaviour
of the FENE-P.

𝑏m = 300 when 𝑧 = 1 is shown in Fig. 4 in contrast to the equivalent
behaviour of the FENE-P model with 𝛽 = 0 and 𝐿2 = 300. For the
ideal case of a steady-state planar extensional flow (𝑑𝑏𝑠∕𝑑𝑡 = 0), 𝑏∗s
is expected to obtain instantaneously the value of 𝑏m [45], and thus,
Eq. (5) results in 𝑏s = 𝑏m. Since no variations of the actual extensibility
occur, the response of the model is equivalent to the FENE-P model,
where both models illustrate that coil-stretch transition occurs around
Wieff ≃ 0.5 [45] (we note we have checked the same behaviour
occurs for the case of uniaxial extension, where the ALS-C and FENE-P
responses models also match). Finally we note this response is the same
for any other value of 𝑧, since the first term of the right-hand side of
Eq. (5) will be zero and thus Eq. (1) is not influencing the result.

3.2. Steady-state shear flow

Steady-state shear flow is probably the most widely-studied vis-
cometric flow [72,73]. As mentioned in Section 2.1, the formulation
of the ALS-C proposed by Ghosh et al. [45] is based on a Protean
coordinate system. As perhaps expected, we found that using this
formulation in a general (non Protean) coordinate system gave results
dependent on the frame of the problem and suffered from significant
issues that need to be addressed in order to achieve stable solutions
for CFD. In Appendix A, a discussion illustrating these issues when the
original approach is considered is provided. The employed Eq. (5) on
the other hand, does not suffer from these issues and so we refrain from
a more detailed discussion here.

Considering the case of a Couette flow in which the top wall is mov-
ing and the bottom remains fixed, the velocity profile describing the
flow in Cartesian coordinates is 𝐮 = (�̇�0𝑥2, 0, 0), where �̇�0 is the constant
shear-rate experienced by a fluid element along the 𝑥2 direction. The
shear-rate tensor for this velocity field will have the form:

�̇� = [∇𝐮 + (∇𝐮)T] =
⎡

⎢

⎢

⎣

0 𝑠�̇�0 0
𝑠�̇�0 0 0
0 0 0

⎤

⎥

⎥

⎦

. (19)

The three eigenvalues of the shear rate-rate tensor will be 𝜃1 = 𝑠�̇�0,
𝜃2 = −𝑠�̇�0 and 𝜃3 = 0, with their three corresponding normalised
eigenvectors being 𝐧�̇� ,1 = (1∕

√

2, 1∕
√

2, 0), 𝐧�̇� ,2 = (1∕
√

2,−1∕
√

2, 0) and
𝛾,3 = (0, 0, 1). Considering Eq. (2) the effective Weissenberg for this
ase is Wieff = 𝜆𝑠�̇�0∕2 and thus we have Wi = 𝜆�̇�0 ≡ 2Wieff∕𝑠. In

order to plot all cases investigated in a consistent manner and maintain
Wi as the characteristic Weissenberg number, we introduce a local
Weissenberg number Wi∗ defined as Wi∗ = 2Wieff∕𝑠.
6

v

3.2.1. Influence of the 𝑧 parameter on steady-state shear flow
Here we demonstrate the effects of the 𝑧 parameter in Eq. (16)

n the behaviour of the ALS-C model, when under constant shear-rate
eformation. A range of different values within the range 0.25 ≤ 𝑧 ≤ 100
or the same 𝑏m = 300 value are presented in Fig. 5. More specifically,
ig. 5(a) shows the behaviour of 𝑏s for increasing Weissenberg number.
s 𝑧 → 0, 𝑏s starts to deviate from 𝑏m at lower Wi. For all cases
xcept for those with large 𝑧 values, a non-monotonic behaviour is
bserved. It can be seen that the smaller the 𝑧 value, the lower the

minimum obtained value for the actual extensibility. As Wi increases,
𝑏s is asymptotically approaching the maximum extension (𝑏m = 300 for
this case). When the value of 𝑧 is large enough (𝑧 = 100) the model
predicts exactly the same response as the FENE-P model, for which
𝑏s remains constant and equal to 𝑏m for all applied Wi. At steady-
state conditions and when Wieff → 0, Eq. (5) shows that 𝑏s will not
eviate from 𝑏m. When Wieff ≫ 0 it can be shown from Eq. (17) that
∗ = 1 and thus Eq. (5) will reduce to 𝑏s = 𝑏m. The behaviour

f 𝑏s will influence the response of the conformation tensor 𝐀 and
his is shown in Fig. 5(b) in terms of the first diagonal element of
he conformation tensor with increasing Wi. For this velocity field,
11 contains the major contributions to the polymer stretching, with
1 indicating the flow direction. When 𝑧 ≫ 1, 𝐴11 behaves exactly
s in the case of the FENE-P model, while for moderate and low 𝑧
alues, 𝐴11 deviates from the FENE-P behaviour, introducing a range
f new responses. Furthermore, in Fig. 6 the shear-thinning behaviour
redicted by the ALS-C model and the response of the normalised first
ormal-stress difference for different values of 𝑧 is shown. The shear-
hinning behaviour for different values 𝑧 is not significantly affected
nd all cases demonstrate a similar response overall as can be seen in
ig. 6(a). Minor deviations appear around Wi = 2Wieff ∼ 10. Similarly,
he normalised first normal-stress difference in shear has a different
ehaviour in the region where 𝑏s is varying (1 ≤ Wi ≤ 103), while for
= 100, as expected, the model behaves exactly as in the case of the

ENE-P model.

.2.2. Influence of the 𝑠 parameter on steady-state shear flow
In this section we illustrate the influence of the 𝑠 parameter when

n steady-state shear and how the viscometric properties are modified.
tarting with the behaviour of the actual extensibility, Fig. 7(a) high-
ights different values of 𝑠 when 𝑏m = 300 and 𝑧 = 1 for increasing

i. It can be seen that changes in 𝑠 result in the opposite behaviour
han what was observed when changing 𝑧, with 𝑏s decreasing further
s 𝑠 increases. The same effect is also observed in the behaviour of
11, illustrated in Fig. 7(b). An important feature we found is that the

esponse of the ALS-C model may have more than one solution branch
s it can be seen for the case of 𝑠 = 2 in Figs. 7(a) and 7(b) (i.e. non-
nique values at a fixed value of Wi). The second solution was found
y considering as an initialisation for each set of 𝑏s and A𝑖𝑖 those sets
hat were obtained at a previous Wieff. If no initialisation is considered,
he solution branch indicated by the solid line is obtained, for which
s is advancing towards 𝑏m around Wi∗ ∼ 30. On the contrary, when
n initialisation is used, 𝑏s advances to 𝑏m at Wi∗ ∼ 50. As will be
emonstrated also in Section 4, the existence of more than one solution
epends on the choice of 𝑠, 𝑧 and 𝑏m parameters, and is not influenced
nly by the choice of 𝑠. Probably this issue is a reflection on the closure
f the stochastic differential equations of the original model. Reviewing
igure 14 in Ghosh et al. [45], in which the stochastic and closed forms
f the model are compared in terms of the predicted behaviour of 𝑏s,
t can be seen that as Wi increases 𝑏s has a non-monotonic behaviour
or the stochastic version. On the other hand for the ALS-C, 𝑏s has the
ame behaviour as the one reported here.

As it was seen in Fig. 6(a), in a similar way in Fig. 8(a) the
ffects of 𝑠 upon the onset of the shear-thinning behaviour are not
mportant, with all cases demonstrating a similar behaviour as the local

eissenberg number increases. In the inset of Fig. 8(a), where the
eff
iscosity behaviour is plotted as a function of Wi , it can be seen that
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Fig. 5. Properties of the ALS-C model for different 𝑧 values compared with the equivalent response of the FENE-P model, when 𝑏m = 𝐿2 = 300 and 𝑠 = 1 for increasing
Wi∗ = 2Wieff∕𝑠: (a) Behaviour of 𝑏s and (b) 𝐴11 element of the conformation tensor.
Fig. 6. Viscometric properties of the ALS-C model for different 𝑧 values compared with the equivalent response of the FENE-P model, when 𝛽 = 0 (𝜂𝑠∕𝜂0 = 0), 𝑏m = 𝐿2 = 300 and
𝑠 = 1 for increasing Wi∗ = 2Wieff∕𝑠: (a) Behaviour of the normalised shear viscosity and (b) normalised first normal-stress difference. The inset figure in (b) shows the behaviour
of the first normal-stress coefficient 𝛹1.
Fig. 7. Properties of the ALS-C model for different 𝑠 values compared with the equivalent response of the FENE-P model, when 𝑏m = 300 and 𝑧 = 1 for increasing Wi∗ = 2Wieff∕𝑠:
(a) Behaviour of 𝑏s and (b) 𝐴11 element of the conformation tensor.
now the onset of shear-thinning is controlled and starts earlier as 𝑠
decreases. For 𝑠 = 2 it can be seen that the shear viscosity produces
some unphysical kinks. Similar responses have been also reported in
the study of Inkson and Phillips [74] for the extended pom-pom model.
For the ALS-C model, we found that this behaviour will always occur
when the model is in regimes where more than one solution branch
exist.
7

The inset figures of Figs. 6(b) and 8(b) illustrate the responses of the
first normal stress coefficient for increasing Wi for every case discussed.
It is interesting to note that similar behaviours of 𝛹1 as those predicted
for 𝑧 = 1 and 𝑧 = 0.5 (Fig. 6(b)) or the 𝑠 = 1 and 𝑠 = 1.5 cases (Fig. 8(b)),
have been reported for real Boger fluids e.g. in the papers of McKinley
et al. [6] and Rothstein and McKinley [6–8]. This type of behaviour

is not possible to achieve with the FENE-P model and thus, the ALS-C
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odel can provide a new range of behaviours that have been observed
xperimentally even in steady simple shear.

. Results and discussion

In this section, the performance of the ALS-C model (Eqs. (5),
7) and (16)) and our numerical implementation will be presented.
he accuracy of the numerical implementation is first validated by
omparing the CFD results for the fully-developed case of a 2D channel
low against the viscometric properties of the steady-state shear flow.
s fully-developed channel flow is viscometric these should be iden-

ical [75]. Following this benchmarking, the behaviour of the ALS-C
odel is extensively investigated in a more complex flow scenario of

he flow in a 4:1 abrupt, planar, contraction for a range of different
arameters.

.1. Fully-developed channel flow (non-homogeneous steady shear)

In this section the performance of the CFD implementation employ-
ng the ALS-C model is discussed by investigating channel flow. For
implicity the analysis is for a 2D case, which corresponds to a planar
oiseuille flow between two infinite parallel plates separated by a dis-
ance 𝐻 . The CFD results are extracted at a location downstream where
he flow is fully-developed (i.e. no longer varying in the streamwise
irection 𝑥), and are compared with the expected behaviours obtained
rom the numerical solution of the equations for steady-state shear flow
which here varies in the 𝑦-direction) presented in Section 3.2.

In contrast with the case of the Couette flow presented previously,
he shear-rate for a Poiseuille flow increases from the centreline to the
alls and is only maintained constant on 𝑦-planes along the streamwise
irection (so the flow is viscometric and steady shear but not homo-
eneous [75]). Thus, the necessity to use the effective Weissenberg
umber in Eqs. (5), (16) and (17), instead of a characteristic Wi when
nvestigating generalised flows becomes obvious. For this type and for
ore general flows, Wieff can be considered as a local Weissenberg
umber. The local value of Wieff has to be evaluated at every com-
utational cell in order to take into account the local stretching and
herefore to evaluate the response of the stresses of the ALS-C model.

Fig. 9 illustrates the obtained contour-plots at steady-state when
i = 10 for two different values of 𝑧, while 𝑠 = 1. In particular,

ig. 9(a)–(c) show the solutions obtained for the effective Weissenberg
umber, 𝑏s and 𝐴11 respectively when 𝑧 = 1 in Eq. (16) (or Eq. (1)),
hile in Fig. 9(d)–(f) the equivalent solutions for 𝑧 = 4 are provided.
or both cases Wieff is the same and, as expected, is zero along the
entreline (due to symmetry, �̇� is identically zero here) and increases
t locations closer to the walls (Fig. 9(a) and (d)). In Fig. 9(b) and (e)
8

he different behaviours for 𝑏s for different 𝑧 values is clearly shown.
When 𝑧 = 1, 𝑏s remains equal to 𝑏m only for a very small region around
the centreline in contrast to the case of 𝑧 = 4, while as we move closer
to the walls for both cases 𝑏s starts to deviate from 𝑏m. As expected,
this affects the behaviour of the developed stresses, with the behaviour
being illustrated in Fig. 9(c) and (f) in terms of the dominant first
diagonal element (𝐴11) of the conformation tensor. It is noted that in
a fully-developed channel flow the difference of the transverse normal
stresses 𝜏22 and 𝜏33 must be zero (the ALS-C model, like the FENE-P
model predicts 𝑁2 = 0 in steady shear flow [76]), while as Wi increases
hen Tr𝐀 tends to reach the maximum extensibility of the molecule
Tr𝐀 → 𝐿2). Considering Eq. (8) of the ALS-C model (and the equivalent
q. (9) of FENE-P) 𝐴22 and 𝐴33 will asymptotically reach zero in order
o balance the increase of Tr𝐀.

Fig. 10 illustrates in a similar way the obtained contour-plots at
teady-state when Wi = 10 for two different values of 𝑠, while 𝑧 = 1.
ig. 10(a)–(c) show the solutions obtained for Wieff, 𝑏s and 𝐴11 when
= 0.5 in Eq. (3), while in Fig. 9(d)–(f) the equivalent solutions for 𝑠 = 2
re provided. Similar conclusions and responses to what was observed
bove can be seen for all the presented variables. What is worth noting
s that for these two cases the effects of the 𝑠 parameter on Wieff are

now obvious since 𝑠 is modifying its magnitude.
A more quantitative comparison of 𝑏s and 𝐴11 obtained by CFD is

given in Fig. 11 for the two cases. The CFD results are plotted against
the predicted behaviour from the numerical solution of the model
equations when in steady-state shear flow. As can be seen, the solutions
obtained are in a excellent agreement both for the actual extensibility
(see Fig. 9(a)) and for the first diagonal element of the conformation
tensor (see Fig. 9(b)).

In Appendix A.2 a discussion illustrating the issues that need to be
addressed when the original formulation proposed in Ghosh et al. [45]
is employed is provided. In particular, the original formulation appears
to have important inconsistencies for a flow inside a channel. Moreover,
an additional case of a flow around a 90𝑜 channel bend at different
geometrical angles is given, further supporting the case that the original
formulation is not appropriate for complex flows and demonstrating the
robustness of our modified approach.

4.2. Planar 4:1 contraction flow

Here we investigate the behaviour of dilute polymer solutions with
𝛽 = 0.90 and 𝛽 = 0.95 modelled with the ALS-C model for a flow within
a planar two-dimensional 4:1 contraction. This problem is a well-known
benchmark in computational rheology [21,77]. Three different values
of maximum extensibilities have been considered: 𝑏m = 300, 𝑏m = 1500

and 𝑏m = 5000, while for some cases the effects of varying 𝑧 and 𝑠
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Fig. 9. Contour-plots of the ALS-C model for 𝑏m = 300 and 𝑠 = 1 illustrating the (a, d) Wieff, (b, e) 𝑏s and (c, f) 𝐴11 for different values of 𝑧 in Eq. (16). (a–c) correspond to the
case of 𝑧 = 1 and (d-f) to 𝑧 = 4.
Fig. 10. Contour-plots of the ALS-C model for 𝑏m = 300 and 𝑧 = 1 illustrating the (a, d) Wieff, (b, e) 𝑏s and (c, f) 𝐴11 for different values of 𝑠 in Eq. (3). (a–c) correspond to the
case of 𝑠 = 0.5 and (d-f) to 𝑠 = 2. The dashed-lines in (d) correspond to constant Wieff values.
parameters are reported. The characteristic Weissenberg number of the
problem is defined as Wi = 𝜆𝑈∕𝐻 , where 𝐻 is the half width of the
outlet channel and 𝑈 is the average velocity developed within (see
Fig. 12). The numerical mesh employed is illustrated in Fig. 12, while
more details for all the meshes considered are provided in Table 1.
These meshes are similar in density to the meshes M4 and M5 used in
9

Alves et al. [77]. All simulations are performed considering symmetry
boundary conditions along the geometry centreline (𝑦∕𝐻 = 0).

4.2.1. Kinematics and flow fields
In this section the kinematics produced by the ALS-C model are

presented and the results are juxtaposed with the equivalent responses
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Fig. 11. Behaviour of (a) 𝑏s and (b) 𝐴11 when Wi = 10, for the ALS-C model when 𝑏m = 300 for all the cases of examined as a function of Wi∗. The responses obtained from the
CFD simulations are compared with the predicted behaviour of the model when in steady-shear flow.
Fig. 12. Numerical grids employed for the study of a 4:1 contraction geometry: (a) M1; (b) M2.
Fig. 13. Contours of 𝑏s with superimposed streamlines in a 4:1 contraction flow when (a) Wi = 1, (b) Wi = 10, (c) Wi = 20 and (d) Wi = 30 for a dilute polymer solution with
𝛽 = 0.90, 𝑏m = 300, 𝑧 = 1 and 𝑠 = 1.
of the FENE-P model to highlight their differences. For all the cases
discussed here considering the ALS-C model the 𝑧 and 𝑠 parameters
are set equal to unity, with their effects investigated in the following
section. In Fig. 13 the obtained fields for 𝑏s are provided for differ-
ent characteristic Weissenberg numbers. The illustrated contours are
superimposed by the streamlines of the velocity field within the 4:1
contraction. When Wi = 1 (Fig. 13(a)), it can be seen that 𝑏 is mostly
10

s

maintained equal to 𝑏m, since the local Weissenberg number (Wi∗) is
low. Around the corner, and where Wi∗ (and Wieff) is increased, some
deviations from 𝑏m are produced. As Wi increases (see Fig. 13(b)–
(d)) the deviations from 𝑏m become more pronounced both at the
developing region around the contraction but also downstream since
the local Weissenberg is higher in the downstream channel compared
to the upstream. Furthermore, it can be seen that after Wi = 20, the
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Fig. 14. Contours of 𝑁∗
1 = (𝜏11𝑝 − 𝜏22𝑝)∕(𝜂𝑝𝑈∕𝐻) with superimposed streamlines in a 4:1 contraction flow for the (a–c) ALS-C with 𝑧 = 1, 𝑠 = 1 and 𝑏m = 300, and (d-f) FENE-P, for

a dilute polymer solution with 𝛽 = 0.90.
Fig. 15. Contours of 𝑏s with superimposed streamlines in a 4:1 contraction flow when (a) Wi = 10, (b) Wi = 20 and (c) Wi = 30 for a dilute polymer solution with 𝛽 = 0.90,
𝑏m = 1500, 𝑧 = 1 and 𝑠 = 1.
Table 1
Characteristics of the numerical meshes employed for discretising the
4:1 contraction geometry.

Mesh 𝛿𝑥𝑚𝑖𝑛∕𝐻 𝛿𝑦𝑚𝑖𝑛∕𝐻 #Computational cells

M1 ∼0.007 ∼0.007 47,628
M2 ∼0.005 ∼0.005 91,952

corner vortex reduces in size and a lip vortex starts to form. The latter
is more distinguishable at Wi = 30. Extracting transverse profiles of 𝑏s
and 𝐴11 at locations downstream of the contraction and where the flow
is fully-developed for all the investigated cases, the obtained solutions
are in a perfect agreement with the numerical solutions at steady-state
shear flow (not shown for conciseness).

Fig. 14 illustrates the contours of the normalised polymeric part of
the first normal-stress coefficient, 𝑁∗

1 = (𝜏11𝑝 − 𝜏22𝑝)∕(𝜂𝑝𝑈∕𝐻), super-
imposed with streamlines for a dilute polymer solution with 𝛽 = 0.90,
modelled by the ALS-C model when 𝑏m = 300, in contrast to the
equivalent behaviour generated by the FENE-P model with 𝐿2 = 300
(alternative representations of streamlines and 𝑁1 fields can be found in
López-Aguilar and Tamaddon-Jahromi [78]). Solutions of the obtained
fields are almost the same for low Wi, but it can be seen that as Wi
increases the responses are different. The generated first normal-stress
11
differences are lower for the ALS-C model with the formation of the
lip vortice being delayed in contrast to the FENE-P model, for which
at Wi = 30 the lip is merged already with the corner vortex. Fig. 15
illustrates the field of 𝑏s around the 4:1 contraction with superimposed
streamlines for three different characteristic Weissenberg numbers for
a dilute polymer solution with 𝛽 = 0.90, 𝑏m = 1500 and 𝑧 = 1. It can be
seen that as before, 𝑏s has larger deviations from 𝑏m and the intensity
of the corner vortex increases with increasing Wi. It is interesting at
this point to note that as in the previous case of 𝑏s = 300, a thin region
where 𝑏s = 𝑏m is formed when Wi ≥ 20, located at 𝑦∕𝐻 ≲ 1. It was
found that this behaviour is caused by the fact that the magnitude of
the outer product in Eq. (5) goes to zero. Having a zero magnitude
means that the two normalised vectors of Eq. (5) are aligned and thus,
the area formed between them is zero. Following the ideas anticipated
in Ghosh et al. [45], this means that along this path the molecular
stiffening, which is related to the angle of the molecule with the applied
stretching, is zero.

In Fig. 16 a comparison of the obtained behaviour for 𝑏s (Fig. 16(a))
and 𝐴11 (Fig. 16(b)) between CFD and the numerical solution for
a steady-state shear flow is given, for all the Weissenberg numbers
examined. The CFD profiles are taken at a location downstream of
the contraction where the flow is fully-developed. Up to Wi = 20 the
solution obtained is matching very well with the expected response. For
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Fig. 16. Transverse profiles of (a) 𝑏s and (b) 𝐴11 downstream of the flow and where it is fully-developed, for the ALS-C model with 𝑏m = 1500 and 𝑧 = 1 for increasing Wieff at
different characteristic Weissenberg numbers. The responses are compared with the predicted behaviour of the model when in steady-shear flow. The dashed-line corresponds to
the obtained behaviour when during the numerical solution for each case the values obtained at previous Wi are used as an initialisation.
Fig. 17. Contours of 𝑁∗
1 = (𝜏11𝑝 − 𝜏22𝑝)∕(𝜂𝑝𝑈∕𝐻) with superimposed streamlines in a 4:1 contraction flow for the (a–c) ALS-C with 𝑧 = 1 and 𝑏m = 1500, and (d-f) FENE-P, for a

dilute polymer solution with 𝛽 = 0.90.
larger values of Wi = 30 and Wi = 40, it can be seen that a bifurcating
behaviour occurs around Wi∗ ∼ 70. This behaviour illustrates that
the ALS-C model for this particular combination of 𝑧 and 𝑏m values
has more than one solution branch. As mentioned in Section 3.2, the
second solution was found by considering as an initialisation for each
set of 𝑏s and 𝐴𝑖𝑖 those sets that were obtained at a previous Wieff. If
no initialisation is considered, the branch of the solution indicated by
the solid-line is obtained, for which 𝑏s is advancing towards 𝑏m around
Wi∗ ∼ 70. On the contrary, when the initialisation is considered, 𝑏s is
found to jump at 𝑏m = 1500 when Wi∗ ∼ 5x104. In Appendix D it is
shown that this behaviour depends on the chosen values of 𝑧 and 𝑏m
and ceases to exist after a specific set of values (e.g. it was not observed
for any 𝑧 value chosen when 𝑏m = 300), similar to what was seen in
Section 3.2 beyond a specific value of 𝑠. In general terms we noticed
that as 𝑧 increases or 𝑠 decreases this behaviour is lost and a single
solution exists.
12
In Fig. 17 a comparison between the ALS-C model with 𝑧 = 1
(top-row; Fig. 17(a)–(c)) and the FENE-P (bottom-row; Fig. 17(d)–(f))
models for 𝛽 = 0.90 and 𝑏m = 𝐿2 = 1500 is provided. The contours
correspond to 𝑁∗

1 and are superimposed with the streamlines of the
flow field. It can be seen that for this particular case, 𝑁∗

1 is more diffuse
for the ALS-C model with its intensity decreasing as Wi increases.
In contrast for the FENE-P model, for these particular Weissenberg
numbers examined, the opposite behaviour occurs. Furthermore, for
the ALS-C model the corner vortex is increasing in size without any
lip-vortice being developed, a behaviour that has also been observed
in other studies of viscoelastic fluid flows using the simplified version
(linear and exponential) of the sPTT model [17,77,79], while for the
FENE-P at Wi = 30 a lip vortex clearly is generated illustrating the
range of different responses that can be captured.

At this point it is useful to examine the differences in kinematics
between the ALS-C and FENE-P models by looking at the generated
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Fig. 18. Normalised streamwise velocity profiles along the flow centreline for dilute polymer solutions with 𝛽 = 0.90 for the ALS-C model when 𝑠 = 1 and 𝑧 = 1 with (a) 𝑏m = 300
and (b) 𝑏m = 1500 for increasing Wi. The responses of the equivalent cases modelled by the FENE-P model are included at Wi = 20 and Wi = 30. The inset figures in both plots
are zoomed versions at the velocity overshoot region.

Fig. 19. Contours of 𝑏s with (a) 𝑧 = 0.5, (b) 𝑧 = 2, (c) 𝑧 = 4 and (d) 𝑧 = 8 and the normalised first normal-stress difference when (e) 𝑧 = 0.5, (f) 𝑧 = 2, (g) 𝑧 = 4 and (h) 𝑧 = 8,
with superimposed streamlines in a 4:1 contraction flow for a dilute polymer solution with 𝛽 = 0.90, 𝑏m = 300 and 𝑠 = 1. For the case of 𝑧 = 2 the simulations start to be unsteady
and the contours are a time snapshot.

Fig. 20. Normalised streamwise velocity profiles along the flow centreline for dilute polymer solutions with 𝛽 = 0.90 and 𝑠 = 1 for different values of 𝑧 for the ALS-C model with
(a) 𝑏m = 300 and (b) 𝑏m = 1500 at Wi = 20 and Wi = 10 respectively. The responses of the equivalent cases modelled by the FENE-P are included for comparison. The inset figures
in both plots are zoomed versions at the velocity overshoot region. For the case of 𝑏m = 300 and 𝑧 = 2 the simulations start to be unsteady.
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Fig. 21. Contours of 𝑏s with (a) 𝑠 = 0.5, (b) 𝑠 = 1.5, (c) 𝑠 = 2 and the normalised first normal-stress difference when (e) 𝑠 = 0.5, (f) 𝑠 = 1.5, (g) 𝑠 = 2, with superimposed streamlines
in a 4:1 contraction flow for a dilute polymer solution with 𝛽 = 0.90, 𝑏m = 300 and 𝑧 = 1 at Wi = 10.
velocity profiles along the flow centreline. In Fig. 18, the obtained nor-
malised velocity profiles are illustrated for the cases of 𝑏m = 𝐿2 = 300
and 𝑏m = 𝐿2 = 1500 (Fig. 18(a)). In Fig. 18(a), the former case is shown
and it can be seen that a non-monotonic behaviour is observed for
the ALS-C model as Wi increases. At low Wi, the velocity developed is
similar to that of a Newtonian fluid flow, while at Wi = 5 an overshoot
is seen to form. At Wi = 10 and Wi = 15 the obtained profiles are found
to have smaller overshoots and start to approach the equivalent FENE-P
results when the Weissenberg number increases further at Wi = 20. A
similar response is also seen for the case of 𝑏m = 𝐿2 = 1500 shown in
Fig. 18(b). It can be seen that the maximum velocity overshoot forms
when Wi = 10 and for further increases the profile gets smaller values,
shifting eventually towards the FENE-P response.

4.2.2. Influence of 𝑧-parameter
In this section, we report the influence of the 𝑧 parameter (Eq. (1))

on the flow kinematics for fixed 𝑠 = 1, for the particular cases of
𝑏m = 𝐿2 = 300 and 𝑏m = 𝐿2 = 1500 when 𝛽 = 0.90 at Wi = 20 and
Wi = 10 respectively. Fig. 19 illustrates the different responses obtained
in terms 𝑏s (Fig. 19(a)–(d)) and in terms of 𝑁∗

1 (Fig. 19(e)–(g)) when
𝑏m = 300. It can be seen that for low values of 𝑧, 𝑏s exhibits large
deviations from 𝑏m (or 𝐿2) in the development region due to entrance
effects around the contraction. As 𝑧 increases, the ALS-C model starts
to exhibit similar behaviour to the FENE-P model, with 𝑏s exhibiting
only mild deviations from 𝑏m. Furthermore, differences in the corner
vortex and the 𝑁∗

1 are also clear. Comparing also with Fig. 14, it can
be seen that for low 𝑧 values the corner vortex is large and starts to
decrease as 𝑧 increases, while at the same time the lip-vortex becomes
more pronounced (for 𝑧 = 1 it is smaller), similar to what is observed
for the equivalent case for the FENE-P model. Finally, as 𝑧 increases
𝑁∗

1 is also increasing, with the wider region of high 𝑁∗
1 appearing

when 𝑧 = 2. In Appendix E, a comparison between the CFD results
taken at a transverse profile downstream of the flow where the flow
is fully-developed and the predicted responses at steady-state shear
flows is provided illustrating their excellent agreement. Additionally,
14
the dependence of the second solution branch upon the choice of the
𝑧-parameter is shown.

In Fig. 20 the influence of 𝑧 upon the velocity profiles is demon-
strated, and compared with the equivalent solutions obtained for a
Newtonian fluid and the FENE-P model. For both cases of 𝑏m = 300
(Fig. 20(a)) and 𝑏m = 1500 (Fig. 20(b)) the velocity overshoot is found
to depend on the value of 𝑧, demonstrating a non-monotonic behaviour.
In particular for the case of 𝑏m = 300 the maximum overshoot occurs
when 𝑧 = 2, while for 𝑏m = 1500 this occurs when 𝑧 = 1. Additionally,
for the case of 𝑏m = 300 it can be seen that as 𝑧 increases further than
𝑧 = 2, the velocity overshoot decreases and then increases again to shift
towards the behaviour observed for the FENE-P model.

4.2.3. Influence of 𝑠-parameter
In this section we report the behaviour of the ALS-C model when

varying the 𝑠 parameter while the 𝑧 parameter is maintained fixed at
𝑧 = 1. The cases investigated are for a dilute polymer solution with
𝛽 = 0.90 while 𝑏s = 300 and 𝑏s = 1500. In Fig. 21 the behaviour of 𝑏s
and 𝑁∗

1 with superimposed streamlines for the cases of 𝑠 = 0.5, 𝑠 = 1.5
and 𝑠 = 2 is presented. As 𝑠 > 1, then 𝑏s becomes more diffusive in the
entrance region. For this characteristic Weissenberg number there is no
lip vortex forming at the corner of the contraction and only a corner
vortex exist, while as 𝑠 is increasing the latter gradually increases. On
the contrary, the first normal-stress differences are slightly decreasing
while 𝑠 increases.

Fig. 22 shows the obtained solutions for increasing characteristic
Weissenberg numbers for a dilute polymer solution with 𝛽 = 0.90 when
𝑠 = 2 and 𝑏m = 1500. On the top row (Fig. 22(a)–(d)) the behaviour
of 𝑏s in the domain with superimposed streamlines is presented. For
Wi ≥ 20 the thin regions where 𝐧�̇� and 𝐧A are aligned start to appear,
and in contrast to the previous case shown in Fig. 15, they start to
form upstream of the contraction after 𝑥∕𝐻 ≤ −1. The bottom row of
Fig. 22 illustrates the development of 𝑁∗

1 in the developing region for
increasing Wi. Similar to all the responses seen so far, also for this case
it can be seen that as Wi increases, 𝑁∗ has a non-monotonic behaviour.
1
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Fig. 22. Contours of 𝑏s and the normalised first normal-stress difference when (a), (e) Wi = 5, (b), (f) Wi = 10, (c), (g) Wi = 20 and (d), (h) Wi = 30, with superimposed streamlines
in a 4:1 contraction flow for a dilute polymer solution with 𝛽 = 0.90, 𝑏m = 1500, 𝑧 = 1 and 𝑠 = 2.
Fig. 23. Couette correction for dilute polymer solutions with (a) 𝛽 = 0.90 and (b) 𝛽 = 0.95, for the ALS-C with 𝑏m = 300, 𝑏m = 1500 and 𝑏m = 5000 with 𝑧 = 1 and 𝑠 = 1 (open
symbols). The cases with 𝑧 = 1 and 𝑠 = 2 for 𝛽 = 0.90 and 𝑏m = 300 and the specific case of 𝑧 = 100, 𝑠 = 1 when 𝛽 = 0.90 and 𝑏m = 300 for the ALS-C model are included.
Additionally the responses of FENE-P for the same solutions when 𝐿2 = 300 and 𝐿2 = 1500, are provided for comparison (closed symbols). The dashed line indicates the Newtonian
value, while the dotted line is a guide to the eye for the 𝐶 = 0. Any part-closed symbols correspond to time-dependent flows.
The intensity of 𝑁∗
1 starts to grow initially around the corner of the

domain and then increases downstream of the corner up to Wi = 20.
For further increases 𝑁∗

1 starts to lose its intensity.

4.2.4. Pressure-drop measurements
In this section we present our results on the excess pressure-drop

measurements caused by the contraction expressed in terms of the so-
called Couette correction coefficient 𝐶 [14,22,80]. The coefficient is
defined as 𝐶 ≡ (𝛥𝑃 − 𝛥𝑃fd,U − 𝛥𝑃fd,D)∕2𝜏𝑤, where 𝛥𝑃 is the pressure-
drop along the contraction, 𝛥𝑃fd,U and 𝛥𝑃fd,D are the pressure-drops
upstream and downstream of the contraction where the flow is fully-
developed and 𝜏𝑤 is the stress applied at the wall of the outlet channel
where the flow is fully-developed, considering the fundamental re-
lationship 𝜏𝑤 = 𝛥𝑃fd,D𝐻∕𝐿 [14,22,80]. Defined in this manner, the
Couette correction represents a non-dimensional form of the excess
pressure drop solely due to the contraction.

In Fig. 23 the values of the Couette correction coefficient for all the
investigated cases of dilute polymer solutions (𝛽 = 0.90 and 𝛽 = 0.95)
considered are presented. For clarity, the results are presented for
those with 𝛽 = 0.90 in Fig. 23(a) and for those with 𝛽 = 0.95 are
shown in Fig. 23(b). It can be seen that overall the model is not
15
able to predict large enhancements in pressure-drops compared to the
Newtonian fluid case. However, depending on the case, it manages to
predict higher values for 𝐶 compared to the equivalent FENE-P cases,
further supporting the idea that the use of a rate-dependent extensi-
bility parameter is essential [81]. For those cases with 𝑏m = 𝐿2 = 300
it can be seen both in Figs. 23(a) and 23(b) that the ALS-C model
initially predicts slightly higher values compared to the FENE-P model,
eventually reaching to a plateau that is then exceeded by the FENE-P
model. Note that for this value of the maximum extensibility and when
𝑧 = 100, the exact same value for 𝐶 is obtained with the FENE-P
model for the investigated case at Wi = 30 (further comparison of the
obtained flow fields is given in Appendix D). This agreement further
demonstrates the correct implementation of the CFD solver, since the
expected behaviour that the ALS-C tends to the FENE-P in the limit of
𝑧 → ∞ is predicted. When changing the value of 𝑠, and in particular
for the case of 𝛽 = 0.90 with 𝑠 = 2 and 𝑏m = 300, it can be
seen that an initial enhancement exists. However, further increases
in Wi are not followed by further increases in 𝐶 but rather result
in a decrease in the evaluated pressure-drop. On the contrary when
a high polymer extensibility is employed, 𝑏m = 𝐿2 = 1500, it can be
seen that the ALS-C model predicts coefficients with larger differences



Journal of Non-Newtonian Fluid Mechanics 304 (2022) 104776K. Zografos et al.

m
a
A
s
N

c
m
F
h
p
i
a

t
w
c
i

b
s
r
i
t
e
l
p
p

Fig. 24. Couette correction for dilute polymer solutions with 𝛽 = 0.90 and different 𝑧 values when (a) 𝑏m = 300 and (b) 𝑏m = 1500 and for different values of 𝑠 when 𝑧 = 1 at
Wi = 10. Any part-closed symbols correspond to time-dependent flows. The dashed line indicates the Newtonian value, while the dotted line is a guide to the eye for the equivalent
FENE-P case at the same Wi.
Fig. 25. Couette correction for dilute polymer solutions with 𝛽 = 0.90 for the ALS-C
odel with 𝑏m = 1500 and 𝑧 = 1 for different values of the 𝑠 parameter in an

xisymmetric abrupt 4:1 contraction. The specific case of 𝑧 = 100 at Wi = 3 for the
LS-C model is included. Additionally the responses of the FENE-P model for the same
olution with 𝐿2 = 1500 is provided for comparison. The dashed line indicates the
ewtonian value, while any part-closed symbols correspond to time-dependent flows.

ompared to the equivalent FENE-P cases for both 𝛽 values considered,
anaging additionally to exceed the Newtonian value. In particular the

ENE-P model under these conditions predicts a pressure recovery at
igh Wi (i.e. a negative Couette correction which is not observed in
ractice [14]). For the particular case of 𝑠 = 2 with 𝑧 = 1 when 𝛽 = 0.90
t can be seen in Fig. 23(a) that an enhancement in pressure-drop exist
t smaller Wi numbers.

To investigate further the capabilities of the model, the influence of
he 𝑧 and 𝑠 parameters are reported in Fig. 24 for the cases of 𝛽 = 0.90
ith 𝑏m = 300 and 𝑏m = 1500. Fig. 24(a) shows the results for the

ase with 𝑏m = 300. It can be seen that the maximum obtained value
s obtained for 𝑧 = 2. On the contrary for the case of 𝑏m = 1500

shown in Fig. 24(b), the maximum obtained value is for 𝑧 = 0.5. For
oth cases it can be observed that as the value of 𝑧 is increasing, the
olution obtained moves towards the FENE-P similarly to what it was
eported and discussed in the previous sections. When the 𝑠 parameter
s increased further, increases in 𝐶 are achievable managing to exceed
he Newtonian value, with the case of 𝑠 = 2 resulting in the higher
nhancement at Wi = 10. However for 𝑠 < 1, the evaluated 𝐶 has
ower values. It is clear that the ability of the ALS-C model to predict
ressure drop enhancements is very sensitive to the choice of the model
arameters.
16
Table 2
Comparison between the results obtained for the two meshes employed
for a range of different cases.

Fluid Wi 𝑢∕𝑈2 𝐶

ALS-C (𝛽 = 0.90, 𝑧 = 1, 𝑠 = 1)
𝑏m = 300 20 0.01% 0.09%
𝑏m = 1500 10 0.02% 0.33%

In order to verify that the results obtained are mesh independent,
we illustrate in Table 2 the maximum deviations obtained between the
velocity profiles at the overshoot peak and the Couette correction for
each case when the meshes given in Table 1 are employed. The reported
errors for all cases illustrate that the solutions obtained are in good
agreement.

Before concluding this section it worth noting that we performed
simulations considering the flow of dilute polymer solutions with
𝛽 = 0.90 and 𝐿2 = 1500 in an axisymmetric abrupt 4:1 contraction. As
it can be seen in Fig. 25, the ALS-C model for with 𝑧 = 1 and 𝑠 = 2
predicts an enhancement in the Couette correction, while the case with
𝑧 = 1 and 𝑠 = 1 approaches the Newtonian value.On the contrary, as
before, for the FENE-P model the values of the Couette correction are
dropping as Wi increases. The case of the ALS-C model with 𝑧 = 100
and 𝑠 = 1 is also included and a very good agreement with the FENE-P
model is found at Wi = 4.

5. Conclusions

In this paper we presented the set of equations that need to be
implemented in order to employ the closed form of the Adaptive Length
Scale (the ‘‘ALS-C’’) model in CFD simulations. We illustrated that a
different procedure from the one used in Ghosh et al. [45] has to be
followed for the results to be frame independent, incorporating the use
of the normal unit vector of the conformation tensor. Additionally, a
quadratic approximation for Eq. (1) was proposed to avoid the need to
employ a more computational demanding root-finding method to solve
for the instantaneous extensibility parameter. For steady-state shear
flows the model was found, under certain conditions, to produce more
than one solution branch for 𝑏s and consequently for A, depending on
a combination of 𝑏m, 𝑧 and 𝑠, probably reflecting back to the employed
closure.

It was illustrated that the ALS-C model is a generalisation of the
FENE-P model maintaining the core ideas of the latter and introduces
a new set of parameters that can be used for obtaining closer ap-
proximations to responses that are found experimentally. The basic

modification is that the extensibility is allowed to vary depending
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on the local characteristics of the flow field (Wieff). This behaviour
was illustrated for several cases together with the influence it has on
the kinematics. When 𝑧 → ∞ the behaviour of the FENE-P model is
recovered (both in steady-state shear flows and CFD simulations in
complex flows), while as Wi increases the behaviour of the ALS-C model
asymptotes to the FENE-P response. For parameters that generate a
different response, the ALS-C model manages to capture the pressure-
drop enhancements for both cases of dilute polymer concentrations
investigated. It is important to note that the steady-state extensional
properties for the ALS-C and the FENE-P will be the same no matter
the values of 𝑧 and 𝑠 (e.g. extensional viscosity, first normal-stress
difference). Thus, from the results presented here, it is confirmed that
the pressure-drop enhancement in contraction flows depends on non-
steady state properties and these need to be captured by the constitutive
model. In future work, we aim to provide direct comparison with
experimental data to have a better insight of the actual capabilities
of the model and to investigate more complex and three-dimensional
geometries.
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Appendix A. Original approach of Ghosh et al. (2002)

The original approach proposed by Ghosh et al. [45] employs a
different unit vector instead of 𝐧A in the outer product of Eq. (5), which
is defined as

𝐧C =
⎛

⎜

⎜

⎝

(𝐴11)1∕2

(𝐴22)1∕2

(𝐴33)1∕2

⎞

⎟

⎟

⎠

1
(Tr𝐀)1∕2

. (A.1)

In the following sections it will be shown that this approach appears
problematic, as a consequence of frame invariance issues. Suggestions
to overcome these issues are provided.

A.1. Steady-state shear flow

Considering the case of Section 3.2, the velocity profile is defined
in Cartesian coordinates as 𝐮 = (�̇�0𝑥2, 0, 0), where �̇�0 is the constant
shear-rate experienced by a fluid element along the 𝑥2 direction. The
shear-rate tensor for this velocity field will have the form:

�̇� = [∇𝐮 + (∇𝐮)T] =
⎡

⎢

⎢

⎣

0 �̇�0 0
�̇�0 0 0
0 0 0

⎤

⎥

⎥

⎦

. (A.2)

The three eigenvalues of the shear rate-rate tensor will be 𝜃1 = �̇�0,
𝜃2 = −�̇�0 and 𝜃3 = 0, with their three corresponding normalised
eigenvectors being 𝐧�̇� ,1 = (1∕

√

2, 1∕
√

2, 0), 𝐧�̇� ,2 = (1∕
√

2,−1∕
√

2, 0)1 and

1 It is mentioned that for this eigenvector the signs between the non-zero
lements can be reversed i.e. 𝐧2 = (−1∕

√

2, 1∕
√

2, 0), however this does not
affect the final result and the magnitude of |𝐧 × 𝐧C| in Eq. (5) will be the
same. This holds for a 2D flow, however in three dimensions differences of
this type, although valid, are expected to introduce additional problems in the
evaluation of the 𝑏 evolution equation.
17

s c
Fig. A.26. Schematic representation of a channel flow. The dotted line illustrates the
location of the flow centreline.

𝐧𝛾,3 = (0, 0, 1). As before, 𝜃3 = 0 is a consequence of the 2D flow and is
excluded, while the other two eigenvalues are, as expected, |𝜃1| = |𝜃2|
(see proof in Appendix B). From Eq. (2) the effective Weissenberg will
be Wieff = 𝜆�̇�0∕2, irrespective of the choice of the eigenvalue. The
evaluation of the outer product |𝐧�̇� × 𝐧C| in Eq. (5) considering each
one of the normalised eigenvectors will give:

𝜃1 ∶ |𝐧�̇� ,1 × 𝐧C| =
[

𝐶2
33 +

1
2
(𝐶22 − 𝐶11)2

]1∕2
,

2 ∶ |𝐧�̇� ,2 × 𝐧C| =
[

𝐶2
33 +

1
2
(𝐶22 + 𝐶11)2

]1∕2
, (A.3)

here 𝐶𝑖𝑖 = (𝐴𝑖𝑖∕Tr𝐀)1∕2 (the index 𝑖 = 1, 2, 3 corresponds to each of the
hree directions and does not indicate Einstein summation). Comparing
he two magnitudes it can be clearly seen that, although the absolute
igenvalues are the same, the choice of one eigenvector over the other
ill generate a different result for the magnitude of the outer product.
he simplest solution to this may be to reject the case of the negative
igenvalue. However, we show below that this does not resolve the
ssue.

We now consider the reversed problem, for which the bottom wall is
oving with a constant velocity and the top is fixed. The velocity field

s described by the vector 𝐮∗ = (�̇�0(𝐻 − 𝑥2), 0, 0). It can be shown, that
lthough the resulting shear-rate matrix has the same eigenvalues as
een in the previous case (𝜃∗1 = 𝜃1 = �̇�0, 𝜃∗2 = 𝜃2 = −�̇�0 and 𝜃∗3 = 𝜃3 = 0),
he corresponding eigenvectors are not the same. In particular, and
hile considering only the non-zero eigenvalues, for the case of 𝜃∗1 = �̇�0

the corresponding eigenvector is now 𝐧∗�̇� ,1 = (1∕
√

2,−1∕
√

2, 0), while for
∗
2 = −�̇�0 we get 𝐧∗�̇� ,2 = (1∕

√

2, 1∕
√

2, 0). Therefore, the evaluation of the
outer product |𝐧�̇� × 𝐧C| will now give:

∗
1 ∶ |𝐧∗�̇� ,1 × 𝐧C| =

[

𝐶2
33 +

1
2
(𝐶22 + 𝐶11)2

]1∕2
,

𝜃∗2 ∶ |𝐧∗�̇� ,2 × 𝐧C| =
[

𝐶2
33 +

1
2
(𝐶22 − 𝐶11)2

]1∕2
. (A.4)

Comparing now Eqs. (A.3) and (A.4), it can be seen that although
𝜃1 = 𝜃∗1 , |𝐧�̇� ,1 × 𝐂| ≠ |𝐧∗�̇� ,1 × 𝐂| (the same holds for 𝜃2 = 𝜃∗2 ). This
emonstrates that simply choosing the positive eigenvalue (or the
egative) is not adequate to ensure that results for this approach are
rame independent. Thus, if the original equations of Ghosh et al. [45],
roposed for homogeneous flows, are used unquestioningly in a general
D solver it is likely that they will produce inconsistent results and
otential numerical instabilities due to artificial symmetry-breaking
tc. In fact we observed precisely such issues when we did implement
he model following the original approach as is now discussed in
ppendix A.2.

.2. Channel flow

In this section the performance of the ALS-C model using the
pproach proposed in Ghosh et al. [45] (using Eq. (A.1) in Eq. (5)
nstead of 𝐧A) when simulating a channel flow is discussed. The analysis
s for the same 2D channel employed in Section 4.1. Dividing the flow
omain into two symmetric parts, 𝐴 and 𝐵, as illustrated schemati-
ally in Fig. A.26 and expressing the shear-rate tensor exactly at two
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𝛾𝛾
Fig. A.27. Contour-plots of the evaluated fields for (a, b) 𝑏s, (c, d) Wieff and (e, f) 𝐴11 when 𝐧�̇� ,1 and 𝐧�̇� ,2 are used respectively while 𝑏m = 300, 𝑧 = 1 and 𝑠 = 1.
𝛾𝛾
arbitrary, but symmetric points of the flow field about the centreline
we get:

�̇�𝐴 =
⎡

⎢

⎢

⎣

0 −𝑎 0
−𝑎 0 0
0 0 0

⎤

⎥

⎥

⎦

, �̇�𝛾𝛾𝐵 =
⎡

⎢

⎢

⎣

0 𝑎 0
𝑎 0 0
0 0 0

⎤

⎥

⎥

⎦

, (A.5)

where 𝑎 = 𝜕𝑢1∕𝜕𝑥2. As shown in Appendix B, the eigenvalues of matri-
ces of this type will always be same in absolute value but with different
signs. Thus, we can write that 𝜃𝐴,1 = 𝜃𝐵,1 = 𝑎 and 𝜃𝐴,2 = 𝜃𝐵,2 = −𝑎.
As reported before, it is straight forward to show that for the same
eigenvalues the corresponding eigenvectors will be different and the
inconsistency of the model is again clear. One of the eigenvectors will
have both elements positive (𝐧�̇� ,1), while the other will have at least
one negative (𝐧�̇� ,2). Therefore, if we choose to use the eigenvector in
the outer product of Eq. (5) based only on the corresponding maximum
eigenvalue (e.g. the positive value), the result will not be the same for a
point at 𝐴 and its symmetric counterpart at 𝐵. Therefore, the magnitude
of the outer product in the evolution equation of 𝑏s will be different
for symmetric locations, which in turn will generate different stresses
at points that should have the same flow characteristics via symmetry.

A solution to the problem would be to base our choice of the eigen-
value on a specific, more robust, criterion to enforce consistency. For
example, examining the sign of the shear-rate at 𝐴 this will be negative,
while at 𝐵 it will be the opposite. With that in mind, one could always
choose the eigenvalue that has the same sign as the local shear-rate
and that way the employed eigenvectors at symmetric locations will
match. An alternative would be to base the choice on the opposite sign.
In fact, this partially handles the problem. However, investigating flow
conditions where streamwise gradients exist, the generated non-zero
diagonal elements complicate the use of the eigenvectors at transition
regions.

In Appendix C it is demonstrated that for a generic form of �̇�𝛾𝛾 in
2D, a ‘‘flip’’ about the diagonal of the normalised eigenvector elements
occurs depending on the sign of the shear-rate elements. Thus, the
evaluation of the magnitude of the outer product will be problematic
and will depend upon the flow direction. Typically, general flows have
streamwise gradients and thus, the use of the original approach requires
18

further modification. In fact, this inherent problem of the model can
also affect the simple flow in a channel. Considering the presence of a
small numerical error in the diagonal elements of the shear-rate tensor
(Eq. (A.2)), which prevents them for being identically zero, will result
in the flip of the normalised vector elements at regions 𝐴 and 𝐵. The
differences between the flipped values are very small and its effects
upon the outer product are not easily captured/identified. Clearly all
these issues complicate the use of the model when simulating flows
in 3D. To avoid the problem imposed by the direction sign of the
shear elements we propose to evaluate everywhere the eigenvectors
and eigenvalues of a modified shear-rate tensor, �̇�𝛾𝛾𝑚, where the absolute
values of the non-diagonal elements are considered:

�̇�𝑚 =
⎡

⎢

⎢

⎣

�̇�11 |�̇�12| |�̇�13|
|�̇�21| �̇�22 |�̇�23|
|�̇�31| |�̇�32| �̇�33

⎤

⎥

⎥

⎦

. (A.6)

The diagonal elements are maintained without absolute values since
they must satisfy incompressibility and symmetric locations in a flow
will not have opposite signs.

Fig. A.27 illustrates contour-plots of the obtained solutions for the
2D, fully-developed, flow in a channel when Wi = 10. In particular,
Fig. A.27(a) and (b) show the solutions obtained for 𝑏s when 𝐧�̇� ,1 and
𝐧�̇� ,2 are chosen respectively. For both cases 𝑏s becomes equal to 𝑏m
within a small region along the flow centreline, due to the low values
of Wieff. The evaluation of Wieff is illustrated in Fig. A.27(c) and (d) for
each case respectively and it can be seen, that as expected, is increasing
closer to the wall. While Wieff is increased, 𝑏s starts to deviate from
𝑏m. Finally, Fig. A.27(e) and (f) present the contour-plots of the first
element of the conformation tensor, 𝐴11. It can be seen that for the case
of 𝐧�̇� ,1 (positive eigenvector) it obtains slightly higher values overall
compared to 𝐧�̇� ,2. It can be seen that these responses are qualitatively
the same with those reported in Section 4.1.

A more quantitative comparison of 𝑏s and 𝐴11 obtained by CFD is
given in Fig. A.28 for all cases. The CFD results are plotted against
the predicted behaviour by the numerical solution of the model equa-
tions when in steady-state shear flow. It can be seen that for both
eigenvectors, the solutions obtained are in good agreement both for
𝑏s (see Fig. A.27(a)) and the elements of the conformation tensor (see

Fig. A.27(b)).
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Fig. A.28. Behaviour of (a) 𝑏s and (b) 𝐴11 when 𝐧�̇� ,1 and 𝐧�̇� ,2 are used, following the original approach of Ghosh et al. [45] for the ALS-C model with 𝑏m = 300, 𝑧 = 1 and
𝑠 = 1 as a function of Wi∗. The responses obtained from the CFD simulations for a channel flow with Wi = 10 are compared with the predicted behaviour of the model when in

steady-shear flow.
Fig. A.29. Contour-plot of the evaluated field for 𝑏s when 𝐧A of Eq. (5) is (a) the eigenvector of the maximum eigenvalue of 𝐀 (as in Eq. (5)) and (b) defined as in Ghosh
et al. [45] and discussed in Appendix A (Eq. (A.1)). In (c) an (d) the transverse profiles of each case respectively, extracted at a location upstream where the flow is fully-developed,
are compared against the expected behaviour from steady-state shear flow for increasing Wi∗. All cases are for 𝑏m = 300, 𝑧 = 1 and 𝑠 = 1.
A.3. Corner flow

Here we demonstrate a direct comparison between the two ap-
proaches for the outer product, employing a more complex flow via
flow around a 90𝑜 channel bend. Following the discussion in Appen-
dices A.1 and A.2, only the case of the eigenvector with positive
19
elements to represent the original approach in Ghosh et al. [45] is
considered for comparison. Moreover, this case is investigated when
different angles are applied in order to examine independence of the
solution on the frame of the problem. In particular three cases are
considered for each approach, employing geometries at 0o and rotated
10o and 20o relative to the 𝑥-axis (see Fig. A.29(a) and (b)).
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The contours of Fig. A.29(a) and (b) present the obtained CFD
solutions for 𝑏s for a dilute polymer solution with 𝛽 = 0.90 and 𝑏m = 300
at Wi = 𝜆𝑈∕𝐻 = 1.5, when the proposed approach (𝐧A in Eq. (5)) and
the original one suggested in Ghosh et al. [45], are used respectively.
When the approach employed here is used, it can be seen that 𝑏s
contours are the same for all three different cases, exactly as should
occur for a scalar quantity. This is additionally verified from the 𝑏s
profiles shown in Fig. A.29(c), taken at some point upstream of the inlet
channel where the flow is fully-developed. For all cases, the profiles
extracted match very well to one another and at the same time follow
the expected behaviour from steady-state shear. On the contrary, when
the approach used in Ghosh et al. [45] is considered, it can be clearly
seen that the contours of the scalar quantity are affected by the imposed
angle. The differences between the velocity and consequently the stress
fields of the straight and tilted domains is affecting the evaluation of
the actual extensibility. The normalised vector 𝐧C proposed by Ghosh
et al. [45], is not able to contain all the information imposed by the
applied rotation. This is further verified by the profiles taken at a
location upstream of the inlet channel and presented in Fig. A.29(d), in
which deviations from the expected response are clear. The case study
presented here illustrates clearly that the methodology for using the
ALS-C model in CFD simulations should be the approach presented in
Section 2.1 expressed by 𝐧A. Employing directly the eigenvector of 𝐀
which corresponds to its largest eigenvalue, instead of a normalised
vector that is formed by its main diagonal elements (see Eq. (A.1)),
ensures that the results will be frame independent since contributions
from all directions are taken into account.

Appendix B. Eigenvalues for a general 2D flow

The shear-rate tensor for an arbitrary point in a 2D flow field will
have the following form:

�̇� =
⎡

⎢

⎢

⎣

�̇�11 �̇�12 0
�̇�21 �̇�22 0
0 0 0

⎤

⎥

⎥

⎦

, (B.1)

where �̇�11 = 2𝜕𝑢1∕𝜕𝑥1, �̇�22 = 2𝜕𝑢2∕𝜕𝑥2 and �̇�12 = �̇�21 = 𝜕𝑢1∕𝜕𝑥2 +
𝜕𝑢2∕𝜕𝑥1. The eigenvalues of the shear-rate tensor are found by solving
det(𝜃𝐈 − �̇�𝛾𝛾) = 0:
|

|

|

|

|

|

|

𝜃 − �̇�11 −�̇�12 0
−�̇�21 𝜃 − �̇�22 0
0 0 𝜃

|

|

|

|

|

|

|

= 0 ⇒ 𝜃
[

(𝜃 − �̇�11)(𝜃 − �̇�22) − �̇�212
]

= 0 (B.2)

Excluding the case of the zero eigenvalue (𝜃3 = 0) and by employing
the incompressibility constraint ∇⋅𝐮 = 0, from which 𝜕𝑢1∕𝑥1 = −𝜕𝑢2∕𝑥2,
Eq. (B.2) will produce, after some rearrangement, two equal eigenval-
ues in absolute terms, but with an opposite sign:

𝜃1 =
[(

2
𝜕𝑢1
𝜕𝑥1

)2
+
(

𝜕𝑢1
𝜕𝑥2

+
𝜕𝑢2
𝜕𝑥1

)2]1∕2
,

𝜃2 = −
[(

2
𝜕𝑢1
𝜕𝑥1

)2
+
(

𝜕𝑢1
𝜕𝑥2

+
𝜕𝑢2
𝜕𝑥1

)2]1∕2
. (B.3)

Appendix C. Example of non-zero diagonal elements

Here we demonstrate the ‘‘flip’’ of the elements of the eigenvectors
at two symmetric points, occurring when Eq. (A.1) is employed instead
of 𝐧A in Eq. (5). For simplicity a 2D example is provided. The matrices
below represent the shear-rate tensor at two arbitrary, but symmetric
points 𝐴 and 𝐵 in a flow field, where streamwise gradients also occur:

�̇�𝐴 =
⎡

⎢

⎢

⎣

𝑎 −𝑎 0
−𝑎 −𝑎 0
0 0 0

⎤

⎥

⎥

⎦

, �̇�𝛾𝛾𝐵 =
⎡

⎢

⎢

⎣

𝑎 𝑎 0
𝑎 −𝑎 0
0 0 0

⎤

⎥

⎥

⎦

. (C.1)

It can be seen that the diagonal elements satisfy continuity, while the
off-diagonal elements have equal values in absolute terms, but different
20
Fig. D.30. Contours of 𝑁∗
1 with superimposed streamlines in a 4:1 contraction flow for

the (a) ALS-C with 𝑧 = 100 and (b) FENE-P for a dilute polymer solution with 𝛽 = 0.90
and 𝑏m = 𝐿2 = 300.

signs due to the imposed direction. Evaluating the eigenvalues and the
corresponding normalised eigenvectors for point A we find:

𝜃𝐴,1 = 1.41𝑎 ∶ 𝐧𝐴,1 = (0.924, 0.383, 0),

𝜃𝐴,2 = −1.41𝑎 ∶ 𝐧𝐴,2 = (−0.383, 0.924, 0), (C.2)
𝜃𝐴,3 = 0 ∶ 𝐧𝐴,2 = (0, 0, 1)

Similarly, for point B we get:

𝜃𝐵,1 = 1.41𝑎 ∶ 𝐧𝐴,1 = (0.924,−0.383, 0),

𝜃𝐵,2 = −1.41𝑎 ∶ 𝐧𝐴,2 = (0.383, 0.924, 0), (C.3)
𝜃𝐵,3 = 0 ∶ 𝐧𝐴,2 = (0, 0, 1)

The analysis done so far suggested that a solution to the inconsistency
of the original approach proposed in Ghosh et al. [45] would be to set
a criterion in order to use the same eigenvectors. A first choice would
be to use the eigenvalue that has the same sign with that of the local
shear rate. An alternative, but still consistent, would be to consider the
opposite case. Comparing the eigenvectors in Eqs. (C.2) and (C.3), it can
be seen that for a general point an its symmetric, none of these criteria
will work. In particular, choosing the eigenvectors from 𝜃𝐴,1 and 𝜃𝐵,2,
it can be seen that although both have positive elements their values
are flipped, 𝐧1𝐴,1 = 𝐧2𝐵,2 and 𝐧2𝐴,1 = 𝐧2𝐵,1, with the superscript indicating
the number of the element. Thus, the evaluation of the outer product in
Eq. (5) will be different at point 𝐴 and 𝐵. The same also occurs for the
opposite choice of 𝜃𝐴,2 and 𝜃𝐵,1 which correspond to the eigenvectors
that have at least one negative element.

The problem of approaching the ALS-C model in this manner, is
that non-diagonal elements of the shear-rate tensor have a sign which
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Fig. E.31. Transverse profiles of (a) 𝑏s and (b) 𝐴11 downstream where the flow is fully-developed, for different values of the 𝑧-parameter in Eq. (1) of the ALS-C model with
𝑏m = 300 and 𝑠 = 1 for increasing Wi∗ and when Wi = 20. The responses are compared with the predicted behaviour of the model when in steady-shear flow.
Fig. E.32. Transverse profiles of (a) 𝑏s and (b) 𝐴11 downstream where the flow is fully-developed, for different values of the 𝑧-parameter in Eq. (1) of the ALS-C model with
𝑏m = 300 and 𝑠 = 1 for increasing Wi∗ and when Wi = 10. The responses are compared with the predicted behaviour of the model when in steady-shear flow. The dashed-lines
correspond to the obtained behaviour when during the numerical solution for each case the values obtained at previous Wi are used as an initialisation.
indicates the direction of the gradient, whereas the vector proposed
in Eq. (A.1) consisting of the conformation tensor diagonal elements
does not. Therefore the outer product will be affected by the direction.
A solution to this problem can be given only if the absolute values
of the off-diagonal elements are considered for the evaluation of the
eigenvectors (eigenvalues will be the same). These issues do not occur
in our selected approach to use the eigenvector of the conformation
tensor which corresponds to its maximum eigenvalue, because the same
information exists in the non-diagonal elements of A and is taken into
account.

Appendix D. Numerical Results for the ALS-C corresponding to the
FENE-P limit

In this section we illustrate the CFD results obtained for the ALS-C
model with 𝑧 = 100 and 𝑠 = 1, which we take to represent the
asymptotic limit where the model approximates to the FENE-P model
(i.e. 𝑧 → ∞). A comparison is given with the equivalent results obtain
using the latter additionally demonstrating the accuracy of our imple-
mentation (Fig. D.30). It is also worth reiterating that, in Section 4.2.4
in Fig. 23(a) the value of the Couette correction for these two cases is
21

in a very good agreement with a minor deviation of just 0.3%.
Appendix E. Numerical results for the ALS-C for different z-values
in contraction flow

In this section we provide a comparison between the results from
the CFD simulations obtained for a flow within a 4:1 contraction
(Section 4.2.2) with the numerical solution of the equations when
considering steady-state shear flow for different 𝑧 values of the ALS-C
model. The CFD profiles are taken at a location far enough downstream
of the outlet channel where the flow is fully-developed. In Fig. E.31
a comparison between 𝑏s and A11 is given for the case of 𝑏m = 300,
while in Fig. E.32 the same comparisons are provided for the case
of 𝑏m = 1500. It can be seen that for all the cases the CFD results
are in excellent agreement with the numerical solutions. Finally, it
should be mentioned that for the case of 𝑏m = 1500 the two solutions
branches predicted by the model are also illustrated. It can be seen
that the existence of the second branch depends on the choice of
the 𝑧 parameter since for the cases of 𝑧 = 4 and 𝑧 = 8, only one
solution is obtained. On the other hand, a second solution branch is
not encountered for all the cases investigated with 𝑏m = 300. This
demonstrates that in addition to the value of 𝑧, its appearance also
depends on the value of 𝑏m.
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