This 1s a peer-reviewed, accepted author manuscript of the tollowing research article:

Bruckner, F., Suess, D., Feischl, M., Fuhrer, T., Goldenits, P., Page, M., Praetorius, D., & Ruggeri, M. (2014). Multiscale modeling in
micromagnetics: Existence of solutions and numerical integration. Mathematical Models and Methods in Applied Sciences, 24(13),
2627-2662. https://doi.org/10.1142/S0218202514500328

Multiscale Modelling in Micromagnetics:
Existence of Solutions and Numerical Integration

F. Bruckner, D. Suess

Institute of Solid State Physics, Vienna University of Technology, Wiedner Hauptstrafle 8—10
Vienna, 1040, Austria
{Florian. Bruckner, Dieter.Suess} Qtuwien.ac.at

M. Feischl, T. Fihrer} P. Goldenits, M. Page, D. Praetorius, M. Ruggeri

Institute for Analysis and Scientific Computing, Vienna University of Technology, Wiedner
Hauptstrafse 8-10
Vienna, 1040, Austria
{ Michael. Feischl, Thomas. Fuehrer, Dirk. Praetorius, Michele. Ruggeri} @tuwien. ac.at

Received (Day Month Year)
Revised (Day Month Year)
Communicated by (XXXXXXXXXX)

Various applications ranging from spintronic devices, giant magnetoresistance sensors,
and magnetic storage devices, include magnetic parts on very different length scales.
Since the consideration of the Landau-Lifshitz-Gilbert equation (LLG) constrains the
maximum element size to the exchange length within the media, it is numerically not
attractive to simulate macroscopic parts with this approach. On the other hand, the mag-
netostatic Maxwell equations do not constrain the element size, but cannot describe the
short-range exchange interaction accurately. A combination of both methods allows to
describe magnetic domains within the micromagnetic regime by use of LLG and also con-
siders the macroscopic parts by a non-linear material law using the Maxwell equations.
In our work, we prove that under certain assumptions on the non-linear material law,
this multiscale version of LLG admits weak solutions. Our proof is constructive in the
sense that we provide a linear-implicit numerical integrator for the multiscale model such
that the numerically computable finite element solutions admit weak H'-convergence (at
least for a subsequence) towards a weak solution.

Keywords: Micromagnetics; Landau-Lifshitz-Gilbert equation; multiscale model; finite
elements; FEM-BEM coupling.
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1. Introduction

The understanding of magnetization dynamics, especially on a microscale, is of utter
relevance, for example in the development of magnetic sensors, recording heads, and
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magnetoresistive storage devices. In the literature, a well accepted model for mi-
cromagnetic phenomena is the Landau-Lifshitz-Gilbert equation (LLG), see (2.12).
This non-linear partial differential equation describes the behaviour of the magneti-
zation of some ferromagnetic body under the influence of a so-called effective field.
Existence (and non-uniqueness) of weak solutions of LLG goes back to Ref. 3. As
far as numerical simulation is concerned, convergent integrators can be found, e.g.,
in the works of Refs. 8, 9 or 7, where even coupling to Maxwell’s equations is con-
sidered. For a complete review, we refer to Refs. 13, 16, 24 or the monographs 21,
28 and the references therein. Recently, there has been a major breakthrough in the
development of effective and mathematically convergent algorithms for the numeri-
cal integration of LLG. In Ref. 1, an integrator is proposed which is unconditionally
convergent and only needs the solution of one linear system per time step. The ef-
fective field in this work, however, only covers microcrystalline exchange effects and
is thus quite restricted. In the subsequent works of Refs. 2, 18, 19, 20 the analysis
for this integrator was widened to cover more general (linear) field contributions
while still conserving unconditional convergence.

In our work, we generalize the integrator from Ref. 1 even more and basically al-
low arbitrary field contributions (Section 3). Under some assumptions on those con-
tributions, namely boundedness and some weak convergence property, see (3.12)—
(3.13), our main theorem still proves unconditional convergence towards some weak
solution of LLG (Theorem 3.1). In particular, our analysis allows to incorporate the
approximate computation of effective field contributions like, e.g., the stray field
which cannot be computed analytically in practice, but requires certain FEM-BEM
coupling methods (Section 4.4). Such additional approximation errors have so far
been neglected in the previous works. To illustrate this, we show that the hybrid
FEM-BEM approaches from Refs. 14, 17 for stray field computations does not affect
the unconditional convergence of the proposed integrator (Proposition 4.2, Propo-
sition 4.3).

From the point of applications, the numerical integration of LLG restricts the
maximum element size for the underlying mesh to the (material dependent) ex-
change length in order to numerically resolve domain wall patterns. Otherwise, the
numerical simulation is not able to capture the effects stemming from the exchange
term and would lead to qualitatively wrong and even unphysical results. However,
due to limited memory, this constraint on the mesh-size practically also imposes
a restriction on the actual size of the contemplated ferromagnetic sample. Consid-
ering the magnetostatic Maxwell equations combined with a (non-linear) material
law instead, one does not face such a restriction on the mesh-size (and thus on the
computational domain). On the one hand, this implies that such a rough model
cannot be used to describe short-range interactions like those driving LLG. On the
other hand, this gives us the opportunity to cover larger domains and still maintain
a manageable problem size.

In our work, we show how to combine microscopic and macroscopic domains
to simulate a multiscale problem (Section 2): On the microscopic part, where we
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aim to simulate the configuration of the magnetization, we solve LLG. The influ-
ence of a possible macroscopic part, where the magnetization is not the goal of
the computation, is described by means of the magnetostatic Maxwell equations
in combination with some (non-linear) material law. This macroscopic part then
gives rise to an additional non-linear and nonlocal field contribution (Section 4.5)
such that unconditional convergence of the numerical integrator or even mere exis-
tence of weak solutions in this case is not obvious. For certain practically relevant
material laws, we analyze a discretization of the multiscale contribution by means
of the Johnson-Nédélec coupling and prove that the proposed numerical integrator
still preserves unconditional convergence. Striking numerical experiments for our
approach are given and discussed in Ref. 11.

Outline

The remainder of this paper is organized as follows: In Section 2, we give a motiva-
tion and the mathematical modelling for our multiscale model. While Section 2.1
focuses on the new contribution to the effective field, Section 2.2 recalls the LLG
equation used for the microscopic part. In Section 3, we introduce our numeri-
cal integrator in a quite general framework and formulate the main result (Theo-
rem 3.1) which states unconditional convergence under certain assumptions on the
(discretized) effective field contributions. The remainder of this section is then ded-
icated to the proof of Theorem 3.1. In Section 4, we consider different effective field
contributions as well as possible discretizations and show that the assumptions of
Theorem 3.1 are satisfied. Our analysis includes general anisotropy densities (Sec-
tion 4.1) as well as contributions which stem from the solution of operator equations
with strongly monotone operators (Section 4.3). This abstract framework then cov-
ers, in particular, the hybrid FEM-BEM discretizations from Refs. 14, 17 for the
stray field (Section 4.4) as well as the proposed multiscale contribution to the ef-
fective field (Section 4.5). A short appendix comments on some physical energy
dissipation.

2. Multiscale model

In our model, we consider two separated ferromagnetic bodies €2; and {29 as schema-
tized in Figure 1. Let ©;,Q C R3 be bounded Lipschitz domains with Euclidean
distance dist(Q1,Q2) > 0 and boundaries 'y = 9Q; resp. 'y = 9. On the micro-
scopic part {21, we are interested in the domain configuration and thus solve LLG.
On 9, we will use the macroscopic Maxwell equations with a (possibly non-linear)
material law instead.

To motivate this setting, we consider a magnetic recording head (see Figures 1
and 2). The microscopic sensor element is based on the giant magnetoresistance
effect (GMR), and it requires the use of LLG in order to describe the short range in-
teractions between the individual layers of the sensor accurately. On the other hand,
the smaller these sensor elements are, the more important becomes the shielding
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of the stray field of neighbouring data bits. In practice, this is achieved by means
of some macroscopic softmagnetic shields located directly besides the GMR sensor.
Describing these large components by use of LLG would lead to very large problem
sizes, because the detailed domain structure within the magnetic shields would be
calculated. As proposed in this paper, macroscopic Maxwell equations allow to over-
come this limitation and thus provide a profound method to describe the influence
of the shields in an averaged sense. While this work focuses on the mathematical
model and a possible discretization, we refer to Ref. 11 for numerical simulations
and the experimental validation of the proposed model.

Fig. 1. Example geometry which demonstrates model separation into LLG region €2; and
Maxwell region Q2 (and in this case in an electric coil region .,;;). Here, Q1 represents
one grain of a recording media and 2 shows a simple model of a recording write head.

Fig. 2. The example setup consists of a microscopic GMR sensor element in between two
macroscopic shields. Beyond the GMR sensor a magnetic storage media is indicated. The
multiscale algorithm is used to calculate the stationary state of the GMR sensor for various
applied external fields.
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2.1. Magnetostatic Mazxzwell equations
The magnetostatic Maxwell equations read
VxH=3j and V-B=0 inR3 (2.1)

where H : R? — R? is the magnetic field strength [A/m] and B : R® — R3 is the
magnetic flux density [T] which are related by

B=po(H+ M) inR? (2.2)

with pg = 47 - 1077 T'm/A the permeability of vacuum. The current density j
[A/m?] is the source of the magnetic field strength H. The magnetization field M
[A/m] is non-trivial on the magnetic bodies 1 U2, but vanishes in R3\ (; U Q2).
The total magnetic field is split into

H=H,+H;+ F, (2.3)

where H; : R® — R? is the magnetic field induced by the magnetization M, =
Mg, on Q; and F is the field generated by the current density j in R*\Qy UQs.
This implies

V x F=j and therefore Vx H,;=0 inR> (2.4)

In particular, the induced fields are gradient fields H; = —VU; with certain scalar
potentials U; : R3 — R. We assume that F is induced by currents only, but not by
magnetic monopoles. Therefore,

V-F=0 inR% (2.5)
Moreover, the sources of H ; lie inside §2; only and hence
V-H; =0 inR\Q,. (2.6)
From the magnetic flux B, we obtain
0=V -B=u(V-H+V-M)=pu(V-H; +V-M;) inQ;.
Together with H; = —VU; and (2.6), this reveals
AU; =V -M; in Qy, (2.7a)
AU; =0 in R*\Q;. (2.7b)
For the micromagnetic body €21, the respective magnetization M; is computed

by LLG, see Section 2.2 below. The overall transmission problem (2.7) for €,
supplemented by transmission conditions as well as a radiation condition, reads

AU, =V - M, in Qy, (2.8a)

AU; =0 in R3\Q, (2.8b)

Pt - U™ =0 on Iy, (2.8¢)

V(U —UM) w1 = =My -v; onTy, (2.8d)
Ui(z) = 01/|z|) as |z| = oo. (2.8¢)
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Here, the superscripts int and ezt indicate whether the trace is considered from
inside 2 (resp. 2 in (2.11) below) or the exterior domain R3\Q; (resp. R3\Q
in (2.11) below). Moreover, v; denotes the outer unit normal vector on I';, which
points from €); to the exterior domain R3\ﬁj. For the macroscopic body s, we
assume a non-linear material law

My = x([H)H on Q, (2.9)

with a scalar function x : R>¢ — R and |-| the modulus. Some examples for suitable
x are listed below (see Remark 4.5).

For the computation of the potential Uy, we introduce an auxiliary potential
Uapp- Since V x F' = 0 in the simply connected domain 5, we infer F' = —VU,p;,
on Qs with some potential Uypp : Q2 — R. According to (2.5) and up to an additive
constant, Uy,pp can be obtained as the unique solution of the Neumann problem

AU,pp =0 in Qo, (2.10a)
VUM vy =—F™ vy onTy, (2.10b)

with fsb Uapp = 0. The transmission problem for the total potential U = U; + Uz +
Uapp of the total magnetic field H = —VU in {23 and for the potential Us in R3\ﬁg,
supplemented by a radiation condition, reads

V- ((1+x(IVU[)VU) =0 in Qo, (2.11a)

AUy =0 in R®3\Qy,  (2.11b)

U — U™ = U™ - UM, on Iy, (2.11c)

(VUS — (1 + x(|[VU™)VU™) - vy = (H + F™) - vy on Iy, (2.11d)
Us(z) = O(1/|z|) as |z| = oo, (2.11e)

where (2.11a) follows from (2.1)—(2.6) and (2.9). The transmission condition (2.11c)
follows from the continuity of Us on I's and U = Uy +Us+Us,pyp, in Q2. To see (2.11d),
we stress that (2.1) implies (B™" — B™) - vy = 0 on I'y. Putting (2.2)-(2.3) into
this condition and using H = —VU in s as well as (2.9) gives us

(HY + HS + F™ — (1 + x(|VU™|))VU™) -v3 =0 on Is.

Moreover, from (2.5) and (2.6) we infer (F™* — F'™). vy =0 = (H? — H™) - vy
on Iy, Together with Ho = —V Uy, the transmission condition (2.11d) follows.

Remark 2.1. In case of a linear material law x(|H|) = x € Rs¢ in (2.9), the
transmission problem (2.11) simplifies to (14 x)AUz = 0 in Qq, US** — Ui** =0 on
Iy, and (VUS — (14 x)VUIM) - vy = (HP + F™) vy on I'; in (2.11a), (2.11c¢),
and (2.11d), respectively. In particular, the Neumann problem (2.10) does not have
to be solved. Moreover, we do not have to assume that ()5 is simply connected.
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2.2. Landau-Lifshitz- Gilbert equation

Let o > 0 denote a dimensionless empiric damping parameter, called Gilbert damp-
ing constant, and let the magnetization of the ferromagnetic body ; be character-
ized by the vector valued function

M;i: (0,T)xQ — {x eR® : |z| = M,},

where the constant M; > 0 refers to the saturation magnetization [A/m]. Then,
the Landau-Lifshitz-Gilbert equation reads

oM, 0 %0
=- M xHgzgp— ——F—M M, x Hqg), 2.12
ot 1+ a2 1 X Hefi (11 a2)M, 1 X (M1 x Heg) (2.12a)
supplemented by initial and Neumann boundary conditions
Mi(0)=M" inQ, (2.12b)
O M1 =0 on (0,7T) x 9. (2.12¢)

Here, 7o = 2,210173-10° m/(As) denotes the gyromagnetic ratio and M°: Q) - R3
with |M 0| = M, in Q; is a given initial magnetization. The effective field H.g in
[A/m] depends on M; and the magnetic field strength H, and is given as the
negative first variation of the Gibbs free energy

dE(M;)

Hyg=-—1"Y
o H efr 3M,

In this work, the energy E(-) consists of exchange energy, anisotropy energy as well
as magnetostatic energy

A
/|VM1|2+K/ (M /M) —po | H- M.
|95

E(M,) = —
MSQ Q1 Q1

The exchange constant A > 0 [J/m] and anisotropy constant K > 0 [J/m?] de-
pend on the ferromagnetic material. Moreover, ¢ refers to the crystalline anisotropy
density. The effective field is thus given by

24 K

TIE Y oM,
Note that the microscopic LLG equation and the macroscopic Maxwell equations
are coupled through the magnetic field strength H and hence through the effective

field H.g. Altogether, we will thus solve the multiscale problem by solving LLG on
Q; and incorporating the effects of 25 via this coupling.

3. General LLG equation

In this section, we consider the non-dimensional form of LLG with a quite general
effective field hog which covers the multiscale problem from the previous section.
We recall some equivalent formulations of LLG and then state our notion of a weak
solution, which has been introduced by ALOUGES & SOYEUR, see Ref. 3, for the
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small-particle limit hog = Am and which is now extended to the present situation.
We then formulate a linear-implicit time integrator in the spirit of Refs. 1, 2, 18,
19, 20.

3.1. Non-dimensional form of LLG

We perform the substitution ¢’ = ~gMst with ¢’ being the so-called (non-
dimensional) reduced time, and set T = o M,T the scaled final time. Moreover,
we rescale the spatial variable 2/ = z/L with L being some characteristic length
of the problem [m], e.g., the intrinsic length scale L = y/2A/(uoM2). However, to
simplify our notation, we stick with ¢,T,z,(Q; instead of ¢/,T",2/L,$;/L, respec-
tively, and abbreviate the space-time cylinder ; = [0,¢] x € for all 0 < ¢ < T.
We set m := M /My, m° = MO/MS, heg := H o5 /M. With these notations, the
(sought) magnetization m : Qp — {z € R® : |z = 1} solves the non-dimensional

form of LLG
atm:—mmxheff—ﬁmx (mxheff) in QT, (31&)
supplemented by initial and Neumann boundary conditions
m(0) =m’ in Q, (3.1b)
Om=0 in (0,7) x 9. (3.1c)

The non-dimensional effective field reads
2A K
Y Am— ——
oMZL2 = T ugh?
where u; solves (2.8) with M being replaced by m and where ug solves (2.11)
with, e.g., F' replaced by f, H; replaced by —Vuy, etc. For the non-linearity ¥,
we introduce some Y in the non-dimensional formulation. Details are elaborated in

Section 4.5.

hcﬁ' = D(b(m) =+ f — Vul — VUQ,

Remark 3.1. Note that (3.1a) implies 0 = m - dym = 9;|m|?/2, i.e., the time
derivative d;m belongs to the tangent space of m. In particular, the modulus con-
straint |[m| = 1 in Qr also follows from the PDE formulation (3.1a) and |m°| = 1
in Ql.

3.2. Notation and function spaces involved

In this brief section, we collect the necessary notation as well as the relevant function
spaces that will be used throughout. By L2, we denote the usual Lebesgue space
of square integrable functions and by H' the Sobolev space of functions in L?
that additionally admit a weak gradient in L2. For vector fields and corresponding
spaces, we use bold symbols, e.g., for f € L*(€;), we write

3
11720 = Z I fillZ2(.)-
=1
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For the space-time cylinder Qr =[0,T] x 1, we consider the function spaces
L2(L?) = L*([0,T],L*()) = L*(Qr), L*(H") := L*([0,T],H" (%)), and
H'(Qr) which are associated with the norms

T
11200z = 1F 1220 = / 1F ()220, dt.
T
£ 2y = N F T2 0,20, b0 (00 ) :/0 1F DOz, + IVFO)Z2(0y) dt

T
£ 1% (@) :/0 IFON1Z2 (00 + IVFOIZ2 0, + 10:FONT2 (0, dt,

respectively. Finally, for appropriate sets X, we denote by (-, )y, the scalar product
of L*(X). The Euclidean scalar product of vectors x,y € R? is denoted by x - y.
In proofs, we use the symbol < to abbreviate < up to some (hidden) multiplica-
tive constant which is clear from the context and independent of the discretization
parameters h and k.

3.3. FEquivalent formulations of LLG and weak solution

The dimensionless formulation of LLG that is usually referred to, has already been
stated in (3.1). Supplemented by the same initial and boundary conditions (3.1b)—
(3.1c), the equation can also equivalently be stated as

adm +m x Oym = heg — (M - hegg) M (3.2)
or
orm — am X Oym = heg X M. (3.3)

In this work, (3.2) is exploited for the construction of our numerical scheme. For the
notion of a weak solution, we use the so-called Gilbert formulation (3.3). A rigorous
proof for the equivalence of the above equations can be found, e.g., in Ref. 18,
Section 1.2.

As far as numerical analysis is concerned, our integrator extends the one of
Ref. 1 from the small-particle limit with exchange energy only, to the case under
consideration. Independently, the preceding works of Refs. 2, 18 generalized the
approach of Ref. 1 to an effective field, which consists of exchange energy, stray field
energy, uniaxial anisotropy, and exterior energy, where only the first term is dealt
with implicitly, whereas the remaining lower-order terms are treated explicitly. In
this work, we extend this approach to certain non-linear contributions of the effective
field. For this purpose, we introduce a general contribution 7 : H'(Q) x ¥ —
L?(Q) for some suitable Banach space Y, see Section 4 for examples. We now
write heg in the form

hegt = CoxenAm — w(m, ) + f, (3.4a)

where ¢ € Y, the exchange contribution and the exterior field f are explicitly
given, while the stray field contribution, the material anisotropy, and the induced
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field from the macroscopic part are concluded in the operator 7. Our analysis thus
particularly includes the case

Tr(m, C) := Vuy 4 Cani Dop(m) + Vug, (3.4b)

but also holds true for general contributions 7, which only act on the spatial vari-
able, as long as they fulfil the properties (3.12)—(3.13) below. In (3.4a)—(3.4b), the
constants are given by

2A K

W resp. Cani = (34C)

Cexch = 7 M
04Vls

Remark 3.2. For the multiscale formulation (3.4), we employ Y = L*(Q3) and ¢ =
f, since this data is required in (2.10)—(2.11). Details are given in Section 4.5 below.
For the classical contributions like anisotropy field and stray field, the operator =
is independent of ¢ and depends only on m.

With these preparations, our definition of a weak solution reads as follows:

Definition 3.1. Let f € L*(;), ( € Y and m°® € H*(Q;) with |m|=11in Q;. A
function m is called a weak solution to LLG in Qp, if

(i) m € H'(Qr) with |m| =1 in Q7 and m(0) = m® in the sense of traces;
(ii) for all ¢ € C>(Qr), we have

<8tma ¢>QT -« <m X 8tm7 ¢>QT (35)
= —Coxen (VM xm, V¢>QT — (w(m, () x m7¢>QT + (f x m, ¢>QT ;
(iii) for almost all ¢ € (0,7"), we have
IVm(t)[ 220, + 18:m]|72q,) < C, (3.6)
for some constant C' > 0 which depends only on m° and f.

The existence (and non-uniqueness) of weak solutions has first been shown in
Ref. 3 for the small particle limit, where w and f are omitted. We stress, however,
that our convergence proof is constructive in the sense that the analysis does not
only show convergence towards, but also existence of weak solutions without any
assumptions on the smoothness of the quantities involved.

Remark 3.3. Under certain assumptions on 7, the energy estimate (3.6) can be
improved. We refer to Proposition A.1 in the appendix.

3.4. Linear-implicit integrator

We discretize the magnetization m and its time derivative v = d;m in space by
lowest-order Courant finite elements

Vi, = {nh : 0y — R? continuous : n,|r affine for all T € 77?1},
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where 7;101 is a quasi-uniform and conforming triangulation of €; into tetrahedra
T e 7;101 with mesh-size h ~ diam(7'). Let N}, denote the set of nodes of 77?1. For
fixed time ¢;, the discrete magnetization is sought in the set

m(t;) ~ml € My, := {nn €V : Inp(2)| =1 for all z € N},
whereas the discrete time derivative is sought in the discrete tangent space
v(t;) ~ 'Ui € ij}-) = {ny €V : nyp(2) mi(z) =0 for all z € N}, }.

For the time discretization, we impose a uniform partition Z; of the time interval
[0,T] with time step-size k = T'/N and time steps t; = jk, 7 =0,...,N.

Let 7, be a numerical realization of « which maps m(t;) =~ mfl € Mj and
C(t;) = ¢ € Y to some my(mi,¢l) € L*(Q)). Finally, let £ € L*(Q;) be an
approximation of f(¢;) specified below. Then, our numerical time integrator reads
as follows:

Algorithm 3.1. Input: Initial datum m$ € My, parameters a >0 and 0 < 0 < 1,

.....

(i) Compute v} € IComi such that for all ¥y, € Ky, , it holds

a (Vh,¥1,)q + Coxenkl (V0y,, Vb ) + (mj, X v}, 9, ) (3.7)
= —Uexch <vmﬁw v¢h>521 - <7Th(m;w C}L)? '¢h>Ql + <f27'¢h>gl :

(ii) Define mit € My, by mitt(2) = mj, (z) + kvj, (2)

= —L . for all nodes z € Nj,.
Im, (2) + kv, (2)]

Output: Discrete time derivatives v', and magnetizations mﬁj‘l, fori=0,...,N—1.

The input as well as the output of Algorithm 3.1 consists of discrete-in-time
values 7}, e.g., 75 € {m}, vi} C V. By (3.8) we define continuous-in-time inter-
pretations, where we consider continuous and piecewise affine in time (denoted
by S!) resp. piecewise constant in time (denoted by P°%): For t; < t < ti41,
Yk € SN Zi; Vi) € HY(Qr) and v, € P°(Zy; V) C L*(H') are defined by

Ct—ik o i+ Dk—t

Me(t) = = e (3.8a)
Vi (8) =V (3.8b)
We note that Oyynr = (72“ — 74})/k. The same notation is used for f;, €

PO(Zi; L*()) and ¢, € PY(Ti; V).
Lemma 3.1. Algorithm 3.1 is well-defined, and it holds |mpuk|p~,) =

Hm;kHLOO(QT) =1

Proof. Problem (3.7) is a linear problem on a finite dimensional space. Therefore,
existence and uniqueness of v}, € Klmi follow from the fact that the corresponding

11



Multiscale modeling in micromagnetics: Existence of solutions and numerical integration

12 F. Bruckner, M. Feischl, T. Fihrer, P. Goldenits, M. Page, D. Praetorius, M. Ruggeri, and D. Suess

bilinear form is positive definite. By definition of the discrete tangent space ’Cm; , it
holds |m} +kv!|? = 1+k?|v}|? > 1 nodewise. Therefore, Step (ii) in Algorithm 3.1
is well-defined. By use of barycentric coordinates, an elementary calculation finally
proves the pointwise estimates [m,, | < 1 as well as [m,| < 1, see, e.g., Ref. 1. O
By definition of m?l in Step (ii) of Algorithm 3.1, the following two auxiliary
results follow from elementary geometric considerations (see Refs. 1, 2, 18).

Lemma 3.2. For alli=0,...,N — 1, it holds nodewise |m}™ —m}| < k|vi|. O
Lemma 3.3. For alli = 0,...,N — 1, it holds nodewise |mj™" — m} — kvi| <
17.2 1,02

These nodal estimates shall be used together with the following elementary
lemma which follows from standard scaling arguments.

Lemma 3.4. For any discrete function wy, € Vp, and all 1 < p < oo, it holds

Wl <10 [wa(2)P < Co Wil
ZGNh,

The constant C1 > 0 depends only on p and the shape of the elements in 7;101. O

3.5. Main theorem

The following theorem is the main result of this work. It states convergence of
the numerical integrator (at least for a subsequence) towards a weak solution of
the general LLG equation. Afterwards, we will show that the operator 7 and its
discretization 7, of the multiscale LLG equation satisfy the general assumptions
posed. In particular, the concrete problem is thus covered by the general approach.

Theorem 3.1. (a) Let 1/2 < 0 < 1 and suppose that the spatial meshes T are
uniformly shape reqular and satisfy the angle condition

(Vni, V), <0 for all nodal hat functions n;,m; € 81(7;101) with i # j. (3.9)
We suppose that
Fr. — f weakly in L*(Qr) (3.10)
as well as
m) — m° weakly in H*(Qy). (3.11)
Moreover, we suppose that the spatial discretization 7w of 7™ satisfies
[7n (1, 9) L2, < C2 (14 VRl L2(0y)) (3.12)

for all h,k > 0 and all n € H'(Q1) with |n| <1 and ally € Y with ||ly|ly < C3
for some y-independent constant Cs > 0. Here, Co > 0 denotes a constant that is
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independent of h,k,n, and y, but may depend on Cs and 1. We further assume
HC}JL”Y < C5 for all j = 1,...,N. Under these assumptions, Algorithm 3.1 yields
strong L*(Qur)-convergence of some subsequence of my,, as well as weak H' (Qr)-
convergence of some subsequence of My towards the same limit m € H'(Qr)
which additionally satisfies m € L (H') with |m| =1 in Qr.

(b) In addition to the above, we suppose
wh(my,, G) — m(m, () weakly in L*(Qr) for some subsequence. (3.13)

Then, the limit m € H'(Qr) from (a) is a weak solution of general LLG in the
sense of Definition 3.1.

Remark 3.4. (i) Suppose that the applied exterior field is continuous in time, i.e.,
f € C([0,T); L*()). Let £} = f(t;) denote the evaluation of f at time ¢;. Then,
assumption (3.10) is satisfied since f,, — f strongly in L*> (L?).

(ii) Suppose that the applied exterior field is continuous in space-time, i.e., f €
C(Qr). Let f) denote the nodal interpolant of f(t;) € C(;) in space. Then,
assumption (3.10) is satisfied since f,, — f strongly in L (Qr).

(iii) Suppose ¢ is continuous in time, i.e., ¢ € C([0,T],Y) and let ¢} = ((t;) denote
the evaluation of ¢ at time ¢;. Then, we have (,, — ( strongly in L>(Y") and
Gy < supyeio SOy

Remark 3.5. The angle condition (3.9) is a technical ingredient for the convergence
analysis. It is automatically fulfilled for tetrahedral meshes with dihedral angles that
are smaller than /2. If the condition is satisfied by the initial mesh 7o, it can be
preserved by the mesh-refinement strategy (see, e.g., Ref. 35, Section 4.1).

The remainder of this section consists of the proof of Theorem 3.1 which is
roughly split into three steps:

(i) Boundedness of the discrete quantities and energies.
(ii) Existence of weakly convergent subsequences.
(iii) Identification of the limits with weak solutions of LLG.

Lemma 3.5. For all j =0,...,N, the discrete quantities m?l and {vﬁl}izo 1
satisfy
) Jj—1 j—1
vagL“QH(Ql) + kZ HvZHQH(Ql) + (0 - 1/2)k22 HV'U;IH%P(QI) <Cy  (314)
i=0 i=0

The constant Cy > 0 depends only on f, m°, and the final time T, but is indepen-
dent of h and k.

Proof. In (3.7), we use the test function 1, = vi € IComi and get
0‘||”2HQL2(QI) + Cexcthl\Vv2|\2L2<Ql> = = Cexch <Vm§n V”DQI + <f§w ”2>Ql

- <7Th(m;lm Clzz)a ’UZ>QI .

13
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The angle condition (3.9) ensures ||Vm2+1|\2L2(Ql) < IV(mi + kv%)”igml), see

Refs. 1, 2, 18. We thus get

1 i 1 i i i k? i
§|\th+1|\2m(szl) < §|\th||i2(szl) +k(Vm},, V), + 7”V7;h||%,2(521)
1 i i
< SV B, — (0 - 1/ V0, B, (3.15)
ak i2 k i k A
- m”vh”p(m) + Cover <fhavh>gl Covel <7Th(mha<h)a'vh>nl .
Next, we sum up over ¢ =0,...,5 — 1 to see
1 j 112 1 012 2j_1 i 112
ivaiHL%Ql) §§vah||1,2(91) —(0-1/2)k Z ||V”;L||L2(Ql)
i=0
ak ko
2 i iy i
e ; vkl 20,y + o ; ((Fhovh)q, — (mn(my,, Ch)sh)q, )-
Using the inequalities of Young and Holder, this can be further estimated by
1 j )12 k = 2 2j71 i 12
SIVm 30, + (@ =) 3 Ik, + (0 = /2K 3 V043200,
ex i=0 i=0
1 012 ko Q2 P02
< §||vthL2(Ql) + 2o Z (IFRllZ20) + lmn(mb, Gz 0y))
x i=0

for any € > 0. With the boundedness (3.12) of 7y, the last sum is estimated by

j—1 j—1
kZ(”f%”%%szl)"‘”ﬂ'h(m%Cﬁ)”i?(szl)) S ||f};k||2L2(QT)+kZ(1 + ||vm;z||%2(521))
i=0 1=0
j—1
S ||f;;k||2L2(QT) +T+k Z ||vm;1||i2(521)'
i=0

Choosing € < «, we altogether obtain

j—1 j—1
IV 17200 + & D I0hlI720) + 0 = 1/2)E Y [V} [I72(0,)
i=0 =0
j—1
S alZer +T+k D IIVmillZe,):
=0

According to weak convergence (3.10)—(3.11), there holds uniform boundedness
||f;k||2L2(QT) + ||Vm2||2L2(Ql) < C. Consequently, the discrete Gronwall lemma (see,
e.g., Ref. 34, Lemma 10.5) applies and concludes the proof. O

As a consequence of the energy estimate (3.14), we obtain uniform boundedness of
the discrete quantities.

14
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Lemma 3.6. For 1/2 <60 <1, it holds

Myl oo ey + Mkl Lo (arr) + |0emnkl L2
+lvnellzzr) + V(0 = 1/2)k[[ Vv, llL2 @) < Cs,

where C5 > 0 does not depend on h or k.

(3.16)

Proof. Estimate (3.14) reveals

Tax IV 12200y HVmellz2 o + (0 = 1/2)k Vo lliz o,y S Ca

.....

Clearly, it holds
IVmasl| 7 g2y + VM7 < 2y S jnax IV |22 (0,):

Together with |[mpx|| L= ) = 1 = ||[my,; ||z~ (), this bounds the L>®(H")-norms
of my, and m,,. For t; <t < t;;1, Lemma 3.2 and Lemma 3.4 prove

L ‘ ‘
||atmhk(t)||2L2(Ql) = ||(m;z+ - mgz)/k"Hiﬂ(Ql) S H”i”%%nl),

whence ||(’“)tmhk||2LQ(QT) < Hv,:kH%Z(QT). This concludes the proof. |

Using (3.16), we can extract weakly convergent subsequences.

Lemma 3.7. There exist functions m € H*(Qr) and v € L*(Qr) such that

My, — m weakly in Hl(QT),
Mg, My, — m weakly in L>(H"),
Mpk, M, — M strongly in LQ(QT),

vy, — v weakly in L*(Qr),

as (h,k) — (0,0) independently of each other. Here, the convergences are to be
understood for one particular subsequence that is successively extracted.

Proof. Due to the uniform boundedness (3.16), one may extract weakly convergent
subsequences (with possibly different limits). It thus only remains to show, that the
limits coincide, e.g.,

m;,, — m weakly in L*(Qr) and L*(H"),

where my,; — m weakly in H'(Qr). Due to the Rellich compactness theorem, we
have mpp — m strongly in LQ(QT). We rewrite my,y, for t; <t <t;1q as

k

g ) )
mp(t) = mj + (mifl —my).

15
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Lemma 3.2 and Lemma 3.4 thus yield

41 j j
ms — 12 QT)_Z/ i+ 5 g ) — i oy
J+1 m —md 2 — .
h h 3 7112
< z G e TS S T )
7=0

This proves the result for L*(Q7). From the uniqueness of weak limits and the
continuous inclusion L?(H') C L?*(Q7), we also conclude the result for L>(H'). O

Next, we identify the limit function v.

Lemma 3.8. It holds v = Oym

Proof. For t; <t <t;;1, Lemma 3.3 and Lemma 3.4 prove

J+1

10emne(t) = vk ()l p 0,y = (M3, = mi)/k =il S kIvilZeq,)-

Integration in time yields
10emenk — vkl L) S Klvnel T2y
Exploiting weak semi-continuity of || - || ;1(q,.), We obtain

[0em — v L1,y < (ling)lgg |0menk — vakll L) =0
and thus prove the desired result. O

So far, we have only used the boundedness assumptions (3.10)—(3.12) and 6 >
1/2. To conclude the proof of Theorem 3.1 (a), it remains to prove that |m| =1 in
Qr (Definition 3.1 (i)). We also note that bounded energy (Definition 3.1 (iii)) is
already a direct consequence of Lemma 3.6.

Verification of Definition 3.1 (i). From
llm] = 1lz2eqr) < [llml = |myplllz2 @) + lmgel = iz @r)
and
it ) = Uz < b max (VM ||z ),

we deduce |m| = 1 almost everywhere in Qr. Together with m,,(0) = mY, the
equality m(0) = m® in the trace sense follows from the convergences m$ — m?°
weakly in H'(Q1) as well as my, — m weakly in H'(Q7) (at least for a subse-

quence) and thus weak convergence of the traces. O
To prove Theorem 3.1 (b), it remains to show that the limit function m also sat-

isfies Definition 3.1 (ii). This is done in the following and requires assumption (3.13)
as well as 6 > 1/2.

16
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Verification of Definition 3.1 (ii). Let ¢ € C*(Qr) be arbitrary. We define
test functions by v, := Zp(m,, x @), where Z;, : C(Q) — V), denotes the nodal
interpolation operator which only acts on the spatial variable. Note that ¥y (t) €

IC,,; forall t; <t <ty Integration of (3.7) in time thus gives
h

T T
<V"’}:kvV1/’h>Ql +/0 (M, % v}:k’wh>91

T
a/ <’U}:]ga¢h>91 + chcth/
0 0
T
= _Cexch‘/o <vm}7k7v¢h>£21 _/0

Exploiting the approximation properties of Zj, for ¢ = m, . x ¢, we get

T

T
<mmmﬂmmmm+é<npwm,

T T
/0 (aw, +my, X v, my, % ¢>521 + Cexchkﬁ/o (Vv,,, V(my, x ql))>Ql
T

T
+ chch/O (Vmy,, V(my,, x é)),, +/0 (T (Myges G )s Moy, X @),

T
_/0 <f}:k=mI:k X ¢>Ql = O(h)'

Next, we proceed as in Refs. 1, 18 to see that
T T
/ {avy, +my, x vy, M, X ¢>Ql — / (adym +m x dym, m X @), ,
0 0
T
ke/ (VU V(my, x é)), — 0, and (3.17)
0

T T T
/ (Vmy,,V(mj, x (;5)>Q1 :/ (Vmy,,m;, x V¢>Ql —>/ (Vm,m x Vo), .
0 0 0

Here, we have used the boundedness of V&||Vv}, | 2 (0> Which follows from (3.16)
and 1/2 < @ < 1. From the convergence m;,, x ¢ — m x ¢ strongly in L*(Qr) and
the assumptions (3.10) and (3.13) on f,, and m,(m,,,(,,), we conclude

T T
/0 <7Th(m};]g7 C}:]g)a m}:k; X ¢>Ql — /0 <7T(m7 C)a m X ¢>Q1 ) and

T T
/ (F hrer My, X ¢>Ql g / (f,mx g, -
0 0

Altogether, we have now shown

T T
a/ (Orm,m X ¢)q, +/ (mx m,m x ¢)q =
0 0

T T T
—QMA<WmeX@M—A<MWQWW¢M+A<ﬁmX@m~

Using the identity (m x 9ym) - (m x ¢) = dym - ¢, we conclude (3.5). O

17
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Remark 3.6. Note that in case of the Crank-Nicholson-type scheme (6 = 1/2)
one needs an additional bound for Vv, in (3.17). As in Refs. 1, 2, 18, this can be
obtained from an inverse estimate. In this case, however, we end up with a (weak)
coupling of h and k, but still prove convergence as long as k/h tends to 0.

4. Effective field contributions for multiscale LLG equation

In this section, we give examples for contributions 7 and corresponding discretiza-
tions 7, which guarantee the assumptions (3.12)—(3.13) of Theorem 3.1. In par-
ticular, we show that the contributions of our multiscale LLG model satisfy these
assumptions.

4.1. Pointwise operators and anisotropy energy contribution

With B := {# € R® : |z[ < 1} the compact unit ball in R?, let ¢ : B — R
be a continuously differentiable anisotropy density. Possible examples include the
uniaxial density ¢(z) = —3 (z-€)? with a given easy axis e € R* with |e| = 1 as well
as the cubic density ¢(x) = Ki(z323 + 2323) + Kaoz3r323 with certain constants

K1, K3 > 0. The anisotropy contribution to the effective field reads
7w(n,{) =mw(n) = Dpon fornc L* (),

and 7, = 7. Note that in this case, we neglected a possible dependence on (, i.e.,
formally Y = {0} and ¢, denotes the constant zero sequence.

Proposition 4.1. Suppose that ® € C(B), e.g., ®(x) = Do(x), and mp(n) =
w(n) ;= ® on. Then, the assumptions (3.12)~(3.13) of Theorem 3.1 are satisfied.

Proof. Clearly, (3.12) holds with Cy = [[®| g~ ). Part (a) of Theorem 3.1 thus
predicts convergence of a subsequence m;, — m strongly in LQ(QT). Now, choose
sequences hy — 0, k¢ — 0 such that m, :=m, , converges strongly in L*(Qr) to
m. By extracting a subsequence, we may in particular assume that m, converges to
m even pointwise almost everywhere in Q7. This implies 7w(m¢) — 7 (m) pointwise
almost everywhere in Q7. Moreover and because of (3.12), |w(m) — w(my)| < 2C,
is uniformly bounded in L*(Qr). Finally, the Lebesgue dominated convergence

theorem thus applies and proves even strong convergence of m(my) to w(m) in
LQ(QT). O

4.2. Notation and function spaces

This section collects the notational and mathematical preliminaries needed for the
discretization of the stray field (Section 4.4) as well as the multiscale contribution
(Section 4.5).
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4.2.1. Function spaces and trace operators

By it : H(Q;) — HY*(T';), we denote the interior trace operator on I'; = €,
ie. *y;nt = v, for functions v € C(Q;). Likewise, 7§ denotes the exterior trace
operator. Let H!(Q;) := {v € Hl(Q) t (v, 1)g, = = 0} and Hj(Q;) = {v €
H' () = 7™ = 0}.

With the unit normal vector v; on I'; which points from €; to R3\ﬁj, we denote
by 6 resp. 69 the interior resp. exterior normal derivative with respect to v;.
These are formally defined by the first Green’s formula for functions v € H' ()

with Av € L2(Q) For smooth functions, it holds §"v = Vv - v; = §5*.

Let ’771 denote a quasi-uniform and conforming triangulation of €); into tetra-
hedra T € ’771 with mesh-size h ~ diam(7"). We denote by S* (’77I ') the space of
piecewise affine and globally continuous functions on 7710' We define the discrete
function spaces S} (77101') =H!Q;)NnS? (77fzj) resp. S} (771 ') = HY(Q;) N Sl(T 7).

The triangulation 7751]- induces a conforming triangulation of the boundary which
is denoted by ﬁlﬂj Ir,. Additionally, we define the discrete space 730(’77? Ir,) =
{1/) : 1|g constant for all E € ,7;52]- |p].} of all piecewise constant functions on the
boundary.

Finally, for Banach spaces X and Y, L(X,Y") denotes the space of all linear and
continuous operators S : X — Y.

4.2.2. Integral operators and mapping properties

The following apphcatlons need two integral operators for either I';, namely the
double-layer potential K and the simple-layer potential Vj, which formally read

(Booa) = ¢ [ ) ),
W) = 3= [ o) ).

fgr all z € R3\I';. These operators may be extended to bounded, linear operators
K; : HY2(T;) — HYR3\T;) and V; : H~Y(T;) — H}, (R?), see, e.g., Refs. 22,
25, 30, 33. There holds

AKjv=0=AV;¢p onR\I; and K,v,Vjp € C(R\[,).  (4.1)
Via restriction to the boundary I';, one obtains
i‘“f{-v =(K; —1/2)v and ”y;nt‘N/jgb = V¢,

where the operators K; : HY/2(T;) — H'Y*(T';) and V; : H-Y/2(T';) — HY2(T;)
coincide formally with K and VJ, but are evaluated on the boundary I';. There
hold the following jump properties across I';, see, e.g., Ref. 30, Theorem 3.3.1:

V;th?jv — 'yji»ml?jv =, 5;’“[?}-0 - 5;“13-@ =0,
ATi6 26 =0, 5V — 616 = —6.

19



Multiscale modeling in micromagnetics: Existence of solutions and numerical integration

20 F. Bruckner, M. Feischl, T. Fihrer, P. Goldenits, M. Page, D. Praetorius, M. Ruggeri, and D. Suess

4.3. Strongly monotone operators

We consider the frame of the Browder-Minty theorem, see Ref. 36, Section 26.2:
Let X be a separable Hilbert space with dual space X*, A: X — X* be a strongly
monotone and hemicontinuous (non-linear) operator, and b € X*. Under these
assumptions, the Browder-Minty theorem states that the operator equation

Aw=1b (4.2)

has a unique solution w € X. Arguing as in the original proof, one has the following;:
For h > 0, let X;, C X be finite dimensional subspaces of X with X, C X} for
h > h' and Unso Xn = X. Let by € X}7. Then, the Galerkin formulation

(Awh,vh>x*xx = <bh7vh>X*><X for all vy, € X3,

admits a unique solution wy, € Xj. Provided [|by|x; < M < oo for all h > 0, the
sequence of Galerkin solutions is bounded, i.e., ||[wp|x, < C < oo for all h > 0, and
the h-independent constant C' > 0 depends only on M and the coercivity constant
of A. In particular, the sequence {wp},~, admits a weakly convergent subsequence
in X with limit w € X. If by, — b strongly in X* for h — 0, this limit solves the
operator equation (4.2). Finally, strong monotonicity implies that there even holds
strong convergence wp — w in X of the entire sequence.

This framework is now used in the following lemma which guarantees the as-
sumptions (3.12)—(3.13) of Theorem 3.1 for certain energy contributions:

Lemma 4.1. Suppose that X and A : X — X* satisfy the foregoing assumptions.
LetY be a Banach space and let S, Sy € L (X, L*(Q1)), and R, Ry, € L(H' () x
Y,X*) for some 0 < e <1 with
Spx — Sz weakly in L*(Qy) for all x € X, (4.3)
Rin(n,y) — R(n,y) strongly in X* for allm € H' " ¢(Qy),y €Y, (4.4)
and = SAT'R : H*(Q,) x Y — L*(Q). For h >0, n € H'(Q), andy € Y,
define wp(n,y) := Spup, where uy, is the unique solution of
(Aup,vn) xor x = (Re(M,Y),00) xo i for all vy € X, (4.5)
For ally €Y, it then holds that

l7n (1Y)l 20 < C6 (14 [[VRlL2(q)- (4.6)
for all m € H*(Qy) with |n| < 1 and for all h > 0. The constant Cs > 0 does
not depend on h and n, but only on A, ||lylly, Q1, and the operators Sy, and Ry,.
Moreover, suppose that |my; || 2(m1) + Gk llLe vy < C7 and (my;, () — (M, Q)
strongly in L2([0,T); L*(®4) x Y) = L*L*() x Y) for some subsequence as
(h,k) — (0,0). Then,

wn(my,, Gr) — m(m, ) weakly in L*(Qr) (4.7)
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for the same subsequence.

Proof. The Banach-Steinhaus theorem implies uniform boundedness of the oper-
ator norms Cs := sup,-o||Sn : X — L*(Q)| < oo and Cgr := sup,||Rn :
H' () xY — X*|| < oo. For fixed n € H*(;) with [n| < 1,y € Y, and
bn, := Rp(n,y), this implies

bl x- < CR”(nuy)”HI*E(QI)XY S (”n”Hl(Ql) + HyHY) =: M < oo.

Strong monotonicity of A shows
||Uh||§( N <Auh - A(O)vuh>X*><X = <bh - A(O)vuh>X*><X
S Nlon — A(0) [l x- flunllx -
Thus, we infer with |n| <1
lunllx S IVRlz2@,) + 120072 + llylly + [AO0)1x- S 1+ [Vr]L2@,),

where the hidden constant C' > 0 depends only on A, Cr, and ||y||y. Consequently,
this proves (4.6) with Cs = CCs.

Next, we show that 7, (nn,, yn) — 7n(n, y) weakly in L*(€;) as h — 0 provided
that (ng,, yn) — (n,y) strongly in H'~%(Q) x Y. Assumption (4.4) and the uniform
boundedness of Ry, imply that Ry (np,yn) = Ru(n,y) — Rh((n — Np,y — yh)) —
R(n,y) strongly in X* as h — 0. Therefore, the Browder-Minty theorem for strongly
monotone operators guarantees uj, — u strongly in X, where u = A~'R(n,y) and
up € Xp, solves (4.5) with (n,y) replaced by (mp,yr). The convergence assump-
tion (4.3) and the uniform boundedness of S}, thus show mp(np,yn) = Spun =
Spu — Sp(u — up) — Su = w(n,y) weakly in L*(Q) as h — 0.

Finally, we prove m,(m;,,(,,) — m(m,() weakly in L*(Q7) for a subse-
quence as (h,k) — (0,0). To that end, we choose sequences hy — 0, k; — 0 such
that (my, (o) == (my,,,,Cp,p,) converges strongly in L (L*(21) x Y) to (m,{).
According to interpolation theory (see, e.g., Ref. 10, Section 5), interpolation of
L?*(Qr) = L*(L?) and L?*(H") yields L?>(H?) for all 0 < s < 1. From strong con-
vergence m,, — m in L?(L?) and boundedness Iyl L2ty S 1, we thus infer
strong convergence m,, — m in L*(H 1_‘3). By extracting a further subsequence
(not relabeled), we may assume that my(t) — m(t) strongly in H'"°(€;) as well
as ((t) — ((t) strongly in Y, for almost all times ¢. Define 7y := ), and let
¢ € L*(Qr). Then,

T
(me(me, G) —w(m, (), P)q, —/O (me(me(t), Ce(t)) — m(m(t),C(1)), @(t))g, dt-

Due to me(my(t),Ce(t)) — m(m(t),((t)) weakly in L*(€) as £ — oo for almost
all t € [0,T], we see pointwise convergence of the integrand to zero. According
to (4.6) and the assumption |[my|| 2 g1y + [|Cell L (vy < 1, the Lebesgue dominated
convergence theorem thus proves

(me(my, Go) = m(m, (), d)q, — 0 asl— oo

21
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This concludes the proof. O

Remark 4.1. (i) Similar arguments as in the proof of Lemma 4.1 reveal that strong
convergence Spx — Sz in (4.3) also results in strong convergence 7, (m,,,., () —
w(m,¢) in L*(Qr) as h, k — 0.

(ii) The abstract framework applies, in particular, to linear contributions mp, = Ry,
of the effective field heg, where X = L*(€;), Y = {0}, and the operators A = Ay,
as well as S = S}, are just the identities. In this case, (,, = 0 for all (h,k) > 0. In
particular, we may therefore write 7, (m,,, () = wh(m,,.).

(iii) For the multiscale approach, we use Y = L*(Q), ¢, = fip, and ¢ = f,
respectively.

Remark 4.2. Provided that R, R, € L(L?*(Q) x Y, X*) with Ry(n,y) — R(n,y)
strongly in X* for all (n,y) € L*(Q;)xY in (4.4), the assumptions on the nonlinear
operator A can be weakened: Instead of strong monotonicity, uniform monotonicity
of A is sufficient. Then, |[bs || x+ < Crl|nllr2) < CrlQ|*? =: M proves |us|x < C
for some constant C = C(M) > 0, see Ref. 36, Section 26.2. The remaining part of
the proof of Lemma 4.1 remains unchanged with the formal choice € = 1.

4.4. Application: Hybrid FEM-BEM stray field computations

In the following, we present the hybrid FEM-BEM approaches of FREDKIN and
KOEHLER, see Ref. 14, and GARCIA-CERVERA and ROMA, see Ref. 17, for the ap-
proximate computation of the stray field. We show that it satisfies the assumptions
of Lemma 4.1. Given any m € L*(©;), the non-dimensional form of (2.8) reads

AU1:V'm iIlQl,

A’U,l =0 in Rg\ﬁl,
Ye¥tuy — My =0 on I'y,
5%Xtu1 — 5‘1ntu1 = —m- -V on Fl,

ui(x) = O(1/[z])  as [z = oo,

where the target for our LLG integrator is the stray field w(m) = Vu; on Q.

4.4.1. Fredkin-Koehler approach

The approach of FREDKIN and KOEHLER (Ref. 14) relies on the superposition
principle

uir +u12  in Oy,
Uy = . ey
ui2 in R \Ql,

where uj; € HL(Q;) satisfies

(Vui1, Vo) = (m,Vu)g ~ forallv e HI(Q) (4.9)
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and u1o = IN(wi“tull € HY(R3\I'y). Since the integration of LLG only requires u;
on 2, we note that u1a € H'(Q1) solves

Y9 = (K1 — 1/2)y™uy; and (Vugo, V), =0 for all v € H3(Qy).  (4.10)

To discretize the equations (4.9)—(4.10), let w1 € Si(’ﬁlﬂl) be the unique FE
solution of

(Vuiin, Vop)g, = (m, Vop)q, for all v, € SHT™M). (4.11)

Since an FE approximation uia;, € 81(77?1) of (4.10) cannot satisfy continuous
Dirichlet data (K7 — 1/2)u11p, we need to discretize them. To that end, let I,?l :
H'(Q) — SY(T™) be the Scott-Zhang projection from Ref. 32. Since I3 is H'-
stable and preserves discrete boundary data, it induces a stable projection I }I; b
HY2(T) — SY T |r,) with 4" [y = I (4in%) for all v € HY(Qy), see, e.g.,
Ref. 5. Let w10, € S 1(7;101) be the unique solution of the inhomogeneous Dirichlet
problem

Aty on = I,I:I(Kl — 1/2)y ™11y, and (Vugap, VU;JQI =0 forallv, € 85 (77?1).
(4.12)

The resulting approximate stray field 7,(m) = Vujip + Vugap is indeed covered
by our approach from Section 4.3.

Proposition 4.2. The operator wp(m) = Rp(m) = Vuii, + Vuian defined
via (4.11)~(4.12) satisfies 7, € L(L*(Q1); L*(Q1)), and convergence (4.4) towards
w(m) = R(m) := Vuy holds even strongly in L*(Q). In particular, Lemma 4.1 ap-
plies with X := L*(Qy) and Y := {0} and guarantees the assumptions (3.12)~(3.13)
of Theorem 3.1.

Proof. First, note that the FE solution u11;, of (4.11) is a Galerkin approximation
of (4.9). Therefore, stability and density arguments prove |lu11 — u11allg1(,) — 0
as h — 0. Next, we consider the unique solution %o, € S* (77191) of the auxiliary
problem
Yt on = I,I:I(Kl —1/2)y"u1; and (Viiian, Vup)g, =0 forall v, € S; (7;191).
Note that %0, = I,l;lﬂyintuu. Therefore, the Céa lemma for inhomogeneous
Dirichlet problems (see Prop. 2.3 in Ref. 6) and density arguments prove
- . h—0
lure = @ionllm ) S min - Jurz = valla 0,) = 0.
v, €S1(T, 1)

Third, stability of the inhomogeneous Dirichlet problem provides

luron — @ron |l 0yy S IV (uar — wain)lgeeeyy S lunn — winnllar o),

and the triangle inequality reveals

_ _ h—0
iz — wion | gigan) < lwaz — @aonlaan) + llwizn — Tionl i 9,) —— O.
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Finally, the triangle inequality yields
[7n(m) — w(m)|L2q,) < V(w1 —uiin)llz2,) + IV (w12 — uizn)llz2,) — 0

for all m € X = L*(Q;). Together with Lemma 4.1, we conclude the proof. O

Remark 4.3. Instead of the Scott-Zhang projection I ,1: 1, any Clément-type oper-
ator I} : L?(T1) — S*(T,2*|r,) can be employed. The assertion of Proposition 4.2
holds accordingly, see Ref. 18, Section 4.3. We note that Ref. 14 employs nodal
interpolation which is not suitable for the numerical analysis as H'-functions are
not continuous, in general.

4.4.2. Garcia-Cervera-Roma approach

The approach of GARCIA-CERVERA and RoMA, see Ref. 17, relies also on the su-
perposition (4.8), where now u1; € H} (1) satisfies

(Vui1, Vo) = (m,Vu)g  forallv e HY () (4.13)

and ups = V3 (m - vy —6"uyy) € H}(R?). Note that ui2 € H'(Q1) solves

")/ilntu12 = ‘/1(m VvV — 5i1ntu11) and <VU12, VU>Q1 =0 forallve H& (Ql) (414)

To discretize (4.13)~(4.14), we employ the L2-projection ITj, : L*(T'y) — PO(T % |r,)
as well as the Scott-Zhang projection I,I;l and solve for uj1;, € S} (7;101) with

(Vuiin, Von)g, = (m, Vug)g,  for all v, € S§(T,™) (4.15)
and for ujqp € 81(7;?1) with

’yilntulgh = I,?Vl (Hh(m . Vl) — 8u11h/8u1), (4.16&)
(Vuign, Vup)g, =0 for all v, € Se(T). (4.16b)

The resulting approximate stray field =, (m) = Vui1, + Vuiap, is indeed covered
by our approach from Section 4.3. Unlike the Fredkin-Koehler approach, however,
the numerical analysis is slightly more involved, since the well-posedness of (4.14)
requires at least that the normal trace m - vy exists in H~1/2(I';) which prevents
to consider m € L*(€;) only.

Proposition 4.3. There ezists some & > 0 such that the operator
mp(m) = Rp(m) = Vuin + Vuie, defined wvia (4.15)—(4.16) satisfies
7w € L(H"*(N);L*()) as well as convergence (4.4) towards m™ €
L(H'™¢(Q); L*()), w(m) = R(m) := Vu; = Vuy + Vuie. In particular,
Lemma 4.1 applies with X := L*(Q1) and Y := {0} and guarantees the assump-
tions (3.12)—(3.13) of Theorem 3.1.
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Proof. We argue essentially as in the proof of Proposition 4.2. First, we see that

. h—0
lutr —wannllmren) S min - flugy — vallmia,) “250,
'Uhesé(n 1)

for all m € L?(Q;). Moreover, for m € H'(Q;), elliptic regularity for the Dirichlet
problem (4.13) even predicts uy; € H3/*7#(y) and hence [u1y — wiin| mi(a,) =
O(hY/?+1) for some p > 0 which depends only on the shape of the polyhedral Lips-
chitz domain 21, see, e.g., Ref. 27, Theorem 3.8. By interpolation, these observations
yield the existence of some (small) 0 < ¢ < 1/2 such that

uy € H32F2(Qq) with [Juyg — uiin || gigay) = O(RY?12) for all m € H' ().
(4.17)

From now on, we assume m € H' ¢(Q;) and note that, in particular, 6"u;; =
Ouy1/0vy exists in L2(I';). The trace inequality (e.g. Ref. 15, Lemma 3.4) proves
for any face E € T, |, with corresponding element 7' € T, (i.e., E C T NTy)
that

163 w11 — Burin/Ov1 |72 orar,)
S ATV = w22y + 1V (i1 = wi) |22 @y 1 D*(unn = wain)ll L2z
With D?uj1p =0 on T, we sum over all elements T € 7;101 and obtain
167 u11 — duain /w1172 r,)
ShTHIV (i —win)l T2, + IV (@i = win) | 22 @) [ D?un | 2,y = O(h*).

Together with the continuous inclusion H~/2(Ty) C L*(T;), it follows ||§"uy; —
Bullh/aulﬂqu(Fl) —0ash — 0. Let 49, € S* (7;101) be the unique solution of
the auxiliary problem

Fyilntﬂlwl = I}Sl i (m ‘v — 5i1“tu11) and <V1712h, Vvh>Ql =0 for all vy, € S& (77191).
Again, it holds v, = I,l:lulg and hence |lu12 — Uion||g1(0,) — 0 as h — 0.
Stability of the inhomogeneous Dirichlet problem proves

[t12n — waznll o) S IHp VA (1 = Tp)me - vy — (67 w1y — Quain/0v1)) || gz,
S =10)m - V1||H*1/2(F1) + H5i1ntU11 - 8uuh/alll||H—1/2(r1)-

We already saw that the second term on the right-hand side vanishes as h — 0. For
the first term, a duality argument (see, e.g., Ref. 12, Section 4) proves

11— ) vall g,y S B2l villray) S B2 M priee o),
where we also used 0 < ¢ < 1/2 to admit a continuous trace operator i"® :
H'"¢(Q) — L*(T;). Overall, we thus see

~ ~ h—0
ura — wranll o) < e = Gaonll o) + l@azn — viznll g @,) — 0. (4.18)

The combintation of (4.17)-(4.18) concludes ||7(m) — 7, (m)||L2(q,) — 0 as h — 0,
for all m € H'™°(Qy). |
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R a—1 s

uj; on Qo

>

i Solve (4.9) to obtain Solve (4.22) to obtain Solve (4.24) to obtain
mpEs G I { uj; on 27 u on Q9 and JZXtuz on I'y ug on Q7

l

—
T o 7 Solve (4.20) to obtain Output: 7v( A=V Q
nput: e @ Ty utput: 7(m, f) = Vug on Qg

{ Solve (4.19) to obtain

Fig. 3. Overview on the computation of w(m, f) = Vuz on Q;.

4.5. Application: Multiscale approach for total magnetic field

We aim to apply Lemma 4.1 to the model problem posed in Section 2.1, i.e., the
computation of w(m, f) = Vug on Q. In the following, we consider the subprob-
lems needed for the computation of Vus as well as their discretizations. An overview
illustration is given in Figure 3. Throughout this section, we let

o X := H V2(T'y) x HY(Q),
o YV :=L*().

We recall that H~'/2(T';) is the dual space of the trace space H'/?(T'y) and that
H~1(Qy) is the dual space of H*(£)3), where duality is understood according to the
respective L2-scalar products. In particular, the dual space of X is X* = H'/? (Tg) x
EI7 1 (Qz)

4.5.1. Continuous formulation

To compute Vuy on €25, we proceed as implicitly outlined in Section 2.1. For a
magnetization m € L*(Q;), we compute u; € H'(£) as solution of the stray
field operator on the microscopic part. Recall from Section 4.4 that in R3\Q; D Qs
it holds u; = uis = IN(wintull with u1; € H}(2;) being the solution of (4.9).
According to (4.1), u; on Q9 thus solves the inhomogeneous Dirichlet problem

Aty = Ky and (Vg Vu)q, =0 for all v € Hg(Q0). (4.19)

Recall V- f = 0 from (2.5), whence (f - V2,7i2“tv>rz = (f,Vu)g, forallv € H' ().
For the auxiliary potential wa,, € H}(€2), the non-dimensional weak formulation
of (2.10) reads

(Vapp, Vo), = —(f,Vv)q, forallv e H(Q). (4.20)

In the next step, we then compute the total magnetostatic potential u = uy +
Uz + Uapp 0N the macroscopic domain Qy. With X(|Vu|) = x (M| f — Vur — Vusl),
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the non-dimensional form of (2.11) reads

V- ((L+x(|Vul))Vu) =0 in Qo, (4.21a)

Aug =0 in R*\Qy, (4.21b)

Y5 Uy — iy = — B (uy + uapp)  on Ty, (4.21¢)

65 uy — (1 4+ X(|Vu|)Vu - vg = f - vg — 65wy on Iy, (4.21d)
uz(x) = O(1/|z|) as |x| — oc. (4.21e)

Let Vo : H™Y/2(I'y) — HY?(T3) and K, : HY?(Ty) — HY?(T3) denote the
simple-layer potential and the double-layer potential with respect to I's (see Sec-
tion 4.2.2). The transmission problem (4.21) is then equivalently stated by means
of the Johnson-Nédélec coupling from Ref. 23,

<(1 + %(|VU|))VU7 VU>92 - <¢7 Véntv>p2 = <5i2ntu1, ’Yi2ntv>1"2 - <f7 VU>QZ ) (422&)
Vag + (1/2 = Ka)piu = (1/2 = Ko)yi(us + tapp),  (4.22b)

for all v € H'(Q2), see Ref. 4 for the non-linear case and Refs. 23, 31 for the
linear one. The coupling formulation (4.22) provides the total potential u € H'(2)
as well as the exterior normal derivative ¢ = 65**uy € H~'/2(I'y). Existence and
uniqueness of the solution (¢, u) € X = H~'/2(T") x H'(Q) of (4.22) hinges strongly
on the material law Y and will be discussed in Section 4.5.4 below.

Since ug solves —Awus = 0 in R?’\ﬁg, ug can be computed by means of the
representation formula

Uy = —%55“’112 + KQ’}/SXtUQ in Rg\ﬁg D Oy, (423)

see, e.g., Ref. 30, Theorem 3.1.6. To lower the computational cost for the later
implementation, we will, however, not use the representation formula (4.23) on 4,

but only on I'; and solve an inhomogeneous Dirichlet problem instead. It holds

Y5 Uy = YUy = Y (u — u1 — Uapp). With ¢ = 65%us on T'y, we obtain

—AUQ =0 in Ql, (424&)
Mug = 1" (— Vo + Koyd™(u — uy — Uapp)) on Ty (4.24b)

4.5.2. Discrete formulation

As for the stray field, we solve (4.11) to obtain an approximation ujy;, € S} (’77191)
of upy. To discretize (4.19), let uy; € S*(T,52) solve

Aty = I,I;2K17}“tu11h and (Vuip, Vvh>92 =0 for all v, € 85 (77192). (4.25)

The discrete version of (4.20) reads as follows: Let tapp n € SL(TS?) solve

(Vtapp,h, Vo) g, = — (f, Vup)g, forallv, € SHT ). (4.26)
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For the numerical solution of (4.22), we compute (¢n,us) € Xp := PO(T,2|r,) x
S(7%) such that
(A +X(IVun|)Vun, Von)g, = (¢n, vn)p, = (Ouin/0ve, vn)p, —(f, Vun)g, »
<‘/2¢h + (1/2 - K2)uh7 1/’h>p2 = <(1/2 - K)(Ulh + Uapp,h)v 1/)h>1‘2
(4.27)

for all (¢n,vn) € Xp. Existence and uniqueness of (¢p,up) is discussed in Sec-
tion 4.5.4 below. To discretize (4.24), let ugy, € S'(T ™) solve

int

Y ugn = I,?Wi‘“( — Vo + Koy (up, — urp, — Uapp,h))

o (4.28)
(Vugn, Von)g, =0 for all v, € S5(T,™).

4.5.3. Operator formulation

With respect to the abstract notation of Lemma 4.1, the solutions of the prob-
lems (4.19)—(4.20) and (4.25)—(4.26) give rise to the continuous linear operators

E,ﬁh : Hl(Ql) X L2(92) — H1/2(F2) X ﬁ_l(ﬂg),
R(m, f) = ((1/2 = Ko)73™ (u + ttapp), (13™) 65" w1 = V* F), (4.29)
Ri(m, f) = ((1/2 = K2)38" (uan + tapp,p), (05") O 0wz — V* ),
where (y)* : H=1/2(Dy) — H~()) denotes the adjoint of the trace operator
Wt HY(Qg) — H'Y?(T3) and V* : L?(Qy) — H'(Qy) is the adjoint gradient.
Note that R, Ry, are also well-defined and bounded operators on L*(Q;) x L?(Qy)
and hence by interpolation, for all 0 < s < 1, also on H*(Q;) x L*(Qy).

The left-hand side of the coupling formulation (4.22) gives rise to the non-linear
operator

A: H™V2(Dy) x HY(Q) — HY?(T'y) x H1(Qy) (4.30)

and is then equivalently stated by

A(9,u) = R(m. f). (4.31)
Note that the FEM-BEM coupling (4.27) takes the abstract form
(A@noun). (non)) = (Bulma ), (hnovn)) | (4:32)

for all (¢, vs) € Xp, := POUT|r,) x ST ). In the subsequent Section 4.5.4, we
comment on the existence and uniqueness of the solutions of (4.31)—(4.32).

Finally, the solution of (4.24) resp. its discretization (4.28) give rise to the con-
tinuous linear operators

S, S HY2(Dy) x HY(Qy) — L*(Q1),

(4.33)
S(¢,u) = VUQ, Sh(¢h,uh) = V’u2h.
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Overall, it holds
Tr(mv f) = Sg_lé(mv f) = Vug and Wh(ma f) = Sh(¢h; Uh) = Vugp (434)
where (¢, un) € X, := PO(T, 2 |r,) x SU(T,*?) solves (4.27) resp. (4.32).

Remark 4.4. Note that the formal definition of the operator S (resp. Sj) once
again requires the solution of (4.19)—(4.20) (resp. (4.25)—(4.26)) to provide " (u1 +
Uapp) ON the right-hand side of (4.24) (resp. (4.28) with according discrete traces).
Theoretically, this can be dealt with by considering the extended operators

E(ma f) = (ﬁ(mv f)v 7i2nt(u1 + U’app))7
A\((bv U, ’Yi2nt (ul + uapp)) = (Z(¢7 ’LL), ’Yi2nt (U1 + uapp))
§(¢, Uv”Y;nt(ul + uapp)) = Vus.

Then, S and R are still linear and continuous. Provided A satisfies the assumptions
of the Browder-Minty theorem for strongly monotone operators, the inverse of A
is well-defined and continuous so that (an obvious extension of) Lemma 4.1 still
applies.

4.5.4. Well-posedness of Johnson-Nédélec coupling

The following lemma provides sufficient conditions such that the non-linear part
of (4.22) is strongly monotone and Lipschitz continuous (4.36). The elementary
proof is left to the reader.

Lemma 4.2. Let x¥ : R>9 — R be a continuous function such that the function
g:Rs0 R, g(t) = t+ XMt
is differentiable and fulfils
g'(t) €y, L] forallt>0 (4.35)
with constants L >« > 0. Then, the (non-linear) operator
A LX) = L*(Qy), Aw = (14 X(|w|))w
is Lipschitz continuous and strongly monotone, i.e., there holds
L7 Au— AV||2L2(Q2) <u- VH2L2(Q2) <77! (Au—Av,u - V)Q, (4.36)
for all u,v € L*(Q). O

We stress that the operator A from (4.22) resp. (4.30) is not strongly monotone
as, e.g., the left-hand side of (4.22) is zero for (¢,u) = (0,1). To overcome this
problem, we define the linear operator

L:X* 5 X%, La*i=a"+ (2", (1,0)) yur x <A(-, ), (1,0)>X*XX . (4.37)
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where 1 € ’P0(77?2|p2) denotes the constant function. As observed in Ref. 4, Sec-
tion 4, the Johnson-Nédélec coupling equations can then be equivalently rewritten
as follows:

Lemma 4.3. The operator L : X* — X* from (4.37) is well-defined, linear, and

continuous. Let A be the operator from (4.22) resp. (4.30). Define A := LA. Let X,

be a closed subspace of X = H~Y/?(T'y) x H'(Q) with (1,0) € X,. Then, for any

z* € X* and x* := LZ*, the pair (., us) € Xy solves the operator formulation
<Av(¢*7u*)7 (w*7v*)>X*XX = <j*7 (1/1*7 ’U*)>X* x X fOT a’ll (1/1*71)*) E X*

if and only if

(Ao, u), (¢*,v*)>x»«xx = (a7, (7/1*,U*)>X*><X for all (s, vy) € X,

Under the assumptions of Lemma 4.2 with v > 1/4, the operator A = LA is Lip-
schitz continuous and strongly monotone. In particular, it fulfils the assumptions
of the Browder-Mmty theorem for strongly monotone operators. In this case, A as
well as A are, in particular, invertible, and A713* = A~ 'z*. O

For v > 1/4, the preceding lemma applies to X, = X = H'/2(I'y) x H'(Qy)
as well as X, = X3, = PO(T2|r,) x SY(T*|r,) and thus proves that (4.31) as well
as (4.32) admit unique solutions.

Finally, we give some examples of material laws Y, covered by Lemma 4.3.

Remark 4.5. (i) Consider the material law
)z(t) =Csg tanh(Cgt)/t for t > 0, )Z(O) = CsCy

with dimensionless constants Cs, Cy > 0. Then, g(t) = t + Cs tanh Cot fulfils (4.35)
with v =1 and L =1+ CsCy.

(ii) According to Ref. 29, it is reasonable to approximate the magnetic susceptibility
in terms of a rational function, e.g.,

. Cio + Cit
X(t) = 5
1+ 012t + Clgt
with certain, material-dependent constants C1g, Cy1, C12, C13 > 0. For typical mate-

rials, it holds (4.35) with v = 1 and some L > 1 that depends on Cig, C11, C12, C13,
see Ref. 29, Table 1.

4.5.5. Convergence Analysis
The main result of this section is the following proposition.
Proposition 4.4. In addition to f € L*(Qr), suppose that f € L®(L*(Qy)).

Adopt the notation of Section 4.5.8 for the operators R, Ry from (4.29), A
from (4.30) and S,Sn from (4.33). Under the assumptions of Lemma 4.2 with
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v > 1/4, the operator w := SA'R and its discretization m), from (4.34) satisfy the
assumptions (3.12)—(3.13) of Theorem 3.1.

Proof. With Lemma 4.3, there exists a linear and continuous operator L : X* —
X* such that A := LA is Lipschitz continuous and strongly monotone. It holds
7w =SA'R with R := LR and m,(m, f) = Sh(¢n,un), where (¢p, up) solves with
Ry = LINE;L the variational formulation

(A(Pn,un), (Ynsvn)) xe e x = (Bu(m, £), (Yn,vn)) xo o x for all (¥n,vn) € Xa.

Therefore, the claim follows from Lemma 4.1 if we prove that there exists some
€ > 0 such that

(i) Rn(m, f) — R(m, f) strongly in X* for all (m, f) € H'~*(Q1) x L*(Q);
(ii) Spax — S strongly in L*(Q;) for all 2 € X.

To verify (i), we argue as in the proofs of Proposition 4.2 and Proposition 4.3. First,
elliptic regularity for the Neumann problem (4.9) (see, e.g., Ref. 27, Theorem 3.8)
provides some & > 0 such that, for m € H'~*(Q;), it holds [lui1 — w11n|| g (o) =
O(h'/2€). Second, recall that u; = K1yi™uy; € C°(Qy) € H2(Qy). Hence, the
inhomogeneous Dirichlet problem (4.9) leads to

||U1 — uthHl(%) ,S IIliIlQ Hu1 — Uh”Hl(Qg) + ||U11 — ullh”Hl(Ql) = O(h1/2+8).
vr €SH(T,2)

Third, arguing as in the proof of Proposition 4.3, we derive
H(Signtul - aulh/aVQHH—l/z(pz) = O(hs).

Fourth, the discretization of the auxiliary potential guarantees

. h—0
l|tapp — uapp,hHHl(Ql) N min o l|tapp — Uh”Hl(Ql) =5 0.

on €S (T,

By definition (4.29) of the operators R and Eh, the combination of the foregoing
three convergences proves (i).
The verification of (ii) follows along the same lines. This concludes the proof.O

Appendix A. Improved energy estimate

Under some additional assumptions on the general field contribution 7 and on the
applied field f, as well as on their respective discretizations, we can derive the
following physically meaningful energy estimate. In this section, we neglect any
possible dependence of 7 and 7}, on a second quantity (.

Proposition A.1. Let w: L*(Q) — L*(Q1) be a linear, bounded, and self-adjoint
operator, satisfying

Hﬂ-(w)HL“(Ql) < Cl4||WHL4(Ql) for all w € L4(Ql) (A1)
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with a constant C14 > 0. Let mp, satisfy
wh(my,,) — w(m)  strongly in L*(Qr) for some subsequence. (A.2)

Let the applied field f € L*(Qy) be constant in time. Assume that f;fl = i =f,
for all 7, and

fi, — f  strongly in L*(). (A.3)
Then, the energy
Cexc 1
£ (m(t) = <22 [Vm (1) 3, + 5 (Rm(D),m(D)g, — (F.m(D)g,  (A4)
satisfies

E (m(t)) + al|ldm|72(q,) < € (mo) (A.5)
for almost every t € (0,T).
Proof. Given an arbitrary ¢ € (0,T), let j =0,..., N — 1 such that ¢ € [t;,¢;11).
Let ¢ =0,...,j. From the stability estimate (3.15), we get
E(my) — E(my,) < —akl|v), |22 (q,) — Cexen(8 — 1/2)k*|| V0, 122 (g, )

1 i i 1 i i QY i
+3 <7r(mh+1)7mh+1>ﬂl -5 <7r(mh),mh>91 —k <7rh(mh),vh>91

::Tl
<f7 1+1>Ql + <f7m2>91 +k <fh= ”2>szl :

::T2

Since 7r is linear and self-adjoint, straightforward calculations show

; i\ i 1 i i i
T =k <7r(m}1) — wh(m}I),val + §/€< w(m h+1 m,h),vh>Ql

1 i i i i i
t3 (m(mytt +mp), mpt —mj, — kvl )g, »

and
:—k<f fhavh> <f7 Hl m%—kvbgl .
Combining the Cauchy-Schwarz inequality with Lemma 3.2, Lemma 3.4, and the
L*-stability of 7, we get
k[(m(my™ —mi),v)| S klmy™ — mp |2, 10hlle20,) S K210 220,)-
The Holder inequality, together with assumption (A.1), Lemma 3.3, and Lemma 3.4
yields
(mi i k)|
< Ol4||m + thL4(§21)||mh - mj, — kv, || Lass o)
S szmlH + thL“(Ql)”'vhHL8/3(Ql)

,S kQH'Uh”Lg/S(Ql)'
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The same argument also shows
[(Fomi =iy — k)| < £ Lo mi —mig =k}l oo,y S R 105200 0y)-

The log-convexity of Lebesgue norms and the Sobolev embedding H*(Q;) ¢ L*(Q;)
yield

1031125750,y S IVhll2@nllvhlle @) S 105 L2 104l @)
Altogether, we thus obtain
E(my) = E(my,) + ak|vp |z q,) — k (w(my) — ma(m},) v))g +k(F = frvh)q,
SR (bl + I0hlzean 0l ) ) -

Analogously to (3.8b), we define m;f, € P°(Zy; Vi) by mj, (1) := m for t; <
t < tiy1. Arguing as in Lemma 3.7, one proves that m;, — m strongly in L*(Qr)
for a subsequence. Summing the last estimate over ¢ = 0,...,j, we obtain

E(mif (1) — E(my) + allvy, |72 q,)

- <7"(m;k)_7"h(m;k)v”i:k> +<f_fh=”;k>

Q544 Q44

Sk (loml3a, )+ ol a1 Vol 2, ) ) -

Exploiting the available convergence results on mfk and v, , the boundedness of
VE[| Vvl 20p and [[vy, )l L2y from Lemma 3.6, and assumptions (A.2)-(A.3),
we can use standard arguments with lower semicontinuity for the limit (h, k) —
(0,0) and derive the desired result (A.5). |

Remark A.l. The operator m is linear, L>-bounded and self-adjoint in many
concrete situations, e.g., when it comprises the uniaxial anisotropy contribution
from Section 4.1 and the stray field contribution. In this case 7 is also well-defined
and bounded as operator 7 : LP (1) — L¥ () for all 1 < p < oo, see Ref. 26, and
Assumption (A.1) is therefore satisfied. Assumptions (A.2) and (A.3) are slightly
stronger than (3.13) and (3.10), respectively. However, they are fulfilled in many
actual realizations 7, and f,,, see Section 4.4 and Remark 3.4.
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