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Abstract 

In the present study, vortex-induced vibrations in both In-Line and Cross-Flow directions of long flexible cylinders within a 

uniform flow are predicted by a modified wake oscillator model. In detail, the Van der Pol’s wake oscillator model with the 

drag and lift coefficients being modelled as random variables. The statistics of the force coefficient, i.e. mean value and standard 

deviation, are extracted from the literature reporting experimental measurements and numerical simulation results of the drag 

and lift forces experienced by the cylinder-type structure. With the statistics, a series of pseudo stochastic variables are generated 

to calculate the drag and lift forces. In Euler-Bernoulli equation governing the motion of the cylinder, tension is modelled as a 

function of flow velocity. Through comparing the predictions from the model with and without randomness to the experimental 

results, it is found that the scatter in vibration amplitudes, multi-frequency effect (broadband stochastic process) and frequency 

multiplication effect are successfully reproduced by the model with randomly drawn drag and lift coefficients. However, the 

overestimate of the oscillation frequency for the In-Line vibrations implies that the In-Line coupling is still a topic that deserves 

a further investigation. 

Key words: Vortex-induced vibration; Wake oscillator model; Pseudo Stochastic Variables; Combined inline-cross flow 

responses 
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Given more ambient resources and less environmental impacts, offshore oil/gas exploration has shifted from shallow waters to 

the deep sea. For exploring the oil and gas resources in the deep sea, facilities currently employed in the offshore industry should 

be modified. Particularly, working risers in the deep sea are even more slender in comparing with the risers in relatively shallow 

waters. For the slender structures erected in the ocean, the structural flexibility is certainly coupled with the flow influencing 

the Vortex-induced vibrations (VIV) of the structure. Consequently, the VIV of risers are of practical interest in ocean 

engineering. 

Very few in-situ observations of VIV of ocean engineering structures and other full-scale slender bodies are reported in the 

literature in contrast to numerous results from scaled-down experiments, computational fluid dynamics (CFD) simulations and 

empirical models. During the past decades, characteristics of the VIV occurred for the long flexible cylinder with high aspect 

ratios have been studied and reported, such as high harmonics, high mode numbers, multi-mode (multi-frequency) responses 

(Baarholm et al., 2006; Bourdier and Chaplin, 2012; Chaplin et al., 2005; Gopalkrishnan, 1993; Khalak and Williamson, 1999; 

Lie and Kaasen, 2006; Liu et al., 2014) and traveling waves (Song et al., 2011). In reality, VIV observed in wave-basin 

experiments and in field measurements acquires two features shared with other fluid-structure interaction problems (Cavalcante 

et al., 2007). The first feature relates to the scatter or the discrepancy of the measurements, which reflects that the experiments 

yield, regardless of the identical model and environmental conditions, slightly different results due to the random nature of VIV-

related phenomenon. The second feature is that the VIV observed in experiments often contains multiple frequencies. The reason 

for observations of multiple frequencies is probably the random disturbance coming from the stochastic flow variation, the 

structural imperfections, measurement errors, chaotic nature of the vortex-shedding and instinct nonlinear characteristics of VIV. 

However, most empirical and CFD model analyze VIV in a deterministic way and discern the vibration with clearly defined 

amplitudes, frequencies and modes. The deterministic approach ignores the ubiquitous random effects which is natural and 

important. 

Given the stochastic nature of VIV, and hence the scatter of measurements taken in the experiments, previous studies have been 

carried out to assess the uncertainties and randomness in the VIV. Pioneered in the field, Billah and Shinozuka (1991) solved 

the single degree-of-freedom (DOF) equation for flow-induced vibration theoretically when the flow velocity exciting the 

vibration is taken as a random variable of either a white noises or Gaussians type. In fact, the flow velocity is decomposed in 

their study into a constant mean, and a random fluctuation. Their investigation concluded that the random fluctuation in the 

deterministic equations have to be treated as the colored noise because of the non-linear control parameter. Lucor and 

Karniadakis (2004) reviewed direct numerical simulations of flow-structure interactions in both deterministic and stochastic 

ways and solved the coupled stochastic Navier-Stokes and structure motion equations via Wiener-Askey Polynomials Chaos 

method for the VIV. In their two-dimensional rigid cylinder model, the structural properties, i.e. the damping coefficient and 

structural stiffness, and boundary conditions are taken as random processes. For example, the damping coefficient in their study 

is modelled as the sum of the mean value and a random disturbance, which is related to the standard deviation of the damping 

coefficient. Using their model, it is feasible to efficiently assess the uncertainties associated with the flow-structure interactions. 

Pan et al. (2007) studied the VIV of an elastically mounted rigid cylinder at low mass-damping ratio through solving the 

Reynolds-Averaged Navier-Stokes (RANS) equation coupled with k-ω Shear-Stress Transport (SST) turbulence model, which 

induces random-type fluctuations in the prediction of the VIV. Comparing to other experimental and numerical results, their 

results were found statistically stable because the RANS simulation erased the randomness induced by turbulences. These 

comparisons between RANS results and the experimental data with the randomness reveal the VIV’s random characteristics 

and the effect of the random disturbance on the experimental observation. Zong and Feng (2017), following the trend, developed 

a pseudo-stochastic method to analyze the VIV of single DOF and two DOFs systems, replacing the Monte-Carlo simulation of 

high computational costs. As for the wake oscillator model predicting the VIV, there have only been a few studies paid attentions 

to the stochastic characteristics. Srinil et al. (2018), as one of the studies, attributed the discrepancy of the measured maximum 
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vibration amplitude to the variations in values of empirical parameters and conducted a series of sensitive analysis on the 

parameters in empirical models to predict both In-Line (IL) and Cross-Flow (CF) vibrations. Shoshani (2018), in addition, 

investigated the theoretical solution of the lock-in phenomenon for rigid cylinder in both deterministic and stochastic ways, and 

Mukundan et al. (2009) improved the Van der Pol type wake oscillator model through adding random parameters, such as drag 

and lift coefficients, which yields better agreements with the experimental results. Imaoka et al. (2014, 2015) also discussed the 

inclusion of random components for modelling external forces and vortex shedding frequencies in their single DOF model.  

As the review of previous studies shows, the studies on modelling the stochastic nature of VIV are, for one thing, rare. Especially 

for the widely used wake oscillator model, the stochastic characteristics of the VIV is entirely ignored in its prediction. The 

existing investigations concerning the stochastic characteristics of VIV, on the other hand, mainly targeted the rigid body. 

Consequently, the more realistic case where the long flexible cylinder is randomly excited by the external flow is seldom studied 

via empirical/engineering models. For example, the wake oscillator model, which has already been widely applied in the 

assessment of VIV influences on the safety of riser-type structures, has yet been employed in an investigation of stochastic and 

complex flow-structure interaction found in reality. Since the coupling with randomness between a riser-type structure and flow 

where the Euler-Bernoulli beam assumption is implied is fundamentally different from the coupling without randomness 

concerning 1-DOF or 2-DOF systems, it is worthwhile to systematically investigate the influence of pseudo-stochastic 

parameterization in the wake oscillator model in predicting the VIV of long flexible cylinders. 

Given the lack of model studies considering the stochastic characteristics of VIV, the present study includes a pseudo-random 

variable generation scheme to provide more realistically drag and lift coefficients in the wake oscillator model. In fact, the 

present study is motivated by the need to explain the discrepancies between experimental results and model predictions of VIV 

of a long flexible cylinder. In the wake oscillator model under investigation, the drag and lift coefficients are pseudo-random 

variables whose statistics agreeing with experimental and numerical simulation results reported in the literature. Compared to 

previous studies concerning the VIV, the present work has several advantages as: 1) a three-dimensional model for long flexible 

cylinders is presented to predict both CF and IL vibrations; 2) the schemes to generate pseudo-random variables representing 

drag and lift coefficients; 3) a coupling scheme between the stochastic wake oscillator model and long flexible structural model 

presenting more realistic predictions of the VIV. 

After this introduction, section 2 presents the improved model including structural motion equation, wake oscillator model and 

the schemes to generate pseudo-random variables with statistics agreeing to the scattered drag and lift coefficients measured in 

previous studies. In section 3, the predictions made by this innovative model considering stochastic drag and lift coefficients 

are compared with the experimental results and model predictions reported in literatures. The influence of stochastic drag and 

lift coefficients on the model predictions are therefore discussed based on the comparisons. Conclusion remarks are presented 

in section 4. 

2. Model description 

2.1 Wake oscillator model 

The marine riser is often simplified as a flexible cylinder described by Euler-Bernoulli beam equation (Gu et al., 2012; Hong 

and Shah, 2018). The riser’s motions are therefore modelled as the deformation of the beam. In the present study, the Euler-

Bernoulli beam equation is used to simulate the VIV experienced by a riser. In detail, the solution to the equation yields the 

displacements in 𝑥 and 𝑦 axes of the cylinder at a given 𝑧 coordinate. While the vibrations in the 𝑥 and 𝑦 axes are usually 

termed as In-Line (IL) and Cross-Flow (CF) VIV, the 𝑧 axis defined along the riser when it is at the rest. In fact, the 𝑥 and 𝑦 
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displacements of the cylinder can be expressed as, 

𝑀
𝜕2𝑟

𝜕𝑡2 + 𝑅
𝜕𝑟

𝜕𝑡
+

𝜕2
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𝜕2𝑟
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) = 𝐹                                                            (1) 

In equation (1), the symbols are defined as,  

𝑟 = 𝑥 + i𝑦, 𝐹 = 𝐹𝑥 + 𝑖𝐹𝑦, 𝑀 = 𝑚𝑠 +
𝜋

4
𝐶𝑎𝜌𝐷2, 𝑅 = 𝑅𝑠 + 𝑅𝑓 = 2𝜉𝑑𝑀𝛺𝑠 + 𝛾𝜌𝐷2𝛺𝑓, 𝛺𝑠 =

√
𝛺𝑛

2

1+
𝐶𝑎
𝑚𝑠

𝜋
4𝜌𝐷2

.             (2) 

It is noted that the meanings of the symbols used here and in the following text are consistent with the derivation presented by 

Feng et al. (2019), which are also listed in APPENDIX: LIST of SYMBOLS. For more details about the model derivations and 

limitations, readers are suggested to refer to the work of Feng et al. (2019). In equations (1-2), the displacement vector of r and 

the excitation force vector of F are represented by complexes and i is the imaginary unit. The total mass M is the sum of the 

structural mass ms in the air and added mass. The total damping R includes structural damping Rs and fluid damping Rf. The 

natural frequencies of the cylinder in water are calculated based on the natural frequencies in the air when the effect of added 

masses are taken into consideration. 

It should be noted that, the tension is included in the model via the term (
∂

∂z
(𝑇

∂y

∂z
)), which theoretically alters the stiffness of 

the riser significantly and therefore modifies the motion of the riser. In equation (1), the tension is actually considered as a 

function of the vertical coordinate of 𝑧, which unavoidably induces extra computational burden in numerically seeking its 

solution as discussed in Feng et al. (2019). Therefore, the tension is assumed constant along the length of the cylinder as in the 

previous studies (Gu et al., 2012; Gu et al., 2013). The beam deformation, axial tension (Gu et al., 2013) and the vibration 

frequency (Lee and Allen, 2010) of a riser are found, however, increase with the free stream velocity. Therefore, it is suggested, 

following Feng et al. (2019), that the tension should be modelled as a constant along the axis of the riser but varies with the 

external free stream velocity as,  

𝑇 = 𝑇𝑖𝑛𝑖 +
𝐸𝐴

16𝜋2 (
𝜌𝐷𝑈2𝐶𝐷0𝐿3

𝐸𝐼𝜋2+𝑇𝐿2 )
2

.                                                                       (3) 

For the meanings of symbols in equation (3) and equations in the rest of the manuscript, the APPENDIX: LIST of SYMBOLS 

should be referenced. 

The external force in the 𝑥 direction, i.e. IL direction, is the drag force 𝐹𝑥, which is modelled as the summation of the mean 

part 𝑓𝐷 and the stochastically fluctuating part 𝑓′𝐷 in the present study as  

𝐹𝑥 = 𝑓𝐷 + 𝑓𝐷
′ .                                                                                     (4) 

From the conventional formulation of the wake oscillator model, the mean and stochastically fluctuating parts of the drag could 

be modelled as,  

𝑓𝐷 =
1

2
𝐶𝐷𝜌𝐷𝑈2 =

1

2
𝐶𝐷0(1 + 𝐾𝑞2)𝜌𝐷𝑈2,                                                              (5) 

𝑓𝐷
′ =

1

2
𝐶𝐷𝑖𝜌𝐷𝑈2.                                                                                 (6) 

In addition, the lift force driving the cylinder to move in the CF direction is calculated according to the wake oscillator model 
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as, 

𝐹𝑦 =
1

2
𝐶𝐿𝜌𝐷𝑈2.                                                                                  (7) 

In the models, the drag and lift coefficients are the essential components of the model, and are calculated as, 

𝐶𝐷𝑖 = 𝐶𝐷𝑖0
𝑝

2
, 𝐶𝐿 = 𝐶𝐿0

𝑞

2
.                                                                           (8) 

In equations (5-8), CD and CD0 are the mean drag coefficient and its amplitude of a stationary rigid cylinder, respectively, CDi 

and CL are the vortex-shedding drag and lift coefficients, CDi0 is the amplitude of vortex shedding drag coefficient and CL0 is 

the lift coefficient of a stationary rigid cylinder. Compared to the amplitude of the mean drag coefficient CD0, CDi0, determined 

by the vortex-shedding mechanism, is smaller by an order of magnitude, and has less experimental measurements or numerical 

results in the range of the Reynolds number of interest. Thus, the randomness of CDi is ignored in the present study. The 

stochastic characteristics of CD0 and CL0 are, however, systematically involved in the model described in the present study.  

In the conventional wake oscillator model, the drag and lift forces attributed to the vortex-shedding are modelled by the Van 

der Pol nonlinear equations. The Van der Pol equations read,  

𝜕2𝑝

𝜕𝑡2 + 2휀𝑥Ω𝑓(𝑝2 − 1)
𝜕𝑝
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𝜕𝑡2,                                                               (9) 

𝜕2𝑞

𝜕𝑡2 + 2휀𝑦Ω𝑓(𝑞2 − 1)
𝜕𝑞
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+ 4Ω𝑓
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𝐴𝑦

𝐷

𝜕2𝑦

𝜕𝑡2,                                                              (10) 

and, Ω𝑓 = 2𝜋𝑆𝑡
𝑈

𝐷
.                                                                                 (11) 

In equations (9-11), εx, εy, Ax and Ay are the empirical parameters estimated from fitting the experimental measurements to the 

model, and Ω𝑓 is the vortex-shedding frequency. It is noted that equation (1) describing the deformation of the cylinder is 

coupled with the wake oscillator model of equations (9-11) to predict the VIV. As regards the coupling scheme, it is suggested 

by Facchinetti et al. (2004) that the acceleration coupling would be more appropriate for the prediction of the VIV. Such a 

suggestion is adopted in the present study. Based on the acceleration coupling scheme, the hydrodynamic forces in the 𝑥 and 

𝑦 directions acting on the cylinder can be expressed as, 

𝐹𝑥 = 𝑓𝐷 + 𝑓𝐷
′ − 𝑓𝐿

�̇�
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=

1
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1

2
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2
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𝐹𝑦 = 𝑓𝐿 + 𝑓𝐷
′ �̇�

𝑈
=

1

2
𝐶𝐿0

𝑞

2
𝜌𝐷𝑈2 +

1

2
𝐶𝐷𝑖0

𝑝

2
𝜌𝐷𝑈�̇�.                                                     (13) 

2.2 Random component of force coefficient 

It is well established that the VIV of a riser is a stochastic process in nature. The origins of this randomness include stochastic 

turbulences in flow, structural imperfections and surface roughness randomly distributed along the length of the riser and the 

nonlinearity of fluid-structure interactions, etc. It is also well established that it is difficult, if not impossible, to formulate the 

randomness of each factor individually. Considering that one of the most significant influences of various stochastic factors is 

the stochastic fluctuations in the measurements of drag and lift coefficients, the present study investigates the randomness of 
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VIV via stochastically modeling drag and lift coefficients. In fact, the measurements of 𝐶𝐷0 and 𝐶𝐿0 reported by previous 

studies based on either simulations or experimental observations are employed to calculate the statistics of them. Once the 

pseudo stochastic variables are generated with statistics based on the measurements, common models, such as the wake 

oscillator model, can be employed to reveal the impacts of the randomness on the VIV.  

In fact, the present study assumes that the force coefficient is the summation of a constant mean and a pseudo-stochastically 

fluctuating part, as,  

𝐶𝐷0 = 𝐶𝐷0 + 𝛿𝐶𝐷0
, 𝐶𝐿0 = 𝐶𝐿0 + 𝛿𝐶𝐿0

.                                                                (14) 

Given the stochastic nature of drag and lift coefficients, their statistics are more important in a model than the actual value used 

in a single simulation run. In order to provide reliable statistics of 𝐶𝐷0  and 𝐶𝐿0 , substantial data from experiments and 

numerical simulations are collected and plotted as a function of the logarithmic Reynolds number (Re) (Figure 1-2). Fitting the 

experimentally measured or numerical simulated mean drag coefficients with a 7th degree polynomial function yields,  

𝐶𝐷0(𝑙𝑔(𝑅𝑒)) = −0.0003356(𝑙𝑔(𝑅𝑒))
8

+ 0.008364(𝑙𝑔(𝑅𝑒))
7

− 0.08037(𝑙𝑔(𝑅𝑒))
6

+ 0.3548(𝑙𝑔(𝑅𝑒))
5

−

0.5001(𝑙𝑔(𝑅𝑒))
4

− 1.737(𝑙𝑔(𝑅𝑒))
3

+ 8.788(𝑙𝑔(𝑅𝑒))
2

− 15.05(𝑙𝑔(𝑅𝑒)) + 11.01.                        (15) 

It is shown in the figure that scatter in mean drag coefficients appears in the critical flow regime (Figure 1) and variations in the 

flow pattern certainly connects with Re based on the accumulated observations. Consequently, statistics of the stochastic drag 

coefficients are calculated corresponding to different Re ranges. It is noted that a variety of classifications, based on the Re, 

concerning the flow patterns around a circular cylinder is available from literature (Achenbach and Heinecke, 1981; Beaudan 

and Moin, 1994; Canuto and Taira, 2015; Derakhshandeh and Alam, 2019). In the present study, a fine classification scheme is 

adopted following the suggestion of Zdravkovich (1997) (Table 1). Within each Re regime, the statistics, mainly the mean and 

standard deviation, of the mean drag coefficients are calculated from experiments/numerical simulations from previous studies 

and presented in Table1. 

As for the lift coefficient, the data shows no clear dependency on the Re (Figure 2). Therefore, the entire dataset containing the 

measurements of lift coefficients is used to estimate its mean and standard deviation, which are 0.4121 and 0.2967 respectively 

in the present work. 

The studies from which the measurements of 𝐶𝐷0 and 𝐶𝐿0 are extracted are listed in Table 2. It is worthwhile to point out that 

the studies date back to 1959, and the total number reaches 83. Moreover, the scatter of the mean drag coefficient and lift 

coefficient comes from not only the randomness of the flow but also the aspect ratio (L/D), blockage and roughness of the 

cylinder(Achenbach and Heinecke, 1981; Farell and Blessmann, 1983; Güven et al., 1980)). It is, however, noted that both the 

influences of aspect ratio and surface roughness are intended to be inlcuded into the randomly varying drag and lift coefficients 

in the present study. Given the use of drag and lift coefficients in the wake oscillator model assumes the aspect ratio has no 

impacts on the determination of the hydrodynamic coefficient and the surface roughness is difficult to included in the wake 

oscillator model, such the inclusion of their influences in the random varying drag and lift coefficient is reasonable. 

Table 1 Classification of flow patterns 

Flow regime Description Re 𝐶𝐷0 𝛿𝐶𝐷0
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Laminar state of 

flow, L 

L1: ‘creeping’ flow or non-separation regime 0<Re<5 9.3124 3.7681 

L2: steady separation or closed near-wake 

regime 

5<Re<40 

2.1352 0.6293 

L3: periodic laminar regime 40<Re<200 1.3534 0.1312 

Transition-in-wake 

state of flow, TrW 

TrW1: transition of laminar eddies in the wake 

form 

200<Re<250 

1.2732 0.0603 

TrW2: transition of an irregular eddy during 

its formation 

250<Re<400 

1.3291 0.2075 

Transition-in-shear-

layer, TrSL 

TrSL1: development of transition waves 400<Re<1×103 1.3223 0.2024 

TrSL2: formation of transition eddies 1×103<Re<2×104 1.2577 0.2785 

TrSL3: burst to turbulence 2×104<Re<1.4×105 1.0878 0.2758 

Transition-in-

boundary-layers, 

TrBL 

TrBL0: precritical regime 1.4×105<Re<3×105 0.9181 0.2086 

TrBL1: one-bubble regime 3×105<Re<4×105 0.5200 0.1946 

TrBL2: two-bubble regime 4×105<Re<1×106 0.4810 0.2845 

TrBL3: supercritical regime 1×106<Re<3.5×106 0.6554 0.2631 

TrBL4: post-critical regime 3.5×106<Re<1×107 0.7373 0.1977 

Fully turbulent state 

of flow, T 

 1×107<Re<∞ 

0.8555 0.0000 
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Figure 1 Collected experimental and numerical data for mean drag coefficient of flow around stationary cylinders. Data sources are listed in Table 

2. 

Table 2 Bibliographical of measured and computed mean drag and lift coefficients for circular cylinders 

Author (Year) CD0 CL0 Remarks 

Achenbach and Heinecke (1981) *   

 

 

 

 

 

 

 

Experimental measurement 

Allen and Henning (2001) △  

Bearman (1969) ▽ * 

Cantwell and Coles (1983) ▷  

Farell and Blessmann (1983) ◁  

Güven et al. (1980) ○  

Henderson (1995) □  

Roshko (1961) ☆  

Schewe (1983) × △ 
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Shih et al. (1993) ﹢  

Szepessy and Bearman (1992) ♢ ▽ 

Tritton (1959) ▲  

Gresho et al. (1984)  ▷ 

Zdravkovich (1997)  ◁ 

Blackburn and Melbourne (1996)  ○ 

Leehey and Hanson (1971)  □ 

West and Apelt (1993)  ☆ 

Gartshore (1984)  × 

Norberg (1993)  ﹢ 

Agbaglah and Mavriplis (2019) ▼   

 

 

 

 

 

 

 

 

 

 

Numerical computation 

 

 

Baranyi and Lewis (2006) ▶ ♢ 

Beaudan and Moin (1994) ◀  

Belov et al. (1995) ■ ▲ 

Braza et al. (1985) ★ ▼ 

Braza et al. (1986) ●  

Breuer (2000) ◆  

Calhoun (2002) * ▶ 

Canuto and Taira (2015) △ ◀ 

Chen et al. (2019) ▽ ■ 

Choi et al. (2007) ▷ ★ 
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Dennis and Chang (1970) ◁  
 

 

 

 

 

 

 

 

 

 

 

 

Ding et al. (2007) ○ ● 

Fornberg (1980) □  

Gresho et al. (1984) ☆  

Gushchin and Shchennikov (1974) ×  

He and Doolen (1997) ﹢  

Jiang and Liu (2019) ♢ ◆ 

Jordan and Fromm (1972) ▲ * 

Kang (2003) ▼ △ 

Kang and Hassan (2011) ▶ ▽ 

Karagiozis et al. (2010) ◀ ▷ 

Kim et al. (2001) ■ ◁ 

Konstantinidis and Bouris (2017) ★ ○ 

Lai and Peskin (2000) ● □ 

Lausova et al. (2019) ◆ ☆ 

Cao et al. (2015) * ×  

 

 

 

 

 

 

Dong et al. (2014) △ ﹢ 

Le et al. (2008) ▽ ♢ 

Lecointe and Piquet (1984) ▷ ▲ 

Lecointe and Piquet (1989) ◁ ▼ 

Linnick and Fasel (2005) ○ ▶ 
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Liu et al. (1998) □ ◀ 
 

 

 

 

 

 

 

 

Numerical computation 

Liu and Hu (2018) ☆  

Liu et al. (2019a) × ■ 

Liu et al. (2019b) ﹢ ★ 

Liu et al. (2019c) ♢ ● 

Marx (1994) ▲ ◆ 

Michalcova et al. (2019) ▼  

Mirzaee et al. (2019) ▶ * 

Nieuwstadt and Keller (1973) ■  

Palkin et al. (2018) ★  

Park et al. (1998) ● △ 

Park et al. (2016) ◆ ▽ 

Qu et al. (2013) * ▷ 

Rahman et al. (2007) △  

Rogers and Kwak (1990) ▽ ◁ 

Rosenfeld et al. (1991) ▷ ○ 

Russell and Wang (2003) ◁ □ 

Saiki and Biringen (1996) ○  

Singh and Mittal (2005) □  

Taira and Colonius (2007) ☆ ☆ 

Takami and Keller (1969) ×  
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Thakur et al. (2004) ﹢ × 

Travin et al. (2000) ♢ ﹢ 

Tuann and Olson (1978) ▲  

Wei et al. (2006) ▼ ♢ 

Wright and Smith (2001) ▶ ▲ 

Wu and Shu (2009) ◀ ▼ 

Ye et al. (1999) ■  

Zhang and Dalton (1997) ★ ▶ 

Zhou et al. (1999) ● ◀ 

Zhou et al. (2019) ◆ ■ 

 

Figure 2 Collected experimental and numerical data for lift coefficient of flow around stationary cylinders. Data sources are listed in Table 2. 

2.3 Boundary and initial conditions 

In the prediction, the boundaries of the idealized cylinder are set to ensure the displacements and moments at both ends are zero 
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during the simulation. In other words, it is assumed that hinges are placed at the ends of the cylinder. The boundary conditions 

of the model are expressed as  

𝑟(0, 𝑡) = 𝑟(𝐿, 𝑡) = 0               (t＞0)                                                      (16) 

𝜕2𝑟

𝜕𝑧2
(0, 𝑡) =

𝜕2𝑟

𝜕𝑧2
(𝐿, 𝑡) = 0           (t＞0)                                                       (17) 

The initial conditions of the model, on the other hand, are given as 

𝑟(𝑧, 0) = 0           
𝜕𝑟

𝜕𝑡
(𝑧, 0) = 0                         (0＜z＜L)                            (18) 

𝑝(𝑧, 0) = 𝑞(𝑧, 0) = 2   
𝜕𝑝

𝜕𝑡
(𝑧, 0) =

𝜕𝑞

𝜕𝑡
(𝑧, 0) = 0               (0＜z＜L)                             (19) 

Given the motion governing equations and the boundary conditions, the system is solvable to show the VIV of the idealized 

cylinder in a uniform flow.  

2.4 Overview of the model 

The model discussed in the present study is summarized in this subsection. The physical system modelling flexible riser 

undergoing VIV is depicted in Figure 3. The prediction of the vibrations is made through solving the structural motion equation 

(Equations 1, 12-13) and the Van der Pol wake oscillator equation (Equation 9-10) under the boundary condition (Equations 16-

17) and initial condition (Equations 18-19). In the formula calculating the hydrodynamic forces, drag coefficient and lift 

coefficient are the pseudo-stochastic variables calculated according to equation (14). Their mean and standard derivation are 

obtained from data reported in literatures listed in Table 2. In fact, the fluctuating part of the drag and lift coefficients are 

generated, based on the normal probability distribution, by the MATLAB’s normrnd function at every time step and every 

discrete point. It is noted that, although the Strouhal number also should be considered as a random variable in the predictions 

of VIV, the direct inclusion of randomly varying Strouhal numbers as the way dealing with the drag and lift coefficient in the 

present study leads to erroneous predictions of the dominant frequency of the VIV. Given that the randomness of Strouhal 

numbers influences the hydrodynamics of the cylinder in a different way, its inclusion in the developed model is our future 

endeavor and hence is neglected in the present study. 

Considering that the system is governed by a set of partial differential equations, the central finite difference scheme is employed 

to solve for the time histories of vibrations or beam deformations at 201 discrete points along the cylinder with a time step of 

10-4. It is noted that the length of the cylinder is 38m as in the experimental study of Trim et al. (2005), and the simulation time 

for a single run is 80s. 
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Figure 3 A schematic view of a flexible cylinder undergoing VIV in uniform flow with random effect 

3. Case study 

With the help of the wake oscillator with random drag and lift coefficients, the experiment conducted by Trim et al. (2005) is 

numerically reproduced to exhibit the influences of random hydrodynamics on the prediction of the VIV. In addition to directly 

comparing to the experimental data, the model predictions are also compared to the corresponding results produced by a model 

without random effects (Feng et al., 2019). The properties of the idealized cylinder and the values of model parameters are listed 

in Table 3 and 4, respectively, as reported by Feng et al. (2019). The velocities of the uniform flow ranges from 0.3m/s to 2.4m/s 

with an increment of 0.1m/s, which is consistent with the experiment.  

Table 3 Properties of the cylinder (Trim et al., 2005) 

Outer diameter D=0.027m Young’s modulus of elasticity E=36.2×109N/m2 

Inner diameter d=0.021m Axial tension Tini=4-6kN 

Wall thickness tw=0.003m Aspect ratio 1407 

Length L=38m Mass ratio 1.6 

Structure mass ms=0.939kg/m Density ρ=1025kg/m3 

Table 4 Values of the model parameters 

Ca 1 St 0.17 
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CD0 1.2 CDi0 0.1 

CL0 0.3 Γ 0.45 

εx 0.3 εy 0.3 

Ax 12 Ay 12 

Before the model predictions are utilized to discuss the influences of randomness, a number-of-runs independence check should 

be in place. In fact, the simulations are repeated for 50, 100 and 150 times, with randomly drawn drag and lift coefficients, at 

the flow velocity of 1m/s. The means and standard deviations of non-dimensional amplitude, dominant frequency and dominant 

mode number of the cylinder in 𝑥 and 𝑦 directions are extracted from the simulations and compared in Table 5. It is revealed, 

from the table, that the model predictions are nearly identical, which substantiates that the predictions corresponding to 100 

simulation runs are sufficient for discerning the statistics of the VIV under the influence of random drag and lift coefficients. 

Table 5 Mean value and standard deviation of results at U=1m/s 

 Number of runs x (IL) direction y (CF) direction 

Amplitude

/Diameter 

Frequency

(Hz) 

Mode No. Amplitude

/Diameter 

Frequency

(Hz) 

Mode No. 

 

Mean value 

50 0.1660 12.5997 13 0.7874 6.1999 7 

100 0.1661 12.5997 13 0.7874 6.1999 7 

150 0.1659 12.5997 13 0.7874 6.1999 7 

 

Standard deviation 

50 0.0015 0.0000 0 0.0003 0.0000 0 

100 0.0015 0.0000 0 0.0003 0.0000 0 

150 0.0014 0.0000 0 0.0003 0.0000 0 
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Figure 4 Probability density distribution of the drag and lift coefficient (Re=35100) 

 

Figure 5 Probability density distribution of the non-dimensional amplitude in CF and IL directions (Re=35100) 

Figure 4 and Figure 5 show the probability density distributions of the drag and lift coefficient and the corresponding non-

dimensional vibration amplitudes in both CF and IL directions extracted from the 100 simulation runs when the flow velocity 

is 1.3m/s (Re=35100). The averaged non-dimensional vibration amplitude ξ  corresponding to a single simulation run, 

calculated according to equation (20), is a measurement of the VIV magnitude for the entire cylinder. 
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ξ = mean(𝑆𝑖), 𝑆𝑖 =
𝑠𝑡𝑑(𝑟𝑖(𝑡))

𝐷
=

1

𝐷
√

∑ (𝑟𝑖
(𝑡)

−𝑟𝑖)
2

𝑁𝑡
t=t1

𝑁𝑡−1
                      (1 ≤ 𝑖 ≤ 𝑁)                       (20) 

in which 𝑟𝑖 = 𝑚𝑒𝑎𝑛 (𝑟𝑖
(𝑡)

) , 𝑡1 ≤ 𝑡 ≤ 𝑁𝑡. 

In equation (20), N is the node number, taking the value of 201 for the entire length of the cylinder, t1 is the moment at which 

the simulation is stable, Nt is the number of time steps, Si is the standard deviation of displacements at the node i, 𝑟𝑖
(𝑡)

 and 𝑟𝑖 

are the instantaneous and mean displacement at the ith node, respectively. It is noted that the predictions of VIV in IL and CF 

directions corresponding to the model with random drag and lift coefficients are statistically agreeing with the predictions from 

conventional wake oscillator model. In fact, the averaged ξ corresponding to the vibrations in the CF and IL directions shown 

in Figure 5 are 0.934 and 0.178, respectively, comparing to the corresponding predictions of 0.584 and 0.155 from the 

conventional model. While the averaged ξ reveals the magnitude of vibrations, the standard deviations of ξ implies the scatter 

of model prediction, which in turn reflects the randomness of the model. Figure 5 indicates that the standard deviations of ξ 

corresponding to CF and IL vibrations are 4.05×10-4 and 3×10-3, respectively. These values imply, for one thing, that the 

influence of using pseudo stochastic drag and lift coefficient in a wake oscillator model is limited. For another thing, it is found 

that the scatter in vibration prediction corresponding to the IL vibration is one order of magnitude larger than that in CF direction.  
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Figure 6 Numerical predicted spatial mean of temporal non-dimensional displacement standard deviation (STD/D) by wake oscillator model with 

and without considering random effect (Feng et al., 2019), compared to the experimental results (Trim et al., 2005). 

Figure 6 depicts the variation of the averaged ξ, calculated by averaging 100 pseudo-stochastic model predictions of ξ, in both 

CF and IL directions with the flow velocity. In order to discern the influence of random drag and lift coefficients on the model 

prediction, the results by Feng et al. (2019) are included. It should be noted that both study of Feng et al. (2019) and the present 

study share the same model but have different sets of parameters. More specifically , while the model parameters in the study 

of Feng et al. (2019) are specified following the experiment (Trim et al., 2005), the stochastic model proposed in the present 

study specifies the parameters as pseudo stochastic variables whose statistics calculated from the measurements/simulations 

reported in the literature. It is shown from the figure that the vibrations in the CF direction predicted by the model considering 

random effects are higher than the conventional predictions by, on average, 67.71%. It is postulated that this overestimation is 

attributed to the difference in the lift coefficients contained in the models. While the mean of the lift coefficients (CL0) in the 

model of the present study is 0.4121, the lift coefficient in the study of Feng et al. (2019) is 0.3. It should be addressed that the 

stochastic Cl model proposed in the present study is based on a large number of existing studies, in which the cylinder and flow 

under investigation are obviously different. For a specific case such as the one presented in the study, the model may not be the 

most appropriate choice. More specifically, the random variable models proposed in the present study could be erroneous for a 

specific case where the cylinder geometric characteristics and flow conditions are significantly different from the “averaged” 

situation derived from the existing literature reviewed in the present study. As regards the vibrations in the IL direction, both 

models with and without randomness are consistent in predicting vibration amplitudes. In addition, it is shown that the increases 

in CL0 , as 0.4121 in the present stochastic model comparing to 0.3 in the conventional model of Feng et al. (2019), has limited 

influences on the predictions of IL vibrations of the idealized cylinder. In fact, the predictions of IL vibrations made by the 

models with and without the random drag and lift coefficients differ, in most cases, within the range of 14.75% when the 

prediction made by the conventional model is used as the criterion. The noticeable exceptions, however, occur when the flow 
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velocities equals to 0.9m/s and 1.4m/s where the discrepancies reach 46.36% and 53.93% respectively. In a word, our model 

has some limitations at the current stage. The value of our study is not to propose a perfect model which is universally applicable 

to predict the vibration of cylinders in the flow under all conditions, but to shed lights into the stochastic effects and their 

modelling in the wake oscillator model. It is suggested that the stochastic model applicable for a specific case should be revised 

based on our findings and more relevant experimental data accumulating in the past or from independent numerical simulations, 

not from the broadly reviewed literature. 

 

Figure 7 Numerical predicted vibration dominant frequency versus flow velocity by wake oscillator model with and without random effect, 

compared to the experimental results (Trim et al., 2005). 

Figure 7 gives the variation of the dominant vibration frequency, which corresponds to the highest energy peak in the frequency 

spectrum of vibrations, with the flow velocity in both CF and IL directions. The two straight lines, shown as the references, 

represent the predictions made according to the Strouhal law of frequencies. In fact, the reference vibration frequency is assumed 

twice in the IL direction as in the CF direction following the observations in the studies of Blevins and Coughran (2009); 

Chaplin et al. (2005); Liu et al. (2014); Song et al. (2011); Trim et al. (2005). For the vibrations in the CF direction, when the 

flow velocity reaches 0.9m/s, 1.5m/s, 2.3m/s and 2.4m/s, the figure indicates that the conventional model without randomness 

obviously overestimates the vibration frequency. In fact, when the randomness is taken into consideration, the differences 

between predictions and the experimental measurements are reduced from 22.44% to 3.09%. The possible reason is that the 

random effect breaks the limitations in the vibration frequencies predicted by the deterministic model, and introduces vibrations 

at other frequencies, which is a better representation of the physical reality. As for the IL direction, the frequencies predicted 

from the model considering random effects are, at the above-mentioned four flow velocities, smaller than that from the model 

without randomness. Especially for the case where flow velocity equals 0.9 m/s, a very low frequency of 1.6 Hz dominates the 

vibration. The introduced chaos is more obvious and has a greater impact at this flow velocity. The reasonable guess may be 
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that complex interactions of the coupling system are motivated.  

 

Figure 8 Spectral analysis of CF vibration frequency at the velocity of 1m/s predicted by wake oscillator model with and without random effect. 

The analysis is based on the time history extracted from y displacement (left) and lift coefficient (right), respectively. 

1× 

3× 

5× 

1× 
3× 

5× 

7× 
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Figure 9 Spectral analysis of IL vibration frequency at the velocity of 1m/s predicted by wake oscillator model with and without random effect. 

The analysis is based on the time history extracted from x displacement (left) and drag coefficient (right), respectively. 

Figures 8-11 give the time history of x/y/Cdi/Cl and their corresponding spectral analysis in both CF and IL directions at the 

velocities of 1m/s and 0.9m/s. The reason to present the figures at these two particular velocities is that they correspond to small 

and large discrepancies between model predictions with and without pseudo-stochastic parameterizations as indicated by 

Figures 6 and 7. These time histories given in the first column are extracted from t=55s/75s to t=80s when the simulations are 

stable. In order to illustrate the differences in the time history predictions, the second column show a fraction of the time history 

form the simulation, and the third column gives the spectra of the vibrations. Findings made from examining the figures are 

listed as follows, 

(a) the amplitudes of vibrations are generally bigger from the model results with randomness. For the CF vibration, it is 

suggested to be attributed to the bigger lift coefficient. As for the vibrations in the IL direction, it is postulated that the vibrations 

in the CF direction, with larger amplitudes, transmits to the IL direction due to the complex interaction mechanism of the system. 

The overestimation of the amplitude is conservative for the prediction of structural vibrations. 

(b) the pseudo-stochastic parameterizations of the drag and lift coefficient indeed induce additional frequency components in 

the vibrations of the cylinder in addition to a few major frequency peaks. In fact, the model with pseudo-stochastic 

parameterizations predicts a broadband stochastic process, which is more stand out for the large discrepancy case (Figures 10-

11). Similar spectra are reported in the Norwegian Deepwater Program (NDP) dataset 2110 (Mukundan et al., 2009) and by 

Imaoka et al. (2015). NDP is an industrial project, in which a series of experiments were conducted to discern high mode VIV 

responses of long risers (Kaasen et al., 2000; Trim et al., 2005). In the model simulations conducted by Imaoka et al. (2015), 

vibration spectra from their normally-distributed random model and chaos model also imply broadband stochastic process with 
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several main frequency peaks. In contrast, the predictions from Faccinetti’s model (Facchinetti et al., 2004) without randomness 

indicate that the VIV is a narrowband process. Therefore, it is found that the randomness is a significant factor for realistically 

reproducing the spectra of VIV for the long flexible cylinder.  

(c) unexpected spectral peaks are surprisingly obtained from different time series (x displacement / drag coefficient and y 

displacement / lift coefficient). Frequency multiplication effect observed from a series of VIV experiments has been broadly 

reported in the literature (Gao et al., 2015a; Gao et al., 2015b; Kang and Jia, 2013; Kang et al., 2016; Liu et al., 2014; Song et 

al., 2011). In fact, it is found that the strains and displacements are usually oscillate at the frequency of fo, 3×fo, 5×fo, etc in the 

CF direction and 2×fo, 4×fo, 6×fo, etc in the IL direction as reported in many experimental studies (Gao et al., 2015a; Gao et al., 

2015b; Song et al., 2016). Based on such observations, drag force and lift forces could be modelled as the summation of force 

fluctuations with specific frequencies as, 𝐶𝐿 = ∑ 𝐶𝐿0𝑠𝑖𝑛[2𝜋(2𝑘 − 1)𝑓𝑜𝑡 + 𝜑0]∞
𝑘=1   and 𝐶𝐷 = 𝐶𝐷0 +

∑ 𝐶𝐷𝑖0𝑠𝑖𝑛[2𝜋(2𝑘)𝑓𝑜𝑡 + 𝜙0]∞
𝑘=1  (Wang et al., 2003). Tsatsos (2006) studied theoretical and numerical solution of the Van der 

Pol equation and decomposed a time series of the solution into time series with several specific frequencies. He gave an example 

(�̈� + 𝑥 + 𝑎(𝑥2 − 1)�̇� = 𝑏 cos 𝜔𝑡 , 𝑎 = 5, 𝑏 = 40, 𝜔 = 7) where the Fourier spectrum consists a primary peak corresponding to 

one fundamental frequency and a series of secondary peaks whose frequencies are calculated by multiplying the fundamental 

frequency by integers. In another example (𝑎 = 3, 𝑏 = 5, 𝜔 = 1.788 ), the spectrum is continuous which means massive 

frequencies are involved and the signal shows the chaotic characteristic. To the best of authors’ knowledge, this phenomenon 

has not been reported in the previous studies using the wake oscillator model. In Figures 8-11, the spectral peaks are marked as 

1×, 3×, 5×…(CF direction) and 2×, 4×, 6×…(IL direction). It is shown in the figure that the frequency multiplication effect is 

well identified. Such findings imply that the wake oscillator model is capable of predicting the well-known frequency 

multiplication effect observed in the VIV of slender cylinders. When combing with the randomly drawn drag and lift coefficients, 

the spectra with clearly defined peaks and broad strips are also well reproduced.   
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Figure 10 Spectral analysis of CF vibration frequency at the velocity of 0.9m/s predicted by wake oscillator model with and without random effect. 

The analysis is based on the time history extracted from y displacement (left) and lift coefficient (right), respectively. 

 

Figure 11 Spectral analysis of IL vibration frequency at the velocity of 0.9m/s predicted by wake oscillator model with and without random effect. 

The analysis is based on the time history extracted from x displacement (left) and drag coefficient (right), respectively. 

4. Summary 

A Euler-Bernoulli beam is coupled with the wake oscillator model with pseudo-stochastic drag and lift coefficients are used to 

predict the VIV of a long slender cylinder in both the IL and CF directions. In order to generate appropriate pseudo-stochastic 

lift and drag coefficient, the experimental measurements and numerical simulation results reported in the literature are 

referenced, and their statistics are calculated. Given the pseudo stochastic drag and lift coefficients whose statistics agreeing 

with the data extracted from the literature, structural motion equation is coupled with the Van der Pol’s wake oscillator to predict 

the VIV of a long flexible cylinder identical to the model used by Trim et al. (2005) in their experiment. In the model, the 

tension is taken as a function of flow velocity. In order to discuss the influences of random drag and lift coefficients, the 

measurements taken by Trim et al. (2005) and the results from the study of Feng et al. (2019) are compared to the predictions 

made by the pseudo stochastic model.  

It is found, from comparisons, that  

(a) the inclusion of stochastic drag and lift coefficient has limited impacts on the prediction of the vibration amplitudes, and the 

influence on the IL vibration is more significant than the prediction concerning the CF vibrations; 

(b) the vibration amplitudes predicted by the pseudo stochastic model are generally bigger than from the conventional model;  
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(c) the VIV of a long flexible cylinder, predicted by the pseudo stochastic model, are broadband stochastic process as revealed 

by the experiments of Mukundan et al. (2009);  

(d) frequency multiplication effects observed in a series of experiments are realistically reproduced by both the stochastic and 

deterministic wake oscillator model. 

The findings indicate the feasibility of including stochastic parameterizations into the wake oscillator model for the VIV analysis. 

It should be noted that the reliability and accuracy of the predictions depend on, to a large extent, the reliability and accuracy 

of the stochastic parameterization. In the prediction of VIV in a target case with specific configuration, it is suggested that a 

designated stochastic model specifically improved from the proposition of the present study should be employed. 
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APPENDIX: LIST OF SYMBOLS 

M    the sum of structure mass ms and added fluid mass per unit length 

F     hydrodynamic force per unit length, with components Fx and Fy 

r     the deflection, a vector, with components x and y 

EI    bending stiffness 

E     Young’s modulus 

T     axial tension 

Ca    added mass coefficient 

ρ     density of seawater 

D     diameter of the riser 

R     damping coefficient due to hydrodynamic damping and structural damping 

Rf     damping coefficient due to hydrodynamic force 

Rs     damping coefficient due to structure force 

γ      parameter determined through experiments 

Ωf     vortex shedding frequency  

Ωn     natural frequency of the riser in air 

Ωs     natural frequency of the riser in water 

ξD       damping ratio 

Tini    tension force before deflection 

A     cross section area of the riser 

L     length of the riser 

△L   prolongation of the riser 

Fx    external force exerted perpendicularly on the model in the x direction 

Fy    external force exerted perpendicularly on the model in the y direction 

fD     mean drag force per unit length 

fD’    fluatuating drag force per unit length 

fL     lift force per unit length 

CD    mean drag coefficient of a stationary rigid cylinder 

CD0   the amplitude of mean drag coefficient of a stationary rigid cylinder 
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𝐶𝐷0
̅̅ ̅̅ ̅   mean of the mean drag coefficient of a stationary rigid cylinder for a certain flow regime 

𝛿𝐶𝐷0
  standard deviation of the mean drag coefficient of a stationary rigid cylinder for a certain flow regime 

YRMS/D the amplitude of vibration in the CF direction 

CDi    vortex shedding drag coefficient 

CDi0   the amplitude of vortex shedding drag coefficient  

CL0   lift coefficient of a stationary rigid cylinder 

CL    lift coefficient varying with time 

𝐶𝐿0   mean of the lift coefficient of a stationary rigid cylinder for a certain flow regime 

𝛿𝐶𝐿0
  standard deviation of the lift coefficient of a stationary rigid cylinder for a certain flow regime 

p     in line wake variable 

q     cross flow wake variable 

εx, εy, Ax, Ay non-dimensional parameters estimated through experiments 

St     Strouhal numbe 

𝐶𝐷0
̅̅ ̅̅ ̅𝛿𝐶𝐷0

𝐶𝐿0𝛿𝐶𝐿0
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