
On the role of bandwidth in pump and seed light
waves for stimulated Raman scattering
in inhomogeneous plasmas

Cite as: Phys. Plasmas 29, 032102 (2022); doi: 10.1063/5.0078985
Submitted: 17 November 2021 . Accepted: 22 February 2022 .
Published Online: 10 March 2022

Mufei Luo,1,2,3,a) Stefan H€uller,3 Min Chen,1,2 and Zhengming Sheng1,2,4

AFFILIATIONS
1Key Laboratory for Laser Plasmas (MOE), School of Physics and Astronomy, Shanghai Jiao Tong University, Shanghai 200240, China
2Collaborative Innovation Center of IFSA (CICIFSA), Shanghai Jiao Tong University, Shanghai 200240, China
3Centre de Physique Th�eorique (CPHT), CNRS, Ecole Polytechnique, IP Paris, 91128 Palaiseau Cedex, France
4SUPA, Department of Physics, University of Strathclyde, Glasgow G40NG, United Kingdom

a)Author to whom correspondence should be addressed: mufei.luo@polytechnique.edu

ABSTRACT

The effects of incoherence on the three-wave coupling process of backward stimulated Raman scattering (SRS) in inhomogeneous plasmas
are investigated theoretically and numerically via a three-wave coupling model. The impact of the plasma wave nonlinearity is taken into
account, namely, the effect of trapped electrons via a nonlinear frequency shift of the electron plasma wave. Incoherence in the coupling is
introduced in the seed wave, and the laser pump wave via bandwidth associated with a Lorentzian power spectrum. It is found that temporal
incoherence can suppress the instability as long as the gain associated with spatial amplification in an inhomogeneous plasma (“Rosenbluth
gain”) is smaller than 2. Otherwise, kinetic effects may destabilize SRS and significantly increase the backscatter level. For the bandwidth
effects of the pump laser, a statistical analysis has been performed to examine the real impact of bandwidth. Moreover, a semi-analytical
expression of the growth rate in the nonlinear stage is given. By estimating the bandwidth effects, it is found that a broad bandwidth of
the pump laser starts to mitigate the scattering provided that the laser beam coherence time sc is shorter than c�1

0 , the inverse of the standard
SRS growth rate c0. However, to obtain effective mitigation, by maintaining SRS in an almost linear stage, it is found that the criterion
c0sc � 0:35 has to be fulfilled.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0078985

I. INTRODUCTION

Temporal and spatial incoherence1–3 is widely used in laser-
plasma interaction experiments for Inertial Confined Fusion (ICF).
The goal is to suppress—or at least to mitigate—the onset of paramet-
ric instability processes,4–6 including stimulated Raman scattering
(SRS), stimulated Brillouin scattering (SBS), and two-plasmon decay
(TPD), etc. These instabilities result from the coupling among incident
laser beams, scattered light waves, and excited plasma waves. They not
only lead to reduced laser energy coupling to fusion targets but also
energetic electron production,7,8 both of which are significantly delete-
rious for the realization of fusion ignition.

Several smoothing techniques have been developed, such as ran-
dom phase plates (RPP),9,10 which introduce spatial incoherence, can
considerably suppress hydrodynamic instabilities. Still, they have only
a limited effect on parametric instabilities. Spatiotemporal smoothing
techniques have been developed by combining the phase modulation

in time and space. The most prominent spatiotemporal smoothing
techniques are induced spatial incoherence (ISI),11,12 and smoothing
by spectral dispersion (SSD).13–15 Mostly SSD has been installed on
major laser facilities.

Partly due to technological constraints in the existing laser facili-
ties, the efficiency of these techniques concerning the control of laser-
plasma instabilities remains limited and often unsatisfactory to the
goal of the experiments. Furthermore, the lack of control of growing
plasma waves arising in these instabilities is often responsible for high
instability levels. By interrupting the excitation of plasma waves via
induced incoherence in time, mitigation of the instabilities may be
achieved.16,17 There is hence a vital need to understand how temporal
smoothing techniques can be improved to control better the onset of
stimulated scattering instabilities.18

Usually, the temporal incoherence in laser beams is associated
with a single parameter, namely, the bandwidth. While the incoherence
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can be induced in various types.16,19–21 The adequate bandwidth is
directly associated with the laser beam coherence time. The relation
between the bandwidth and coherence time could vary depending on
the method applied.

In general, it is assumed that the mitigating effect in an instability
process is achieved if the coherence time sc, is shorter than the growth
time of the instability, or the inverse of the homogeneous growth rate
c0, i.e., see Ref. 12, sc < c�1

0 .
However, the instabilities turn easily into a nonlinear regime, for

instance, if convective amplification leads to non-negligible plasma
wave amplitudes. The latter may lead to the destabilization of an inter-
mediate amplification stage due to nonlinear waves.22,23 This may
eventually alter the impact of spatial and temporal smoothing
significantly.

Currently, induced temporal incoherence techniques, in general,
are not conceived to be adjusted due to feedback with upcoming non-
linear processes arising in laser–plasma interaction.

This work studies the effects of temporal incoherence on the
three-wave (3-wave) coupling process, particularly on SRS. An inci-
dent laser beam is scattered off an electron plasma wave (EPW), result-
ing in a scattered light wave. We concentrate here on backscattering in
an inhomogeneous plasma density profile. A nonlinear process from
the excitation of trapped particles24 in the electron plasma wave results
in the detuning of the resonant 3-wave coupling.

Our study is based on the well-known one-dimensional model
for SRS.25,26 The low computational expense allows us to identify the
key physics via a large number of simulations running with varying
incoherence parameters of the incident laser and the plasma. In con-
trast, numerical simulations in more than one spatial dimension are
mostly based on a single or only very few realizations.

This paper is organized as follows. In Sec. II, we introduce the
modified 3-wave coupling model for SRS. The statistical properties of
the source term are given, which accounts for the thermal noise in
plasma. Moreover, the temporal envelope of the pump laser with spe-
cific bandwidth is introduced. In Sec. III, we consider different combi-
nations between the choice of laser bandwidth and incoherence in the
noise term. The statistical properties and temporal evolution of the
scattering are shown. A method to estimate the bandwidth effects is
additionally introduced in Sec. IV. Finally, in the concluding Sec. V we
discuss further aspects and limitations.

II. THREE-WAVE COUPLING MODEL

Stimulated Raman backscattering can be described by the follow-
ing system of coupled envelope equations for the pump laser field, the
scattered light field, and the longitudinal field of the electron plasma
wave (EPW), relevant for an under-dense and warm plasma:

L0A0 ¼ � ekL
4mex0

ELA1; (1)

L1A1 ¼
ekL

4mex1
E�
LA0; (2)

LLEL ¼
ekL

4mexL
x2

peA
�
1A0; (3)

where the slowly varying complex envelopes A0 and A1 stand for the
vector potentials of the pump laser field and scattered light field. In
one-dimensional geometry, the differential operators L0;1 describe

uni-directional wave propagation for the pump and scattered light,
given by L0;1 � @

@t þ c0;1 @
@x, where c0 and c1 denote the group veloci-

ties for the pump and the scattered light, respectively, with opposite
signs. ‘L is the differential operator for the EPW, which is associated
with a longitudinal electric field EL. xpe ¼ ðnee2=�0meÞ1=2 is the elec-
tron plasma frequency defined in terms of electron density ne, electron
mass me, electron charge e, and the vacuum dielectric constant �0. The
matching conditions for 3-wave interaction are given by

k0 ¼ kL þ k1 and x0 ¼ xL þ x1;

with k0;1;L; x0;1;L as the wave vectors and frequencies of the pump
laser, scattered light, and EPW, respectively. The differential operator
LL for the EPW reads LL � @

@t þ cL @
@x þ �L þ irðx; xresÞ þ idxnl,

wherein �L denotes the damping rate, rðx; xresÞ takes into account the
mismatch around the resonance, at xres, in the case of an inhomoge-
neous plasma density profile, and dxnl the nonlinear frequency
shift due to wave-particle effects. For a given, linear density profile
ne ¼ ne0½1þ ðx � xresÞ=L� with L denoting the density gradient
length, we have5

rðx; xresÞ ¼ cLk
0x; (4)

by taking xres ¼ 0, with k0 ¼ x2
peðx¼xresÞ=ð6v2thLkLÞ in which vth

¼ ðkBTe=meÞ1=2 denotes the thermal electron speed, kB the
Boltzmann constant, and Te the electron temperature.

Furthermore, in the kinetic regime,27 in particular, for product
between the EPW wave number kL and the Debye length kD � vth=xL

in the range kLkD > 0:25, wave-particle effects are non-negligible.
With increasing plasma wave amplitude, the probability of electrons
being trapped in the potential wells of the EPW—running with phase
velocity v/ ¼ xL=kL—increases. These trapped electrons create a pla-
teau in the velocity distribution function, reducing the Landau damp-
ing and modifying the EPW dispersion. It has been shown, first by the
seminal work by Morales and O’Neil28 and Dewar,29 that this modifi-
cation can be expressed via an effective, called “kinetic frequency shift”
dxnl of the EPW that can be used in the envelope wave equation (3).
This nonlinear frequency shift dxnl is proportional to the square root
of the EPW amplitude

dxnl � �~g jELj1=2; with ~g ¼ �0:83xL

ffiffiffiffiffiffiffiffiffiffi
e

mekL

r
@2f0
@v2

����
v/

v2/; (5)

with f0 as the Maxwell distribution.
To simplify the analysis, we introduce in what follows the dimen-

sionless variables, time and spatial coordinates are normalized by
1=x0 and 1=k0, respectively. Furthermore, we rewrite Eqs. (1)–(3) in
terms of scaled action amplitudes, namely, a0;1 � A0;1=A00, where
A00 ¼ ð2I00=c�0x2

0Þ
1=2, with I00 being the intensity of incident pump

laser. The electric field EL of the EPW is replaced with the normalized
density perturbation nL ¼ idne=ne0 using EL ¼ iðnee=�0kLÞðdne=neÞ
from Poisson’s equation. The system finally reads

L̂0a0 ¼
x2

pe

4x2
0
nLa1; (6)

L̂1a1 ¼ �
x2

pe

4x0x1
n�La0 þ SðxR; tÞHðtÞ; (7)

L̂LnL ¼ �CLa
�
1a0; (8)
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with

L̂L ¼
@

@t
þ vL

@

@x
þ ~�L þ ivLk

00x � igxLjnLj1=2;

v0, v1, and vL are the velocities normalized by the speed of light. The
other coefficient result in k00 ¼ k0=k20 and ~�L ¼ �L=x0, with the
kinetic factor

g ¼ ðnee=kL�0Þ1=2~g=xL: (9)

The source term SðxR; tÞHðtÞ at the boundary x ¼ xR on the right-
hand side of Eq. (7) accounts for the noise of the scattered light and is,
therefore, a stochastic function in time, where H(t) denotes the
Heaviside function. The statistical properties of the process SðxR; tÞ
are detailed in Subsection IIA. The normalized coupling strength in
Eq. (8) is given by

CL ¼
kL
2k0

� �2 x0

xL

���� eA00

mec

����
2

:

For the case of a linear density ramp as considered in our simulations,
and in the absence of nonlinear terms (no kinetic effects with g ¼ 0),
the solution of the system of coupled envelope equations evolves, after
a transient stage, into Rosenbluth’s solution5 that consists essentially
in a spatial amplification of the scattered light over the resonance
zone. Both the backscattered light and the EPW are amplified in a lim-
ited zone in between two points, called “turning points,” from either
side of the resonance point with an amplification � exp ðGRÞ, where
GR is the so-called “Rosenbluth gain,” given by

GR ¼ pc20=ðv1vLk00Þ; (10)

where c0 is the standard growth rate of SRS in a homogeneous plasma,
given by c0 ¼ x0½x2

peCL=ð4x0x1Þ�1=2. The gain value GR is propor-
tional to the intensity of pump laser I00. Note that in most of what fol-
lows, the pump laser intensity is therefore quantified—instead of in
terms of I00—by the value of GR.

In the presence of kinetic effects with an amplitude-dependent
frequency shift, the solution following Rosenbluth’s theory can be
destabilized in an inhomogeneous plasma, resulting in further growth
of the EPW and scattered light. The kinetic frequency shift can com-
pensate for the resonance mismatch from the density gradient (in a
particular direction). This phenomenon, called autoresonance (AR),
was studied in Refs. 22, 23, and 30–32 in one-dimensional (1D) geom-
etry, as well as in 2D in Ref. 33.

To quantify the growth and amplification of SRS, an effective
gain value G can be defined by the logarithm of the quotient relating
the scattered light intensity (if necessary time-averaged)—when exiting
the plasma at the left-hand side ðxL ¼ �Lx=2Þ—to its input value at
the right-hand side ðxR ¼ Lx=2Þ entrance of the scattered light seed (if
necessary time-averaged)

G ¼ ln j�I 1ðxLÞ=�I 1ðxRÞj1=2: (11)

This effective gain value can evolve in time due to the destabilization
from kinetic effects. However, it should not reflect short-term
oscillatory and/or stochastic fluctuations so that time averaging may
be necessary. For the scattered light intensity at the left boundary
�I 1ðxLÞ and its input level at the right boundary �I 1ðxRÞ, this means that

for input signals with the spectral width, a time averaged value over a
sufficiently long time interval T0 has to be determined, �I 1ðxL;RÞ
� ð1=T0Þ

Ð
I1ðt; xL;RÞdt.

A. Modeling the noise source

The density and velocity fluctuations34 of a natural plasma
depend on the number of plasma particles and their distribution func-
tion, which can be related to average density and temperature. Those
fluctuations seed parametric instabilities by coupling with the incident
drive laser. Kruer and Rose35,36 discussed the impact of long-
wavelength velocity fluctuations caused during the plasma formation
process or by parametric instabilities themselves such that they could
act as detuning mechanisms for stimulated Brillouin scattering (SBS).
Also, the experimental evidence of plasma fluctuations and their
effects on the growth of SBS and SRS has been shown.37 Recently, in
Ref. 38, the sensitivity of SRS to plasma fluctuations in the kinetic
regime by the use of particle-in-cell (PIC) simulation was studied. It is
proposed that a statistical analysis of backscatter signals with different
random seeds could be essential to determine the threshold intensity
for inflationary SRS growth.

Alternatively, the effect of the noise source is possible to be mod-
eled by a deterministic boundary value SðxR; tÞ, to account for the
averaged effects of the actual plasma noise.39,40 The boundary seed S(t)
is generated by “white noise” in time with the following statistical
properties:

hSðtÞi ¼ 0; (12)

hSðtÞS�ðt0Þi ¼ Kdðt � t0Þ; (13)

where K is the average intensity of the noise level. For the purpose of
numerical simulations, here the stochastic source term S(t) is com-
puted such as to reproduce “colored noise” with the following statisti-
cal properties:

hSðtÞi ¼ 0; (14)

hSðtÞS�ðt0Þi ¼ K
2s1

e�jt�t0 j=s1 ; (15)

in which s1 is chosen to be always superior to the numerical time
step. In the limit where the correlation time s1 tends to zero, the
source terms reduce to a white noise that satisfies the statistical
properties of Eqs. (12) and (13) (see the Appendix for the genera-
tion of this stochastic source term). Meanwhile, considering the
quasi-random feature during one characteristic growth time and
the requirement for effective computation, the following condition
should be satisfied:40

Dt � s1 � sc; (16)

where Dt is the time step in numerical simulation, and the characteris-
tic growth time sc is defined as sc ¼ 1=c0.

B. Model of broadband pump laser

In a series of work20,41–43 the incoherent pump laser having a
finite frequency bandwidth is generated via a multiple frequency form,
here written for the envelope of the pump laser field,
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a0ðtÞ ¼
XN
j¼1

âje
ið�dxj tþ/jÞ; (17)

where N¼ 4000 is the number of discrete frequencies used to approxi-
mate continuous power spectrum, with dxj ¼ xj � x0 the randomly
taken difference between the frequency of jth plane wave and the cen-
tral frequency, and /j the constant phase offset which is randomly
selected from a uniform distribution over ½�p;pÞ.

The amplitude of the jth frequency component is

âjðdxjÞ ¼ jIjðdxjÞ=�I 00j1=2;

with
PNx

i¼1 Ij ¼ �I 00, where �I 00 is the time-averaged intensity of the
drive laser, and IðdxÞ is the power spectrum. The spectrum follows a
Lorentzian envelope:

IðdxÞ ¼
�I 00
p

Dx2
0=2

dx2 þ ðDx0=2Þ2
; (18)

with Dx0 denoting the frequency range at full width at a half maxi-
mum (FWHM). The spectrum is abridged when the amplitude of the
spectral intensity attains 0.4% of the peak value. Its range is therefore
confined in between the frequencies x1 and xN, here N ¼ 4000 with
dx1 ¼ �dxN ¼ jx1;N � x0j. The relation between bandwidth Dx0

and the coherence time is sc ¼ 2=Dx0. See the Appendix for a discus-
sion and an example of this bandwidth model.

C. Setup of numerical studies

Using a finite difference method, we numerically solve the system
of partial differential equations (6)–(8) in a single dimension between
the boundaries xL and xR. The system is seeded by the beating between
the two counterpropagating light waves. While the simulations are car-
ried out in dimensionless units, we show the numerical results in units
of lm in space and ps in time. Assuming the pump laser wavelength
of k0 ¼ 351nm, an electron temperature of 1 keV, and with a central
density of ne0 ¼ 0:05ncr , the plasma gradient chosen has a characteris-
tic length L ¼ 100 lm, with a density profile increasing in the pump
laser propagation direction, as shown in Fig. 1 (solid red line). Within
a simulation window of 250 lm, the effective plasma regime is about
150 lm, large enough to explore the bandwidth effects. To confine the
EPW in the simulation box for avoiding boundary effects, a damping
�window is applied in a buffer zone of the simulation window, ranging

from 0:6xpe at the boundaries of the window to zero across the central
plasma region, also shown in Fig. 1 (dashed green line). At the center
of plasma, the choice of the plasma parameters results in
kLð0ÞkDð0Þ ¼ 0:34. The effective density range in our simulations is
0:0125ncr < ne < 0:0875ncr , avoiding vicinity to the quarter-critical
density with possible onset of absolute instability.

The expression Eq. (9) of the kinetic factor g as a function of the
spatial coordinate is plotted in Fig. 2 (green line). As shown in the fig-
ure, g decreases with increasing density profile (red line), and its value
assumes g 	 0:35 at the exact resonant point xres ¼ 0. Hence, assum-
ing a local value of g would mean that the propagating EPW is subject
to decreasing values when running into higher density regions.
However, this has been subject to discussion, and as pointed out in
Ref. 33, the simple application of Eq. (9) as developed by Morales and
O’Neil cannot reproduce PIC simulation results with enough preci-
sion. We should keep in mind that the kinetic frequency shift
gxLjnLj1=2 plays a minor role due to the small amplitude of EPW at
the beginning. This term, therefore, mostly matter for sufficiently large
EPW amplitude, which is more likely to occur at higher plasma densi-
ties, i.e., toward the right-wing of the density profile.

We have performed a comparison between the solutions of the
3-wave coupling equations and kinetic PIC simulations, considering
the interaction between a relatively high intensity pump laser I00
¼ 5
 1015W=cm2 and scattered light starting from a coherent seed
light wave signal entering on the right-hand side of the plasma, with
intensity at 1/2000 of the pump intensity. The driven EPW exhibits a
significant spatial growth as it propagates from left to right in the pro-
file, as shown in Fig. 3. The PIC simulations in Fig. 3(a) showing the
spatial shape of the EPW amplitude jnLj at different time steps,
t ¼ 0.44, 0.67, and 0.91 ps, exhibit the propagation of the EPW wave-
front advancing further into the profile. As already shown in Refs. 22 and
23, this evolution is a reminiscence of AR and follows a parabola in x:

jnLj ¼
vLk00ðx � xresÞ

gxL

� �2

: (19)

The best agreement between this parabolic shape and the PIC simula-
tion—to follow the EPW wavefront—is obtained for choosing the
parameter g ¼ 0.25. Similarly, the solutions of 3-wave coupling equa-
tions with g ¼ 0.25 in Fig. 3(b) also follow the parabolic shape for
t > 0.5 ps. Due to this good agreement with PIC simulations for the
parameter value g ¼ 0:25, we maintain this choice from now for the
rest of the study in this article.

FIG. 1. The plasma density ne with a positive density gradient (solid red line, left
vertical axis) and window damping �window (dashed green line, right vertical axis)
taken in the 3-wave coupling system.

FIG. 2. The kinetic factor g (green line, right vertical axis) as a function of space x,
along with the effective density profile regime (red line, left vertical axis).
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Landau damping �L should naturally decrease together with the
flattening around the phase velocity v/ in the electron distribution
function due to emerging trapped particles. The typical time related to
the flattening is the bounce period sb ¼ 2p=xb, wherein the bounce
frequency xb ¼ jeELkL=mej1=2 is itself dependent on the EPW ampli-
tude EL. Certain descriptions given in the literature for the nonlinear
evolution of Landau damping have limitations in what concerns their
applicability in simulations, either assuming an unrealistic monoto-
nous growth of the EPW amplitude,44,45 or allowing solely a decrease
in the local damping value, even for an only transient occurrence of
trapped particles.46

To allow the Landau damping to locally recover higher values
after the departure of trapped particles, such that de-trapping is taken
into account, an alternative expression for the nonlinear Landau
damping has been proposed in Ref. 33,

�L
�L;0

¼ 1

1þ ðbd=vtrÞ4
; with

dd3

dt
¼ �L

�L;0

ffiffiffi
p
8

r
xbv

3
tr ; (20)

where d accounts for the width of the plateau in the electron distribu-
tion function f(v) created by trapped particles,47 and vtr ¼ xb=kL is
the trapping velocity. This expression uses the empirical parameter b

whose value has been found to yield best agreement with simulations
results around b ’ 1.2. Initially, the damping starts with the value of
the linear Landau damping coefficient �L;0 given by

�L;0
xpe

¼
ffiffiffi
p
8

r
x2

pexL

k3Lv
3
th

exp � 3
2
�

x2
pe

2k2Lv
2
th

 !
; (21)

valid for Maxwell distributions. The local value of �L;0 is plotted in
Fig. 4 along the spatial coordinate (green line), simultaneously shown
with the positive density profile (red line). The model mentioned
above for nonlinear Landau damping will be adopted in Sec. IV. In
other sections, we just set �L ¼ 0 initially for its rapid descent.

Meanwhile, in the following and in general, we primarily denote
the strength of the 3-wave coupling in the respective case via the
Rosenbluth gain GR, a function of the laser intensity. As a guideline for
the case of the current configuration (with fixed gradient length and
central density value), the pump intensity of I00 ¼ 4
 1015W=cm2

corresponds toGR¼ 1. As the reference seed noise level for the incom-
ing scattered light at the boundary, we define Isr ¼ 2
 1010W=cm2.

III. NUMERICAL RESULTS AND ANALYSIS
A. Coherent coupling

One-dimensional wave coupling simulations with a coherent
pump laser field entering at x ¼ xL and a coherent, frequency-
matched seed of the scattered light signal incident from the rear at the
boundary x ¼ xR were carried out in Ref. 23. While the emphasis of
that work was concentrated on the AR behavior of EPWs, here we
focus on the evolution of the backscattering reflectivity in terms of
effective gain.

In Fig. 5, we illustrate (a) the instantaneous SRS reflectivity,
defined as RðtÞ ¼ jI1ðxL; tÞ=I1ðxR; t � Lx=v1Þj with Lx ¼ xR � xL, as
well as (b) the effective gain as a function of time for the case of weak
initial amplification characterized GR ¼ 1 and by applying different
levels of boundary seed: Isr=5, Isr and 5Isr . The instantaneous effective
gain is here defined as GðtÞ � ð1=2Þ lnRðtÞ, for which no time averag-
ing over a coherence interval is performed.

The time evolution of R and G can be subdivided into three
stages: ‹ within less than 1 ps, the first stage is established such that
the scattered light signal is amplified from the seed level to a level cor-
responding to Rosenbluth gain, the effective gain Gð1Þ is hence
Gð1Þ ’ GR. Up to this stage, kinetic effects are not remarkable but may
emerge according to the amplitude of the EPW, giving rise to trapped

FIG. 3. Spatial profile, in x, of the EPW amplitude taken at three different time
instants, t ¼ 0.44, 0.67, and 0.91 ps, (a) taken from a PIC simulation and (b) taken
from solutions of three waves coupling equations, together with the parabola follow-
ing the solution for AR, Eq. (19), for different values of the parameter g: in (b)
bold colored lines correspond to g ¼ 0:25, while dashed (dotted) correspond to
g ¼ 0:15 (g ¼ 0:35, respectively). Different colors correspond to different time
instants as in (a).

FIG. 4. Linear Landau damping �L;0 (green line, right vertical axis) for Te ¼ 1 keV
as a function of the spatial coordinate x, along with the effective density profile (red
line, left vertical axis).
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particle generation. The latter initiates stage› with the onset of AR in
an inhomogeneous plasma profile increasing in density in the direc-
tion of the propagating EPW. The solution described by Rosenbluth
gain is then destabilized because kinetic effects compensate for the res-
onance mismatch from the density gradient. The EPW, and conse-
quently the SRS reflectivity, start to increase from the level attained in
stage ‹. The third stage fi is characterized by the limit of the AR
solution, not allowing the EPW to grow beyond an upper limit (see
Ref. 23). Then the evolution of R and G both exhibit violent non-
stationary oscillations, which is particularly pronounced for higher
seed levels as shown in Fig. 5. By inspection, R may reach several per-
cent in this stage, here 2%–3%, similar to PIC simulation results
reported in Ref. 33 with a reflectivity of 4%. Pump depletion may
come into play at this level, impacting the time evolution.

B. Large bandwidth scattered light seed

We now consider incoherent noise with large bandwidth
imposed to seed the incoming scattered light signal at the right-hand
side boundary. The goal is to excite SRS all over in the density profile
and not just at a reference density. Note that in this subsection, a
coherent pump wave is considered. For an adequate choice, SRS can
be resonant everywhere in the plasma and the EPW should be driven

at almost all possible modes with xL 	 xLð0Þ6Dxpe, where Dxpe

¼ xpeðxRÞ � xpeðxLÞ is the spectral width of the EPW in the profile.
The numerical time step Dt has to be adequately chosen such that the
condition Eq. (16) is fulfilled. With the choice

Dt=s1 ¼ s1=sc � 1; (22)

one can fulfill also the criterion to numerically solve the Langevin
equation (A1). Based on the above argument, we use s1 ¼ 6x�1

0
’ 1:34x�1

p . Consequently the criterion for the time step is related to
the SRS growth rate, Dt ¼ c0s

2
1 �

ffiffiffiffiffiffi
GR

p
. For GR > 2, the criterion for

the time step is weakly dependent on GR so that an appropriate choice
results in Dt ¼ 0:2x�1

0 .
The noise level is taken at the reference intensity Isr as defined

above. Using a pseudo-random number generator (PRNG) to generate
the boundary noise, for each choice of simulation parameters, 40 real-
izations of the seed signal are carried out. This allows us to determine
the sensitivity of SRS on boundary noise fluctuations, by computing
the mean (expectation) value h�Gi and the standard deviation rð�GÞ via
an ensemble average over i ¼ 1…M (hereM ¼ 40) realizations of the
effective gain �G through SRS, defined as

h�Gi ¼ 1
M

XM
i¼1

�G ; r2ð�GÞ ¼ 1
M

XM
i¼1

ð�Gi � h�GiÞ2: (23)

Herein �GðtÞi is already a time-averaged value of the amplification
gain, due to the usually broad bandwidth of the scattered light seed. Its
values is taken over a time interval T0 following the description of Eq.
(11), namely:

�GðtÞi ¼
1
2
ln

ðtþT0=2

t�T0=2
I1ðxL; tÞdtðtþT0=2

t�T0=2
I1ðxR; t � Lx=v1Þdt

���������

���������
: (24)

T0 has to be chosen with care: it should be long enough to cover the
broad bandwidth properties of the scattered light. At the same time,
the temporal-evolution characteristics of �GðtÞi during the nonlinear
stage should also be kept to make ckT0 < 1 (where ck is the growth
rate in the nonlinear stage, discussed in Sec. IIIC). Here, we have taken
T0 ¼ 0:15 ps’ 135s1.

The SRS amplification starting from the boundary noise is hence
represented by the effective gain �G as a function of the Rosenbluth
gain GR, as plotted in Fig. 6. The red circular and blue diamond
markers show the simulation results at time t ¼ 1 and 2 ps, respec-
tively. For orientation, we also show �G ¼ GR, being expected without
destabilization, which proves to hold in stage‹. For the regime of low
GR values, GR < 1.75, this suggests that kinetic effects remain unim-
portant when a large bandwidth seed is applied. The latter is different
from the above-shown case when applying a coherent seed in Sec.
IIIA. For the regime of higher Rosenbluth gain values, above GR � 2,
the measured �G values in simulations exceed Rosenbluth’s prediction
by a factor between one and three, until GR ’ 7. The onset of satura-
tion due to pump depletion is seen from GR > 3 dependent on the
chosen noise seed level. The results of the numerical simulations show
that the effective gain �G starts deviating from �G ¼ GR in the interval
GR ¼ 1:75� 2, above which SRS will be clearly destabilized due to
kinetic effects.

FIG. 5. (a) Instantaneous reflectivity R vs time for different seed intensities: ðaÞ:
Isr=5; ðbÞ: Isr , and ðcÞ: 5Isr . Curve c presents the three amplification stages: ‹
corresponds to fast growth up to 0.5 ps and stabilization (Rosenbluth amplification);
› exhibits the destabilization of kinetic effects, the weak nonlinear stage of AR; fi
SRS is further destabilized by the kinetic effects after the upper limit of AR is
reached, resulting in the further amplification and modulation; (b) Instantaneous
amplification factor G(t) for these three different seed intensities.
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Furthermore, the standard deviation in �G computed from 40
realizations is also shown via error bars in Fig. 6. It proves to be the
largest for GR ¼ 3, where also the slope of the curve �GðGRÞ is steep.
The large error bars indicate that in this regime of GR, the destabiliza-
tion of SRS expressed via the effective gain is more sensitive to the
seed signal. Note that in PIC simulations,38 the largest standard devia-
tion on the effective gain was observed already in the interval
GR ’ 1:8…2:2, which is most probably since PIC simulations start
from a high initial noise level, higher than natural noise and/or higher
than the noise level used in our wave-coupling simulations.
Consequently, in PIC simulations, EPWs are driven to higher ampli-
tudes with an earlier onset of kinetic effects, compared to simulations
allowing for low noise levels.

To relate the density perturbation nL of EPWs with GR as
the principal parameter, we can derive the following simple model.
According to Eq. (8) by ignoring the damping term in L̂LnL
¼ �CLa�1a0 and assuming a small GR value, the scattering reaches a
stabilization rapidly within a sub-picosecond interval, described by the
stationary limit of Eq. (8)

vL
@

@x
þ ivLk

00x � igxLjnLj1=2
� �

nL ¼ �CLa
�
1a0:

For small values of GR, the incoherence in the noise affects mostly the
balance between the terms ivLk00xnL and �igxLjnLj1=2nL allowing us
to drop @xnL ! 0. In addition, each spectral mode contained in the
broadband noise source has a different resonance position xres con-
cerning the mismatch term vLk00ðx � xresÞ. Following Rosenbluth in
using the “turning point” position xt ¼ 2c0=ðk00jvLv1j1=2Þ, known as
the distance from resonance at which the solution changes from being
growing to oscillatory, one can write by taking the absolute value:

vLk
00xt � gxLjnLj1=2

� �
jnLj ¼ CLjSjeGR ; (25)

for which in a0a�1, the pump amplitude a0 has been replaced by unity
by ignoring pump depletion and a1 by S exp ðGRÞ.

For a selected realization (which always starts from the same ini-
tial PRNG seed), we have performed simulations for different GR val-
ues. The corresponding simulation results are shown in Fig. 7. The
density perturbations jnLj at t ¼ 1 ps seen in the simulations and
depicted in Fig. 7(a) are compared with the solution for jnLj by
numerically solving Eq. (25). The dashed lines indicate these values.
They show a good agreement with the peak density perturbations seen
in the simulations for GR ¼ 0:5 or 1. This suggests that the length of
resonant growth is short, as it is supposed to be above. The length of
resonant growth can be associated with the width of the phase-locked
zones in space, which arises for sin ð/Þ ’ �1, for the relative

FIG. 7. Red, blue, and green lines represent the cases with GR ¼ 0:5, 1, and 2,
respectively. Shown are in (a) the density perturbations jnLj as a function of space
at t ¼ 1 ps. The horizontal black dashed lines indicate the solution to Eq. (25); in
(b) sin/ of the relative phase / ¼ /0 � /1 � /L as a function of x at t ¼ 1 ps;
in (c) the instantaneous effective gain �G value defined in Eq. (24) as a function of
time in picosecond. All simulation results shown are from a single realization.

FIG. 6. Effective gain �G of SRS backscatter as a function of the Rosenbluth gain
GR (expected without SRS destabilization), here, in contrast to Fig. 5, for the case
with an incoherent, large bandwidth seed for the incoming scattered light. Black
dashed line: �G ¼ GR as guide line, red circular and blue diamond markers show
simulation data at times t ¼ 1 and 2 ps, respectively, with error bars from standard
deviation.
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phase48,49 / ¼ /0 � /1 � /L, between the phases /0;1;L of the com-
plex field envelopes of the pump wave, scattered light, and EPW,
respectively.22,23,50,51 Inspecting the spatial behavior of sin ð/Þ in
Fig. 7(b), one cannot find apparent extended phase-locked zones for
the cases in (b.1) and (b.2) corresponding to the low GR values. Kinetic
effects prove to be negligible here and can therefore not destabilize
SRS. The seen behavior, in the absence of non-negligible kinetic effects,
shows therefore an amplification according to Rosenbluth’s solution.
Beyond stage ‹, no further growth of the amplification beyond gain
values of GR is seen in Fig. 7(c). In contrast to this, for GR ¼ 2, see
Fig. 7(a.3), an almost 10
 higher EPW peak amplitude is observed,
together with extended phase-locked zones over �30lm, see
Fig. 7(b.3). The latter results in a discrepancy between the numerical
evolution of jnLj and the one described by the solution to Eq. (25). For
the case with high EPW amplitudes and extended phase locking,
the assumption of small amplitude modification in nL, as made to get
Eq. (25), cannot be maintained. Hence, the kinetic effects lead to the
further growth of the effective gain �G beyond stage ‹, see the green
curve in Fig. 7(c).

C. Effects of bandwidth in the pump laser on SRS

To discuss the bandwidth effects of the pump laser field, we first
neglect the incoherence of the incoming scattered light seed, namely,
s1 ! 1. In the first step, we choose the pump laser intensity such
that the Rosenbluth gain is GR ¼ 1, together with the reference seed
level. Higher GR values are discussed later on.

1. Revisit bandwidth effects on linear convective SRS

In the regime of linear growth, when nonlinear kinetic effects
have not yet developed, Guzdar et al.52 showed that convective SRS is
insensitive to bandwidth when c0sc � 1 because the bandwidth weak-
ens the local growth but broadens the resonance region. While for
c0sc > 1, there is a statistical enhancement in the amplification gain.

Theoretically, an incoherent laser pulse with a continuous
Lorentzian spectrum has the correlation function of C0ðsÞ
¼ exp ð�jsj=scÞ with sc ¼ 2=Dx0. In practice, we apply the band-
width model Eq. (17) in which the spectrum is composed of many
monochromatic modes with frequency difference dxj, both dxj and
the phase offset /j of each mode are taken randomly. Introducing ran-
domness creates the temporally varying laser pulse profile, leading to a
deformation of the correlation function, which indirectly impacts the
amplification.

Based on a series of pump laser input signals corresponding to
different realizations, while conserving the bandwidth parameter value
Dx0, the resulting correlation functions are computed and represented
by different color lines in Fig. 8(a). The computed correlation func-
tions vary around the analytically obtained function, also included in
the figure (marked by the black dashed line). These laser pump waves
from numerous realizations interact with the seed light to excite SRS.

For the case of GR ¼ 1, the values of �G, as defined in Eq. (24)
(with a time average over intervals of 0.15 ps), and recorded from 40
realizations are represented via a histogram in Fig. 8(b). Each vertical
line corresponds to a realization with its amplification value �G. The
cumulative count, being the complementary distribution function
(CDF) Fcð�GÞ 
 the number of realizations M ¼ 40, starts with i ¼ 1
from the highest toward i ¼ M ¼ 40 for the lowest value of �G. It is

important to note that although most of the recorded effective gain �G
values are distributed around GR, a few are considerably higher than
GR. This means that several of these realizations lead to undesirably
high SRS amplification: there are about as many realizations counted
in the interval �G > 1.8 as in the interval of low values �G < 0.8.
Consequently, if the percentage of realizations that lead to significant
SRS growth for the chosen bandwidth is non-negligible, the objective
to suppress SRS would fail.

For this reason, our following study is focused on the quantifica-
tion and modeling of the bandwidth regime for which undesirable and
detrimental SRS growth could occur. The detail of the bandwidth
model that leads to high values of �G is discussed in the following.

On the basis of numerical simulations with 40 realizations,
Table I shows hh�Gii, as defined below, as well as h�Gi and the standard
deviation rð�GÞ, as defined by Eq. (23) as a function of the bandwidth
Dx0=x0, ranging between 0.2% and 8%, or correspondingly of c0sc,
ranging between 4 and 0.1, respectively. The relevant gain value,
hh�Gii, to compare the amplification with experimental data can be
defined via52

ehh
�Gii ¼ 1

M

XM
i¼1

e
�Gi ¼

ð
Pð�GÞe�Gd�G; (26)

using Pð�GÞ as the probability density function (PDF) for �G. Note that
the gain values defined by hh�Gii are systematically greater than the

FIG. 8. (a) Correlation functions C0ðsÞ of five signals, which are calculated by use
of five different initial PRNG seeds to generate five trains of the pump laser with the
same bandwidth. The analytical one is given by the black dashed line. (b)
Histogram, i.e., cumulative count, with i ¼ MFcð�GiÞ; i ¼ 1…M, of the effective
gain values �G determined from simulations based on M ¼ 40 realizations, sorted
from the highest, �G1 ’ 3.2, toward the lowest registered value, �G40 ’ 0.4. Fc
stands for the complementary distribution function (CDF).
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standard expectation value h�Gi, as seen in Table I. This is because52,53

the expectation value h f ð�GÞi defined by
PM

i f ð�GiÞ=M yields hf ð�GÞi
� f ðh�GiÞ for the case of the exponential function f ð�GÞ ¼ exp ð�GÞ,
with f 00ð�GÞ > 0.

It is found that with respect to the case of a coherent pump wave,
Dx0 ¼ 0, the effective gain values hh�Gii and h�Gi increase slightly as
the bandwidth Dx0 is increased. The values reach a maximum around
c0sc ¼ 1 and then decrease successively for higher bandwidth values.
The standard deviation of the effective gain, rð�GÞ, decreases with
increasing bandwidth. In the limit of large Dx0 values, where
c0sc � 1, the value of h�Gi becomes almost independent of the band-
width, as can be seen from the data for Dx0=x0 � 4%, for which the
variation among them proves to be very small. This is due to the fact
that the local growth rate cðsIÞ is weakened while the resonance region
is broadened or/and the interaction time sI is lengthened. These two
effects result in almost bandwidth-independent values of h�Gi. This has
been described in Ref. 52, by characterizing bandwidth effects via the
local growth rate and the interaction time, which reads then

cðsIÞ ¼
2c20
Dx0

; with sI ¼
pDx0

2v1vLk
: (27)

The effective gain �G can be approximated by

�G 	
ðsI
0
cðsIÞds ¼

c20p
v1vLk

; (28)

corresponding to �G ¼ GR from Eq. (10) with Eq. (27).
To establish a distribution from the data set �g ðtÞ for �G, we gather

�G both over a time interval and from i ¼ 1;…; 40 realizations. The
data set is defined as

�gðtÞ ¼ �Gðt � �T 0=2þ jdTÞi j ¼ 1…Nt ; i ¼ 1…40; (29)

with i as the index for the realization and Nt � �T 0=dT þ 1 the num-
ber of steps to cover the interval �T 0, which equals to T0 as mentioned
in Eq. (24). With the temporal resolution dT ¼ 7
 Dt ’ 0:25 fs cho-
sen to record the data, we have Nt � �T 0=dT þ 1 ¼ 601 data in time
for each time t and realization. With this choice, the temporal-
evolution features of the distribution are conserved. In total, this yields
a data set of 601
 40¼ 24 040 values to establish the distribution. For

the data shown in Fig. 9(a), we have performed a statistical analysis
of the elements �G in �g , which shows first the probability density
Pð�GÞ corresponding to the different c0sc values in the regime of
linear growth when kinetic effects are still negligible. Note that the
recording time for each set of �g is adapted to the different band-
width values, according to the linear growth time sI in Eq. (27) for
each case. For c0sc � 1, where sc � sI according to Eq. (27), Pð�GÞ
exhibits a distribution peaked around �G ¼ GR, here GR ¼ 1, with a
tendency to narrow with increasing bandwidth. This is expected
because the interaction with the pump pulse train goes through
numerous different random intensity values during one growth
cycle. Consequently, �G can be considered a sum of independent
random numbers, and Pð�GÞ approaches a normal distribution by
the central limit theorem.

For small bandwidth, however, i.e., c0sc > 1, having sc > sI , the
saturation of �G is reached within sc, then �G adiabatically follows the
intensity variation of the pump laser. Therefore, Pð�GÞ follows an
almost exponential decrease with, however, a long tail. This tail may

FIG. 9. Probability density function Pð�GÞ (a) and complementary distribution func-
tion Fcð�GÞ (b) for different values of c0sc in the linear growth regime, disregarding
kinetic effects. Pð�GÞ is close to a normal distribution for c0sc < 1, while it results in
a mostly exponential dependence on �G for c0sc � 1, and its Fcð�GÞ has the similar
tendency with the complementary distribution function of the instantaneous pump
intensity (the black dashed line in (b)).

TABLE I. Average amplification in terms of the effective gain hh�Gii, from Eq. (26),
as well as h�Gi from Eq. (23) and its standard deviation rð�GÞ for different bandwidth
values Dx0 or c0sc within linear growth. All simulation data are based on 40
realizations.

Dx0=x0 (%) c0sc hh�Gii h�Gi rð�GÞ

0.2 4.0 2.06 1.12 0.87
0.4 2.0 1.79 1.15 0.83
0.8 1.0 2.18 1.37 0.81
1.6 0.5 1.76 1.30 0.75
2.0 0.4 1.68 1.31 0.72
4.0 0.2 1.67 1.14 0.65
6.0 0.13 1.38 1.09 0.55
8.0 0.1 1.26 1.07 0.51
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continue up to high �G values, which are undesirable, despite their low
probability.

The integration of Pð�GÞ from high to low �G values yields the
complementary distribution function (CDF) defined as Fcð�GÞ
¼ 1�

Ð �G
0 Pð�G0Þd�G0, having Fcð0Þ ¼ 1 and Fcðþ1Þ ¼ 0. As shown

in Fig. 9(b), the CDF Fcð�GÞ with c0sc > 1 closely follows the CDF of
the instantaneous intensity in the pump laser, marked by the black
dashed line, except for a cutoff at high �G values. This cutoff results
from the probability of instantaneous high-intensity being too small to
participate in the interaction. Another simulation has been performed
with a much lower seed-light level, confirming that pump depletion
plays a minor role in the cutoff here.

For an ideal adiabatical evolution of �G with the laser intensity
variation, one can calculate h�Gi as

h�Gi ¼
ð �Gcutoff

0

�Ge�
�Gd�G 	 1;

which means �G ’ GR ¼ 1 here.
Here, one can observe the shortcomings in believing that band-

width via the model Eq. (17) can securely suppress SRS growth. In this
model, the introduced incoherence affects the complex phase and the
amplitude, giving birth to a broad distribution of laser intensity. This
wide distribution is the dominant reason that amplification produces
high and undesirable values of �G.

2. Nonlinearity from kinetic effects

The bandwidth effects acting on the linear convective amplifica-
tion of SRS have been revisited above. Typically, stage ‹ with “linear”
growth is attained within a sub-picosecond interval. It may then be fol-
lowed by a second stage of development when the plasma wave level
attained is high enough such that kinetic effects come into play.

We have recorded the h�Gi and rð�GÞ during the second growth
stage from simulations at three different time instants, as reported in
Table II. At the time �1 ps, the recorded values are analogous to those
found for the linear regime, suggesting that kinetic effects still have a
weak impact up to this moment. One can therefore expect a similar
PDF Pð�GÞ as discussed above in Sec. III C 1. Nevertheless, as the
amplitude of EPW continues growing in time, the nonlinear evolution
gives birth to inflationary growth. Moreover, it increases the spread in
the development between different realizations, such that the standard
deviation rð�GÞ becomes large. Both can be deduced from the PDF
Pð�GÞ in Fig. 10, where one recognizes, first of all, a shift of the peak of
Pð�GÞ toward values of �G > GR, as well as a broadening [�rð�GÞ] of
the PDF toward the shape of normal distribution.

To well describe the nonlinear evolution as a function of the cho-
sen bandwidth, the growth rate corresponding to h�GðDx0Þi during
this stage can be computed numerically by evaluating h�Gi at time t
with respect to neighboring time intervals t þ n
 dt

ckðDx0Þjt ¼
h�GðDx0Þijtþn
dt � h�GðDx0Þijt

n
 dt
; (30)

by varying the time difference intervals in multiples of dt ¼ 5c�1
0

(here ¼0.25 ps), namely, with n 2 ½1; 4�, and for four time instants t,
namely, t ¼ 1; 1:25; 1:5; 1:75 ps. In practice, we determine

Pn
j¼1 j

values, hence 10 values for n¼ 4 for each individual bandwidth value
Dx0 chosen.

Visualizing these ck values in Fig. 11, all points fill the shaded
gray area. The solid black line represents the average hcki, as a function
of Dx0=x0, decreasing with increasing Dx0=x0. Notice that the ck
values spread over a wide range (remaining well below the value of c0)
around their average value for c0sc > 1. This indicates their strong
sensitivity to pump pulse wave trains from different realizations. The
importance of kinetic effects is particularly strong at this stage and for

TABLE II. Average amplification in terms of the effective gain h�Gi and its standard
deviation rð�GÞ for different bandwidth values Dx0, or c0sc, for subsequent nonlin-
ear growth. All simulation data are based on 40 realizations.

Dx0=x0 ðc0scÞ h�Gið1ps;1:5ps;2psÞ rð�GÞð1ps;1:5ps;2psÞ
0.2% (4.0) 1.15 1.89 2.46 0.80 1.07 1.09
0.4% (2.0) 1.31 1.75 2.48 0.83 1.01 1.02
0.8% (1.0) 1.55 2.07 2.49 0.78 0.82 0.93
1.6% (0.5) 1.45 1.87 2.23 0.69 0.73 0.78
2.0% (0.4) 1.41 1.65 2.13 0.66 0.69 0.84
4.0% (0.2) 1.17 1.43 1.66 0.62 0.66 0.64

FIG. 10. Pð�GÞ corresponding to c0sc ¼ 2 (left panel) and 0.2 (right panel) in the nonlinear growth regime. The examples illustrate that the onset of kinetic effects transform
Pð�GÞ into a distribution resembling a normal distribution with increasing spread in �G, for any c0sc value taken.

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 29, 032102 (2022); doi: 10.1063/5.0078985 29, 032102-10

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/php


this bandwidth regime. In contrast, for high bandwidth values with
c0sc < 1, the spread around the average value hcki of the growth rate
is strongly reduced. This suggests relatively moderate growth in this
regime with a tendency toward stabilization with increasing band-
width. For this reason we denote the regime with strong nonlinear
effects for c0sc > 1 as a “kinetic regime,” while for c0sc < 1 one can
speak of a “quasi-fluid regime.”

3. Nonlinear growth of SRS in the quasi-fluid regime

In the following, we develop a semi-analytical expression for the
growth rate ck in the quasi-fluid regime via a scaling law approach.

The “linear” growth of SRS takes place inside the domain ½�xl; xl�,
where52 xl ¼ pDx0=ð4vLk00Þ, for which the spatial amplification rate is
defined as js ¼ GR=ð2xlÞ. The maximum mismatch coming from the
density gradient is given by vLk00xI ¼ pDx0=4. This mismatch is con-
sidered the maximum detuning between the three waves, within which
they can maintain effective interaction. However, in the nonlinear
regime, the kinetic frequency shift compensates the mismatch from gra-
dients, leading to a broader interaction domain. If we consider the maxi-
mum detuning pDx0=4 as unchanged, the effective interaction domain
½�xnl; xnl� is determined by vLk00xnl � gxLjnLj1=2 ¼ pDx0=4.

Combining the effective interaction domain and the linear spatial
amplification rate, one can calculate the gain value over the interval,
namely,

�G ¼ 2xnljs ¼
pDx0=4þ gxLjnLj1=2

vLk00xl
GR: (31)

The increment dG � �G � GR between the evolution of �G with respect
to GR can be estimated using Eq. (31), and the corresponding time
interval by dt ¼ ðxnl � xlÞ=vL ¼ gxLjnLj1=2=ðv2Lk00Þ. The effective
growth rate ck results in

ck ¼
dG
dt

¼ GR
4v2Lk

00

pDx0
¼ 2ðc0scÞ

vL
v1

� �
c0; (32)

and describes the growth beyond the Rosenbluth amplification, for
which we have also used Eq. (10) and Dx0 ¼ 2=sc. However, essential
drawbacks arise from Eq. (32) since the density gradient and kinetic
factor are disregarded in the above expression. The gradient length L
of the plasma profile and the kinetic factor are essential to determine
the nonlinear evolution. In Ref. 33, a modulation frequency is pro-
posed that is related to the nonlinear behavior of scattered light. This
frequency is proportional to the kinetic frequency shift dxnl . We adopt
a scaling law ansatz for ck, being a function of the modulation fre-
quency, i.e., ck / gjnLj1=2, while jnLj1=2 is supposed to follow
jnLj1=2 / Lg�a, with a varied between 0.41 and 0.71, calculated from
Ref. 54. Hence ck / Lg1�a, combined with Eq. (32) results in

ck ¼ q g1�a L
100lm

� �
ðc0scÞ

vL
v1

� �
c0; (33)

wherein a and q are the parameters to be adjusted.
The ck values determined directly from the simulation results

corresponding to different sc, g, and L, are reported in Fig. 12 (colored
markers). The direct fit relative to Eq. (33) gives the best agreement for
the values of a ¼ 0:45 and q ¼ 4:4.

Combining Eqs. (32) and (27), then the evolution of h�Gi vs time
can be described by

h�Gi ¼
ðc0scÞc0t0Hðt0Þ; t0 � pDx0

2v1vLk
;

f ðc0scÞ
vL
v1

� �
c0t

0 þ GR ; t0 >
pDx0

2v1vLk
;

8>>><
>>>:

(34)

where f 	 4:4g0:55ðL=100 lmÞ, and where t0 ¼ t � t0, t0 is the time
which scattered light takes to propagate from the interaction domain
to left boundary. In Fig. 13, we show the numerically determined
instantaneous values of h�Gi, together with the expression Eq. (34)
(black dashed line). Good agreement is obtained within�2 ps.

Underneath the concept of the “quasi-fluid” regime corresponds
to moderate nonlinearity of the EPW, namely, moderate kinetic
effects. With increasing density gradient length, leading to a high GR

value, one can expect high amplitudes for the EPWs, such that the
“quasi-fluid” of SRS can no longer exist.

IV. STATISTICAL PROPERTIES OF LASER PUMP
BANDWIDTH ON SRS AMPLIFICATION

In continuation of Sec. III C 2 in which bandwidth effects on the
average effective gain were considered, we investigate in this section
the evolution of the distribution of gain values resulting from numer-
ous realizations. We also take into account the nonlinear evolution of
Landau damping computed using Eq. (20).

From simulation results based on PIC, as well as two-
dimensional or three-dimensional fluid simulations, the relevant
observables, like the backscatter level, are generally expressed via the
mean value with standard deviation. The obtained values are usually
based only on a few realizations due to the computational expense
required to perform such simulations. Error bars to the observables
are mostly rough estimates, not really based on representative statisti-
cal observation.

In contrast to PIC or multi-dimensional fluid simulations, the 3-
wave coupling model allows us to establish good statistics of the SRS
evolution based on a great number of realizations of the incoming

FIG. 11. The growth rate ck in unit of ps�1 according to Eq. (30) determined from
numerical simulations, as a function of the relative bandwidth Dx0=x0 in the non-
linear regime with kinetic effects. For c0sc > 1, the recording values of ck spread
over a wide range, indicating the strong kinetic effects.

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 29, 032102 (2022); doi: 10.1063/5.0078985 29, 032102-11

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/php


pump wave signal. The flexibility of the code and the number of simu-
lations possible to run with the 3-wave coupling model allow us to get
a clear picture of the physics process of inflationary SRS.

A. Sensitivity of the growth on kinetic effects

We have studied the sensitivity of SRS backscatter amplification
on the pump intensity by varying the value of the Rosenbluth gain GR,
expected for amplification in the inhomogeneous profile. We consider
the kinetic regime and examine the sensitivity of the parameters enter-
ing in the nonlinear Landau damping model of Eq. (20). Therefore,
the parameter b can be adjusted to trigger the onset of nonlinear
damping with plasma wave amplitude. With respect to the value rec-
ommended in Ref. 33, b ¼ 1:2, larger (lower) values lead to a faster
(slower) decrease in the damping with increasing amplitude. The com-
parison between the undamped and nonlinearly the damped EPWs,

with the choice b ¼ 1:2, is shown in Fig. 14. The effective gain values
�G, have been obtained by averaging over 40 realizations with 3-wave
coupling simulations, taken at time 2 ps. It is remarkable that although
the cases without damping and with nonlinear damping exhibit simi-
lar behavior of �G for GR > 2, the onset of nonlinear growth beyond
the Rosenbluth solution (�G ¼ GR, black dashed line) is prevented for
the damped case in the small gain value regimeGR � 2.

Figure 14 as a guide suggests the proper choice of GR to see the
full impact of the pump laser bandwidth. For the following study, we
have chosen the particular value of GR ¼ 3 with fully developed kinetic
nonlinearity but not yet being in the range of strong pump depletion.

B. Bandwidth effects on the probability of further
growth

To illustrate the role of bandwidth on the SRS amplification, we
show in Fig. 15 results of simulations with the 3-wave coupling model.
The shaded gray area as a function of the relative bandwidth Dx0=x0,

FIG. 12. Growth rate ck in relation to c0sc , g and L: in (a) as a function c0sc for
fixed values of g ¼ 0.25 and the profile gradient length L ¼ 100 lm, in (b) as a
function of the kinetic factor g for fixed values of c0sc ¼ 0.2 and 0.5 and
L ¼ 100 lm, and in (c) as a function of the gradient length L for fixed g ¼ 0.25
and c0sc ¼ 0.5. Markers in different color correspond to numerical simulations,
solid lines to the parameter scaling indicated in the legend, i.e., in (a) linear with
/ c0sc , in (b) / g0:55, and in (c) linear in L.

FIG. 13. Evolution of average effective gain h�Gi vs time obtained from simulations:
(a) for different c0sc values with g ¼ 0:25 and L ¼ 100lm; (b) For different g val-
ues with c0sc ¼ 0:5 and L ¼ 100lm; (c) For characteristic length L with
c0sc ¼ 0:5; g ¼ 0:25. Dashed black lines indicate the values computed from the
model, Eq. (34).
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is determined by the mean values h�Gi and the standard deviation. The
values are taken after 1.5 ps interaction time. The results are based on
40 realizations for each bandwidth value marked. Values from single
realizations of PIC simulations are also shown as �GPIC in Fig. 15. PIC
simulations start with a higher noise level, so that, in particular, for
Dx0=x0 < 2:8% the simulations may be subject to earlier onset
pump wave depletion, limiting the upper bound for �G. Nevertheless
the PIC results fit well with the expectation values determined from
the 3-wave coupling model, well-centered inside the shaded area of the
confidence range. Another informative quantity is the maximum

kinetic frequency shift dxnl;m, also shown in Fig. 15 via the blue curve
related to right-hand side axis. This quantity is again determined by
averaging over 40 realizations. The tendency of hdxnl;mi as a function
of Dx0 coincides with the one for �G from both simulation methods.
The vertical blue dashed line located closely at Dx0=x0 	 2:8% or
c0sc 	 0:5, separates the domain in regimes for which the ratio
hdxnl;mi=Dx0 is smaller/larger than 1. The bandwidth value found for
the above criterion is close to what was already observed in Sec. IIIC 2
with GR ¼ 1, and reflected in Table II. It shows the effectiveness of the
laser bandwidth for c0sc < 0:5 to reduce inflationary growth of SRS
by limiting the amplitude of EPWs and so the vigorous onset of kinetic
effects.

However, the criterion based on the dependence of h�Gi6rð�GÞ
and hdxnl;mi=Dx0 on the laser bandwidth as derived from Fig. 15, is
incomplete without inspecting the distribution function Pð�GÞ, based
on the collection of �G, defined in Eq. (29). This is already obvious via
the width of the shaded zone shown in Fig. 15. In Fig. 16(a), we show
an example of a distribution function Pð�GÞ (red curve), based on the
collection of �G, defined in Eq. (29). The confidence interval as marked
by the shaded curve in Fig. 15 is also shown here with the shaded area:
only 69% of the cases are located inside the interval ½h�Gi � rð�GÞ;
h�Gi þ rð�GÞ� for a Gaussian-shaped distribution, and still 31% of the
cases escape from this interval. This results in a non-negligible per-
centage (risk), say half of the remaining 31%, for undesirably high gain
values. To do better, and not to ignore the important information
from the tail of the distribution marked by the question mark in
Fig. 16(a) for Pð�GÞ, we instead focus on inspecting the growth of gain
values in the tail of the complementary distribution function Fcð�GÞ. In
Fig. 16(b), two Fcð�GÞ curves with the same bandwidth value at two
time moments are sketched. Two probability values p1 and p2 are indi-
cated in the vertical axis with p2 ¼ Fcð�G2Þ > p1 ¼ Fcð�G1Þ, while
�G2 ¼ F�1

c ðp2Þ < �G1 ¼ F�1
c ðp1Þ. Here F�1

c ðpÞ is the inverse function
of Fcð�GÞ.

We could imagine a long exponential tail in Fcð�GÞ for the non-
well chosen bandwidth, as stated in Sec. III C 1. Its growth could be

FIG. 14. Effective gain �G as a function of the Rosenbluth gain GR taken at
t ’ 2 ps. The black dashed line corresponds to �G ¼ GR as a guideline. The
curves with markers correspond to the undamped case (blue) and the case with
nonlinear Landau damping (with b ¼ 1.2), respectively. Saturation due to pump
depletion is observed for GR > 3. The bandwidth chosen in the pump for all simula-
tions here is Dx0 ¼ 0.

FIG. 15. SRS amplification, in terms of the effective gain value �G as a function of
the relative bandwidth Dx0=x0. The dashed line shows the expectation value h�Gi
obtained from 3-wave coupling simulations (40 realizations for 10 bandwidth val-
ues), taken after t ¼ 1.5 ps of interaction. The shaded area indicates the interval,
h�Gi6rð�GÞ inside the standard deviation around h�Gi. In addition, black symbols
show single realization from PIC simulations. Furthermore, the blue line with data
points indicates the average maximum kinetic frequency shift hdxnl;mi (normalized
by x0) from 3-wave-coupling simulations over 40 realizations (right vertical axis).

FIG. 16. (a) States that the high gain regime marked by the blue question mark,
being uncovered by the mean value and error bar h�Gi6rð�GÞ, is located at the tail
in the distribution Pð�GÞ; (b) Schematic illustration of the evolution of the distribution
and Fcð�GÞ (right vertical axis) from time t to time t þ dt. The increment between
the G values, D�Gp1;2 is measured over the interval dt.
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faster than that in the central part of Fcð�GÞ [where Pð�GÞ is peaked].
Such enhanced growth happens for a part of the realizations with high
instantaneous pump laser intensities, before the pump depletion
comes into play. Note that while the tail in the distribution of pump
laser intensities still follows an exponential distribution, the amplifica-
tion process enhances the percentage of those realizations for the scat-
tered light. To inspect this enhancement, we compute the increments
D�Gp1 ¼ �Gp1 jtþdt � �Gp1 jt ; D�Gp2 ¼ �Gp2 jtþdt � �Gp2 jt , as well as �Gp1
and �Gp2 over a time interval dt, the result of which is sketched in
Fig. 16(b). In a regime of favorable suppression of growth in the tail,
the gain value �Gp1 at p1 < p2 should evolve similarly as (or slightly
less than) �Gp2, while, in the opposite regime of a stronger growth rate
D�Gp1=dt at p1, the risk that high gain values can occur would increase.

We have evaluated the growth rates D�Gp=dt by selecting three
probability levels, namely, p ¼ 10%; 30%, and 50%, and for the band-
width range Dx0=x0 ¼ 0:35%;…; 7%, corresponding to
c0sc ¼ 4…0:2. A procedure equivalent to Eq. (30) has been carried
out, to quantify the increment of �Gp, or the temporal evolution of the
tail in Fcð�GÞ for each bandwidth case

D�Gp

dt
¼

�Gpjtþn
dt � �Gpjt
n
 dt

: (35)

The same choice of time instants t and values for n and dt is taken as
in Eq. (30). Again 10 values of D�Gp=dt are obtained for each individ-
ual Dx0 and are recorded in Fig. 17 for the different probabilities, 50%
in Fig. 17(a), 30% in Fig. 17(b), and 10% in Fig. 17(c). Figure 17(d)
shows the outer bounds of the values from (a)–(c), while Fig. 17(e) the
differential spread between �G30% and �G50% over by GR.

Based on this study, one can identify the nonlinear regime for
which bandwidth is not sufficient to mitigate inflationary SRS. In such
a nonlinear regime, not only �Gp, but also its increment D�Gp over a
given time interval would continue to increase, leading to large disper-
sion of D�Gp=dt during different time periods. This results in un-
controlled growth of �Gp, as seen in Figs. 17(a) and 17(b), where the
computed D�Gp=dt spread considerably for bandwidth values below
Dx0=x0 < 2:8% or c0sc > 0:5. In the opposite regime, at least for
Dx0=x0 > 4% the observed values of D�Gp=dt accumulate generally
in a narrower interval.

Figure 17 therefore suggest a more severe criterion than what
obtained from the expectation values of �G and of dxnl;m, namely,
that efficient mitigation of inflationary SRS via bandwidth should
be operational from Dx0=x0 ¼ 4%. According to Fig. 17(c), a
bandwidth of 2.8% is not broad enough to narrow the dispersion
of D�G10%=dt, and thus the risk of 10% of most intense cases
observed in the realizations, while it would be sufficient enough
when counting already 30% and 50%, i.e., D�G30%=dt and again
D�G50%=dt. Only when Dx0=x0 � 4% or c0sc � 0:35, also the dis-
persion of D�G10%=dt is sufficiently reduced. Remarkably, also the
dispersion of D�G50%=dt and D�G10%=dt converge for Dx0=x0

� 4% shown in Fig. 17(d), which confirms that nonlinear growth
is then mitigated with a confidence of 90%. Finally, the difference
between �G50% and �G30% in Fig. 17(e) at different time moments
confirms the tendency seen in (a)–(d) via a reduced spread with
increasing bandwidth. The small variation among the values from
Dx0=x0 � 4% indicates the stable evolution of the main part in
Pð�GÞ or Fcð�GÞ.

V. CONCLUSIONS AND DISCUSSION

In this work, the effects of temporal incoherence in pump and
seed waves affecting the 3-wave coupling process of SRS have been
investigated in an inhomogeneous plasma. A 3-wave coupling model

FIG. 17. Numerical evaluation of the temporal increment D�Gp=dt in units of ps�1

from Eq. (35) as a function of the relative bandwidth Dx0=x0 shown for comple-
mentary probabilities p ¼ Fcð�GÞ at (a) p ¼ 50%, (b) ¼ 30%, and (c) ¼ 10%. For
each bandwidth value, 10 simulation data points computed from Eq. (35) are
shown. Subplot (d) shows the envelopes following the outermost data points from
(a)–(c); indicating the value of D�Gp=dt attained with up to 10% (upper) and up to
90% (lower bound) probability, respectively. Black symbols: PIC results from single
realizations. The evolution of D�Gp=dt for 30% and 50% are difficult to distinguish
in subplots (a) and (b). Therefore, we show in (e) the difference between �G30% and
�G50% divided by GR.
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is applied, in which the trapped particle effect is considered via the
nonlinear frequency shift of EPWs. A natural seed noise exciting the
SRS scattered light has been introduced via a boundary condition at a
defined level and computed via the Langevin equation applied to a
random number generator simulating white noise. For the pump
wave, we have chosen a multi-band method with controlled finite
bandwidth and a Lorentzian-shaped spectrum, following Ref. 20,
intending to explore the efficiency to mitigate inflationary SRS, in par-
ticular, the destabilization of SRS beyond the spatial convective ampli-
fication in the inhomogeneous plasmas. Our study consists of ‹

spatial amplification according to Rosenbluth’s work after a fast tran-
sient growth stage; › a regime of growth of SRS beyond the
Rosenbluth solution due to destabilization via kinetic effects that com-
pensate the inhomogeneity dephasing and lead to autoresonance; and
fi a stage of strong nonlinear growth beyond the upper limit of autore-
sonance with high amplitude plasma waves and kinetic effects leading
to violent growth in SRS up to pump depletion.

It is found that a large bandwidth boundary noise itself mitigates
the onset of SRS with respect to a coherent (single-frequency) seed,
especially at low-intensity values of the pump laser corresponding to
Rosenbluth gain factor GR < 2, such that the effective gain �G would
not exceed GR. For pump intensities with GR � 2, the system is desta-
bilized due to the presence of kinetic effects, resulting in further ampli-
fication of SRS.

The pump bandwidth effects have been investigated in exploring
the statistical distributions of the amplification process in terms of
probability density function (PDF) Pð�GÞ for possible effective gain val-
ues �G associated with the strength of SRS amplification, obtained via a
great number of simulations carried out with the 3-wave coupling
code. In the linear stage where the nonlinearity of EPWs is negligible,
the distribution of �G for low bandwidth with long coherence time
c0sc > 1 results in a primarily exponential dependence on �G, with a
mean effective gain h�Gi value close to GR, but allowing an exponen-
tially decreasing probability of higher amplification. For the case of a
large bandwidth in the pump wave signal and short coherence time,
c0sc < 1, the distribution Pð�GÞ is close to a normal distribution
peaked around �G ¼ GR, decreasing in width with increasing
bandwidth.

For the nonlinear stage of SRS associated with growth and increas-
ing h�Gi, due to destabilization by upcoming kinetic effects, one can esti-
mate the growth rate in the quasi-fluid regime with c0sc < 1 via the
expression Eq. (33) given by ck ¼ 4:4g0:55ðL=100 lmÞðc0scÞðvL=v1Þc0.
Taking for g ¼ 0.25, furthermore vL=v1 ’ 0.03, …, 0.07 for Te ’ 1keV,
ne=nc ’ 0.01, …, 0.1, and L ¼ 100 lm, the ratio between ck and the
standard SRS growth rate assumes values in the range ck=c0 � (0.06, …,
0.15) c0sc.

Besides h�Gi and the corresponding standard deviation rð�GÞ, the
established probability density function (PDF) Pð�GÞ and complemen-
tary distribution function Fcð�GÞ allow us to examine the probability of
spread of possible effective gain values associated with SRS amplifica-
tion. This study shows that increasing bandwidth considerably nar-
rows the spread between the observed effective gain �G. High effective
gain values are very likely due to a large spread in �G, up to several
times of GR below and around c0sc ¼ 1, correspondingly
Dx0=x0 ¼ 1:4%, such that efficient mitigation is not expected here.
However, reasonable confidence can be given that SRS is mitigated for
laser bandwidth values well above Dx0=x0 ’ 2:8%, corresponding to

c0sc < 0:5. With particularly high confidence, say with 90% probabil-
ity excluding extreme events, nonlinear growth of SRS should be miti-
gated for Dx0=x0 > 4% and c0sc < 0:35.

For the sake of performing a significant number of realizations in
order to get statistical information on the reliability of bandwidth
effects, we have solved the system of partial differential in a single
dimension and for relatively short plasma density profiles. We are
aware that these are limitations with respect to the multi-dimensional
nature of the process studied and to real-size plasmas. We use a
3-wave coupling model in which kinetic effects are described only via
a phenomenological, amplitude-dependent description of the EPW,
which has, of course, a limited range of validity with respect to fully
kinetic simulations.

Also other parametric instabilities may appear in connection
and/or in competition with SRS in the considered plasma, such as the
Langmuir Decay Instability (LDI) and Stimulated Brillouin Scattering
(SBS). Both LDI and SBS, not taken into account in our 3-wave model,
rely on the excitation of ion acoustic waves which naturally grow on a
longer (picosecond) timescale than Langmuir waves. LDI should not
really be important in the time window we consider in this study
because it is associated with important ion wave perturbations. The
optimum regime of LDI27,55 is usually expected for the criterion
kLkD � 0:29, while for the plasma considered here the values of kLkD,
being around 0.34, are more favorable for kinetic effects. Also, while
SRS evolves vigorously within the time window of about 2 ps consid-
ered in our numerical study, SBS should not become important when
considering that it starts from a low natural noise level: e.g., for the ref-
erence parameter, with vosc=vth � 0:2, SBS would grow about 2 orders
of magnitude per ps.

Our study focuses on the possible mitigation of SRS and the
growth of Langmuir waves (EPWs) via bandwidth. In the regime that
fulfills the requirement of relatively high bandwidth in the incoming
laser pump according to our study, the risk of the ongoing growth of
SRS backscatter is diminished and allows controlling the level of SRS
and of Langmuir waves. Consequently, one would expect that also the
levels of the potentially upcoming ion acoustic perturbations were
mitigated.

In the opposite case of insufficient pump laser bandwidth, desta-
bilizing effects due to nonlinear plasma waves will arise, and at later
times one should also expect that LDI and SBS play a role. On the dif-
ferent time scales, saturation mechanisms will also come into play.
Those associated with the EPW, not considered in our model, like
sideband instability as well as wave breaking should then arise and
may be the leading saturation mechanisms for the growth of SRS.
Some of them can help to tame and/or to saturate SRS. However, as
long as pump depletion plays the decisive role for saturation, the effect
on mitigation for SRS stays weak.

An equivalent study with numerous realizations using a fully
kinetic code, either in one or more dimensions, is still difficult to envis-
age, and multi-dimensional studies with wave-coupling codes33,56

remain computationally expensive.
The results obtained in our study are relevant for dynamics inside

laser hot spots, so, e.g., of optically smoothed laser beams.57–59 Laser
hot spots usually cover a wide range of peak intensity values, corre-
sponding in our study to the pump laser intensity, expressed via an
initial value of the Rosenbluth gain GR. Our study, due to restriction to
a single spatial dimension, is focused on the mitigation capacity of the
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temporal aspect of optical smoothing on SRS in laser speckles.12

Spatiotemporal smoothing methods rely on both finite bandwidth
and spatial incoherence. Currently available methods at major laser
facilities, such as SSD, are inefficient in controlling SRS. Better
methods have to be identified, in which the interaction leading to
SRS (and SBS) needs to be reduced both in time and space. Our
results can therefore help to optimize coherence time parameters
for smoothing methods via laser pulses composed of spike
trains,16,17,19 or via “ISI.”11
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APPENDIX: GENERATION OF INCOHERENT
LIGHT SIGNALS

We derive and discuss here the procedure for generating the seed
noise signal and its application to the pump wave signal with

bandwidth. To generate the stochastic source term S(t) concerned in
the right side of Eq. (7), in practice, the Langevin equation is used

@

@t
þ 1
s1

� �
SðtÞ ¼ 1

s1
QðtÞ; (A1)

where the stochastic function Q(t) corresponds to white noise in time,
QðtÞ ¼ jQj exp iUðtÞ, with jQj2 ¼ K and U a random phase distrib-
uted between ½�p;pÞ uniformly. The corresponding correlation func-
tion and Lorentzian power spectrum of S(t) are, respectively, given by

C1ðdtÞ ¼
hSðtÞS�ðt þ dtÞi

hSðtÞS�ðtÞi ¼ e�jdtj=s1 ; jf ðxÞj2 ¼ 1
x2s21 þ 1

;

which are consistent with Eqs. (14) and (15). The coherence time sc
for a given correlation function C(t) is then defined by

sc ¼
ðþ1

�1
dtjCðtÞj2Þ; (A2)

with sc ¼ s1 for C ¼ C1. For incoherence in the pump laser field
a0ðtÞ we denote sc as the pump coherence time with C0ðdtÞ
¼ ðha�0ðtÞa0ðt þ dtÞiÞ=ðha�0ðtÞa0ðtÞiÞ ¼ exp ð�jdtj=scÞ as the corre-
sponding correlation function. The pump correlation time is related
to the laser bandwidth Dx0 by sc ¼ 2=Dx0. Figure 18 illustrates of
the intensity spectrum IðdxÞ following a Lorentzian shape corre-
sponding to the spectrum used in Eq. (18) after normalization, and
the corresponding correlation function C0ðsÞ with 2% bandwidth.
The Lorentzian envelopes from the approach via Langevin’s equa-
tion (A1) is used to determine the amplitude, the 4000 discrete
modes used in our simulations to generate the pump power spec-
trum. This spectrum is abridged when the amplitude of the spectral
intensity attains 0.4% of the peak value, and its range therefore con-
fined in between the frequencies outermost x1 and xN, here N
¼ 4000 with dx1 ¼ �dxN ¼ jx1;N � x0j. The choice of an abridged
spectrum is preferable for reasons of numerical convergence in
order to suppress undesired high frequencies x06p=Dt related to
the choice of the time step Dt.

FIG. 18. (a) Intensity spectrum (normalized) with a Lorentzian shape similar to jf j2 as a function of the deviation dx from the central frequency x0 for the pump laser IðdxÞ,
see Eq. (18) in the main text, and (b) the corresponding correlation function C0ðsÞ having the bandwidth Dx0=x0 ¼ 2%.
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