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Abstract Gaseous flow through ultra-tight porous media, e.g. shale and some high-performance
insulation materials, is often rarefied, invalidating an analysis by the continuum flow theory.
Such rarefied flows can be accurately described by the kinetic theory of gases which utilizes
the Boltzmann equation and its simplified kinetic models. While discrete velocity methods
(DVM) have been successful in directly solving these equations, the immense potential of a
particle-based solution of the variance-reduced Boltzmann-BGK (Bhatnagar-Gross-Krook)
equation for rarefied flows in porous media has not been exploited yet. Here, a parallel solver
based on the low variance deviational simulation Monte Carlo (LVDSMC) method is devel-
oped for 3D flows, which enables pore-scale simulations using digital images of porous
media samples. The unique advantage of this particle-based formulation is in providing ad-
ditional insights regarding the multi-scale nature of the flow and surface/gas interactions via
two new parameters, i.e. pore and surface activity respectively. Together, these two parame-
ters can identify key flow properties of the porous media. The computational efficiency and
accuracy of the current method has also been analysed, suggesting that this new solver is a
powerful simulation tool to quantify flow properties of ultra-tight porous media.

Keywords rarefied flow · Knudsen diffusion · low-variance deviational simulation Monte
Carlo method · porous media · pore-scale simulation

1 Introduction

The burgeoning industries with a vested interest in gas flows through ultra-tight porous
media have led to the recent surge of research interests in such flows, which are are prevalent
in micro/nano-electronic cooling [1], nano-porous insulations [2], fuel cell technology [3],
medical and biomedical devices [4], oil and gas production [5], and ablative process [6,7]
such as those in aerospace industry.
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Due to the small dimensions of the pore space, gas flows through ultra-tight porous
media are usually low-speed, highly rarefied, and extremely confined, resulting in very
unique gas flow physics. When the Mach number is negligible, i.e. Ma << 1, any stochastic
particle-based simulation method will suffer from the low signal to noise ratio, i.e. the flow
velocity (signal) created by a driving mechanism is much smaller than the thermal veloc-
ity (noise) of the molecules. The gas rarefaction in the pore space is highly non-uniform,
featuring co-existing regions of differing rarefactions, from continuum to free molecular
flows. Such flows are characterised by significant variation in the local Knudsen number
and demand a multi-scale simulation for improved understanding. In addition, these flows
are highly-confined so the surface plays a major role in gas transport. Therefore, understand-
ing of rarefied gas flow in highly confined pore spaces remains a research challenge.

The fundamental Boltzmann equation, and its simplified model equations, e.g. Bhatnagar-
Gross-Krook (BGK) [8], Shakov-BGK [9] and Ellipsoidal Statistical-BGK [10] models,
offer a kinetic description of the gas flow. Deterministic approaches such as lattice Boltz-
mann method (LBM) [11–14] and other discrete velocity methods (DVM) [15–18] are pop-
ular for pore-scale simulations. While it is established that the prevalent simulation method,
namely direct simulation Monte Carlo (DSMC) is robust and handles complex boundaries
with ease, it suffers from the computationally expensive sampling process to mitigate the
statistical noise in the low-signal flows. The advantages of DSMC have inspired the exten-
sion/development of particle methods for such flow simulations [19–24].

A reduction of the statistical noise in the calculation of macroscopic variables can be
achieved either by an increase in the number of samples or a decrease in variance in the
Monte Carlo evaluation of these variables. The former method leads to an increase in the
computational cost whereas, the latter results in the variance reduction techniques which re-
duce the computational cost dramatically. One such approach is the direct simulation BGK
(DSBGK) method [25–28], and its capability in pore-scale simulation of shale gas flows has
been demonstrated [29,30]. Recently, the variance reduction techniques were introduced for
an efficient calculation of the collision integral [31–38]. In the particle-based approach, the
particles are drawn from the deviation from an equilibrium state and are represented by a
system of positive and negative particles, and the flow system evolves via advection and
collisions of these particles. As the gas relaxes to equilibrium through collisions, decrease
in the deviational particles is aligned with the relaxation time approximation. Therefore,
the natural extension of the method to the BGK collision model was put forth, first using
the acceptance-rejection sampling [35] and then by the ratio-of-uniforms method [36]. The
latter work also demonstrated a second-order convergence in time by using a symmetrised
version of the algorithm [36]. One of the key issues with the method was the conservation
of mass, momentum, and energy which are only done on average (owing to the source-sink
interpretation of the collision term), unlike the DSMC where conservation is ensured for
every collision event. This was addressed [36] through the inclusion of mass conservation
routines which monitor and minimize the residual by regenerating particles with the appro-
priate sign at each step. Other variants, such as modifying the importance weights of the
particles [38] and improvements such as the replacement of the BGK collision operator by
the McCormack kinetic model thereby enabling the simulation of a binary gas system [39]
were also investigated.

Although the method was successfully deployed to study some simple problems [40–
44], the application of this method has been very limited and its greater potential remains
largely unexplored. In the present research, we apply this method to develop a new pore-
scale simulation tool to study multi-scale flows through complex porous media.
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2 LVDSMC and flow in porous media

2.1 LVDSMC method

The Boltzmann equation is the cornerstone of gas kinetic theory, which describes evolution
of the single particle distribution function, f = f (r,c, t), in the phase space (r,c), where r
is the spatial co-ordinate and c is the molecular velocity. In porous media, the pressure gra-
dient, which drives the flow, may be represented by a body force. Additionally, the collision
process can be interpreted as relaxation of a small perturbation of f over a time τr, known as
the relaxation time. Under these assumptions, the governing equation of the system is given
by,

∂ f
∂ t

+ c · ∂ f
∂r

+

[
∂ f
∂ t

]
BF

=

(
∂ f
∂ t

)
coll

=
f loc− f

τr
, (1)

where,

f loc = nloc(
√

πvloc
mp)
−3exp

[
−
∥∥c−uloc

∥∥2

vloc
mp

2

]
, (2)

[
∂ f
∂ t

]
BF

= cri

[
ζP +

(
5
2
− ‖c−u0‖2

v2
mp,0

)
ζT

]
f0, (3)

t is the time and f loc is the instantaneous local distribution with nloc, uloc, T loc being the

number density, bulk velocity, temperature respectively. vloc
mp =

√
2KbT loc

m is the most proba-
ble speed with Kb(1.38064852×10−23 kgm2/Ks2) and m representing the Boltzmann con-
stant and molecular mass respectively. Furthermore, the equation for the body force (BF)
is obtained from the work of Cercignani and Daneri [45]. In the Eq. 3, ri is the spatial co-
ordinate, cri is the molecular velocity in the direction of the body force, ζP = L0

P0
dP
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and
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are the non-dimensional pressure gradient and temperature gradient in the direc-
tion ri respectively.

Expressing the distribution function as a combination of an equilibrium state and a de-
viation ( fd) (see Eq. (4) below) is the key idea in the low-variance deviational simulation
Monte Carlo method. The solution strategy consists of an analytical handling of the equilib-
rium, i.e. the Maxwell-Boltzmann distribution, see Eq. (5), while the deviation, fd , which is
not analytically treatable is integrated by a system of positive and negative particles drawn
as given below:

f = feq + fd , (4)
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fd(c) = mWe f f

N

∑
i=1

siδ
3(x−xi)δ

3(c− ci). (6)

Here, nmb(= n0), umb(= u0), and vmb
mp(= vmp,0) =

√
2KbT mb

m are the number density, bulk
velocity, and most probable speed at the global equilibrium, f0. Also, si indicates sign of
the particle, which is either +1 or −1, We f f represents the number of physical particles per
a simulated particle in addition to the unit deviation represented by the particle. A positive
deviation particle indicates that the f is greater than feq in that phase space element and vice
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versa. This stipulates that an equal number of positive and negative particles occupying the
same phase space element results in no net change to the distribution function.

The method emulates the DSMC’s idea of operator splitting which is valid provided
that the chosen time step, ∆ t, is smaller than the mean collision time (tmct ), i.e. ∆ t < tmct .
This operator splitting often leads to a time step error which is reduced here by utilising the
Strang’s splitting method to achieve second-order convergence with no intrinsic time step
error.

The effect of the global body force is to accelerate the particles in the domain thereby
causing the local distribution function to deviate from the global equilibrium necessitat-
ing the generation of deviational particles. The advection process displaces every particle
according to the Newton’s law, and interactions between particles and surfaces follow the
Maxwellian reflection model where the particles interacting with the surface can be sub-
ject to a diffuse reflection with a probability of the momentum accommodation coefficient
(α=1). In addition to providing an approximation of a porous media surface, the diffuse sur-
faces also function as a way of keeping the particle number tractable by deleting oppositely
signed particles interacting with the same surface within the time step. The implementa-
tion at domain boundaries is either symmetry (specular) or periodic as appropriate for the
specific study. The BGK collision term can be integrated over the time step ∆ t in the cell
i ∈ Ncell which is selected taking the cell’s local state into consideration. The integration is
then carried out through a sequence of Markov creation and deletion events with appropri-
ately chosen sub-time steps which are instrumental in the method’s natural ability to adapt
to a multi-scale system. Further details regarding the present implementation can be found
in our previous work [44].

For the present stochastic method, the microscopic properties are used to compute the
aggregate sum of the moments for each cell to obtain macroscopic variables. For a cell k
containing Nk particles at a time step conducive to sampling, the aggregate sum of mass,
momentum, and pressure tensor are given by,

(Agg Σm)k = (Agg Σm)k + ∑
i∈Nk

si, (7)

(Agg Σv)k = (Agg Σv)k + ∑
i∈Nk

sici, (8)

(Agg Σp)k = (Agg Σp)k + ∑
i∈Nk

sicic j. (9)

2.2 Surface and pore activity

A unique vantage point that is afforded by the current particle method is the ability to track
the number of particles that have collided with a surface element. Thus, for every collision
on the surface k, the parameter Agg SI is updated as,

(Agg SI)k = (Agg SI)k +1. (10)

The time-averaged version of this value signifies the role of the surface in the relaxation
process of the gas molecules to an equilibrium. Termed as surface activity, a high value
indicates that the surface is significantly involved in the development of the flow character-
istics while a low value indicates that the surface plays a negligible role. This surface activ-
ity can directly quantify the role Knudsen diffusion play in gas transport in ultra-tight pore
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space, which is a long-standing modelling problem. When the Knudsen diffusion becomes
the dominant mechanism for gas transport, gas molecules will more likely to collide with
surface rather than between themselves, so the surface activity is relatively more significant
compared to the pore activity, which can now be quantitatively measured. When the surface
activity is relatively lower than the pore activity, the collisions between gas molecules are
more important to the gas transport, i.e. the viscous effective is more important than the
Knudsen diffusion.

In porous media, the size of the pore structures varies in an extremely arbitrary fashion.
The effect of these variations on the flow is seen through the co-existence of multiple regions
with different degrees of rarefaction. As explored earlier, inter-molecular collisions are less
likely in a region of high rarefaction whereas they are more abundant in less-rarefied regions.
This effect is captured in the present particle method through the parameter termed as pore
activity which is updated for every cell i ∈ Ncell as shown in Eq. (11) when a collision event
occurs, i.e.

(Agg PA)i = (Agg PA)i +1. (11)

Here, the time-averaged value of the pore activity is indicative of the degree of local rar-
efaction at each cell. This pore activity plays a similar role as the local Knudsen number.
However, it is difficult to define local Kn as the characteristic length scale can be arbitrary,
while it is easy to directly measure pore activity for the present particle method. This also
resolves another challenging problem for modelling flow properties of pore media when the
rarefaction is important.

The hydrodynamic properties such as the number density, bulk velocity, and the pressure
tensor can be obtained by summing Eqs. (7, 8, 9). The flow characteristics of complex porous
media are quantified through the pore activity (Eq. (11)) and the surface activity (Eq. (10))
which are normalised by the maximum value of the pore activity Agg PA and surface activity
Agg SI as demonstrated in Eq. (15) and Eq. (16) respectively.

ρ j = ρ0 +
nWe f f

∆Vj
(Agg Σm) j, (12)

ρ ju j = ρ0u0 +
nWe f f

∆Vj
(Agg Σv) j, (13)

P j +ρ ju ju j = P0 +ρ0u0u0 +
nWe f f

∆Vj
(Agg Σp) j, (14)

(PA) j =
(Agg PA) j

(Agg PA)max
, (15)

(SI)k =
(Agg SI)k

(Agg SI)max
. (16)

2.3 Concepts of porous media

The flow through porous media is dependent on microscopic features such as its pore struc-
ture, connectivity, and surface area. The porosity, φ , is defined as the volume of pore space
to the total volume of a porous media sample, i.e. φ =

V f
Vt

and 0 < φ < 1, where Vf is the
volume of the pore space, Vt is the total or bulk volume. The presence of isolated pore spaces
has led to the definition of effective porosity or apparent porosity, φe f f , defined as the ratio
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of the volume of pore space participating in the flow to the bulk volume, i.e. φe f f =
V e f f

f
Vt

and

0 < φe f f ≤ φ , where V e f f
f is the volume of the pore space accessible to a flow.

The transport of the fluid through the porous media is described by permeability (κ)
[46]. Recognizing the role of fluid viscosity [47] and the potentially anisotropic, 2nd-order
tensor nature of κ [48,49] can be expressed as

Qi ∝
A jk∆P

µLi
= κ

A jk∆P
µLi

, (17)

with,

κ =

κxx κxy κxz
κyx κyy κyz
κzx κzy κzz

 , (18)

where, κi j = µqi

[
∂P
∂x j

]−1
and qi =

Qi
A jk

is the volume flux, Qi is the volume flow rate, A jk is

the cross sectional area of flow, ∂P
∂ r j

is the pressure gradient, and i, j,k are the x,y,z directions
respectively.

One of the most popular corrections to the Darcy law for rarefied gases is the Klinken-
berg equation [50] where the gas permeability(κg) (often referred to as apparent permeability(κa))
is greater than the liquid permeability(κl or intrinsic permeability(κi or κ0)) by a factor as
shown below,

κg(or κa) = κl(or κi)

(
1+

b
p

)
, (19)

where, the parameter b is termed as the Klinkenberg constant, which is indicative of the
gas slippage effect. The Klinkenberg correction is usually applied to predict the initial onset
of slip flow. At higher degrees of rarefaction the apparent permeability varies with Kn [51]
and the second-order apparent permeability correlations have been proposed [52] as shown
below,

κa = κi
(
a+bKn+ cKn2) , (20)

where, a, b, and c are correlation coefficients.
Appropriate selection of the coefficient can produce the BKC model which was put forth

by Civan [53] as an improvement of the empirical scaling laws proposed by Beskok and
Karniadakis [54], where Cr is the rarefaction coefficient and αBKC is an empirical coefficient

κa

κi
=Cr

(
1+

4Kn
1+Kn

)
; (21)

Cr = 1+αBKCKn, (22)

αBKC =
1.358

1+0.178Kn−0.4348 ,

where αBKC is assumed to have values that are used in previous literature [55]. However,
these models are extended from the results based on straight channels/pipes which are very
different from complex flow geometries found in porous media. The arbitrary choice of the
many empirical parameters makes these model impractical and even useless in quantifying
flow properties of porous media.

The final parameter of interest in porous media flows which plays an important role in
correlating porosity and permeability is tortuosity, τ . It is by far one of the most difficult
and ambiguous flow properties of porous media [56,57]. Because of rapid increase in the
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computational power, calculation of tortuosity shifts away from the geometric methods [58]
to those linked to the flow field [59–64]. Therefore, the tortuosity is often calculated by

τi =
Σumag

Σui
=

〈
umag

〉
〈ux〉

, (23)

where, umag is the speed of the flow and ui is the velocity in the ith direction.
To understand flow properties in porous media when rarefaction is present, pore-scale

studies are urgently required as the current models are based on empirical observations with
arbitrary parameters.

2.4 Non-dimensional formulation

The non-dimensional parameters in the present work are represented by a caret ( ˆ ) or are
marked with a subscript ND denoting non-dimensional, which are given below,

xND = x̂ =
x

L0
; yND = ŷ =

y
L0

; zND = ẑ =
z

L0
; (24)

uND = û =
u

εvmp,0
; vND = v̂ =

v
εvmp,0

; wND = ŵ =
w

εvmp,0
;

nND = n̂ =
n
n0

; TND = T̂ =
T
T0

; PND = P̂ =
P
P0

;

tND = t̂ =
L0t

vmp,0
; fND = f̂ =

v3
mp,0

n0
f ,

where, L0 is the characteristic length of the flow domain, vmp,0 is the most probable speed
of the molecules, n0, T0 and P0 are the number density, temperature and pressure of the
reference state respectively. Additionally, the low-signal nature of the problem often leads
to extremely small values of pressure gradients and velocity, making it necessary to scale
them up to avoid computational errors. This is achieved by using ε which can be chosen
such that it normalizes the largest source of non-equilibrium which is the pressure gradient
in the present work and thus,

ζ̂P =
1
ε

L0

P0

dP
dri

= 1. (25)

Moreover, the degree of rarefaction in a flow field is often represented by the scaled rarefac-
tion parameter as,

δscaled =
2√
π

1
Kn

. (26)

The contour plot of a hydrodynamic property for multiple Knudsen numbers are often
presented together. This juxtaposition is more amenable to comprehension if each of the
cases is normalized with respect to its local maximum value. For example, we represent the
velocity magnitude |V | by the local maximum normalized scaled speed (Vmax) defined as,

Vmax =
|V |
|V |Max

;V =
√

u2
ND + v2

ND +w2
ND. (27)



8 Ferdin Don Bosco, Yonghao Zhang

Among the porous media quantities, the porosity and tortuosity are dimensionless by
definition. The permeability is non-dimensionalized and determined as shown below [55]

κ = 2GpKn, (28)

where,
Gp = 2ṁND = 2

∫ ∫
nNDuNDdAND. (29)

In all these studies, the reference state variables (n0,T0,P0) are selected to correspond to
the global equilibrium state. Here, the momentum accommodation coefficient is maintained
at unity. Each structure is subjected to independent studies wherein the direction of the
small non-dimensional scaled pressure gradient, ζ̂P, is set to be in the X , Y or Z direction.
The characteristic length is taken to be the length of the unit cell that is perpendicular to the
flow. The nature of the unit cells for the 3D reconstructed media results in L0 = Lx = Ly =
Lz respectively. However, for the Berea sandstone, L0 = Ly when the pressure gradient is
along the X direction and L0 = Lx when the pressure gradient is in the Y direction. These
parameters are used to normalise the problem appropriately.

3 Porous media

Advances in digital imaging [65] have encouraged pore-scale direct simulation of flows
through geological rock samples that are digitally reconstructed from these images [66]. The
main aim of the present study is to provide more in-depth insights into rarefaction effect and
gas/surface interaction in gaseous flows through porous media using the LVDSMC solver
we have developed, which has been extensively validated for various simple flows [44].

In all the following simulations, the image resolution has been deemed sufficient for the
spatial discretization. The use of a non-uniform or refined grid [29,30,67] may improve the
simulation accuracy but will challenge the assumption of a global equilibrium for all the
cells. In such cases, each cell will have its own local equilibrium and the treatment of such
a system leads to computational complication and stability issues due to an unrestrained
increase in the number of particles [68].

3.1 2D problem statement

The Berea sandstone is commonly-used in porous media studies owing to its special prop-
erties such as composition, commercial relevance and the well-sorted, well-rounded nature
of its grains [69]. The current image, see Fig. 1, is engineered from a 3D Berea sandstone
sample of dimensions 1418× 1774 µm with an etch depth of 24.54 µm at the Schlumberger
Cambridge Research Ltd., and is of a resolution of 453× 457× 1 µm with a porosity of ap-
proximately 30% [70]. The sample provides a wide range of pore space size and orientation
in addition to a well-connected pore network.
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Fig. 1: Schematic of 2D image-based reconstruction of a Berea sandstone porous media
(white/grey: pore space; black: solid phase).

Furthermore, the image resolution (i.e. 453× 457× 1) is kept unaltered as it is suffi-
ciently high to be used for spatial discretization. The variation in the pore configuration is
brought about by considering the pressure gradients (which corresponds to a pressure dif-
ference of 1%) in the X and Y directions independently. The effect of gaseous rarefaction
is realized through the variation of the global Knudsen number defined with respect to the
reference length of the sample.

3.2 Results and discussions: 2D porous media

The variation of flow pattern with flow direction and rarefaction demonstrates that the flow
is preferential, with some flow pathways being more conducive than others leading to a
greater flow speed in certain pore spaces (marked by (i) in Fig. 2). The effect of rarefaction is
manifested as the gaseous slippage at the surfaces: a higher Knudsen number corresponds to
larger slip at the surfaces and vice versa. This results in the narrower pore spaces (marked by
(ii) in Fig. 2) being relatively inactive at Kn = 0.01 in comparison to the flow at Kn = 10.0.
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Fig. 2: Vmax contours for 2D reconstructed porous media (Berea sandstone).

The interstitial flow patterns dictate the macroscopic properties such as the permeability
and tortuosity which are plotted in Figs.3a and 3b respectively. Fig.3a shows that the per-
meability is higher in the Y direction than the X direction. The effect can be attributed to
the tortuosity (calculated with Eq. (23)). Fig.3b indicates that the flow pathways are more
tortuous in the X directional transverse flows than in the Y direction. The DVM results for
the permeability in the y direction as reported by Ho et. al. [55] are compared with κyy in
addition to the Klinkenberg and BKC models as shown in Fig. 4. The present results are
seen to be in good agreement with the accurate DVM results.
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(a) Permeability (b) Tortuosity

Fig. 3: The simulation results for the 2D image-based reconstructed porous media. The
permeability is in the y direction as reported in Ho et al. [55].

Fig. 4: Comparison of the permeability in the Y direction with the results reported in Ho et
al. [55].

3.3 3D problem statement

The advances in imaging technology have enabled pore-scale simulations using digital im-
ages of real samples. Here, we will use 5 reconstructed 3D samples in the following study,
which are the synthetic packs, including a Bead Pack (BP) made up of glass spheres of
1.59 µm diameter and the voxel side length of 17.472 µm [71], and a LRC32 grade fluvial
Sand Pack(SP) of the voxel side length of 9.184 µm [71], and the geological samples of
natural rocks, including a Castlegate(CG) sandstone sample, a fossiliferous Gambier(GB)
sandstone sample, and a clastic sedimentary Fayetteville Shale (SH) sample with the voxel
lengths of 5.6 µm [71], 3.024 µm [71], and 4.6 µm [72] respectively. The depiction of these
samples are presented in Fig. 5 with the respective voxel resolution specified in brackets.
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Fig. 5: 3D image-based reconstruction of the synthetic packs and the rock samples
(white/grey: pore space; black: solid phase)

Each of these samples is subjected to a wide range of rarefied flows, with an applied
small pressure gradient (which corresponds to a pressure difference of 1%) in the X , Y , or Z
direction. The Maxwellian diffuse surfaces are assumed with the accommodation coefficient
α = 1.00.

3.4 Results and discussions: 3D porous media

The flow driven by a pressure gradient in the X direction at Kn = 1.00 is depicted for these 5
samples in Fig. 6. Unlike their 2D counterparts, the contours (Fig. 6) for a 3D reconstructed
porous media only provide a general overview of the flow fields due to their complicated
internal structure. The primary characterization has traditionally been the normalized per-
meability as presented in Figs. 7 and 8. The normalization is performed using the intrinsic
permeability which is obtained from the LBM simulation utilizing a D3Q19 model with the
non-slip bounce-back reflection on the surfaces. The results obtained are compared against
the Klinkenberg and BKC models for all the considered rock samples. Additionally, the re-
sults are compared with the DVM results using different resolutions in the velocity space as
reported by Ho et. al. [55] for the sand pack (Fig. 7a) and the shale rock (Fig. 7b) samples.
The DVM results are seen to follow the trend predicted by the models while the present re-
sults agree well with the accurate DVM results with a higher resolution in the velocity space.
Note: the LBM model is well-suited for continuum flows to provide efficient prediction of
intrinsic permeability but is not expected to capture rarefaction effect in a non-equilibrium
flow.
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(a) Bead Pack

(b) Sand Pack

(c) Gambier Rock

(d) Castlegate Rock

(e) Shale Rock

Fig. 6: Vmax contours for 3D reconstructed porous media.
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The permeabilities predicted by the present method for the additional samples such as
the bead pack, Castlegate and Gambier (Fig. 8) are also compared to the results of the
Klinkenberg and BKC models. The results exhibit a better agreement with the a higher-order
permeability model indicating that effect of the complex flow pathways and multi-scale
nature cannot be predicted by a linear permeability model [73]. However, high-order models
such as the BKC model involve more unknown parameters which may be tuned to obtain
better results but are not practically useful to make accurate predictions. It is to be noted
that as a special form of DSMC, the present method is not designed for the continuum flow
where Kn is close to zero which explains the discrepancy in the results for Kn = 0.01.There
are recent rapid development of multiscale kinetic schemes, which may be considered for
efficient pore-scale simulations covering flowfield from continuum to free molecular. For
example, the unified gas kinetic schemes [74], the discrete unified gas kinetic scheme [75,
76], and the general synthetic iterative scheme [77,78] are among these computationally
efficient deterministic schemes.

(a) Sand pack (b) Shale rock

Fig. 7: The permeability for the 3D image-based reconstructed porous media in the Y direc-
tion compared to the reported results [55]: (a) sand pack; (b) shale rock.
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(a) Bead pack (b) Castlegate

(c) Gambier

Fig. 8: The permeability for the 3D image-based reconstructed porous media in the Y direc-
tion.

The anisotropic nature of the permeability matrix, calculated by Eq. (18) is shown belowκxx κxy κxz
κyx κyy κyz
κzx κzy κzz

 (30)

=


3.4876 0.0395 0.0348

0.0398 3.6464 0.0065
0.0346 0.0066 3.3412

 Max.Normalized−−−−−−−−−→
%

95.65 1.08 0.95
1.09 100.00 0.18
0.95 0.18 91.63


Bead Pack

=


1.6214 0.0097 0.0127

0.0096 1.6350 0.0167
0.0126 0.0167 1.4859

 Max.Normalized−−−−−−−−−→
%

99.17 0.59 0.78
0.59 100.00 1.02
0.77 1.02 90.88


Sand Pack

=


0.5430 0.0011 0.0027

0.0011 0.4915 0.0031
0.0027 0.0031 0.5132

 Max.Normalized−−−−−−−−−→
%

100.00 0.20 0.49
0.20 90.50 0.57
0.50 0.58 94.51


Castlegate Rock

=


4.6390 0.0049 0.0849

0.0050 4.0274 0.1401
0.0846 0.1403 4.1871

 Max.Normalized−−−−−−−−−→
%

100.00 0.10 1.83
0.11 86.82 3.02
1.82 3.02 90.26


Gambier Rock

=


1.4427 0.0259 0.0115

0.0258 1.1414 0.0177
0.0116 0.0177 1.4315

 Max.Normalized−−−−−−−−−→
%

100.00 1.79 0.80
1.79 79.11 1.23
0.80 1.23 99.22


Shale Rock
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The above matrix is seen to be diagonal dominant, suggesting that the flow is principally
in the direction of the small pressure gradient. Furthermore, the maximum diagonal element
in each sample indicates the most permeable direction for that sample. Accordingly, it is
seen to be the Y directional flow (since κyy is dominant) is preferred for the synthetic packs
(BP and SP) whereas, the X directional flow is preferred among the rock samples (CG, BP,
and SH) as indicated by the dominance of κxx.

The numerical interpretation of the permeability can be obtained by the dimensional
value as κaεL2

0 where, L0 is considered as the side on the cubic voxel, and is thus different for
each of the 3D reconstructed media. For the X directional flow through the shale rock sample
at Kn = 1.00, the non-dimensional permeability, κa = 1.4427, translates to a dimensional
permeability of 1.4427×10−3× (4.6×10−6)2m2 = 30.52md (md: milidarcys) which is in
close agreement with the value of 29.30 md predicted for the same shale rock sample under
similar rarefaction conditions reported by Ho et. al. [55].

3.5 Results and discussions: pore and surface activity

The pore activity is calculated at a cellular level and a high pore activity is synonymous with
a high number of inter-molecular collisions in a time interval which is a feature of a low-Kn
flow. In order for a cell to possess a high pore activity, it must be inside a pore space (col-
lection of connected cells) that is large enough to sustain a low degree of local rarefaction,
in addition to being far away from surface. If a sample contains a large population of cells
with high pore activity, then the sample either contains numerous large pores or a few very
large pores. The large flow area coupled with the low degree of local rarefaction provides
an environment which is conducive to transport via viscous diffusion as opposed to Knud-
sen diffusion. The above explanation is illustrated in Fig. 9 for an example of low and high
activity cells and the corresponding pore spaces.

Fig. 9: Illustration of the concept of pore activity in the cell and pore space.
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In all these 3D samples, the population of pores exhibiting a non-zero activity is es-
sentially the same as the sample porosities because the isolated pores do not contribute to
mass flow. The porosity computed by considering active pore population is compared to
the reported porosity of the samples in Tab. 1 where an excellent agreement is observed.
The small discrepancy is due to inaccuracies in re-construction of flow geometries using
the digital images. Therefore, the pore activity provides a new way of evaluating effective
porosity.

Table 1: Porosity determination using pore activity compared to the reported values.

Sample Porosity (reported) Porosity (computed)
Berea Sandstone 0.32 [71] 0.321

Bead Pack 0.379 [71] 0.371
Sand Pack 0.363 [71] 0.377
Castlegate 0.206 [71] 0.224
Gambier 0.436 [71] 0.438

Shale 0.170 [72] 0.172

The surface activity can be best understood as a classification of the role of surface in
gas transport. For low activity, the surface must have a small number of particles reflecting
off it, which leads to small flow resistance, while a surface with high activity would have a
large number of particles colliding with it.

A clearer demonstration of the surface activity is presented by plotting the value on the
various surface elements of the 2D Berea sandstone sample, which we call surface activity
distribution, as presented in fig. 10. The flow from left to right due to a X-directional pressure
gradient and the flow from bottom to top caused by a Y-directional pressure gradient at Kn
= 1.00 are considered. The permeability for these cases has been reported previously in fig.
3a.

The surface activity distributions presented in fig. 10 show that, as expected, the same
surface elements have different surface behaviour in each case. For brevity and clarity, we
examine the ‘Region A’ and the ‘Region B’ in detail which are marked in fig. 10a and
separately highlighted in figs. 10b and 10c respectively. In Region A, we isolate our consid-
eration to two void spaces labelled (i) and (ii), which were previously demarcated in fig. 9
as the pore space ‘A’ and ‘B’ respectively. Void (i) and (ii) are important pathways in the X
and Y directional flows respectively, and the relative sizes dictate that the viscous transport
dominates the void (i) whereas, the Knudsen diffusion dominates the void (ii). This is fur-
ther reinforced by fig. 10b which indicates that, in the X directional flow, the surfaces of the
void (i) are only slightly more active than the void (ii) despite the void (i) being a critical
region in the flow pathway. On the contrary, in the Y-directional flow, the contribution of
the void (ii) is more important and the domination of Knudsen diffusion is evident from the
very high activity of its surfaces.

The attention in Region B is isolated to the grain that is completely surrounded by gas
during the flow. The top surface of the grain is denoted as (i) while the bottom surface is
labelled as (ii). In the Y-directional flow, the bottom surface (ii) has larger surface activities
since gas molecules collide more frequently there than the top surface (i) owing to the ori-
entation of the flow (from bottom to top). Meanwhile, the top surface (i) is more active in
the X-directional flow since the path of least resistance for this flow passes above the grain
and there is no incentive for the flow to interact with the bottom surface, i.e. the surface (ii)
of the grain.
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(a) Surface activity distribution for the sample (solid: blue/stripped, pore space: grey)

(b) Surface activity distribution at Region A. (c) Surface activity distribution at Region B.

Fig. 10: Illustration of the concept of surface activity for the Berea sandstone.

Together with the pore activity, we can clearly characterize the underlying gas transport
mechanisms in different regions. When the flow is dominated by viscous force, the pore
activity must be high (as is the case in the pore space A in fig. 9) in comparison with the
surface activity (as is the case in the void (i) of Region A in fig. 10b). When the surface
activity increases (as is the case in the void (ii) of Region A in fig. 10b), Knudsen diffusion
becomes more important and the pore activity becomes negligible indicating poor transport
by viscous force (as is the case in the pore space B in fig. 9). A more detailed measurement
of two activities for consistent comparison and meaningful extension to 3D flows will be
required, which will be our future research.

4 Computational performance analysis

All computations were performed on a workstation comprising of dual Intel(R) Xeon(R)
CPU E5− 2630 v3 @ 2.40GHz x86− 64 architecture and implementation of the parallel
framework is done through domain decomposition although the domain considered is the
pore space. Appropriate load balancing is ensured by allocating an equal size (approxi-
mately) of pore space per MPI processor.
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In a given time step, the collision process is the most computationally expensive op-
eration for low-Kn flows, which is highlighted for the Gambier and Castlegate outcrops in
Figs. 11a and 11b respectively, where the time taken by the individual processes are bro-
ken down and presented. The processes of indexing, convergence verification, sampling and
other housekeeping operations are classified under the miscellaneous (Misc.) piece of the
pie. It is evident that as the rarefaction decreases (inner to outer ring) the computational time
consumed by the collision processes increases. This effect manifests itself as an increased
computational time at lower degrees of rarefactions as noted.

For instance, for the Kn = 0.001 flows, it takes an extremely long time to achieve steady
state and hence the results are not presented. The domination of collisions in this regime
requires the generation and deletion of a large number of particles in addition to a regenera-
tion of these particles to rectify the assigned sign and ensure mass conservation during every
time step. While this is an anticipated pitfall as the LVDSMC method was never designed
for such continuum flows, it limits the method’s ability to reconcile porous media structures
where rarefied regions co-exist with, an otherwise predominantly, continuum flow.

(a) Gambier Rock. (b) Castlegate Rock.

Fig. 11: Computational time breakup for the individual process involved.

The computational performance of the current particle method is critically dependent on
a number of parameters such as cell size, time step, number of ensembles and the particles
used per cell. At present, the time step is enforced to be less than the mean collision time,
and the cell size, usually restricted to a fraction of the mean free path, is maintained equal to
the resolution of the image as this is found to be convenient. The main sources contributing
to the uncertainty are the number of particles per cell (PPC) and the number of ensembles.
The number of ensembles for the 3D porous media structures is set to 10, which is observed
to be sufficient for a reliable average. Each ensemble is an independent run where each
run consists of the generation and sampling of 100,000 samples after the steady state is
attained. 10 ensembles have shown to yield the best mean value for the lowest Kn (=0.01)
considered here, so it is safely used for all the other larger Kn cases. To ascertain the effect
of PPC on the current implementation, the permeability for the image-reconstructed porous
media is revisited with degree of uncertainty characterized by the standard deviation. As a
large number of particles are used for PPC of 100, a single ensemble seems to be sufficient.
Additionally, the core idea of this study is to determine the effect of using lower numbers



20 Ferdin Don Bosco, Yonghao Zhang

of PPC, thus, the focus is on PPC = 20 and PPC = 5. The results for all the reconstructed
images is provided in Tab. 2 for Kn = 1.00.

Table 2: The standard deviation in permeability of the reconstructed media due to the pres-
sure gradients in the X, Y, and Z directions at Kn = 1.00 for various PPC and 10 ensembles.

Kn = 1.00 PPC = 100 PPC = 20 PPC = 5
Direction Mean σ Mean σ

Bead Pack
X 3.4877 3.4876 1.69E-06 3.2765 3.02E-02
Y 3.6461 3.6464 4.38E-05 3.3950 4.17E-02
Z 3.3411 3.3412 9.87E-06 3.1312 3.42E-02

Sand Pack
X 1.6213 1.6214 7.95E-06 1.4920 2.29E-02
Y 1.6351 1.6350 1.14E-05 1.4752 2.53E-02
Z 1.4859 1.4859 1.53E-06 1.3819 1.75E-02

Gambier
X 0.5430 0.5430 9.19E-07 0.4971 7.08E-03
Y 0.4914 0.4915 4.28E-06 0.4715 3.19E-03
Z 0.5132 0.5132 4.48E-07 0.5012 1.98E-03

Castlegate
X 4.6390 4.6390 4.55E-06 4.1799 6.80E-02
Y 4.0275 4.0274 4.37E-06 4.0074 3.19E-03
Z 4.1871 4.1871 1.88E-06 4.0571 2.42E-02

Shale
X 1.4427 1.4427 3.97E-06 1.3627 1.51E-02
Y 1.1413 1.1414 1.38E-05 1.1404 1.64E-04
Z 1.4313 1.4313 2.06E-08 1.4301 1.99E-04

Table 3: The standard deviation in permeability of the reconstructed media due to the pres-
sure gradients in the X, Y, and Z directions at Kn = 0.01 for various PPC and 10 ensembles.

Kn = 0.01 PPC = 100 PPC = 20 PPC = 5
Direction Mean σ Mean σ

Bead Pack
X 0.0670 0.0671 3.20E-05 0.0430 8.95E-02
Y 0.0661 0.0662 3.23E-05 0.0591 6.21E-02
Z 0.0632 0.0630 6.36E-05 0.0520 7.54E-02

Sand Pack
X 0.0290 0.0292 7.78E-05 0.0221 2.19E-02
Y 0.0286 0.0288 7.21E-05 0.0203 6.19E-02
Z 0.0378 0.0371 2.94E-04 0.0326 6.66E-03

Castlegate
X 0.0136 0.0136 6.62E-06 0.0186 5.80E-03
Y 0.0118 0.0118 1.30E-05 0.0180 9.48E-02
Z 0.0116 0.0117 1.41E-05 0.0161 4.11E-02

Gambier
X 0.1110 0.1118 2.19E-04 0.1197 7.56E-02
Y 0.0813 0.0814 1.12E-05 0.0850 4.32E-02
Z 0.1168 0.1168 5.53E-06 0.1835 8.69E-02

Shale
X 0.0340 0.0345 1.63E-04 0.0300 6.49E-02
Y 0.0129 0.0129 5.25E-06 0.0190 9.23E-02
Z 0.0337 0.0337 1.99E-06 0.0371 8.54E-02

The PPC is a parameter that determines the weight of a particle and as such a reasonable
estimate of the PPC (i.e. 20) is sufficient. While an extremely low value (PPC = 5) is un-
desirable due to the increased uncertainty of the result, a very high value (PPC = 100) will
increase the associated computational time in exchange for a small reduction in the degree
of uncertainty. Additionally, a very low PPC will lead to high particle weights and could
result in non-physical results such as a negative density and temperature.
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5 Conclusions

The LVDSMC solver is developed to enable pore-scale multiscale simulations to provide
new insights gas transport in ultra-tight porous media. The effects of rarefaction and sur-
face/gas interactions are captured by two new parameters, i.e. pore and surface activity
respectively. The computational efficiency and accuracy as well as its limitation has been
analysed, suggesting that this new solver can be useful for pore-scale study of multiscale
gas flows.

The performance of the method against other similar-spirited methods, such as the DS-
BGK [25,26,29,30] may yield more insights and will be an interesting future research topic.
Another avenue for improvement is the limitation to treating lower-Kn regions which will
hamper the method’s potential in porous media simulations where local regions of lower-Kn
are plentiful. In such cases, the recently-developed multiscale kinetic schemes [74–79] may
be considered for efficient pore-scale simulations.
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