
1 INTRODUCTION 
 
It is recommended by the Common Structural Rule 
(CSR) that the ultimate bending capacity of ship hull 
girders, including bulk carriers, oil tankers and con-
tainer ships (IACS, 2015; IACS, 2019), can be calcu-
lated by the simplified progressive collapse method 
originally developed by Smith (1977). Progress in the 
development of Smith method includes differing for-
mulations (Adamchak, 1982; Ueda and Rashed, 
1984; Yao and Nikolov, 1991; Gordo and Guedes 
Soares, 1996) and extensions for biaxial bending 
(Smith and Dow, 1986), multi-frame collapse (Ben-
son et al., 2013), torsion (Syrigou et al., 2018) and 
cyclic loading (Li et al., 2019; Li et al., 2020). The 
underpinning algorithms within these methods are es-
tablished, relying on an evaluation of the load-short-
ening curve (LSC) of stiffened panel components un-
der in-plane loading. 

Various benchmark studies, such as ISSC (2000) 
and ISSC (2012), were performed to predict the ulti-
mate bending strength of ship hull girders by applying 
the simplified progressive collapse method. These in-
vestigations demonstrated a notable uncertainty in the 
predictions by different participants. The sensitivity 
analysis completed by the Special Task Committee 

VI.2 of 14th ISSC (2000) concluded that the uncer-
tainty is primarily attributed by the LSC of structural 
elements. An uncertainty of 10% on the compressive 
ultimate strength of a structural element can lead to 
an uncertainty of roughly 20% on the sagging ulti-
mate bending moment. Additionally, variations of 
25% in sagging and 12% in hogging may be induced 
as a result of the post-collapse characteristics. 

Extending upon 14th ISSC (2000), Li et al. (2020) 
recently conducted a systematic investigation to ana-
lyse the influence of ultimate strength, ultimate strain, 
elastic stiffness and post-ultimate strength stiffness of 
structural components on hull girder strength calcula-
tion. It was indicated that the ultimate strength and 
post-collapse stiffness have the largest impact on the 
hull girder strength calculation among four consid-
ered parameters. 

However, both of these studies were completed by 
a deterministic procedure. Whilst the most critical 
features can be identified from these deterministic 
evaluations, it is necessary to employ a probabilistic 
approach to quantify the realistic influence of each 
critical features of the LSC. Thus, this paper develops 
a probabilistic procedure to assess the uncertainty of 
ultimate ship hull strength prediction caused by the 
critical features of structural component’s LSC. In 
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ABSTRACT: Simplified progressive collapse method (Smith method) is codified in the Common Structural 
Rule (CSR) to calculate the ultimate bending capacity of ship hull girders. However, several benchmark studies 
have demonstrated a notable uncertainty in predicting the progressive collapse and ultimate limit state of ship 
hull girders, which is primarily attributed to load-shortening curve (LSC) of local structural components 
adopted by different participants. In this regard, this paper employs a probabilistic approach to assess the un-
certainty of ultimate ship hull strength prediction caused by the critical features of structural component’s LSC, 
e.g. ultimate compressive strength. Probability distribution of ultimate compressive strength estimation of stiff-
ened panels is developed based on a dataset generated by different empirical formulae and nonlinear finite 
element method. An adaptable LSC formulation, with ability to accommodate different compressive strength 
of local components, is utilised in conjunction with the Monte-Carlo Simulation procedure where the simplified 
progressive collapse method is employed to complete the ultimate ship hull strength prediction in each sam-
pling. Case study is conducted on a single hull VLCC and it is found that the CSR-based ultimate ship hull 
strength prediction follows a Weibull distribution when considering the computational uncertainty caused by 
different LSC models. The results and insights developed from this paper would be useful to improve the reli-
ability-based design of marine structures. 



this paper, the ultimate compressive strength of stiff-
ened panel element is under consideration. Probabil-
ity distribution of the ultimate compressive strength 
estimation of stiffened panels is developed based on 
a dataset generated by empirical formulae and nonlin-
ear finite element method. An adaptable LSC formu-
lation, with ability to accommodate different com-
pressive strength of local components, is utilised in 
conjunction with the Monte-Carlo Simulation proce-
dure where the simplified progressive collapse 
method is employed to complete the ship hull strength 
prediction at each sampling. Case study is conducted 
on a single hull VLCC under pure vertical bending. 

 
2 METHODOLOGY 
 
The overall methodology of the present study to in-
vestigate the computational uncertainty in ultimate 
ship hull strength prediction may be illustrated by the 
flow chart in Figure 1. 
 

 
Figure 1. Flow chart of the methodology of the present study 
 

As identified by Li et al. (2020), the critical fea-
tures of LSC of stiffened panel elements that have sig-
nificant influences on the hull girder capacity predic-
tion are the ultimate compressive strength and post-
collapse characteristics. In the present paper, the 
probabilistic evaluation is confined to the former, 
while the influence of post-collapse characteristics 
could be examined by applying the same procedure. 

A dataset containing the ultimate compressive 
strength prediction of a range of stiffened panels typ-
ical for ship structures are developed. Best-fit proba-
bility distribution is then selected for the histogram 
based on Anderson-Darling statistic, as employed by 
Kim et al. (2018). With the developed probability dis-
tribution of ultimate compressive strength of stiffened 
panels, an adaptable LSC formulation introduced by 
Li et al. (2020) is adopted which allows the derivation 
of a set of parametric LSCs with probabilistically var-
ying features. The adaptable LSC formulation is sche-
matically illustrated by Figure 2. Simplified progres-
sive collapse analysis is conducted for predicting the 
ultimate bending capacity of ship hull girders where 
a Monte-Carlo Simulation procedure is combined to 
enable the sampling of ultimate compressive strength 
of each structural component. The principle of sim-
plified progressive collapse method may refer to 
Smith (1977), Dow et al. (1981), Benson et al. (2013). 
All of the material property and geometric dimension 
are taken as their nominal values, since the aim is to 
evaluate the computational uncertainty due to the var-
iability of the critical features of structural component 
load-shortening curves, which may also be consid-
ered as the epistemic uncertainty. 
 

 
Figure 2. Adaptable LSC formulation (Li et al., 2020) 
 
3 PREDICTION UNCERTAINTY OF ULTIMATE 

COMPRESSIVE STRENGTH OF STIFFENED 
PANELS 

3.1 Dataset 
The dataset is generated from the prediction by seven 
empirical formulae (Chalmers, 1993; Paik and Tha-
yamballi, 1997; Zhang and Khan, 2009; Kim et al., 
2017; Xu et al., 2018; Kim et al., 2019) and nonlinear 
finite element analysis with and without residual 
stress. All the adopted empirical formulae are pro-
posed for ordinary design of stiffened panels and the 
present finite element modelling techniques are con-
sistent with the ISSC recommendation. Meanwhile, 
all of the ultimate strength prediction is normalised 
by the corresponding CSR estimation. Hence, the da-
taset may be able to represent the variability of 



ultimate compressive strength prediction with refer-
ence to CSR. 

Furthermore, in order to obtain an improved prob-
abilistic characterization of the prediction uncer-
tainty, the dataset is divided into four domains based 
on slenderness ratios, i.e. Domain 1 (β>1.9 & λ<0.6), 
Domain 2 (β>1.9 & λ>0.6), Domain 3 (β<1.9 & 
λ<0.6) and Domain 4 (β<1.9 & λ>0.6). The rationale 
of this sub-division follows the von-Karmon model 
for plate ultimate strength and Ozdemir et al. (2018) 
in which it was suggested that the primary failure 
mode of stiffened panels under compression may 
change from local plate buckling to beam–column 
buckling at the threshold of λ = 0.6.  

The developed dataset with four domains is shown 
in Figure 3. Relevant descriptive statistics are sum-
marised in Table 1. It can be seen that the dataset pre-
sents a fairly large variance, particularly in Domain 1 
and Domain 2. The CSR prediction is generally un-
derestimated for λ < 0.6 and overestimated for λ > 0.6 
with respect to empirical formulae and NLFEA, as in-
dicated by the mean values. 
 

 
Figure 3. Dataset of the ultimate compressive strength normal-
ised by CSR prediction 
 
Table 1. Descriptive statistics of the ultimate com-
pressive strength normalised by CSR prediction 

 𝜎𝜎𝑥𝑥𝑥𝑥 𝜎𝜎𝑥𝑥𝑥𝑥𝐶𝐶𝐶𝐶𝐶𝐶⁄  
 Domain 1 Domain 2 Domain 3 Domain 4 

Max. 1.9078 1.9457 1.4292 1.2351 
Min. 0.6627 0.6880 0.7944 0.6539 
Mean 1.0707 0.9322 1.0065 0.8838 

Median 1.0330 0.8404 0.9927 0.8768 
COV 0.1895 0.2616 0.1077 0.1231 

3.2 Probability distribution of ultimate compressive 
strength of stiffened panels 

The histograms of the normalised ultimate compres-
sive strength with best-fitted probability distribution 
are presented in Figure 4. The best-fit probability 

distribution is determined based on an examination of 
the Anderson-Darling statistic (AD statistic) on a se-
ries of probability distributions listed in Table 2 and 
Table 3. For Domain 1 and Domain 2, a 3-parameter 
Log-logistic distribution is selected (Equation 1). A 
3-parameter Weibull and largest extreme value distri-
butions are chosen for Domain 3 (Equation 2) and 
Domain 4 (Equation 3) respectively. 
 
3-parameter Log-logistic distribution: 
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3-parameter Weibull distribution: 
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Largest extreme value distribution: 
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Table 2. AD statistic of normalised ultimate compres-
sive strength (Domain 1 and 2) 

Distributions 
AD statistic 

Domain 1 Domain 2 
Normal 8.258 13.185 
Log–Normal 3.494 8.263 
Exponential 104.567 47.486 
2 para–exponential 45.916 3.567 
Smallest extreme value 23.967 20.217 
Weibull 14.352 14.514 
3 para–Weibull 4.977 2.700 
Largest extreme value 1.077 5.394 
Logistic 4.327 8.515 
Log–Logistic 2.144 5.484 
3–Loglogistic 0.852 0.419 

 
Table 3. AD statistic of normalised ultimate compres-
sive strength (Domain 3 and 4) 

Distributions 
AD statistic 

Domain 3 Domain 4 
Normal 1.464 0.94 
Log–Normal 0.594 0.491 
Exponential 103.045 42.654 
2 para–exponential 29.432 15.613 
Smallest extreme value 8.932 4.361 
Weibull 5.543 2.687 
3 para–Weibull 0.179 0.495 
Largest extreme value 0.508 0.400 
Logistic 1.296 0.813 
Log–Logistic 0.833 0.611 
3–Loglogistic 0.633 0.522 

 
 
 



 

 
 
4 EVALUATION OF THE COMPUTATIONAL 

UNCERTAINTY IN SHIP HULL STRENGTH 
PREDICTION 

4.1 Case study model 
Single hull VLCC Energy Concentration is adopted 
for case study. The cross section of the hull girder 
model is shown in Figure 5. Detailed dimensions and 
material properties may refer to ISSC (2000). The 
slenderness ratios of stiffened panels of the present 
case study model is illustrated in Figure 6. It is appar-
ent that most of the structural components below the 
neutral axis, which are under in-plane compressive in 
hogging, lie in Domain 3. Conversely, the compo-
nents above the neutral axis, which undergo compres-
sive load in sagging, lie in Domain 1 and Domain 3.  
 
 
 

 
 

 
 
Figure 5. Cross section of the case study single hull VLCC 
 



 

4.2 Combined progressive collapse analysis and 
Monte-Carlo simulation 

The simplified progressive collapse analysis is per-
formed with the aid of the adaptable LSC where sam-
pling of the ultimate compressive strength follow 
Monte-Carlo procedure. Analysis is completed for 
both sagging and hogging, in which 2000 samplings 
are conducted for each case. 

In light of investigating the influence of ultimate 
compressive strength variation of structural compo-
nents and being comparable with the corresponding 
CSR prediction, the initial stiffness, ultimate strain 
and post-collapse characteristics are consistent with 
the CSR formulation. Hence, the initial stiffness and 
ultimate strain are both specified as unity. Addition-
ally, consistency of the post-collapse strength decay 
rate is ensured by simplifying the post-collapse be-
haviour as bilinear with calibration on the stiffness 
from the original CSR (Figure 7). As verified in Fig-
ure 8, the baseline prediction using the adaptable LSC 
is equivalent to the original CSR.  
 

   

 

 

 
Descriptive statistics of the predicted ultimate 

bending strength normalised by the CSR estimation 
are given in Table 4, while histograms are presented 
in Figure 9 with best-fitted probability distributions 
based on AD-statistic criterion (Table 5). It is clear 
that the ultimate sagging strength is subjected to a 
larger uncertainty than the hogging strength, as indi-
cated by the COV. The mean value in both conditions 
are slightly higher than unity, indicated that the CSR 
prediction is relatively conservative for the present 
case study model. A normal distribution with the pre-
dicted mean and variance are compared with the best-
fit distributions in Figure 9. It can be seen that the 
normal distribution may not be appropriate for the 
sagging condition, as the histogram appears to be 
right-tail heavier. 
 
Table 4. Descriptive statistics of the ultimate bending 
capacity of VLCC normalised by CSR prediction 

 𝑀𝑀𝑥𝑥 𝑀𝑀𝑥𝑥
𝐶𝐶𝐶𝐶𝐶𝐶⁄  

 Sagging Hogging 
Max. 1.3799 1.1835 
Min. 0.9105 0.9016 
Mean 1.0669 1.0220 

Median 1.0570 1.0231 
COV 0.0778 0.0481 

 
Table 5. AD statistic of different fitted distribution 
density functions for normalised ultimate bending ca-
pacity 

Distributions 
AD statistic 

Sagging Hogging 
Normal 11.722 1.765 
Log–Normal 5.739 2.139 
Exponential 786.194 832.643 
2 para–exponential 189.088 301.878 
Smallest extreme value 67.005 19.931 
Weibull 49.130 14.589 
3 para–Weibull 1.040 1.052 
Largest extreme value 2.147 17.425 
Logistic 8.264 4.688 
Log–Logistic 5.117 4.980 
3–Loglogistic 2.228 4.766 



 

 
Figure 9. Histogram and best-fitted probability distribution of 
the ultimate bending capacity of the case study model 
 
5 DISCUSSIONS 
 
The analysis results have demonstrated that a consid-
erable computational uncertainty may exist in the pre-
diction of ultimate ship hull strength due to the varia-
bility in the calculation ultimate compressive strength 
of structural segments. As indicated by Li et al. 
(2020a), the load-shedding in post-collapse regime 
may be another important factor. Hence, its effects 
and interaction with the ultimate compressive 
strength should be further investigated.  

Compared with the existing deterministic proce-
dure, the variation of the ultimate strength is esti-
mated in the proposed procedure and can be used to 
assess the validity of the calculated mean value. 

In terms of the further application, the present re-
sults (e.g. probability distribution and descriptive sta-
tistics) could be used in the reliability analysis of ship 
structures as an evaluation of the model uncertainty. 
In the ultimate limit state-based reliability analysis, 
the model uncertainty may be considered in a rather 
empirical way. Guedes Soares and Teixeira (2000) 

indicated that the material yield stress normally has a 
coefficient of variance of 7% to 8%. Combined with 
the additional uncertainty related to computation, a 
15% COV was assumed for the ultimate ship hull 
strength. Similar application may refer to Gasper et 
al. (2014) and Frieze and Lin (1991), in which the un-
certainty factor is assumed to follow the normal dis-
tribution with unity mean value and COV of 10% and 
15% respectively. A more elaborated approach to ac-
count for the variability of material property and ge-
ometric dimension is the inverse application of the 
first order reliability method, as employed by 
Teixeira and Guedes Soares (2009). For sagging, it 
was proposed that the mean value between the ulti-
mate bending moment and elastic bending moment 
was 1.014 and the standard deviation was 0.067. For 
hogging, it was proposed that the mean value between 
the ultimate bending moment and elastic bending mo-
ment was 1.195 and the standard deviation was 0.081. 
Alternatively, as presented by Xu et al. (2015), the 
model correction factor method may be applied where 
the model correction factor was found by an iterative 
calculation so that the safety index estimations based 
on a realistic strength model and the corrected simpli-
fied model satisfies convergence criterion.  

The probability distribution developed in this pa-
per may be adopted in the reliability analysis where 
the strength calculation is completed in accordance 
with the CSR method. In this way, the uncertainty in 
strength computation using a standardised method is 
catered. Alternatively, the overall procedure can be 
employed for the ultimate strength calculation, which 
can further be combined with the uncertainty caused 
by material property and geometric dimension. 
  
6 CONCLUSIONS 
 
This paper examines the computational uncertainty in 
the calculation of ultimate ship hull strength using a 
probabilistic approach. Simplified progressive col-
lapse method is adopted to predict the ultimate bend-
ing capacity of ship hull girder where an adaptable 
LSC formulation and Monte Carlo simulation are in-
corporated for sampling of the ultimate compressive 
strength of structural components. From this study, 
the following conclusions can be drawn: 
 

• A considerable uncertainty exists in the pre-
diction of ultimate bending capacity computa-
tion using simplified progressive collapse 
method of ship hull girders due to the LSC 
formulation; 

• The computational uncertainty is more signif-
icant for sagging strength calculation of the 
present case study model; 

• The results in the present study might be used 
to improve the reliability analysis of ship hull 
structures for evaluating the model uncer-
tainty of ultimate strength calculation. 
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