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Abstract. In this work we study the convergence properties of the one-level parallel Schwarz method with Robin
transmission conditions applied to the one-dimensional and two-dimensional Helmholtz and Maxwell’s equations.
One-level methods are not scalable in general. However, it has recently been proven that when impedance transmission
conditions are used in the case of the algorithm being applied to the equations with absorption, then, under certain
assumptions, scalability can be achieved and no coarse space is required. We show here that this result is also true
for the iterative version of the method at the continuous level for strip-wise decompositions into subdomains that
are typically encountered when solving wave-guide problems. The convergence proof relies on the particular block
Toeplitz structure of the global iteration matrix. Although non-Hermitian, we prove that its limiting spectrum has
a near identical form to that of a Hermitian matrix of the same structure. We illustrate our results with numerical
experiments.
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1. Introduction. Time-harmonic wave propagation problems, such as those arising
in electromagnetic and seismic applications, are notoriously difficult to solve for several
reasons. At the continuous level, the underlying boundary value problems lead to non-self-
adjoint operators (when impedance boundary conditions are used). The discretization of these
operators by a Galerkin method requires an increasing number of discretization points as the
wave number grows in order to avoid the pollution effect, which is a shift in the numerical wave
velocity with respect to the continuous one [1]. This leads to increasingly large linear systems
with non-Hermitian matrices that are difficult to solve by classical iterative methods [20].

In the past two decades, different classes of efficient solvers and preconditioners have been
devised; see the review [23] and the references therein. One important class is based on domain
decomposition methods [15], which are a good compromise between direct and iterative
methods. Some of these domain decomposition methods rely on improving the transmission
conditions, which pass data between subdomains, yielding optimized transmission conditions;
see the seminal work on Helmholtz equations [21] and its extension to Maxwell’s equations [13,
14, 17, 19] as well as to elastic waves [4, 29]. For large-scale problems, in order to achieve
robustness with respect to the number of subdomains (scalability) and the wave number,
two-level domain decomposition solvers have been developed in recent years: they are based
on the idea of using the absorptive counterpart of the equations as a preconditioner, which in
turn is solved by a domain decomposition method. These methods were successfully applied to
Helmbholtz and Maxwell’s equations, which arise naturally in different applications [3, 16, 25].

However, an alternative idea emerged in the last few years by observing that, when using
Robin or impedance transmission conditions, under certain assumptions involving the physical
and numerical parameters of the problem (i.e., absorption, size of the subdomains, etc.),
one-level Schwarz algorithms can scale weakly (i.e., have a convergence rate that does not
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deteriorate as the number of subdomains grows) without the addition of a second level [24, 26].
The notion of scalability here applies with respect to a family of problems rather than for a
fixed problem. In essence, weak scalability is achieved such that the convergence rate of the
domain decomposition method does not deteriorate for harder problems in the family when an
appropriate number of subdomains is used. In other words, adding more subdomains allows
us to solve harder problems while achieving the same convergence rate.

Achieving scalability without a coarse space in the case of a decomposition into chains
of subdomains was first observed for problems arising in computational chemistry; see [5].
However, the first true scalability analysis, based on Fourier techniques, was developed in [7]
for a classical parallel Schwarz method on a rectangular chain of fixed-size subdomains, and
this work provides the first concrete construction of the Schwarz iteration operator in Fourier
space. This technique was extended in [6] to other types of one-level methods. Weak scalability
results for the Laplace problem have been proven for more general chain-type geometries
using various techniques, such as the maximum principle in [8] and a fully variational analysis
in [9]. The most recent work on the topic without restrictive assumptions can be found in [10],
where a propagation-tracking analysis based on graph theory and the maximum principle
permitted a scalability analysis for very general decompositions. To our knowledge, there is
no such analysis for Schwarz methods for time-harmonic wave propagation problems, where
previous techniques no longer extend to, as the nature of the underlying equations is very
different.

In our work, we would like to explore this idea of weak scalability at the continuous level
(independent of the discretization) for a strip-wise decomposition into subdomains as it arises
naturally in the solution of wave-guide problems. While in [24, 26] the family of problems is
parameterized by the wave number & and the focus is on k-robustness, here we focus on the
weak scalability aspect for a family consisting of a growing chain of fixed-size subdomains.
Nonetheless, we will see that k-robustness in certain scenarios can easily be derived from our
theory. The main contributions of the paper are the following:

e We provide an analysis of the limiting spectrum as the number of subdomains grows
for a one-level Schwarz method applied to a strip-wise decomposition. While our
analysis is limited to this simple yet realistic configuration (wave propagation in a
rectangular wave-guide with Dirichlet conditions on the top and bottom boundaries
and Robin conditions at its ends), it is valid at the continuous level both for the
one-dimensional and two-dimensional Helmholtz and Maxwell’s equations.

e We build on the formalism of iteration matrices acting on interface data introduced
in [6] (where Schwarz methods using strip-wise decompositions were analyzed for
the Laplace’s equation), but here we are able to characterize the entire spectrum of
these iteration matrices by using their block Toeplitz structure, even if upper bounds
for the iteration matrix norm could have been derived in a similar manner.

e Despite the fact that the block Toeplitz structure is non-Hermitian, and thus results
from the standard literature for Toeplitz matrices do not apply in a straightforward
manner, we prove that the limiting spectrum of the iteration matrices, as their size
grows (corresponding to an increasing number of subdomains), tends to the limit
predicted by the eigenvalues of the symbol of the block Toeplitz matrix, except
perhaps for two additional eigenvalues. This novel approach, utilizing the limiting
spectrum, is quite general and can be applied to other problems as an analysis tool for
domain decomposition methods where such block Toeplitz structure arises naturally.

e We show that the limiting spectrum is descriptive of what is observed in practice
numerically, even for a relatively small number of subdomains.
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e As a corollary to our theory we show that, in certain scenarios and with k-dependent
domain decomposition parameters, the one-level method can be k-robust as the wave
number k increases; in the Maxwell case we believe this to be a novel result.

The structure of the paper is as follows: In Section 2 we present our results on the limiting
spectrum of a non-Hermitian block Toeplitz matrix whose characteristic polynomial verifies a
three-term recurrence. In Sections 3 and 4 we apply these results to the analysis of the iterative
Schwarz algorithm in one-dimensional and two-dimensional cases. We illustrate the theory
with numerical results in Section 5. Finally, Section 6 draws together our conclusions.

The codes used to provide numerical results in this work as well as several Maple
worksheets that confirm some of the more involved calculations required in Sections 3 and 4
are provided at https://github.com/vicdolean/schwarz.

2. A non-Hermitian block Toeplitz structure. Consider a non-Hermitian block Toeplitz
matrix 7 € C?mX2™m of the form

Ay Ay
A_1 Ay A
(2.1a) T = ,
A1 Ay A
A_1 Ao
where
0 b a 0 0 0
(2.1b) Ag = [b 0} ) A = [0 0] ) A= {0 a} )

for some non-zero complex coefficients a and b. We will see in the following sections that
such non-Hermitian block Toeplitz structures arise naturally for iterative Schwarz algorithms
applied to wave propagation problems. We are interested in a characterization of the complete
spectrum of the matrix 7 in (2.1) when its dimension becomes large. This will equate to
the number of subdomains N in the Schwarz method being large. The coefficients a and b
stem from the particular PDE and domain decomposition used; we consider them to be fixed
independent of the dimension of T, and thus N, which corresponds to fixed-size subdomains.

The so-called Szegd formula enables the asymptotic spectrum (i.e., the spectrum as
m — o0) of a wide class of Hermitian block Toeplitz matrices to be characterized by the
eigenvalues of an associated matrix-valued function called the (block) symbol [34]. For
non-Hermitian matrices, analogous results do not exist in general [34] but do hold when
the union of the essential ranges of the eigenvalues of the block symbol has empty interior
and does not disconnect the complex plane [18]. Unfortunately, 7 in (2.1) has the symbol
F(z) = A_1z+ Ay + A1z~ 1, and, for relevant values of a and b, the union of the essential
ranges is a closed curve. Additional characterizations of the asymptotic spectrum of (block)
banded Toeplitz matrices are available [27, 31, 37], but they do not provide explicit formulae
for the eigenvalues, as we shall in Theorem 2.2. Other formulae for the eigenvalues [30]
and the determinant [35] of block tridiagonal Toeplitz matrices are known, however, they are
applicable only when A; (or A_1) is nonsingular.

We also remark that the matrix 7~ will be an iteration matrix in the Schwarz algorithms that
we consider later. Hence, to prove convergence of these Schwarz methods it would be sufficient
to bound the spectral radius of T, for example, using a matrix norm. It is straightforward to
see that || 7 ||oo = |a| + |b|, and it is also possible to show, using [32, Corollary 3.5], that

1712 < max{\/a|2 + 2R (ab) + |b|2} .
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However, since a and b are complex, neither norm is straightforwardly bounded above by 1.
Additionally, characterizing the full spectrum provides more information than the spectral
radius alone. Accordingly, in this section we derive the limiting spectrum of 7.

In order to establish a result for the spectrum of 7, we first show that the characteristic
polynomials of (2.1) for increasing m obey a three-term recurrence relation.

LEMMA 2.1 (Three-term recurrence and generating function). Let p,,(2) denote the
characteristic polynomial of the block Toeplitz matrix T € C?>™*2™ defined in (2.1). Then
pm(2) satisfies the three-term recurrence relation

(2.2) pm(z) + B(Z)pm—l(z) + A(z)pm—Q(z) =0 Jorm > 2,
with A(z) = a®2? and B(z) = —2% + b? — a?, and where po(z) = 1 and p1(z) = 22 — b2

Furthermore, this recurrence relation is encoded in the generating function

- N
m=0

where
D(t,z) = 1+ B(2)t + A(2)t?,
N(t,z) = po(2) + (p1(2) + B(2)po(2))t.

Thus, in our case, D(t,2) =1 — (22 — b? + a®)t + a®2%t?> while N (t,z) = 1 — a?t.

Proof. We first prove the recurrence relation. Let D,,, be the 2m X 2m matrix whose
determinant is the characteristic polynomial of 7 in the variable z. Note that the first two
characteristic polynomials are

(2.4a) p1(2) = det(Dy) = _bz f =22 -0’
-z b a O
_ _| b -z 0 0 | /2 422 252
(2.4b) pa(z) = det(Ds) = 0 0 -2 b= (22 = b°)° —a"b”.
0 a b —=z

To derive a recurrence relation, let us also define the intermediary determinants r,,(z) that
arise as the minor of D,,, having removed the second row and first column,

bia 0.0 o |l bia 010 -
0! 0/~ bia 0
rm(z)i =% p_ | = ,,@,L,,b,,,,,_f,i,q”,p,,, =bpm_1(2) +a” rm_1(2),
0: 0: 0 0 D
I I I m—2
[ + 0 a .

where we use the cofactor expansion of the determinant. Similarly, for p,,(z) we obtain
P (2) = 22 pm_1(2) = brm(2) = (22 = 0*) pm_1(2) — a®brp_1(2).

We can then rearrange this relation to give an expression for r,,,_1(z) in terms of p,,(z) and
Dm—1(%). Substituting this into the recurrence for r,,(z) above, along with the equivalent
expression for r,,(2), yields the desired recurrence relation

Pm1(2) = (2% = b + a®) pin(2) — a®2% p—1(2),
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where A(z) := a?z? and B(z) := —z%+b? —a?. Finally, note that setting py = 1 is consistent
with this recurrence relation and the initial characteristic polynomials (2.4).

To show the equivalence of the generating function, we multiply (2.2) by ¢"* and sum
over m > 2 before adding relevant terms to isolate > >°_ p,, (z)t™ as follows:

oo

Z [pm(z) + B(Z)pm_l(z) =+ A(Z)pm_Q(Z)] L

m=2

= 3[4+ B+ AR p()t™ = po(2) + (p1(2) + B()po(2))
m=0

o S e = P E (1) + BEpoa)
= 1+ B(2)t+ A(2)t?

Substituting the appropriate values gives D(t,2) = 1 — (22 — b? + a?)t + a?2%t? and
N(t,z) = 1 — a®t in our case, as required. d

Before continuing, we remark on the convergence of the Maclaurin series in ¢ of the
generating function. Note that the Maclaurin series of any rational function (without a pole at 0)
satisfies a linear recurrence relation, which can be seen by following backwards an analogous
argument to that in the above proof. Moreover, the Maclaurin series is convergent (to the
rational function) on the open disc centered at O with a radius equal to the minimum root of
the denominator in absolute value; this can be observed from a partial fractions decomposition
(over C) and noting that it is a (finite) sum of geometric series. As such, in our present
case, p,,(z) are precisely the coefficients in the Maclaurin series for any given z since the
denominator is such that O is never a pole of the generating function and so there is always a
non-trivial disc where the series converges.

We now introduce a useful tool that will help us to characterize the spectrum of (2.1):
the g-analogue of the discriminant known as the g-discriminant [36]. The g-discriminant of a
polynomial P, (t) of degree n with leading coefficient p is defined as

Disc(Pn;q) = p™2q" ™ V2 [ (¢7"%ti ="t (¢t — /7)),
1<i<j<n

where ¢;, 1 < i < n, are the roots of P, (t). A key point is that the ¢-discriminant is zero if
and only if a quotient of the roots, ¢;/ t;, equals ¢g. Note that as ¢ — 1, the g-discriminant
becomes the standard discriminant of a polynomial.

In particular, we will consider the g-discriminant of the denominator D (¢, z) as a quadratic
in t. Direct calculation using the quadratic formula yields

2.5) Discy(D(t,2);q) = q (B(2)> — (¢ + ¢~ +2)A(2))

for any ¢ # 0. If ¢ is a quotient of the two roots in ¢t of D(t, z), then (2.5) is zero, and so ¢
must satisfy

B 2
(2.6) IR

where, in general, ¢ will depend on z. The g-discriminant condition (2.6) for D(t, z) will
be crucial in what follows since it will allow us to characterize roots of p,,(z) in terms of
the quotient g. We now state our main result on the limiting spectrum of 7 as its dimension
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becomes large. For this we adapt some ideas from [36] for finding roots of polynomials
verifying a three-term recurrence but now with a different generating function.

THEOREM 2.2 (Limiting spectrum). The limiting spectrum, as m — oo, of the block
Toeplitz matrix T € C*™*2™ defined in (2.1) lies on the curve given by

2.7 A1 (0) = acos(8) +4/b2 — aZsin?(9), 0 € [—m, 7],

except perhaps for the eigenvalues

(2.8) A =4y/102 — a2,

which can only occur if |a®| > |1b* — a?|.

Proof. Suppose that z,, is a root of the characteristic polynomial p,,(z), for m > 2. If
Zm = 0, then we must have that a® = b?. To see this, assume for a contradiction that a? # b2.
Then B(0) # 0 while A(0) = 0 and p,,,(0) = 0, and thus the recurrence relation (2.2) gives
that p,,,—1(0) = 0. Following this recursion down to m = 2 gives that p; (0) = 0, which is
false as b # 0. Further, if p,,, (0) = 0, then also p,,+1(0) = 0 by (2.2) since A(0) = 0, and so
a sequence of zero roots occurs as m increases giving 0 in the limiting spectrum. This case
is covered by choosing § = 7 in (2.7) and noting that a® = b? must hold. As such, for the
remainder of the proof we assume that z,, # 0.

Now consider the denominator D(t, z,,,). Since A(z,,) # 0 by the assumption that
zm # 0, the denominator, as a quadratic in ¢, has two roots ¢; and t5. Note that by Vieta’s
formula for the product of roots, neither of these two roots can be zero since t1t2A(zy,) = 1.
If t; = to, then the (standard) discriminant of D(t, z,,) is zero, giving B(z,)% —4A(2,,) = 0.
Solving for z,, given our expressions for A(z) and B(z) yields solutions z,,, = +(a + b) for
all choices of signs. These cases are also covered by (2.7) when § = 0 or 6 = 7.

As such, we now assume that t1 # to, and so D(t, zp,) = A(zm)(t — t1)(t — t2).
Considering the generating function (2.3), we observe that

N(t, zm) 1—a%t 1—a’t ( I )
t—t1  t—ts

D(t,zm)  Alzm)(t —t)(t —ta)  Alzm)(t1 —t2)

_ l-a% i gt gt
A(Zm)(t1 — t2> o tT+1t£n+1
2.9) - ! 3 [ﬂn“ b L) tﬂ EY
Alzm)(t1 —t2) 2= | 7Pyt tmgm

The sum introduced in the second line is the Maclaurin series in ¢ and, as the difference of
two geometric series, is convergent in the open disc |t| < min{|¢1], [t2|}. Note that this set
is non-trivial since neither ¢; or ¢9 are zero. In (2.9) we identify that the coefficient of ¢ is
exactly pp,(zm). Thus, as z,, is a root of p,,(z), the coefficient of t™ in (2.9) must be zero.
Now suppose that t; = qt, for some quotient ¢ # 0 (as neither ¢; nor ¢, is zero). Then this
condition for the coefficient of t"* translates into

qm+1_1 2qm_

L m+1 _ 2 m
qm+1t;”+1 —a P =0 = ¢ —1=a’taq(q™ —1).

Since t1t3A(z) = 1, we deduce that t5 = +(A(z,,)q) /2, and thus ¢ must solve

(¢ =1)" = (@™~ 1)q.
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Let us define the coefficient c,,, depending on z,,,

at a?
2.10 = = ——
10 T A A,
Then ¢ must be a root of the (2m + 2)-degree polynomial
.11 Fm(@) = ™% = emg™™ 4+ 2(em — )¢ —emg + 1.

In order to characterize the roots of (2.11) we will make use of the following corollary of
Rouché’s theorem (see, e.g., [28, Section 5.3.2]): Let f be a polynomial of degree d with
coefficients {c; }j:O' If R > 0is such that for an integer 0 < k < d we have

(2.12) ‘Oé()| + -+ ‘Oékfl‘Rk_l + ‘Oék+1|Rk+1 + -+ |ad|Rd < |Ozk|Rk,

then there are exactly k roots of f, counted with multiplicity, having absolute value less than
R. In particular, we will use this result for the polynomial f,,(g) with k =0, k = 2m + 1, or
k=2m+2.

We first point out some facts about (2.11). Note that ¢ = 0 is not a root of f,,. Moreover,
by symmetry of the coefficients, we have (for g # 0)

(2.13) fm(a™) = ¢~ ™ f.(q).

Thus, if g,, is a root of f,,, then q,jll is also a root. Further, since f,,, has a unique factorization
in C, applying this both in the variable ¢~! and ¢ in (2.13) shows that the multiplicities of
the roots ¢, and ¢;,,! must be identical. This means that we only need to study roots with
|gm| < 1, with roots outside the unit disc being precisely the reciprocal values of those inside
the unit disc, or vice versa.

We will use (2.12) to determine how many roots of f,,,(¢) in (2.11) do not approach
the unit circle as m — oo. This information, along with (2.6), will allow us to determine
conditions for z,,. A significant challenge is that the coefficient ¢,, depends on m, and so we
will need to consider several cases. To proceed, we let ¢ > 0 be small. We will show that
for all m > M, for a suitable M (¢), all but potentially two roots of f,,(¢) lie in an annulus
that shrinks to the unit circle as e — 0. The remaining two roots can only persist if |¢,,,| > 1,
and, should they exist, consist of a root s,, close to ¢;,} and the corresponding reciprocal root
outside the unit circle. Given € > 0, for m > M, we consider three cases depending on ¢, :

L lem] <1,
2. 1< |em] < (14¢)2,
3. Jem| > (1+¢)2

Case 1. To start the analysis we suppose that we are in case | so that |c¢,,| < 1 and define

R_ =1 —e. Let M; be such that

4Rm+1 +R2m+1 +R2m+2 < c
for all m > M;. Such an M, exists since |R_| < 1. Then, for m > M, we have that
lem|Re + 2|en, — 1R + |ep,|[RZT + RPMH2
§ R_ +4RT+1 +R2_m+1 +R2_m+2 <1.

Thus, for large enough m, by using k£ = 0 in the corollary of Rouché’s theorem, we deduce
that there are no roots of f,,, with modulus less than R_ = 1 —¢. In this case, by the reciprocal
nature of the roots, for m > M, we conclude that all 2m + 2 roots g,,, of f,, lie in the annulus

1—¢e<|gml| <

1—¢
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Case 2. We now turn to the analysis of case 2, where 1 < |¢,,,| < (1 + ¢)2. To aid in the
next case we first relax this condition to consider |c,,| > 1 and prove a useful bound for all
roots of f,,,. Define R, = 1+ ¢, and let M, be such that

€
1+e¢

R L R2M L 4R <

for all m > Ms. Now let Rt = |¢|(1 + €) = |¢pn| R+ We want to show that
(2.14) L+ [em|RT + 2|lem — 1 RZT 4 e | REM T < RZH2,

in order to apply the corollary of Rouché’s theorem with £ = 2m + 2. To do so we divide by
R2™*2 in which case, for m > Mo, we have

RTC™D e | BT 4 20e, — 1RT™Y 4 | RT!
2|em — 1]
[

—(2m+2) —(2m+1) —(m+1) ,1 € 1
§R+ +R+ +4R+ +R+ <m+m

—(2m —(2m+2 —2m p—(2m+1
= |em| (2 +2)R+( +)+|Cm| 2 R+( +1)

e 7R 4 R
<L

Thus we have proven the required inequality and deduce from the corollary of Rouché’s
theorem that all 2m + 2 roots ¢, lie in the disc given by |¢,| < | |(1 + €). This will prove
useful later in case 3. For now we turn back to case 2, where 1 < |¢,,| < (1 + ¢)2. Using this
upper bound for |¢,,| and the reciprocal nature of the roots, we conclude that, for m > Mo,
all 2m + 2 roots q,, of f,, lie in the annulus

1

<gm| < (1 +¢)>.

Case 3. Finally, consider case 3, where |c,,| > (1 + €)%, Let Ry = 1 + ¢ and My be as
defined in case 2. We want to show that

(2.16) L+ [em|Ry + 2|cm — RTH + R 2 < ¢, |[RZ™H

in order to apply the corollary of Rouché’s theorem with & = 2m + 1. To do so we divide by
|cm|R?rm+1, in which case, for m > Ms, we have

_(2m —om . 2lem — 1] ., _
el ™ R 4 R | |cml |R+ +lem| T Ry
m
— 1
< R{®™Y L R AR + (14 e) PRy < — =1
—= ~+ + -+ + + + ( + 5) ~+ 1 + c + 1 + c

Thus we have proven the required inequality and deduce from the corollary above that 2m + 1
roots ¢y, lie in the disc given by |¢,,| < 1 + . In this case, by the reciprocal nature of the
roots, for m > Ms, we conclude that 2m roots g, of f,, lie in the annulus

1
— < <1 .
T <laml<1+e
We pause to note at this stage that, combining all three cases, we have just shown
that all but potentially two roots of f,, lie in a small annulus around the unit circle for
m > M = max{Mj, Ms}, independently of the value of ¢,,. In particular, this will be the
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largest annulus of the three cases which, for small € > 0, is that in (2.15). Letting ¢ — 0 we
deduce that all but potentially two roots of f,,, must tend to the unit circle as m — oc.

The remaining question is what happens to the other two roots, which only appear in case 3.
We know from the bound in (2.14) that, for large enough m, all roots satisfy || < |¢m|(14€)
while all but one satisfy |g,,| < (1 + €). We now show that the remaining root in case 3
satisfies |gm| > |em|(1 — €) for large enough m. To do solet R = |ep|(1 —€) = |em|R—,
and note that then, assuming ¢ is small enough (¢ < % suffices), the inequality 2| > 1 follows
since

Ri=|enl(l—eg)>(1+e)?(1l-eg)>1+

N ™

Now let M3 be such that

e\ —(2m+1) e\ —2m e\ —m
1) (1r3) (7))
( + 3 +(1+3)  +4a(1+g)  <e

for all m > Mjs. We want to show that an identical bound for (2.16) holds but now for R
in order to use again the corollary of Rouché’s theorem with £ = 2m + 1. We proceed in a
similar manner and divide by |c,,,| R>™ ! so that for m > Mj, we have

2lem — 1]
|cm]
< RBP4 R 4 ART™ + R

e —(2m+1) £ —2m e\ —m
§(1+§) +(1+§) +4(1+§) YR <1

jem| T RTETY 4 RYP R{™ + em| 'Ry

Thus we have proven the required inequality and deduce from the corollary of Rouché’s
theorem that 2m + 1 roots gy, lie in the disc given by |¢m,| < |cm|(1 — €). Thus, for
large enough m, we conclude that the single remaining root lies in the annulus defined by
lem|(1 =€) < lgm| < |em|(1 +€).

This result makes it clear that roots that do not tend to the unit circle persist only when we
have |c¢,,|-values that stay bounded away from 1 as m — oo, and their size is dictated by ¢;,.
That is, for such roots to persist, there must exist an infinite subsequence with |c,,| > ¢ > 1
for some fixed ¢, and so we now assume this condition. We further focus on the reciprocal root
that is inside the unit circle and show that it approximates c;,,! for large m. Define this single
root to be s,,,, and note that, through the reciprocal nature of roots, we have just shown that
it satisfies the bound |s,,| < |c;,}| 1, which in turn gives that |¢;n s, | < 1. Moreover,
lem| > ¢ yields the bound |sy,| < ¢!, where ¢ > 1 is fixed, and thus choosing ¢ > 0
small enough we have |s,,| < r < 1 for a fixed r. This provides the ingredients for the
following limit:

|5$nm+2 - cms%mm+1 +2(em — 1)8%“\

1
< Jsm 72 - Tl o+ 2L+

m
s —0
as m — oo, since |s,,| < r < 1. Now, by definition of s,, as a root of f,,, we have that
fm(sm) = 0, and hence we must have that 1 — ¢,,8,, — 0 and thus s, — c;;} — 0 as
m — oo, due to |c;,}| being bounded above by ¢! < 1. This says that the root that stays
inside the unit circle approximates c;,! for large m while the root that stays outside the unit
circle must approximate c,, by reciprocity.
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We would now like to interpret what this shows for the potential corresponding root z,,
in the limit m — oo using the g-discriminant condition (2.6). For this we use the definition
of the coefficient ¢,,, = a?/22, from (2.10) and denote d,, = ¢Sy, — 1, where &, — 0 as
m — oo. Then, with ¢ = s,,, = ¢;,} (1 + 6,,), (2.6) becomes

B(zm)?
A((Z )) - 87711(1 + 67”) + Cm(l + 6m)71 + 2
(-2, + ¥ —a®)® 2 a? 1
oy = 2 (L4 m) & 25 (1 0m) 7+ 2
(2.17) = b — 2420 — 20222, = 5, (2k, — a*) + O(62),

where we have used the binomial expansion (1 + 6,,)"' = 1 — d,, + O(52,), which is
valid for large m since §,, — 0. Recall that, given we are in case 3, |¢,,| is bounded below
away from zero, and so |z,,| is bounded above for all m. Now note that (2.17) is a singular
perturbation [2, Section 7.2], and, as é,, — 0, all possible solutions for z,, tend to infinity
except for those that satisfy the left-hand side being zero. As such, the only possibility for any
Zm being a true root of the characteristic polynomial is that it tends to one of the limiting roots

(2.18) z=44/30% —a?

Note that for such z,, to exist we required the condition |c,,| > 1, and so |a?| > |22,], to hold
for arbitrarily large m. For this to hold in the limit we require [a®| > |36 — a?|, and so the
limiting roots in (2.18) may only exist when this condition is met.

We have now seen that, aside from the potential case of the limiting roots (2.18), all
remaining z,, correspond to g,,-values that tend to the unit circle. To complete the proof we
now translate this result using the g-discriminant condition (2.6). Since g, tends to the unit
circle, the corresponding z,,, must tend to the limiting curve defined by (2.6), where g = ¢*¢
for some ¢ € [—m, «r|. This limiting curve in the complex plane is given parametrically as

2
i((zz)) =%+ e 12, ¢ € [-m,m],
(2B -a (¢
= 4 — —

— 2.2 cos” | 5 | ¢ € [—m, 7],
— 22 —b® + a® = +2az cos (i) , ¢ € [—m, 7,
= 2% —2acos()z — b* +a® =0, 0 € [—m, 7],
<= z = acos(f) £+ /b2 — a?sin?(h), 0 € [—m, 7.

Thus, as roots z,, of p,,(z) are eigenvalues A of T € C?™*2™ we deduce that the limiting
spectrum of 7 must lie on the curve defined by (2.7) as m — oo, except perhaps for the
eigenvalues in (2.8) that can only occur if [a?| > |3b% — @?|. d

We note that, while the so-called Szegé formula does not apply in our non-Hermitian
case, we have just proven that the limiting eigenvalues of 7, except perhaps two, lie on the
equivalent curve defined by the eigenvalues of the (block) symbol of 7, which is precisely
that defined in (2.7).

3. The one-dimensional problem. We now turn our attention to analyzing the one-level
method. In this section we study the parallel Schwarz iterative method for the one-dimensional
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FIG. 3.1. Overlapping decomposition of the one-dimensional domain into N subdomains.

Maxwell’s equations with Robin boundary conditions defined on the domain Q = (ay,by):

Lu = —0ppu + (iké — k*)u = 0, z € (a1,bn),
3.1 Biu = —0,u+ au = g1, T =a,
Bru = 0,u + au = ga, x = by,

where u represents the complex amplitude of the electric field, % is the wave number, and
6 = oZ, with ¢ being the conductivity of the medium and Z its impedance. Here « is
the impedance parameter that is chosen such that the local problems are well-posed and is
classically set to ¢k, in which case the problem corresponds to a “one-dimensional wave-
guide”, and the incoming wave or excitation can be represented by g;, for example, with g,
being set to 0. Note that, when o = ik, the problem is well-posed even if & = 0, but in the
following we will assume that ¢ > 0. In order to simplify notation we will omit the tilde
symbol for . We remark that (3.1) can also be seen as an absorptive Helmholtz equation,
where the absorption term iko comes from the physics of the problem.

Let us also consider two sets of points {a;};=1.... w41 and {b;};=o .~ defining the
overlapping decomposition {2 = U;VZI ; such that ; = (a;, b;), as illustrated in Figure 3.1
(and considered in [6]), where

(3.2) bj —a; = L+ 257 bj—l —a; = 25, Aj+1 —aj = bj+1 — bj = L, 6> 0.

Note that the length of each subdomain is fixed and equal to L 4 2§ while the overlap is always
246. This means that the family of problems that we consider consists of a growing chain of
fixed-size subdomains, as in [6], rather than solving on a fixed problem domain with shrinking
subdomain size.

We consider solving (3.1) by a Schwarz iterative algorithm with Robin transmission
conditions and denote by v} the approximation to the solution in subdomain j at iteration n,
starting from an initial guess u?. We compute v} from the previous values u?fl by solving
the following local boundary value problems

n
Lu} =0, x € )y,
-1
(3.3a) B = Blu;»il, T = aj,
, -1
Byuf = Bru?_H , x = bj,

in the case 2 < 7 < N, while for the first (j = 1) and last (j = N) subdomain we have

LU?:O, x € Q, ,CU%ZO, x € Qp,
(3.3b) Biut = g1, T = ay, By = BuY, = =an,

n o__ n—1 _
Brul = Byuy™ ", x=by, Bruy = ga, r=>by.
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In the following we wish to analyze the convergence of the iterative method that is defined
by (3.3). We observe this iteration to be a parallel Schwarz method with Robin transmission
conditions, a label that we shall adopt in this work. In particular, we will be interested in the
convergence properties for a growing number of subdomains /N and the absorptive problem,
i.e., o > 0.! This means that we will consider asymptotic bounds for large N and make use of
the theory presented in Section 2.

In order to do this we define the local errors in each subdomain j at iteration n as
e; = ulq; — u. They satisfies the boundary value problems (3.3a) for the interior subdomains
and the homogeneous analogues of (3.3b) for the first and last subdomains (i.e., (3.3b) but
with boundary conditions g; = 0 and g2 = 0). The convergence study will be preformed in
two steps: first we prove that the Schwarz iteration matrix is a block Toeplitz matrix and then
that its spectral radius remains bounded below and away from one in the limit of large V. As
mentioned before, we build on the formalism of iteration matrices acting on interface data
introduced in [6]; here this will be Robin data.

LEMMA 3.1 (Block Toeplitz iteration matrix). Let e = ulo, — uj be the local error in
each subdomain j at iteration n, and let

R™ = [R7(b1), R™(a2), R%(bs), -, R™(an—1), R7(bn—1), R™(an)] ",
where
(3.4) R (a;) = Bie_(aj), R (by) := Brely (),
is the Robin interface data. Then
R" = TiaR"" !,

where T14 is a block Toeplitz matrix of the form (2.1) with the complex coefficients a and b
given by

(C+ 0P — (¢~ a)?e?
(¢ + @)2eCCOHD) — (¢ — @)2e—C(20+L)
(¢~ a?)(eSF — e~
(C+ a)2e$@FHD) — (¢ — )2e—C(20+L)’

(3.5a) a=

(3.5b) b= —

where ( = Viko — k2.

Proof. We first observe that the solution to Le} = 0 is given by

(3.6) ef(z) = a;lefcz + ﬂjﬂe@, ¢ =Viko — k2.

Note that we choose the principle branch of the square root here so that ¢ always has positive
real and imaginary parts. Now the interface iterations at x = a; and & = b; from (3.3) can be
written in terms of the error as

Bie™(a;) . Blenjll(a)
3.7 {Bre]?(b;)] N {Bre]ﬁf(b;)] '

'When o = 0, impedance transmission conditions are also transparent conditions, with the resulting iteration
matrix being nilpotent. Therefore, the algorithm will converge in a number of iterations equal to the number of
subdomains in this case.
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By introducing (3.6) in the left-hand side of (3.7) and by using the notation from (3.4), we
obtain

[ Easn -

which we can solve for the unknowns o and 3} to give

{a”} _ 1! { (C+a)e  (C—a)es® ] [Rﬁl(aj)]

(3.8) nl== N —¢b; —Ca, n-1/4]| >

B; D; [((—a)e™*%  ((+a)e™ | R (b))

where D; = (¢ + a)2e®i=%) — (¢ — a)2e$(% %), Note that since b; — a; = L + 20,
it follows that D; is actually independent of j, and thus we simply denote it by D. The
algorithm is based on Robin transmission conditions, hence the quantities of interest that are
transmitted at the interfaces between subdomains are the Robin data (3.4). Therefore, we
need to compute the current interface values R” (a;) and R} (b;) by inserting the coefficients
from (3.8) into (3.6) and then applying the formulae in (3.4), giving

R™ (a;) = Biel_1(aj) = (C+a)al_ e — (( — ) B} e

(3.99) _ %[((C b a)2eStim1=m) (¢ 268 b)) R (g, )
(¢ = o)) SR (),
RY(bj) = Brejy1(bj) = —(C — a)a?ﬂe_cbj +((+a) }Lﬂecbj
(3.9b) = % [(CQ — a?) (e Pimbiet) — LR (g, )
(¢ + e tamin) — (¢ — a)2ecern =B RE (b))

The iteration of the interface values (3.9) can be summarized as follows:

R = [t ] + = Rt

b 0 0
T1|:g 0:|a T2|:b a:|7

where a and b are given by (3.5). Note that since the homogeneous counterparts of the
boundary conditions from (3.3b) translate into R” (a1) = 0 and R’} (bx) = 0 for all n, we
can remove these terms. As such, the iterates for j € {1,2, N — 1, N} are prescribed slightly
differently as

[Ri&boz =h 77;%] ’
[%((bii =h :Ri—olwo] e E;Ebﬂ ’
Rt )] = [Reto ] +m [T
[Rwam‘ o ‘R’;i(am)} |
U R (bn-1)
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With the notation from (3.4), the global iteration over the interface data belonging to all
subdomains becomes R" = T14R" !, where

[0 T

Ty O 1o
(3.10) Tia = Ty Ogxo 1o

T O2x2 Ty
T, 0]

with
Tl = [b 0] s T2 = [0 b] s Tl = [a b} s T2 = [b CL] .

We conclude from this that the parallel Schwarz algorithm is given by a stationary iteration
with iteration matrix 774 defined by (3.10), and, therefore, convergence is determined by the
spectral radius p(774). We also notice that 7714 is a block Toeplitz matrix precisely of the form
in (2.1), where the complex coefficients a and b are given by (3.5), and, as such, the limiting
spectral analysis in Section 2 will apply. a

Before proving convergence of the parallel Schwarz algorithm, we first utilize the key
result of Theorem 2.2 for the limiting spectrum of 774 to provide a useful intermediary lemma.
This intermediary result will also aid our analysis in the two-dimensional case to follow in
Section 4.

LEMMA 3.2 (Limiting spectral radius and sufficient conditions for convergence). The
following relation holds:

max
oel—m,m]

acos(f) £1/0% — a? siHQ(H)‘ = max{|a + b, |a — |},

and thus the convergence factor Ry4 := limpy_,o0 p(T14) of the Schwarz algorithm as the
number of subdomains tends to infinity satisfies
1/2

_ : 2 _ 132 >
G.11) Rldg{maX{a-Fb,a ol}  if|a® = 30?[ " > al,

max {a + |, |a —b|, al} i |a® = 18?]"% < |a].
Further, consider the change of variables

L z—"
A2 =2 l=— =2 =

and let z :== x + iy for z,y € RY. Then the condition g+ (z;,1) > 0, where
(3.13)  gi(2;0,1) = (27 —1)(e*® — |v]?) £ 4sin(ly)(Sv cosy — Rvsiny)e+D

will ensure the desired convergence bound max{|a + b|,|a — b|} < 1. Similarly, the condition
g(2;6,1) > 0, where

9(z:6,1) = (27 = 1)(** 1+ —Jo]*) + dsin(ly)

(3.14) o
[(Rv)? = (Sv)?) sin(y (L + 2)) — 2RvSv cos(y (L + 2))] e (+1)

will ensure that |a| < 1.
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Proof. Since T4 is of the form 7T in (2.1), Theorem 2.2 provides its limiting spectrum
and thus allows us to bound R;, by the largest eigenvalue in magnitude. We first bound

A1 (0) = acos(f) £ /b2 — a2 sin?(A). It is straightforward to see that these values are the
eigenvalues of the matrix

r_| @ cos(d)  b—asin(h)
" |b+asin(f)  acos(d)
A simple computation shows that the matrix

|al® + [b]* + (ab + ab) sin(0) (ab + ab) cos(6)

= [ (ab + ab) cos(6) laf? + b2 — (ab -+ ab) sin(6)

has the eigenvalues ;14 = |a 4= b|2. We can now conclude that

MO < IT|lz = VIT*Tl2 = vmax{puy., p-} = max{la + ], la - b|},

and furthermore note that this bound is attained when 6 = 0. Additionally, Theorem 2.2 states
that the eigenvalues A = (25 — a?)'/2 may belong to the limiting spectrum but only if they
have magnitude strictly less than |a|. Together, these two cases yield (3.11).

Let us consider now the complex-valued functions F.y: C — C

(z+9)% = (=) | (22 = 7*)(e"* — ™)
(z + 7)2elt Dz — (7 — 4)2e~ Dz = (7 + 4)2e(HDz — (z — 4)2e— (D)=

Fi(z) =

It is easy to see that a F b = Fy(z), when z, [, and ~ are as defined in (3.12). Similarly, we
define the function G: C — C to be the first term in F1 (2) so that a = G(z). Let us simplify
in the first instance the expression of | F (z)| without using any assumption on z := x + iy.
For this we consider the transformation v along with its polar form

(3.15) vi= z I_Z, v = w(cos(p) + isin(y)), w = |vl.

After some lengthy but elementary calculations we find that

(3.16a) |FL(2)]?=1—

(e*HD) —w)2 + 2w(1 $cos((l Dy — p))ert+D (2:6.1),
(e22(+1) — 192)2 4 4?2 sin ((l Ly —¢)e 2z(1+1) g+(%;
(3.16b)

g+ (2:6,1) = (2 — 1)(e*® — w?) + 4w sin(ly) sin(p — y)e® T+,

We observe that the fraction in (3.16a) is positive since the individual terms involved are
so, and thus, max{|a — b|,|a + b} < 1 & |Fi(2)]> < 1 & g+(z;6,1) > 0. We can
now rewrite g4 (2;9,!) in (3.16b) using (3.15) and convert v to Cartesian form to obtain the
required expression in (3.13). A nearly identical argument can be used to derive conditions
for |G(2)|? < 1, and this results in the criterion that g(2;§,1) > 0, where g(z;d,1) is defined
by (3.14). Thus, the required conclusions follow. 0

We are now ready to state our main convergence result for the one-dimensional problem
in the case when o = ik, namely that of classical impedance conditions.
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THEOREM 3.3 (Convergence of the Schwarz algorithm in 1D). If o = ik (the case of
classical impedance conditions), then for all k > 0, 0 > 0, § > 0, and L > 0, we have
that R4 < 1. Therefore the convergence will ultimately be independent of the number of
subdomains (we say that the Schwarz method will scale).

Proof. By Lemma 3.2 we see that it is enough to study the sign of g (z;9,!) and of
9(z;8,1). We observe that if & = ik and k = 2dk, then for z := x + iy, (3.15) becomes

%v:M, gvzﬁ, ||2:M

(k+y)? + a2 (5 +y)* + =2 (k+y)? + =2
the final inequality holding since x > 0 and y > 0. We emphasize that = and y are the real
and imaginary parts of z = 26¢ and hence are positive by the nature of ¢ in (3.6). Now we
can further simplify (3.13) using these expressions for v to obtain

4ex(l+1) _
mgi(fﬁ J, 1)7

G+ (2;6,1) = [(k* + 2 4 9°) sinh(z) + 2ky cosh(z)] sinh(lz)

b

(3.17a) g+ (z;0,1) =

(3.17b) .o ,
+ [(k* — 2° — y*) sin(y) — 2Kz cos(y)] sin(ly).

Proving positivity of g4 (z;d,1) is then equivalent to the positivity of g (z;d,1). To proceed,
we relate 2 and y by considering the real part of 22 = (x + iy)? = 2ikdo — k2 that yields
y? = k2 + 2. Let us now eliminate y using this identity to obtain

g+ (z;0,1) =2 [(/{2 + %) sinh(z) + KV K2 + 22 cosh(x)] sinh(lz)
F2 [a:Q sin(v/ k% + 22) 4+ kx cos(v k2 + xQ)] sin(lv/ k2 + x2).

To show that this is positive we want to bound from below the hyperbolic term in the first line
(which is positive) while making the trigonometric term in the second line as large as possible
in magnitude and negative. To do this we make use of some elementary bounds that hold for
t > 0:

(3.18) |sin(t)| < t < sinh(?), |cos(t)| <1 < cosh(t).

We can now derive the positivity bound for g4 (z;d,1), noting that 2 > 0, as follows:
g+ (%;0,1) > 2 [(/{2 +2%)x + kK2 + xQ} lx —2 [xQ K2+ a2 + mc} VK2 +22=0.
Turning to g(z; , 1), we can follow a similar process, simplifying (3.14), to find that
4€2m(l+1)
5 0(2;9,1),
(G + g2+ 2 7500
9(2:0,1) = [(5* + 2% + )% + 4x%y?) sinh(2(1 + 2))
+ 4ry(k* 4+ * + y°) cosh(z(I + 2))] sinh(iz)
+ [((—r* + 2% + y*)* — 4x%2?) sin(y (I + 2))
+ drx(—k* 4+ 2% + y?) cos(y(I + 2))] sin(ly).

(3.19a) g(z;6,1) =

(3.19b)

Using the identity y? = 2 + 22 along with the elementary bounds (3.18), we obtain
§(26,1) = 4 [y*(y* + £*) sinh(z (I 4 2)) + 2ky® cosh(z(I + 2))] sinh(iz)
+ 4 [2*(2® — ) sin(y(l + 2)) + 2k2° cos(y(1 + 2))] sin(ly)
>4 [y (Y7 + £2)a(l+2) + 26y°] 1z — 4 [2° (2 + £y (L + 2) + 262°] Iy
= 4l(1 4 2)2%y*K? + 8layr> > 0.
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FIG. 3.2. The spectrum of the iteration matrix T14 for N = 160 (left) and the convergence factor of the
Schwarz algorithm for varying number of subdomains N (right) when o = 0.1.
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F1G. 3.3. The spectrum of the iteration matrix T4 for N = 160 (left) and the convergence factor of the
Schwarz algorithm for varying number of subdomains N (right) when o = 5.

Thus, we conclude that for any choice of parameters, the required sufficient criteria from
Lemma 3.2 for g4 (z;4,1) and g(z;d,!) hold, and hence, R14 < 1. Therefore the algorithm
will always converge in a number of iterations ultimately independent of the number of
subdomains. Nonetheless, note that as any problem parameter shrinks to zero, the bounds
become tight and so 1?14 can be made arbitrarily close to one. a

In order to verify this result, we compute numerically (using MATLAR) the spectrum of
the iteration matrix and compare it with the theoretical limit for different values of 0. We
choose here k = 30, L = 1, and § = L/10. From Figures 3.2, 3.3 we notice that the spectrum
of the iteration matrix tends to the theoretical limit when the number of subdomains becomes
large, and the algorithm remains convergent. Additionally, when o grows, the behavior of the
algorithm improves, which is consistent with the fact that when absorption in the equations
is important (the solutions are less oscillatory) or the overlap is large (more information is
exchanged), the systems are easier to solve. We also remark an empirical observation that
the convergence factor monotonically increases towards the limit given in Lemma 3.2, thus
indicating that the algorithm will always converge for any V.

Before moving on to the two-dimensional case, we first derive a simple corollary showing
how our results can be extended in the direction of k-independence of the one-level method
within certain scenarios. In this case we consider the parameters L and J being dependent
upon the wave number k.
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COROLLARY 3.4 (A case of k-independent convergence). Suppose that o = ik (the
case of classical impedance conditions) and that o = ogk for some constant oy. Consider
a k-dependent domain decomposition given by L = Lok™' and § = dok™1, that is, the
subdomain size and overlap shrink inversely proportional to the wave number. Then the
convergence of the corresponding Schwarz method is independent of the wave number k. Thus,
the approach is k-robust, and convergence will ultimately be independent of the number of
subdomains.

Proof. Inserting the relevant k-dependent parameters «, o, 6, and L into (3.5), we find that
both coefficients a and b, and thus the iteration matrix 774, are independent of k. Combining
this result with Theorem 3.3 shows that the convergence of the corresponding Schwarz method
is both k-independent and, ultimately, independent of the number of subdomains. 0

We note that k-robustness of the one-level method was proved, under certain conditions,
in [26] using rigorous GMRES bounds. Here, our theory is able to directly evidence k-
robustness of the algorithm at the continuous level, independent of the discretization, in a
simple one-dimensional scenario. We can also consider the case where k is linked to NV such
that we now solve on a fixed domain a family of problems with increasing wave number using
an increasing number of subdomains. Here our theory shows the method to be k-robust and
weakly scalable.

Theorem 3.3 shows that weak scalability is achieved in the one-dimensional case as soon
as the parameter o is strictly positive. Intuitively this makes sense since, in the one-dimensional
case for o = 0, impedance conditions are transparent, and therefore a classical iterative method
will need a number of iterations equal to the number of subdomains to converge (hence no
scalability). The complex shift brought about by o will aid convergence by damping the waves
and, when this damping parameter is large enough, robustness with respect to the wave number
can also be achieved as seen in Corollary 3.4.

4. The two-dimensional problem. Consider the domain Q = (ay,by) % (0,L), on
which we wish to solve the two-dimensional problem, and a decomposition into N overlapping
subdomains defined by ; = (a;,b;) x (0, L), where a; and b; are as given in (3.2). We will
analyze the case of the Helmholtz equation and then Maxwell’s equations.

4.1. The Helmholtz equation. The definition of the parallel Schwarz method with
Robin transmission conditions for the iterates u}l in the case of the two-dimensional Helmholtz
problem is

(iko — k*)u — (Ope + Oyy)u? = f, (z,y) € (aj,b;) x (0, L),
Blu (aj, ) B!~ (aj,y), ye (0
ul(bj,y) = B u§’+}(b y), ye(0,L),
uj(z,y) = z € (

where the boundary operators 3; and 3, are as defined in (3.1). We consider here the case
of impedance conditions, i.e., « = t¢k. Note that this configuration corresponds to a “two-
dimensional wave-guide” problem. By linearity, it follows that the local errors e} = u[q, —u}
satisfy the homogeneous analogue of (4.1). To proceed, we make use of the Fourier sine
expansion of e}/, as the solution satisfies Dirichlet boundary conditions on the top and bottom
of each rectangular subdomain:

4.1

> - mm
Zv )sin(ky), k:T,mEN.

m=1
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Inserting this expression into the homogeneous counterpart of (4.1), we find that for each
Fourier number &, v’ (z, k) satisfies the one-dimensional problem

(Z]CO' + 1%2 - kQ)U;'L - a:vm’li]n = 07 ~ T e (Clj, b])’
Bﬂ]‘?(x, ]f) = Blvgl:ll(xy Ii)7 T = a’j7
B.v? (z, k) = Brv;l;f (x, k), x="0j,

which is of exactly the same type as (3.3), where iko — k2 is replaced by iko + k2 — k2.
Therefore, the result of Lemma 3.1 applies here if we replace « by ik and ¢ by

(4.2) C(k) =\ iko + k2 — k2.

Let us denote the resulting iteration matrix, which propagates information for each Fourier
number k independently, by T (k), and further let R, (k) := limy_ o0 p(TE(K)) with
RY, = sup;, R{Id(ic). We can now state our main convergence result for the two-dimensional
Helmbholtz problem.

THEOREM 4.1 (Convergence of the Schwarz algorithm for Helmholtz in 2D). If « = ik
(the case of classical impedance conditions), then for allk > 0, c >0, > 0, and L > 0, we
have that R{{d(/;) < 1 for all evanescent modes k > k. Furthermore, under the assumption
that o, 0, and L are sufficiently large, we have that Rgd < 1. In particular, this is true when
o >k forall 6§ > 0and L > 0. Therefore the convergence will ultimately be independent of
the number of subdomains (we say that the Schwarz method will scale).

Proof. By Lemma 3.2 we see that it is enough to study the sign of g4 (z;d,1) and g(z; ,1).
To assist, we use the scaled notation x = 20k, & = 28k, and s = 250 akin to (3.12). Now
g+(2;9,1) can be formally simplified identically to (3.17). However, in this case with ¢ as
in (4.2), the real part of z? gives the identity 2 — k2 = 22 — 2. Utilizing this identity along
with the bounds (3.18) yields

Gi(2:6,0) > [(K* + 2 + y*)z + 2Ky Iz — ‘(HQ — 2% — %)y — 2/$x| ly
> (1 + 2% + ) (R? — K2).

Hence, we always have g4 (z;,1) > 0 for the evanescent modes k>k (equivalent to & > k).
Similarly, g(z; d,1) can be simplified identically to (3.19), and we find that

3(26,0) > 11+ 2) (2°((r* + 2% + y*)? + 46%y%) — y°|(—K° + 2° + y?)? — 4r*2?)
+ dlkry (K% + 2% +y* — | — k> + 2% +37))
> 11+ 2)(+* + 2% + y?)* (R* — k),

and so we always have §(z;6,1) > 0 for the evanescent modes k > Fk, too. Together this
shows that RIL (k) < 1 for all evanescent modes. Note that, for the remaining modes k < k,
it is possible that R{Id(l::) > 1 for some choices of problem parameters.

We now refine the above bounds. In order to do so we make use of the identities
4a?y® = K?s? and 2% + y? = \/(R? — K2)% + K252 that arise since (by considering both real
and imaginary parts of 22 = (z + iy)? = iks + &% — k?) we have that

4.3) 22% = \/(/%2 — K2)?2 + K282 + R?— k2, 2% = \/(/%2 — K?)2 + K282 — 72+ k2.

Now, if we make use of the substitution k2 + 22 = &2 + y? for the terms involving hyperbolic
functions and the substitution x? — 32 = &2 — 22 for the terms involving trigonometric
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functions, we obtain the following:

g+(2;6,1) > [(/1 +2y°)z + 2ky] Iz — |(R* — 22°)y — 2Kz ly
>1(z n+2y) y?|R? — 227))
if 72 < 242,

{ x2y? —|—f<a (7% — k%)) if &2 > 222,

2\/ K2 — /<;2 + k252 if k2 < 222,
(R + K2(s? — &2)) if &2 > 222,

and

L+2) (22(R* + 2y%)? — y? (&% — 22%)?) + dlway (R* + 2y° — |R? — 227))
(2® — y?) + 42®y* (28% + ¢y — 2%)) + dlkwy (R° + 2y° — |R* — 227])

U+ 2) (RMR? — K2) + 422y (7% + k?)) + 8lkPxy if £2 < 222,
U+ 2) (RA(E? — K?) + 422y (R? + K2)) + Slkay(2? +y?)  if k2 > 222,
U+ 2) (RS + ks 4 R2R2(s? — &) + dlkts if 2 < 222,
0+ 2) (B + w1s? + R2R2(s? — B2)) + 4lk2s\/(R2 — k2)2 + K282 if &2 > 222

From the penultimate expression in each case we see that for evanescent modes k > k (i.e.,
K > k), we always have gy (z;0,1) > 0 and g(z;9,1) > 0. Furthermore, from the final
expressions we see that all modes k<o(e., i< s)also give the desired positivity. Thus
we deduce that when o > k£ we have positivity for all modes k and hence RE, < 1. We also
remark that the modes k < k that are relatively close to k are identified as those giving the
worst bounds, suggesting that these are the most problematic modes for the algorithm.

If o < k, then we may still have positivity of g (z;d,1) and g(z; d,1) for all modes as
long as x or lx are large enough so that the hyperbolic term, which is always positive, is larger
than the magnitude of the trigonometric term in both (3.17b) and (3.19b). Using (4.3) and
converting back to the original variables, we have that

1 = -
T = 25\/2 <\/(k2 — k)2 + 02k2 + k2 _l§2)7

while [x has an identical expression except with 29 replaced by L. Thus we see that as long as
the parameters o, 0, and L as are sufficiently large, we have g (2;d,1) > 0 and §(z;d,1) > 0
for all modes £ and thus R;Id < 1 as desired. g

To verify these results, we numerically compare the spectral radius of the iteration matrix
with the theoretical limit for different values of 0. We choose here £k = 30, L = 1, L= 1,
and § = L/10. From Figures 4.1, 4.2 we see that, as predicted, the Schwarz algorithm is not
convergent for all Fourier modes when o is small but becomes convergent for o sufficiently
large. In particular, we see in Figure 4.2 that the method can be convergent for 0 < k. As
expected from our theory, the algorithm always converges well for evanescent modes (k> k).
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FIG. 4.1. The convergence factor of each Fourier mode for N = 80 (left) and the convergence factor of the full
Schwarz algorithm for varying number of subdomains N (right) when o = 0.1.
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FIG. 4.2. The convergence factor of each Fourier mode for N = 80 (left) and the convergence factor of the full
Schwarz algorithm for varying number of subdomains N (right) when o = 1.

Similarly to the one-dimensional case we can also consider the question of k-robustness:

COROLLARY 4.2 (A case of k-independent convergence). Suppose that o = ik (the
case of classical impedance conditions) and that o = ogk for some constant oy. Consider
a k-dependent domain decomposition given by L = Lok™" and § = dok™", that is, the
subdomain size and overlap shrink inversely proportional to the wave number. Then the
convergence factor R;Id can be bounded above by a k-independent value, and this bound
becomes tight as k — oco. As such, the convergence of the corresponding Schwarz method is
ultimately independent of the wave number k as it increases. Under the additional assumptions
of Theorem 4.1 (now for o, Lo, and &y), we thus deduce that the approach will ultimately be
k-robust and independent of the number of subdomains.

Proof. The proof is similar to the one-dimensional case except that now we must consider
the Fourier number k. To do so, we let k2 = Bk2. In this scenario, the coefficients a and b of
the iteration matrix depend on & only through 3. However, in the final convergence factor Rgld
we take the supremum over all l;:, i.e., over a discrete set of positive /3 values. This is bounded
above by the supremum over all 3 € RT, which is then independent of k. This supremum is
finite since the bounds derived in Theorem 4.1 do not rely on the discrete nature of k£ and so
can be readily applied, translated into /3. Note that as k¥ — oo, the discrete set of the S-values
becomes dense in R™, so this supremum bound becomes tight. Thus we will ultimately have


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

ANALYSIS OF PARALLEL SCHWARZ ALGORITHMS 133

4
©
&

0.99

o
©

0.98

o
@
&

0.97

o
@

0.96

o
g
]

o
3

0.95

o
@
]

0.94

o
>

0.93

Convergence factor of the Fourier mode
a
&

Convergence factor of the Fourier mode

-Convergence factor| - Convergence factor
Theoretical limit Theoretical limit
10 20 30 40_ 50 60 10 20 30 40_ 50 60
Fourier number & Fourier number &

0.92
0

o
2

)

FIG. 4.3. The convergence factor of each Fourier mode in the non-overlapping case for N = 80 and ¢ = 0.1
(left) and o = 1 (right).

k-robustness. Combining with Theorem 4.1 we further obtain that ultimately the convergence
will also be independent of the number of subdomains. O

REMARK 4.3. We note an empirical observation that, for reasonable values of o, ¢, and L
(namely, when these parameters are not too small—essentially the same conditions required for
convergence but also with neither § or o being too large), the value of k giving the supremum
of R{Id(ic) lies in a small neighborhood around k (equivalent to 5 = 1 in the above proof).
This is consistent with other works in the literature (e.g., [11, 22]), where the most problematic
modes are those close to the cut-off wave number k. In this case, a series expansion around
k = k shows that k6 and kL being fixed are the requirements for the domain decomposition
parameters in order for the algorithm to be k-independent; see the supplementary Maple
worksheets.

For a more general theory on k-robustness of the one-level method and rigorous GMRES
bounds, see [26]. As in the one-dimensional case, we can link k and N so that we consider
solving on a fixed domain a family of problems with increasing wave number using an
increasing number of subdomains, and, under the conditions of Theorem 4.1 and Corollary 4.2,
our theory shows that the Schwarz algorithm will ultimately be k-robust and weakly scalable.

REMARK 4.4. We have focused here on the case of an overlapping domain decomposition.
While the algorithm can also work in the non-overlapping case, it typically has a very poor
behavior. It is known from the literature (for example, by setting the parameters to zero
in [22, Formula (3.2)]) that if 0 = 0 in the case of a decomposition into two subdomains,
the purely iterative algorithm does not converge for evanescent modes (k > k), i.e., the
convergence factor is equal to 1. By increasing o, the convergence factor can be lowered
but only a little bit (it remains close to one), and the algorithm continues to have very poor
convergence properties for evanescent modes. This is illustrated in Figure 4.3, where we take
the same parameter values as in our previous results (k = 30, L = 1, and L= 1), and it can
be proven by similar techniques to those used in the overlapping case.

We also note a fundamental difference between the one-dimensional and two-dimensional
cases from the scalability point of view. Whereas in the first case independence on the number
of subdomains is achieved simply by taking o > 0, in the two-dimensional case things become
more complex. This is consistent with previous convergence studies, starting from that in
the seminal work on optimized transmission conditions [22], where it has been observed that
propagating and evanescent modes behave differently, and the iterative algorithm does not
converge for the cut-off wave number k. The maximum of the convergence factor is usually
attained in a neighborhood of k = k and can be made sufficiently small when o is taken
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large enough; in this case we can achieve scalability and k-robustness. We note that this kind
of discrepancy, between one- and two-dimensional problems, is typical for the Helmholtz
equation and cannot be observed in the case of the Laplace equation.

4.2. The transverse electric Maxwell’s equations. We now apply the same ideas to the
transverse electric Maxwell’s equations with damping in the frequency domain. For an electric
field E = (E,, E,), these equations are expressed as

LE:= —k’E+V x (VxE)+ikcE=0
(4.4) - ~k?E, — 0yy By + 0y B, +ikoE, = 0,
~k?Ey — 03 By + 0py By + ikoE, = 0,

for (z,y) € Q. The boundary conditions on the top and bottom boundaries (y = 0 and y = ﬁ)
are perfect electric conductor (PEC) conditions, the equivalent of Dirichlet conditions for
Maxwell’s equations:

(4.5) Exn=0<FE, =0, y={0,L}.
On the left and right boundaries (x = a1 and x = bx’) we use impedance boundary conditions’:

(VXExn)xn+ikExn=g

(4.6) BE = (=0, +ik)E, + 0y E; = g1, T =ai,
B.E = (0, +ik)Ey, — 0yE; = —go, z

bn.

The same conditions will be used at the interfaces between subdomains, akin to the classical
algorithm defined in [12]. The Maxwell problem (4.4)—(4.6) constitutes a “two-dimensional
wave-guide” model.

Let us denote by E? the approximation to the solution in the subdomain j at iteration n.
Starting from an initial guess E?, we compute E’ from the previous values E?_l by solving
the following local boundary value problems

LE? =0, x € Qj,
BlE? = BlE?:117 Xr = aj7

4.7 B,E! = BTE?J:ll, x=b;, )
E;L,j =0, yE {OaL}v

for the interior subdomains (1 < j < N), while for the first (j = 1) and last (j = N)
subdomain we impose B;E} = g; when z = a; and B, ER;, = —g> when 2 = by. To study
the convergence of the Schwarz algorithm we define the local error in each subdomain j at
iteration n as e} = Elg, - E’. Note that these errors satisfy boundary value problems that
are the homogeneous counterparts of (4.7).

Due to the PEC boundary conditions on the top and bottom boundaries of each rectangular
subdomain, we can use the following Fourier series ansatzes to compute the local solutions of
Le} =0:

ey = Z U;L(a?, l;) sin(l;;y)7 €y = Z w}‘(x, l~c) cos(lzzy), k= 77277’ m € N.
m=1 m=1

Note that in rewriting the impedance conditions we can use the three-dimensional definition of the operators,
ie,E = (Eg, Ey,0)and n = (1,0, 0) for the right boundary and n = (—1, 0, 0) for the left boundary.
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By plugging in the expressions for e ; and ey ; into Le} = 0, a simple computation shows
that, for each Fourier number /~€, we have the general solutions

]Z: —Cx 'nk x
'U”'L(ZE7]€)7*OL‘726 ¢ +ﬂ_]<- C )

where ¢ (k) = V'iko + k2 — k2. From these formulae we can see easily that

~ 2
4.8) v} = kwy, Ow? = CTU?

J

w;’(x, l;) = a?efg“’ + 6}76@,

In order to benefit again from the analysis in the one-dimensional case, we first prove the
following result. R ~
LEMMA 4.5 (Maxwell reduction). For each Fourier number k, we have that both v} (x, k)

and wzl(x, l::) are solutions of the following one-dimensional problem:

(iko + k* = K*)uf — Dugut =0, L x € (aj,b5),
Bla’ SL( ]f): u;-l:l (l’,]f), T = aj,
;L( k) = u;'Lill(‘% k)v T = b]7

where B o = —0, + ik + 0 and B, , = 0, + ik + 0.
Proof. Let us notice first that, because of (4.8), we have

oo

m=1

If we use this in the error equation Le} = 0, then we obtain that both v}! (z, k) and w? (z, k)
satisfy, for each k, the one-dimensional equation (iko + k2 — I€2)u;1 — amu;? = 0. Let us
analyze now the boundary conditions. With the help of (4.8), we consider the right boundary
and note that the left one can be treated similarly:

oo

B.e} = (0 + ik)ey ; — Oyeq ; = Z (0 + ik)w; — l;v]”) cos(icy)

_Z ( o0 +<<]€2 ~>_v )cos =§:—k By 0" cos(ky).

Thus, imposing a transfer of boundary data with B, e’/ is equivalent to that with B, o0y, for

each Fourier number k. a

It is now clear that the analysis of the two-dimensional case can again be derived from
the one-dimensional case. That is, the result from Lemma 3.1 applies here if we replace « by
ik + o and by ( being defined by (4.2). Let us denote the resulting iteration matrix, for each
k, by TM(k), and let RY, (k) = limn— o0 p(T4 (k) with R, = sup; R}, (k). We can now
state our main convergence result for the two-dimensional Maxwell problem.

THEOREM 4.6 (Convergence of the Schwarz algorithm for the Maxwell problem in 2D).
Forallk > 0,0 > 0,8 > 0, and L > 0, we have that RY(k) < 1 for all evanescent modes
k>k F urthermore, under the assumption that o, 9, and L are sufficiently large, we have
that RIQ\@ < 1. In particular, this is true when o > k for all 6 > 0 and L > 0. Therefore,
convergence will ultimately be independent of the number of subdomains (we say that the
Schwarz method will scale).
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Proof. By Lemma 3.2 we see that it is enough to study the sign of g (2;6,1) and g(2;6,1).
To assist, we use the scaled notation k = 20k, k = 20k, and s = 200 akin to (3.12). We can
see that if & = ik + o, then for z := z + iy, (3.15) becomes

K2 82?2

2sy — 2K ]2 (k—y)? + (s —x)?
(k+9)>+ (s +2)*

(k+y)2+ (s +2)%’ _(/Q+y)2+(s+x)2’

Qv =

Rv =

where |v]? < 1. We can now simplify g (2;d,1) in (3.13) using these formulae to give
4ez(l+1)
z;0,1) =
SRR Al perw s
G (2;6,1) = [(k* + 8% + 2 + y*) sinh(z) + 2(ky + sz) cosh(z)] sinh(lx)
+ [(k% 4 5% — 22 — y?) sin(y) + 2(sy — k) cos(y)] sin(ly).

Proceeding as before, using #2 — k2 = 22 — 32 and the bounds (3.18), we derive that
91 (20,0) > 1(K* + 8% + 25 + 2% + y*)(R* — K?),
which is positive for all evanescent modes k> k. Similarly, simplifying g(z;d,1) in (3.14) we
find that
4e2z(l+1)
;0,1) = g(z;0,1),
O (PR DA
g(z;6,1) = [((HQ + 82+ )+ 4(ky + sx)?) sinh(z(I + 2))
+ 4(ky + sz)(k® + 5% + 2° + y?) cosh(z (I + 2))] sinh(lz)
+ [((—KZ — 82 2% + y*)? — 4(kx — sy)?) sin(y(l + 2))
+ A(kz — sy)(—K> — s* + 2 + y?) cos(y(l + 2))] sin(ly),

from which we can obtain the bound
3(z:6,0) > 11 +2) (5 + 5% + 2% +9°)? +45° (@ + ¢°) + 8rsay) (R° — #%)
s (67 4 67 40 4 7) (R ),

Again, this is positive for all evanescent modes, and thus we deduce that Rllvfl(l;;) < 1 for all

k> k.
We now refine these bounds, as in the proof of Theorem 4.1 and using the same identities
and substitutions. For g (z; d, 1) we first obtain

Gi(2:6,0) > (2 (s* + R+ 2¢%) — y° |s* + R? — 22| + 2z (ky + sx) — 2y |k — sy])

and split the analysis into four cases based on the sign of each term we take the absolute value
of. At first consider the case s? + &? < 222 and xx < sy. Then,

g+ (z;0,1) > 1 ((s2 + &) (2? + y?) + dray + 2s(x? — y2))
=1 ((52 +72) /(A2 — k2)2 + K252 + 2&23) .

Now consider the case s? + &2 > 222 and kx > sy, where we find that
g+ (2;0,1) > 1 (4:521/2 + (32 + RQ)(QJ2 — y2) + 28($2 + yg))
=1 (/%2(52 + 72— K2) + 25/ (R? — k2)2 + /<;252) .
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The remaining cases follow as combinations of the previous two cases, and we deduce, in the
case s2 + &2 < 222 and Kz > sy, that

G (2;0,1) > 1(s* + &2 + 25)y/ (k2 — K2)2 4 K252,
while the case s? + &2 > 222 and kz < sy gives
Ga(2;0,1) > IR*(s* + &% — k% + 25).
Turning to §(z; 0, 1), we first derive that

g(z;6,1) >ll—|—2[ (52 + &2 —|—2y) + 4(ky + sx)?)
Y2((5% + 72 — 20%)2 + 4(kz — 5y)?)]

+ 4l (z(ky + Sm)(s + &+ 2y%) — y |(kz — sy) (s> + & — 2x2)|) ,
from which we see that we need to analyze just two sets of combined cases. First consider the
case when both 52 + &2 < 222 and kz < sy or both s? + &2 > 222 and xx > sy. Then,

9(z:6,1) > 11+ 2)[(s* + &)*(2? — v°) + 42?y?(25” + 2R% + ¢* — 2?)
+ 43(362 + y2)(2msy + s(:lc2 — y2))} + 41(;102 + y2)(2mcy + s(s2 + ,%2))
= (1 +2) [n252(82 +2) + B2 (s + #2)(s% + 72 — K2)

+ 4R2%s%\/(R2 )2 + K2s 2} + 4ls(s? + &2 4 K2)V/(R? — K2)2 4 K252,

On the other hand, in the second set of cases when both s? + &2 < 222 and sz > sy or both
s+ k2 > 222 and kx < sy, we have

G(26,0) > 11+ 2)[(s* + &2)*(2® — y?) + 42®y? (28 + 2R + y* — 27)
+ 4s(z? + 1*) 262y + s(2? — y ))]
+ 4l (26zy(s® + B> + y° — 2°) + s(42®y® + (s> + &%) (2® — 7))

:z(z+2)[m $2(s% + K2) + R2(s2 + R2)(s2 + 2 — K2)

+ 4&25%\/(R? — K2)2 + K2s 2] +4ls (K*(s* 4+ k%) + R*(s* + R* — k%)) .

Summarizing, we see that all cases give g+ (z;9,1) > 0 and g(z;9,{) > 0 for all modes k
satisfying k2 > k2 — o2 (i.e., B2 > k2 — s?). From this we can deduce that when o > k,
we have positivity for all modes k and hence R}, < 1. Note that ¢ > k is far from a
necessary requirement, and it is clear that there is some slack in these bounds. We also remark
that it follows from this analysis that the modes & < v/k? — o2 that are relatively close to
Vk? — o2 yield the poorest bounds, suggestlng that they are the most problematic ones for
the algorithm. Indeed, we may have R}, (k) > 1 when k < v/k2 — o2 for some choices of
problem parameters. However, as in Theorem 4.1, we can enforce positivity of g4 (z;9,1)
and g(z; 6,1) for all modes so long as x or [z are large enough. Since x and [z take the same
expressions as in Theorem 4.1 we can similarly deduce that, as long as the parameters o, d,
and L are sufficiently large, we have g (z;4,1) > 0 and §(z;4,1) > 0 for all modes k and
thus obtain the required conclusion that R}} < 1. a
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COROLLARY 4.7 (A case of k-independent convergence). Suppose that o = ook for
some constant 0. Consider a k-dependent domain decomposition given by L = Lok~ and
d = dok™1, that is, the subdomain size and the overlap shrink inversely proportional to the
wave number. Then the convergence factor Rg/fi can be bounded above by a k-independent
value, and this bound becomes tight as k — 0o. As such, the convergence of the corresponding
Schwarz method is ultimately independent of the wave number k as it increases. Under
the additional assumptions of Theorem 4.6 for convergence (now for oy, Lo, and dy), we
thus deduce that the approach will ultimately be k-robust and independent of the number of
subdomains.

The proof is identical to that of Corollary 4.2, and we find similar empirical observations
to those in Remark 4.3. As before, we can also link k& and N so that we consider solving on a
fixed domain a family of problems with increasing wave number using an increasing number
of subdomains. Then, under the conditions of Theorem 4.6 and Corollary 4.7, our theory
shows that the algorithm will ultimately be k-robust and weakly scalable. Note that in the
Maxwell case we are not aware of any theory showing k-robustness of the one-level method.

5. Numerical simulations of the discretized equation. Although extensive numerical
results are beyond the scope of this paper, in the following short section we will show some
simulations that confirm our theory within the more practical setting of using an iterative Krylov
method to accelerate convergence, with the Schwarz method being used as a preconditioner.

We focus here on the two-dimensional Helmholtz equation, as described in Section 4
(with o = ik), where a (horizontal) plane wave is incoming from the left boundary and
homogeneous Dirichlet boundary conditions are imposed on the top and bottom boundaries,
giving a wave-guide problem. A second test case that we consider is the propagation of such
a wave in free space (i.e., when impedance boundary conditions are imposed on the whole
boundary). While not covered by our theory, we will nonetheless observe similar conclusions,
illustrating that the results apply more widely than within the restrictions of our theoretical
assumptions. In our simulations, each subdomain is a unit square split uniformly with a fixed
number of grid points in each direction. New subdomains are added on the right so that, with
N subdomains, the whole domain is = (0, N) x (0, 1).

To discretize, we use a uniform square grid in each direction and triangulate it to form P1
elements. As we increase k we increase the number of grid points proportional to k3/2 in order
to ameliorate the pollution effect [1]. We use an overlap of size 2h, with h being the mesh size.
All computations are performed using FreeFem (http://freefem.org/), in particular
using the £ fddm framework. We solve the discretized problem using GMRES, where the
parallel Schwarz method with Robin conditions is used as a preconditioner. In particular, we
use right-preconditioned GMRES and terminate when a relative residual tolerance of 107 is
reached. The construction of the domain decomposition preconditioner is described in detail
in [3, 16]. The preconditioner, which arises naturally as the discretized version of the parallel
Schwarz method with the Robin conditions that we have studied (see, e.g., [33]), is known
as the one-level optimized restricted additive Schwarz (ORAS) preconditioner. This ORAS
preconditioner is given by

N
M= ZRZTDZ-A;IRZ»,

i=1

where {R;}, ., are the Boolean restriction matrices from the global to the local finite
element spaces and {D; }, _, - »; are local diagonal matrices representing the partition of unity.
The key ingredient of the ORAS method is that the local subdomain matrices {A;}, .y
incorporate more efficient Robin transmission conditions.
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TABLE 5.1
Preconditioned GMRES iteration counts for varying wave number k and number of subdomains N when o = 1.

Wave-guide problem Free space problem
E\N | 8 16 24 32 40 48 56 64| 8 16 24 32 40 48 56 64

20 19 22 25 30 30 30 30 30|19 21 25 25 25 25 25 25
40 18 21 24 29 29 29 29 2917 19 24 25 25 25 25 25
60 19 21 24 29 29 29 29 29)16 19 24 25 25 25 25 25
80 19 21 24 28 28 28 28 28 |16 18 24 25 25 25 25 25
100 [ 19 21 24 28 28 28 28 28 |16 18 24 25 25 25 25 24

Note that, unlike in [26], where the emphasis is placed on the independence of the one-
level method with respect to the wave number, we focus here on the scalability aspect, i.e.,
the independence of the one-level method with respect to the number of subdomains N as
soon as the absorption parameter ko is positive. We will observe that, beyond a sufficiently
large value of NV, the iteration count does not increase further, though in general this value will
depend on the parameters of the problem, namely the wave number and the absorption as well
as the overlap and the subdomain size. As a side effect, when the absorption is sufficiently
large (i.e., of order k), wave number independence is also achieved.

In Table 5.1 we detail the GMRES iteration count for an increasing number of subdomains
N and different values of k for the wave-guide problem and the wave propagation in free
space problem. We set the conductivity parameter as ¢ = 1 (giving an absorption parameter
k). We see that, after an initial increase, the iteration counts become independent of the
number of subdomains and also independent of the wave number, which is consistent with the
results obtained in [26], where the absorption parameter for optimal convergence is of order
k. Another possible explanation of this is that when the absorption parameter increases, the
waves are damped, and their amplitude will decrease with the distance to the boundary on
which the excitation is imposed. Hence, when additional subdomains are added, the solution
will not vary much in these subdomains, and thus the residual will already be small.

6. Conclusions. In this work we have analyzed a purely iterative version of the Schwarz
domain decomposition algorithm, in the limiting case of many subdomains, at the continuous
level for the one-dimensional and two-dimensional Helmholtz and Maxwell’s equations with
absorption. The key mathematical tool which facilitated this study is the limiting spectrum
of a sequence of block Toeplitz matrices having a particular structure, for which we proved
a new result in the non-Hermitian case. The algorithm is convergent in the one-dimensional
case as soon as we have absorption, and, for sufficiently many subdomains NV, its convergence
factor becomes independent of the number of subdomains, meaning that the algorithm is also
scalable. In practice, this is achieved for relatively small N. In the two-dimensional case these
conclusions remain true for the evanescent modes of the error (i.e., k> k) or when o, §, and L
are sufficiently large. In particular, we proved that the stationary iteration will always converge
when o > k, giving an absorption parameter k2. We further showed that the algorithm can be
k-robust within certain scenarios, requiring the domain decomposition parameters to depend
on k.

The concept of the limiting spectrum proved to be a very elegant mathematical tool and
can be used, for example, in constructing more sophisticated transmission conditions to further
explore parameter robustness, to analyze the algorithm at the discrete level, or to design
improved preconditioners.
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