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Abstract

In this paper we develop and analyse domain decomposition methods
for linear systems of equations arising from conforming finite element dis-
cretisations of positive Maxwell-type equations. Convergence of domain
decomposition methods rely heavily on the efficiency of the coarse space
used in the second level. We design adaptive coarse spaces that comple-
ment the near-kernel space made of the gradient of scalar functions. This
extends the results in [2] to the variable coefficient case and non-convex

domains at the expense of a larger coarse space.

Domain decomposition and preliminaries

1.1 Domain decomposition

3Laboratoire J.L. Lions, UPMC, CNRS UMR7598, Equipe LJLL-INRIA Alpines, Paris,

Our notation follows that in the article on inexact coarse solves [3, Section 2
“Basic definitions”], such as the definitions of kg and k1. We will further rely
on the fictitious space lemma, as given in [3, Lemma 3.1], for example.
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1.2 Preliminaries

Let A € RFNX#N he a symmetric positive definite matrix, stemming from the
symmetric coercive bilinear form a(-,-) on €, and suppose it has a large near-
kernel associated with the subspace G ¢ R#V (for instance, the gradient of H*
functions on 2 when a involves a curl operator). Define G; := R;G, where R;
is the restriction to ;, and let Vg © R#V be the vector space spanned by the
sequence (R] D;G;)1<i<n, so that G < V. Further, let Z € R#NeX#N e g
rectangular matrix whose columns are a basis of Vg and E the coarse space
matrix defined by E := ZTAZ.

For each subdomain i, let b; be a local symmetric coercive bilinear form
giving rise to the matrices B; € R#¥Nix#N: ~corresponding to local subdomain
solves. Within R#V: we define the b;-orthogonal complement of G;

G = {U; e R*N | YV, € Gy, (U, V,) = 0} (1)

2

It is this space that we will predominantly want to work in. As such, let bGL B

. 1g,
denote the restriction of b; to G| Pi g0 that

T (U, Vi) = b(U;, V). (2)

The Riesz representation theorem gives the existence of a unique isomorphism

Lg, 1, . . .
BGLBi 1 G;7' — G; 7 into itself so that

bG.lBi (Ui,Vi) = (BG.lBi Ui,Vi) vYU,;,V; e ijBi.
An important tool that we will use is the b;-orthogonal projection &y; from

R#Ni on G, parallel to Gj'Bi. This also enables us to express the inverse of
BGL 5, » which we will denote by BZT , through the following formula

Bl = (I — &:)B; . (3)
In order to check this formula, we have to show that
BGjB,L (I—&)B ly=y (4)
for all y € GilB"'. Let z € GilB"', using the fact that I — &y; is the b;-orthogonal
projection on GZ-LB", we have
(Bgin (I = &) Bi'y:2) = b = &) By 'y, 2) = bi(B; 'y, 2) = (3, 2)-

Since this equality holds for any z € Gj‘Bi, this proves that (4) holds and thus
that BZ provides the inverse of BGL B

i

2 An additive Schwarz method

Within this section we consider the additive Schwarz method and how it can
be suitably modified for our purposes. Our main premise is that the matrix A,
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defining the linear system we wish to solve, has a large near-kernel which can
cause problems numerically. Thus we would like to deal with it directly in the
coarse space in order that we can primarily work in the orthogonal complement,
avoiding the ill-conditioning in A from the near-kernel.

The additive Schwarz method is characterised by the choice of the subdomain
matrices B; being given by the Dirichlet matrices R; ART, along with a suitable
choice of the operator R in the fictitious space lemma.

2.1 The underlying additive Schwarz method

We now define the abstract framework for the additive Schwarz preconditioner,
where the choice B; = RZ-ARiT is made. Let Hp be defined as

N
Hp = R#Ne x [R#M:
i=1
endowed with the Euclidean scalar product. For U = (U, (U;)1<i<n) € Hp
and V = (Vo, (Vi)i<i<n) € Hp, with Up, Vo € R#Ne and U;, V; € R#N: for
1 <9 < N, define the bilinear form b: Hp x Hp — R arising from the coarse
operator E and the local SPD matrices (B;)1<i<n, where B; = RiAR;.T, such
that

N
U, V) > bU, V) := (EU,, Vo) + Y (RAR]U;, V).

i=1
Further, we denote by B: Hp — Hp the block diagonal operator such that
(BU,V) = bU,V) for all U,V € Hp. Now, using the A-orthogonal projection
Py on Vg, for any U = (Uy, (U;)1<i<n) € Hp we define the linear operator
Ras: Hp — H by

N
RasU) := ZUg + (I - Py) Y. RI'U,.

i=1
In order to apply the fictitious space lemma three assumptions have to be
checked.
e R 4g is onto:
Let U e H, we have
U=P~FRU+(I-P)U
=PU+(I—-P)YY, RTD;R;U.

Now since PyU € Vg there exists Uy such that ZUy, = PyU. Therefore, we
have

U = Ras(Uo, (D;R;U)1<i<n)-

e Continuity of Rags:
We have to estimate a constant cg such that for all Y = (Ug, (U;)1<i<n) € Hp
we have

(R;ARTU;, Uy)).

M=

a(RasU),RasU)) < crbU,U) = cr [(EUo, Uog) + _

2

Il
—
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Now we have the following estimate using the A-orthogonality of I — Py and
Lemma 7.9 in [1] (page 171):

a(Ras(U), RasU)) = |ZUo + (I — Po) 30, RF U4
=204 + (I - R) XY, RTU|1%
< (EUo, Up) + ko Xiv, |RTUS|%
< ko [(BUo, Uo) + X, IRTU 13|

Thus the estimate of the constant of continuity of R 45 can be chosen as
cr = kg.

e Stable decomposition with R 45:
Let U e H, we have

U=PU+(I-P)U
= PU+(I—-P)YY, RTD;R;U
= PU+(I—P) XN, RTDi(I — &:)RU + (I — P) XN, RT D;&0; R;U .

=0

Let us consider the last equality: since PyU € Vg there exists Up such that
ZUy = PyU, meanwhile the third term is zero since sz\il RI'D;&R,U € V.
Therefore, we have

U = Ras(Uo, (Di(I = &0i)RiU)1<i<n).

Determining the stability of this decomposition consists in estimating a constant
cr > 0 such that

N
[(EUo, Uo) + . (R;AR] D;(I — ;) R;U, D;(I — £0;)R;U)] < a(U, U).
j=1

We have

SV (R;ARTD;(I — &;)R;U, Dj(I — €0;)R;U) < 7o X (AN“R; U, R, U)

< 1okt a(U,U), (5)
where
s ek e (RjART Dj(I — &)V, Di(I — &) V) (©)
0 1<J<NV eR#N (Aj‘veuvja Vi) ’

and in the second step we have used Lemma 7.13 in [1] (page 175). By applying
(5), we obtain

(EUo, Uo) + XL, (RjART D, (I — &) R; U, D;(I — &;)R;U)

< (P()U P()U) + T()kl a(U, U)

< (1 + leo) (U, U)
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Thus we can take

1

Cp i\=m ————.
T 1+l€17’0

Finally, the condition number estimate given by the fictitious space lemma for
the induced preconditioner is

K(M5A) < (1+ kimo)ko.

The development that now follows is motivated by the fact that the number
To may be very large due to the shape and size of the domain or the hetero-
geneities in the coefficients of the problem. This leads to a bad condition number
estimate. The fix is to enlarge the coarse space by the generalized eigenvalue
problem (GEVP) induced by its formula (6). More precisely, we introduce in
the next subsection a generalized eigenvalue problem and the related GenEO
coarse space.

2.2 Additive Schwarz with GenEO

GEVP 2.1 (Generalized Eigenvalue Problem for the lower bound) For
each subdomain 1 < j < N, we introduce the generalized eigenvalue problem

Find (V i, A\jx) € RFNi\{0} x R such that

(7)

Let 7 > 0 be a user-defined threshold, we define V. c R*¥N s the vector

j,geneo
space spanned by the family of vectors (RJTDj(I —&0j)Vjk)r,>r corresponding
to eigenvalues larger than 7. Let VT, ., be the vector space spanned by the

. ) - ‘
collection over all subdomains of vector spaces (%7geneo)1gJ<N.

In the theory that follows for the stable decomposition estimate but not in
the algorithm itself, we will make use of 7; defined as the projection from R#Ni
on Vj, := Span{V,i| Ajz > 7} parallel to Span{V;i|\jx < 7}. The key to
GEVP 2.1 is the following bound, derived from Lemma 7.7 in [1] (page 168):
for all U; € R#N:

(R]ARfD] (I — 50])(1 — Wj)Uj, Dj (I — 50])(1 — Wj)Uj) <7 (A;—Vquj, UJ)
(8)

We can now build the coarse space Vy from the near-kernel G along with
GEVP 2.1, defining the following vector space sum:

Vo :=Va +Vineo (9)

The coarse space V; is spanned by the columns of a full rank rectangular matrix
with #Njy columns, which we will denote by Z.

We can now define the abstract framework for the additive Schwarz with
GenEO preconditioner. Let Hp be defined by

N
Hp = R#¥No x [ [R#N:

i=1
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endowed with the Euclidean scalar product. We now define the bilinear form
b: Hp x Hp — R arising from the coarse operator E = ZT AZ and the local
SPD matrices (B;)1<i<n, where B; = R;AR!| such that

N
U, V) > bUU, V) := (EU,, Vo) + Y (RAR]U;, V).
i=1
Further, we denote by B: Hp — Hp the block diagonal operator such that
(BU,V) =bU,V) for all U,V € Hp. Using the A-orthogonal projection Py on
Vo, we define Ras2: Hp — H as

N
Rasa2(U) == ZUg + (I — Ry) Y R} U..
i=1

In order to apply the fictitious space lemma we check the three assumptions
as before. Surjectivity and continuity of R g2 follows identically to that for
R as as in Section 2.1. Thus we need only consider the stable decomposition.

e Stable decomposition with R ag,2:

Let U € H, we have

U=PU+(I-P)YY, RTD;R,U
= PU+ (I —P) XY, RTDi(I — &) RiU + (I — Py) X | RT Di&0i R;U

=0

= PU+ (I - P) XY, RTDi(I - &0:)(I — m)R;U

-

=0

The very last term is zero since for all i, R D;(I—&oi)miR;U € V.., < Vp. Let

Uy € R#*Mo be such that ZU, = PyU, then we can choose the decomposition
U = Ras2(Uo, (Di(I — &oi)(I — i) RiU)1<i<n)-

With this decomposition, using the GEVP bound (8) and Lemma 7.13 in [1]

(page 175), we have

(EUqo, Uy) + X (RjART D;(I — &0;)(I — m;)R;U, Dy (I — &) (I — ;) R;U)
<a(ZUg, ZUg) + 731 (AN“R;U, R;U)

a(PoU, P()U) + Tkl a(U, U)

<
< (1 + k17)a(U,U).

Thus the stable decomposition property holds with constant

1
C = .
T T har

Altogether, for a given user-defined positive constant 7, the additive Schwarz
with GenEO preconditioner yields the condition number estimate

H(M;é,QA) < (1 + le)kO,
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where

—1 —1p*
MAs,zzRASQB RAS,?

N
= 2(Z"AZ)' Z" + (I - Py) Y, RI'B'Ri(I - PY)

=1

N
=2(Z"AZ)7' 2" + (I - Ry) Y RT (RAR]) ™' Ri(I - PY).

i=1

2.3 Inexact coarse solves

In practice, the coarse operator E = Z7 AZ will be large, as it involves both the
near-kernel and the GenEO coarse space, and thus solving the linear systems
involving E presents a bottleneck within the two-level algorithm. As such, we
now consider the use of an inexact coarse solve, that is when we replace E by a
cheaper approximation

E%E,

in order to ameliorate this factor. We are then interested in the robustness of
the approach when inexact coarse solves are employed.
We make the following assumption on E throughout:

Assumption 2.1 The operator E is symmetric positive definite.
Let us also introduce the operator Py
Py:=ZE 177 A,
which approximates the A-orthogonal projection Py on Vj
Py=ZE"'ZT A.

Note that P, is not a projection but, from Lemma 1 of [3], has the same range
and kernel as F.

We now consider the additive Schwarz with GenEO preconditioner with
inexact coarse solves. We utilise the same framework as in Section 2.2 but now
make use of the bilinear form b: H p X Hp — R, with block diagonal matrix
form B, such that

N
b(U,V) := (EUo, Vo) + Y (RAR[U;, V),
i=1
and consider the linear operator ﬁAS,QZ Hp — H defined by

N
Rasa2U) = ZUg + (I — By) Z RlU;.

i=1
Note that
- 5 N
Ras2(U) = Ras2(U) = (Po— Po) Y. RI'U; e Vg
=1

since Im(Py — ]50) c V.
Before continuing, we give a lemma which will prove useful in what follows.
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Lemma 2.1 Let Uy € R#¥No | then

(EUo, Uo) < Amaa (B~ £)| 200 % (10)
and

|ZU0|% < Amaz(EE™)(EU,, Up). (11)
Proof First, for (10) we have that

(EUy,Uy) = (E"V2EE~Y2EY2U,, EY?U)

ma (E_1/2EE_1/2)(E1/2U0, E1/2U0)
max(ETVE)(ZT AZU,, Ug)
maz(EilE)HZUOHi

A
> > >

In a similar manner

(EU,, Uy) = (E-V2EE~Y2EY2U,, EY?U,)
> )\min(E—l/QEE—l/Q)(El/QUO,EI/QUO)
A

min(ET E)|ZUo|%

and thus we deduce (11) from the equivalence

Amin (E_IE)_l = /\maI(E_lE) = Amags (EE_I)a
the final equality arising since E~'E and EE~! are similar matrices. |

Predominantly following the arguments presented in [3], we now check the
three assumptions of the fictitious space lemma.

® R4s,2 is onto:
For U € H we have that

U=PRU+(I-P)U
= PU+(I—-PB)YY, RTD;R;U.
Let Uy € R#Mo be such that ZU, = ]50U, then we have the decomposition
U= ﬁAS,Q(UOa (D;R;U)1<i<nN)-
e Continuity of R AS,2:
Let § > 0 be a positive parameter. For U = (Uy, (U;)1<i<n) € Hp, by using

the fact that Im(Py — Py) is a-orthogonal to Im(I — Py), the Cauchy-Schwarz
inequality, Young’s inequality (with parameter ), A-orthogonality of I — Py,
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the bound (11) from Lemma 2.1, and Lemma 7.9 of [1] (page 171) we have
a(Ras2(U), Rasz(U))
= [Ras2U) + (P — Po) X1y RTU; %
= [Ras2@) +2a(Ras2U), (P — Py) X, RTUY))

+ (P — Po) X, RTU[%
= [ ZU0|% + (I = Po) X1y R US4 +2a(ZUs, (Py — Py) X1y RTUY)

+ (P — Po) X, RTUG |
< |ZUo|% + I 2N, RIUG% + 61 200|134 + L2 — Bo) SN, RIUL[3)

+ (P — Po) S0, RTU[%
< (1+9)|ZUof3 + (1+ 1+ DR — RlA) 1S, BTU;
< (14 ) Anaa(BET)(BU, Ug) + (14 (1+ IR = Bol3) ko DL, IR U4
< crbUU),
for

e = max (1+ ) Ao (BET), (14 (14 1R = Bol3) ko ) -

As in [3], we can minimise over § > 0 by equating the two terms using

_d+c+y/(d—c)* +4ap
= 5 ,

min max(c + ad,d + B 1)
6>0

when all parameters are positive. Let us define e4 := [Py — Po||a along with
At = Amaz(EE™1), then we can take

~ko(L+€2) + As +/(ko(1+ €4) = A)% + 44X koed

; (12)

CR
Further note that Lemma 4 from [3] gives that
ea = max (1= Ain(BE) 1= A (BEY) )

which allows for (12) to be given solely in terms of the constant ky and the
minimal and maximal eigenvalues of EE~.

o Stable decomposition with R ag 2:
For U € H we have that

U=PRU+(I-P)U=PRU-+(-P)YY, RTD;RU
= PyU + (I — P) YN, R Di(I — &) R;U
= PoU + (I — P) XY, RTDi(I — £0)(I — mi)R;U
= FU+ (I — P)) YN RTDi(I — &)(I — m)R; U,
where

FU=PRU+ (Py— P) YN RTDi(I — &)l —m)RiU eV, (13)
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Let Uy € R#¥M be such that ZUy = FU, then we have the decomposition
U= 7%,45,2(U0, (Di(I — &0i)({ — m)R;U)1<ixn) =t ﬁAS,2(u)-

We now show that this decomposition is stable, again following an analogous
approach to [3]. Firstly, note that the GEVP bound (8) and Lemma 7.13 in [1]

(page 175) provides the bound
= 3, [RTDi(I = &) (I = m) RiU[% < 7ky a(U, U).

The remaining term in E(U,U) corresponds to the coarse operator E where,
using the bound (10) of Lemma 2.1, we have

(EUOaUO) < )‘maw(EilEN‘)HZUOH?LX = )‘maw(EilE)HFUHiX'

Now from (13), letting 6 > 0 be a positive parameter, making use of the Cauchy—
Schwarz inequality, Young’s inequality (with parameter ), Lemma 7.9 of [1]
(page 171) and (14) gives

|FU% < [PoU|% + 2a(PoU, (Py — Po) XLy RT Di(I — &oi)(I — m:) RiU)
+[[(Po = Po) Xy REDi(I — &i)(I = mi) RiUJ4
<1+ )| RUA + (1+ (P — Po) XLy RIDi(I — &oi)(I — m) RiU[
< (L+6)a(U,U) + (1 + §)ei] XL, BRI DI — &) (I — m) RiU|%
< (1+8)a(U,U) + (1 + $)edko X, | RT Di(I — o)) (I — m) RU|
< ((1+6)+ (1 + Hehkoki7) a(U, U).
We can minimise over the parameter §, yielding § = € 4v/kok17, and thus
(EUy, Up) < Amaz(EE)(1 + eav/kok17)%a(U, U).
Combining this estimate with (14) gives b(U,U) < ¢3! a(U, U) where

1
CcT = =
7 T 4 Anae (BELE)(1 + eav/Eoki7)?
)\min(EE_l)

= — . 15
(1 + €AV kole)2 + /\mzn (EEil)le ( )
Thus we see that the constant in (15) is given solely in terms of the constants
ko, k1 and 7, and the minimal and maximal eigenvalues of EE 1.
Altogether, the fictitious space lemma provides the following spectral bounds

era(U,U) < (MASQAU U) cra(U, U)

for all U € H = R#¥N | where cg and ¢r are given by (12) and (15) respectively,
and
Mgé,z = ﬁAS,?Bilﬁjs,z
N
= ZE7'ZT + (1 - Ry) Y. RTB7'Ri(1 - PY)
i=1
~ N ~
= PAT + (I - D) 2 T(R,ART) 'R, (I — PY).

10
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3 A SORAS method

In this section we address the symmetrised optimised restricted additive Schwarz
(SORAS) method. Here the symmetric positive definite subdomain matrices B;
stem from using e.g. Neumann matrices or optimised transmission conditions
rather than the Dirichlet matrices RiAR;-T within the additive Schwarz method.
In addition, the partition of unity matrices D; are used symmetrically within
the method in order that we can apply the present theory. As with the additive
Schwarz method of the previous section, we utilise a coarse space including Vi
to ameliorate the near-kernel G.

3.1 The underlying SORAS method

We now define the abstract framework for the SORAS preconditioner. Let Hp
be defined as

N
Hp := R#¥No x [ ]G

i=1
endowed with the Euclidean scalar product. For U = (U, (U;)1<i<n) € Hp

and V = (Vo, (Vi)i<i<n) € Hp, with Ug, Vo € R#¥N¢ and U;, V; € GLB" for
1 < i < N, define the bilinear form b: Hp x Hp — R arising from the coarse
operator E and the local SPD matrices (B;)1<i<ny such that

N
U, V) — bU,V) := (EUy, Vo) + Z B;U;, V).

Further, we denote by B: Hp — Hp the block diagonal operator such that
(BU,V) = bU,V) for all U,V € Hp. Now, using the A-orthogonal projection
Py on Vg, for any U = (Up, (U;)1<i<n) € Hp we define the linear operator
Rsoras: Hp — H by

N
Rsoras(U) := ZUqy + (I — Py) Z RTD,U;.
i=1
In order to apply the fictitious space lemma we check the three assumptions
required.

e Rsoras is onto:
Let U e H, we have

U=PU+(I—-PF)U
=PU+(I—-P) YN, RTD;R,U
= PU+ (I —P) XN, RTDi(I — £:)RU + (I — P)) SN, RT D;&0; R;U .

=0

Let us consider the last equality: since PyU € Vg there exists Uy such that
ZUy = PyU, meanwhile the third term is zero since sz\il RZ-TDi«EOiRiU e Va.

Note also that (I — &y;)R;U € Gj'Bi. Therefore, we have
U = Rsoras(Uo, (I — &) RiU)1<i<n). (16)

11
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e Continuity of Rsoras:
We have to estimate a constant cg such that for all Y = (Ug, (U;)1<i<n) € Hp
we have

N
a(Rsoras(U),RsorasU)) < crbU,U) = cr [(EUy, Uy) + Z (B;U;,Uy)]

Note that U; € Gi “ here for 1 <i < N. Now we have the following estimate
using the A-orthogonality of I — PO and Lemma 7.9 in [1] (page 171):
a(Ras(U), RasU)) = |ZUo + (I - Py) L., RT DU,
= 200l + (I = Po) XL, RT DU
< (EUy, Uo) + ko X3 | |[RT DU |4
< (EUy, Uo) + koo v 4 (B U;, Uy),

where
|RT DiVi|% (D;R;ARTD;V;,V;)
= 1max max —— - = mnhaX max
0T GEN VieG i (BiVi, Vi)  1<isN VeGP (BiVi, Vy)
(17)

Thus the estimate of the constant of continuity of R 45 can be chosen as
cr = max(1, koyo).

e Stable decomposition with Rgsoras:
Let U € H be decomposed as in (16). Determining the stability of the decom-
position consists in estimating a constant ¢y > 0 such that

N
[((EUo, Uo) + > (B;(I - &;)R;U, (I — £0;)R;U)] < a(U, U).
j=1

We have

SN (B (I = &) RiU, (I — £0j)R;U) < 7 YL (AN R; U, R;U)

< 1ok a(U, U), (18)
where
(Bi(I = &;)V,, (I = &;)V))
I I ey, vy "

and in the second step we have used Lemma 7.13 in [1] (page 175). By applying
(18), we obtain

(EUo, Uo) + X (B, (I — &oy) Ry U, (I — &;) R, U)
a(PoU, P()U) + Tokl a(U, U)

<
< (1 + leo) a(U, U)

12
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Thus we can take

1
T T k.
Note that the choice B; := Aév e would give 79 = 1. The condition number

estimate given by the fictitious space lemma for the induced preconditioner is
K(MgopasA) < (1 + kimo) max(1, koyo)-

The development that now follows is motivated by the fact that the numbers
Yo and 79 may be very large due to the shape and size of the domain or the
heterogeneities in the coefficients of the problem. This leads to a bad condition
number estimate. The fix is to enlarge the coarse space by GEVPs induced by
the formulae (17) and (19). More precisely, we introduce in the next subsection
two generalized eigenvalue problems and the related GenEO coarse space.

3.2 SORAS with GenEO

GEVP 3.1 (Generalized Eigenvalue Problem for the lower bound) For
each subdomain 1 < j < N, we introduce the generalized eigenvalue problem

Find (Vji, \jr) € R#Ni\{0} x R such that

(20)
(I — €X)B;(I — &) Ve = Ajp ANV .

Let T > 0 be a user-defined threshold, we define V7 ..., < R#N qs the vector
space spanned by the family of vectors (Rij(I —&0j)Vjk)r,>r corresponding
to eigenvalues larger than 7. Let VT, ., be the vector space spanned by the

. ) . _
collection over all subdomains of vector spaces (V] cpeo)1<j<n -

In the theory that follows for the stable decomposition estimate but not in
the algorithm itself, we will make use of 7; defined as the projection from R#Ni
on Vj, := Span{V,i| Ajx > 7} parallel to Span{V x| \jx < 7}. The key to
GEVP 3.1 is the following bound, derived from Lemma 7.7 in [1] (page 168):
for all U; e R#N:

(B;(I = &o;)(I — m;) Uy, (I = &0;)( — m)U;) < 7(AN“U;,U;). (21)

GEVP 3.2 (Generalized Eigenvalue Problem for the upper bound) For
each subdomain 1 <1 < N, we introduce the generalized eigenvalue problem

Find (U, pix) € Gj_Bi\{O} x R such that

22
DZRZARlTDZUZk = ,UikBGLBi Uik- ( )

Let v > 0 be a user-defined threshold, we define V;',.,., < GilB"' as the vector

space spanned by the family of vectors (RiTDiUik)Mkyy corresponding to eigen-

values larger than . Let V.., be the vector space spanned by the collection

. ¥
over all subdomains of vector spaces (%7geneo)1<i<N-

In our theory for the continuity estimate but not in the algorithm itself, we
will make use of the projection 7; from Gj‘Bi on Vi, = span{Ux| pir. > v}

13
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parallel to span{U;x| uix < ~v}. The key to GEVP 3.2 is the following bound,
derived from Lemma 7.7 in [1] (page 168): for all U, € Gj‘Bi

(ARTD;(I — m:)U;, RTDi(I — m;)U;) < V(B 15, Ui, Ui) = 74(BiU;, Us). (23)

We can now build the coarse space Vy from the near-kernel G along with
GEVPs 3.1 and 3.2, defining the following vector space sum:
Vo=Va+ V., .,+ V]

geneo geneo*

(24)

The coarse space V) is spanned by the columns of a full rank rectangular matrix
with #Njy columns, which we will denote by Z.

We can now define the abstract framework for the SORAS with GenEO
preconditioner. Let Hp be defined by

N
Hp :=R#¥o < []G™
i=1
endowed with the Euclidean scalar product. We now define the bilinear form
b: Hp x Hp —> R arising from the coarse operator E = ZT AZ and the local
SPD matrices (B;)1<i<n such that

M=

(U,V) Land b(Z/l,V) = (EU(),V()) + (BzUzavz)

K2

Il
—

Further, we denote by B: Hp — Hp the block diagonal operator such that
(BU,V) =bU,V) for all U,V € Hp. Using the A-orthogonal projection Py on
Vo, we define Rsoras,2: Hp — H as

N
Rsoras2U) == ZUy + (I — Py) Y R/ D;U;.

i=1
In order to apply the fictitious space lemma we check the three assumptions
as before. Surjectivity of Rgoras,2 follows identically to that for Rsoras as
in Section 3.1. Thus we need only consider continuity and the stable decompo-
sition.
o Continuity of Rsoras,2:
For U = (Uyp, (U;)1<i<n) € Hp, by A-orthogonality of I — Py, using Lemma 7.9
in [1] (page 171) along with the GEVP bound (23) we have
a(RU), RMU)) = 200 + (I — Po) XL, RT DU |4
= | 20|54 + (I = o) 3312, RT DU
= (EUo, Up) + (I = Po) X1, RT Di(I — 1) Ui
< (EUp, Up) + (AXL, RIDi(I —n,)Us, 300y RIDi(1 — i) Uy)
(EUg, Ug) + ko XN (ART D;(I — 1;)Us, RT D;(I — ;) Us;)
< (EUo, Up) + koy X1, (BiU;, Uy).

N

Thus the estimate of the constant of continuity of Rsoras,2 can be chosen as

cr = max(1, ko).

14
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e Stable decomposition with Rsoras,2:
Let U e H, we have

U=PU+(I-P)YY,RTD;R,U
= PU+ (I —P) XN, RTDi(I — &) RiU + (I — Py) X | RT D;&0; R;U

=0
=RU+ (I - Py) X, RIDi(I - &) — m)R;U
+ (I = P) YN, RTDy(I — &) R;U .
) =0
The very last term is zero since for all i, RT D;(I—&oi)miR;U € V., < Vp. Let

Uy € R#M be such that ZUy = PyU, then we can choose the decomposition

U = Rsoras,2(Uo, (I — &) (I — m)RiU)1<i<n)-
With this decomposition, using the GEVP bound (21) and Lemma 7.13 in [1]
(page 175), we have
N

(EUo, Uo) + 2551 (B;(I = &o;)(I — ;) R; U, (I — &o;)(I — m;)R;U)

<a(ZUy, ZUp) + 73, (AN“R; U, R,U)

< a(PyU, RU) + 7k1 a(U, U)

< (14 ki7)a(U, U).
Thus the stable decomposition property holds with constant

1
1+k/’17"

Cr =
Altogether, for given user-defined positive constants 7 and -, the SORAS
with GenEO preconditioner yields the condition number estimate
#(MgopaseA) < (14 ki) max(1, koy),
where
—1 _
MSORAS,Q = Rsoras2B 173?03,45,2-

In order to specify this preconditioner we need the adjoint operator R, 4 5.2
which now requires an additional projection. Let ¢; denote the (l2-)orthogonal

projection from R#Vi on G+Bi, then the adjoint is defined by the relationship
(U, R50ras2(V))up = (Rsoras2(U),V)u
— (200, V) + ((I - R) XX, RT DU, V)
= (U, Z2TV) + 3N (U, DiRi(I — PL)V)
= (Uo, Z7V) + 3N (Ui, ;D Ri(I — PT)V)

for all Y = (Up, (U;)1<i<n) € Hp and V € H. Note that the projection g;
ensures that ¢;D;R;(I — PI)V € Gj‘Bi while leaving the (I2-)inner product
unchanged as U; € GjB". Hence we identify that

Rioras2(V) = (Z"V,(:DiRi(I = P{)V)i<i<n)

15



Two-level DDM preconditioners for positive Maxwell equations

and thus
N
Mgbpaso = Z(ZTAZ) ' ZT + (I - Ry) Z RI'D;Bl¢;D;R;(I — PT).
=1

To determine an explicit form for g;, suppose we wish to apply the projection
to U; € R#Ni | then ¢;U; satisfies the constrained minimisation problem®

1 1
min =|V; = U;|]? = min ~Iv; = U2 25
o, gV Uil = in 51V Uil (25)

We can solve the optimisation problem (25) using the Lagrange multiplier
method. Introducing the multipliers A € R#N¢:  the optimality conditions
for V; = ¢;U; are given by

(¢:U; = U;) — BiGiA =0,
Solving for X yields
A= (G} B}G))"'G} B;U;,
and thus, as U; € R#¥Vi was arbitrary, we can derive the explicit form
We also require an explicit expression for BiT = (I —&0i)B; 1. Since &y; is the
Bj;-orthogonal projection from R#Ni on G; parallel to GjB" it is given by
i = Gi(G] B;G;)"'G} B;
and thus we have
(I —&i)B;i 'qi = (B ' = Gi(G] BiGy)'G])(I — BiGi(G} B} G;)~'G] By)
=B ' - Gi(GI'B,G)"'GT
— Gl(G;TBZQGZ)_lG;TBl + Gl(G;TBZQGZ)_lG;TBl
=B ' - Gi(GIB,G)"'GT
= (I —&)B; .
From the penultimate expression we see that we have symmetry of BZT q; and,

moreover, that the inclusion of ¢; is, in theory, unnecessary since B;f ¢ = B;f .
Hence, we find that the two-level preconditioner can be given by

N
Mghpaso =2(Z"AZ) ' Z7 + (I - Py) Z RID;(I — &,)B;'D;Ri(I — P).

i=1

1Here, by abuse of notation, G; represents a matrix whose columns form a basis for the
near-kernel space Gj.
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Further, note that we have (I - P())R’ZTDZ(I — gOz)Uz = (I — P())RZTDZUZ for
any U; € R#Ni since RI'D;&,U; € Vg < Vy. Additionally, note that the A-
orthogonal projection Py on Vj is given by

Py=Z(ZTAZ)"1ZT A.

Hence, we deduce that we can write the SORAS with GenEO preconditioner in
a simpler expression as

N
Mgbpass = PoA™ + (I = Po) ), RTDiB ' DiRi(I - FY). (26)

i=1

3.3 Inexact coarse solves

We now consider the SORAS with GenEO method with inexact coarse solves
given by F satisfying Assumption 2.1. We follow the same premise as Section 2.3
and again let Py := ZE1ZT A be the inexact coarse solve approximation of
Py = ZE71ZT A. Our analysis predominantly follows that in [3].

First we revisit the eigenvalue problems in GEVPs 3.1 and 3.2. Recall that
7; is the projection from R#¥Ni on V; . := Span{V,i|\;x > 7} parallel to
Span{V ;i| A\jx < 7}, where (V,, Aji) are eigenpairs from GEVP 3.1. Similarly,

7; is the B;-orthogonal projection from GilB" on

Vi := span{Us| pir. > 7}
parallel to

Wi = span{Ujx| pir < 7},

where (U, pir) are eigenpairs from GEVP 3.2. Now, for 1 < j < N, let us
define the (I — 50;) (I — &oj)-orthogonal projection p; from R# i

Vigny = Vir + Vi

1s,
Note that Vj, < G, " and G; ¢ Vj, since any vector in G corresponds to
a zero eigenvalue of GEVP 3.1. Thus G; nV;,~, = {0} and the projection is
well-defined and, letting Y be a basis of V; ; 4, given by the formula

~1
pi =Y (YT(I = &)B;(I = &,)Y) YT (I -&;)B;(I — &j)-
While (IffoTj)Bj (I—&p;) is singular on G}, it is nonsingular on range(Y') = V; 7 4
and thus we can take the required inverse.
We now show that suitable analogous results to Lemma 5 in [3] for p; hold
in our case. Owing to GEVP 3.1, we have that for all U; e R#N:
T(A;»Vquj, UJ)
= (Bj(I = &oj)(I = m)Uj, (I = &o5)(I — ;) U;)
= (Bj(I = & )(I = pj + (pj = m)Uj, (I = &o)( = pj + (pj — 7)) Uj)

= (I = &) = p))Uj5, + (I — &) U3,

(pj — ;)
+2(B; (I — &) —p;)Uj, (I = &oj)(pj — 7;)U5)
= [(I = &o)(I = p))Uj %, + I(I = &) (05 — 7)1 %,

17
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the cross term in the penultimate line being zero due to the fact that p; is the
(I- §0Tj)Bj (I —&p;)-orthogonal projection and noting that 7; also projects into
Vj.r~. Thus we deduce that for all U; e R#Ns

(B;i(I = &0;)(I — pj)Uy, (I = &0;)(I — p;)U;) < 7(A)“U;, Uy)

and, moreover, letting U; = R; U, summing over j and using Lemma 7.13 of [1]
(page 175), for all U € R#V we have

Z (I — €0j)(I — pj)R;U, (I — &)(I — pj)R;U) < ky7a(U,U).  (27)

In defining the preconditioner, we will want to operate within the space W; .
Let by, ., denote the restriction of b; to W; , x W;  so that

bw, . : Wiy x Wiy — R, (Ui, Vi) = bi(U;, V).

)

The Riesz representation theorem gives the existence of a unique isomorphism
Bw, ., : Wi, —> W, into itself so that for all U;, V; € W; , we have

bw. (Ui, Vi) = (Bw, , Ui, Vi).
The inverse of Byy, ., will be denoted by BZT and is given by the following formula

Bl = (I—mi)(I — &i)B;". (28)
In order to check this formula, we have to show that
Bw, (I —m)(I —&i)B; 'y =y (29)
for all y € W;,,. Let z € W, ., using the fact that (I — n;)(I — &o;) is the
b;-orthogonal projection on W; -, we have
(Bw, ., (I —n;)(I — oi)B; 'y, 2) = bi((I —ni)(I — &01) By 'y, 2)
= bi(B; 'y, (I — o) (T — ms)2)
= bi(B; 'y, 2) = (y,2).

Since this equality holds for any z € W; -, this proves that (29) holds and thus

that BJ provides the inverse of By,
We now define the abstract framework for the preconditioner. Let Hp be
defined by

HD = R#NU X HfLWm

endowed with standard Euclidean scalar product. We make use of the bilinear
form b: H p X Hp — R, with block diagonal matrix form B such that

N
b(U,V) = (EUg, Vo) + Y (B;U;, V),

i=1

18
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and consider the linear operator ﬁso RrAS,2: Hp — H defined by

N
Rsoras2U) == ZUy + (I — Py) Y R/ D;U;.

i=1

Note that

N
Rsoras2(U) — Rsoras2U) = (Po — Py) Y RIDiU; € V

i=1

since Im(Py — Py) < Vp .
Following similar arguments to those presented in [3], we now check the three
assumptions of the fictitious space lemma.
® Rsoras,2 is onto:
For U € H we have that
U=PRU+(I-P)U=PRU-+(-P)YY, RTD;RU
= RU+ (I - P) 3N RTDy(I — £0i)R;U
= PU + (I — Py) 3L, RTDi(I — i) (I — €0i) R U
= F()U + (I — ]50) vazl RZTDZ(I — T]Z)(I — §OZ)R1U7

where
FoU = PyU + (Py — Po) X RTD;(I — ;) (I — £0i) RiU € V.
Let Ug e R#No be such that Z Uy = FyU, then we have the decomposition
U = Rsoras.2(Uo, (I —mi)(I — &) RiU)1<i<n ).

e Continuity of 7%503,4572:
Let 6 > 0 be a positive parameter. For U = (Uy, (U;)1<i<n) € Hp, by using the
fact that (I —n;)U; = U; for 1 < i < N (recall that U; € W, ), Im(Py — Py) is
a-orthogonal to Im(I — Fy), the Cauchy—Schwarz inequality, Young’s inequality
(with parameter ¢), A-orthogonality of I — Py, the bound (11) from Lemma 2.1,
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and Lemma 7.9 of [1] (page 171) we have

a(Rsoras.2(U), Rsoras2(U))

= |Rsoras2U) + (Po — Po) 3y RTDU |

= |Rsoras2U)|4 + 2a(Rsoras2U), (Po — Po) X, RTD;U,))
+1(Po — Po) X, RT DU [

= [ 20| + (I = P) X%, RF DU + 2a(2Uy, (R — Py) X1, RT D;U;)
+ Py~ Bo) 2, RT DU

<2004 + | S, RTD UL + 6| ZU0 | + L|(Po — Ro) S3Y, RT DU %)
+(Po — Po) iy RT DU

< (140|203 + (14 (1L+ DR - Bol3) | LI, BT DU,

< (14 )Anaa(BE)(EU0, U) + (1+ (1 + DR = Rol3) ko S, |RT DU

= (14 6)Amaa(EE~)(EU,, U)
+ (14 (14 DIR = Poll3) ko XL, (ART DilT = i) Us, RT Di(I = ) U)

< crbUU),

with

e = max (1 + ) Ama (BET), (14 (1+ )Py = Poly) ko) -

Note that this continuity constant is similar to the case of the AS algorithm,
only now we have an additional factor of v in the second term. Again, we can
minimise over § > 0 enabling us to take

~koy(L+ €3) + A 4+ y/(koy(1+ €4) — Ay)? + 44X koyedy
- 5 .

CR (30)

e Stable decomposition with ﬁSORASQZ

For U € H we have that

U=PRU+(I-P)U=PRU-+(-P)YY, RTD;RU
= PU+ (I - P) YN, RTDy(I — p))R;U
= PoU+ (I - P) XN, RTDi(I — &0:)(I — p;) R;U
= FU+ (I — P)) XN RTD;(I — &0)(I — pi) Ri U,

where
FU = RU + (P — Py) Zi\[:l RI'Di(I — &0:)(I —pi)R;U € V. (31)
Let Uy € R#M be such that ZUy = FU, then we have the decomposition
U = Rsoras2(Uo, (I = &) (I = pi) RiU)1<izn) = Rsoras2(U).

We now show that this decomposition is stable, again following an analogous
approach to [3]. Firstly, note that the bound in (27) applies to the domain
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decomposition part of B(Z/l ,U). The remaining term in B(Z/l ,U) corresponds to
the coarse operator E where, using the bound (10) of Lemma 2.1, we have

(EU07UO) < )‘maw(E_lEN‘)HZUOHil = )‘maw(E_lE)HFUHil-

Now from (31), letting 6 > 0 be a positive parameter, making use of the Cauchy—
Schwarz inequality, Young’s inequality (with parameter ), Lemma 7.9 of [1]
(page 171) gives

|FUI < |RUI + 2a(PyU, (P — Po) Xty RY Di(I — &oi)(I — pi) R; U)

+[[(Po = Po) Xty RFDi(I = €0:)(I = pi) R U

<L+ 0)|PUJA + 1+ DB — Po) Xity RTDi(I — &) (I — pi) RiU|4
(1+6)a(U,U) + (1 + $)ex ] iy RIDi(1 — &) (I — pi) RU%

(1+ 5)a( U)+(1+ (1;)6,41% S IRTDi(I = &:)(I — pi) R U4
(1+0)a(U,U) + (1 + 1)edkoy DL, (I — &) (I — pi) RU|3,
(1+9)+( g)ﬁAk?o/ﬁTv) (U, U),

N

N

NN

where in the penultimate step we have made use of Lemma 6 in [3] (applied
with A replaced by D; R;ART D; and B by BGL g, ) and in the last step utilised

the bound in (27).
We can minimise over the parameter §, yielding § = e 44/kok177, and thus
(EUy, Uy) < Amaz(E’lﬁ)(l + ear/kok177)%a(U, U).

Combining this estimate with (27) gives b(U,U) < ¢3! a(U, U) where

\_/H,—\

T BT 4 Amar (B B) (1 + eav/Rokir)?
. )\min (EE_l)
(1 + eavkok1m7)2 + Amin(BE~1)ky 7
Thus we see that the constant in (32) is given solely in terms of the constants

ko, k1, 7 and -y, and the minimal and maximal eigenvalues of EE-1.
Altogether, the fictitious space lemma provides the following spectral bounds

(32)

era(U,U) < a (M35 45,40, U) < cpa(U,U)

for all U e H = R#¥N | where cg and ¢r are given by (30) and (32) respectively,
and

- s e
Mgsoras2 = Rsoras2B™ Rgoras,2

N
= 2B 7" + (I - By) Y RTBlqRi(1 - )

i=1
N
= PoA™ + (I = Po) Y RI (I —mi)(I — &0i) By Ri(1 — PY).
1=1

Note that in this case of inexact coarse solves we must retain the projection
onto W; - in the form of the preconditioner.
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Disclaimer

This document provides a working draft, which details new theoretical results
of interest, but is not yet fully complete in background and scope. As such, it
is supplied as a pre-print draft version.
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