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Abstract

There are a wide range of applications in which it is desirable to mitigate unsteady load fluc-

tuations while preserving mean loading. This is often achieved with active control systems, but

passive systems are sometimes more desirable for enhancing reliability. This is the case, for ex-

ample, for wind and tidal turbines, where unsteady loading limits the fatigue life of the turbine

and results in power peaks at the generator. Here, we consider the unsteady load mitigation that

can be achieved through a foil with a trailing-edge flap that is connected to the foil via a torsional

spring. We develop a theoretical model and show that the preload can be tuned to preserve the

mean foil loading. The spring moment that maximises the unsteady load mitigation is approxi-

mately constant, and the load fluctuation reduction is linearly proportional to the ratio of the flap

to the full chord of the foil. We verify this relationship through water tunnel tests of a foil with

a hinge at 25% of the chord from the trailing edge. As theoretically predicted, we measure un-

steady load mitigation of up to 25%, without any variation in the mean load. In highly unsteady

flow conditions, when boundary layer separation occurs, the unsteady load reduction decreases.

Overall we conclude that passive trailing-edge flaps are effective in alleviating unsteady load

fluctuations and their effectiveness depends on their size relative to the foil.

Keywords: unsteady aerodynamics; load alleviation; unsteady loading; passive trailing-edge

flap; tidal energy

1. Introduction

In this paper we consider unsteady load mitigation on a foil with a passive trailing-edge flap,

where the aim is to cancel the load fluctuations without affecting the mean load. This is relevant

to a wide range of applications such as, for example, an aircraft flying in turbulence, and a yacht

sailing in the atmospheric boundary layer. An application where mitigating load fluctuations is5

paramount for cost reductions is the tidal energy sector [1, 2, 3]. Technological developments

have been introduced to reduce unsteady blade loading, such as passively bent-twist blades [4, 5].

However, such technology is limited to low frequency fluctuations and is not suitable for large

∗Corresponding author

Email addresses: abel.arredondo-galeana@strath.ac.uk (Abel Arredondo-Galeana), Amy32@bath.ac.uk

(Anna M. Young), amanda.smyth@eng.ox.ac.uk (Amanda S.M. Smyth), I.M.Viola@ed.ac.uk (Ignazio Maria

Viola)

Preprint submitted to Journal of LATEX Templates May 10, 2021

Unsteady load mitigation through a passive trailing-edge flap



blades due to structural rigidity requirements. Active pitch control is another possible option, but

this has an upper frequency limit due to the inertial effects of the blade [6]. Trailing-edge flaps,10

by contrast, can respond to higher frequencies better than the whole blade due to their smaller

inertia [7, 8, 9, 10, 11].

Here, we consider how unsteady load mitigation can be achieved using a trailing-edge flap

with a preloaded torsional spring at the hinge. The foil is set at a non-zero-lift angle of attack

and is heaved sinusoidally in a uniform stream. We investigate the unsteady load mitigation for15

different frequencies and amplitudes of motion.

It is noted that the unsteady flow experienced by a heaving foil has similarities with that

experienced by a turbine blade section due to a temporal change in the onset flow speed. A time-

varying flow speed, which is uniform across the blade chord, can be due to a surface wave or a

turbulent gust, for example. The chord of the outer blade sections, which are those most loaded,20

is almost parallel to the rotor plane. Hence, a change in the onset flow speed results in a change

in the chord-normal flow velocity - a change that occurs simultaneously over the whole chord as

in a heaving motion [1].

We will show through a theoretical model that unsteady load mitigation is possible without

compromising the mean load. The theoretical model will also predict that the maximum unsteady25

load mitigation increases linearly from zero to 100%, as the hinge location is shifted from the

trailing edge to the leading edge. We will test these hypotheses with water tunnel tests for one

hinge location at 25% of the chord from the trailing edge, and confirm a 25% unsteady load

reduction with no change to the mean loading. The unsteady effects are quantified through

Theodorsen’s linear theory and compared with experiments, revealing the range of validity of30

the theoretical model in terms of both the reduced frequency and the amplitude of the motion.

The manuscript is organised as follows. In §2, we describe the theoretical model for load

alleviation of a foil with a passive trailing-edge flap. In §3, the experimental methodology is pre-

sented, including the two foils, the rig and the experimental set-up, and the kinematic parameters

of the foil. Results are presented in §4. Specifically, the load measurements of both foils are35

presented in §4.1; the theoretically predicted loads are discussed in §4.2; the analysis of the mea-

sured and predicted deflections on the trailing edge flap are shown in §4.3; and flow diagnostics

of the flow field are presented in §4.4 for the near wake. Concluding remarks are summarised in

§5.

Interested readers can find additional analysis in the appendices. In §Appendix A we couple40

the unsteady model of the foil with a passive trailing-edge flap with a mass-spring-damper system

and we show similar results to those from the unsteady model. In §Appendix B we present a

step response test of the flap in the water tunnel where we obtain the dynamic parameters for

the coupled model. In §Appendix C we present the phase averaged flowfields at four positions

of the heaving kinematics. Finally, in Appendix D we show that, for a wind or a tidal turbine,45

velocity fluctuations due to the freestream velocity shear gradient are negligible, whilst changes

in the angle of attack due to the same shear gradient are significant.

2. Theoretical model

This section describes the theoretical foundations of the load alleviation method proposed in

this paper. The model considers a symmetric foil immersed in a uniform stream. At an angle of50

incidence, a symmetric foil that is free to pitch around its leading-edge would align itself to the

incoming flow leading to zero lift force. Therefore, there must be some moment opposing the
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pitching of the foil to allow lift generation. This constant moment, Mks
, could be provided by a

torsional spring, for example.

To formalise this concept, we consider the foil depicted in Fig. 1(a), which could represent

a blade section in the rotor plane of a turbine. We refer to this as the equilibrium position. The

foil is free to pitch at the leading-edge and has a mean angle of attack α, resultant flow velocity

U, lift force L and a torsional spring moment Mks
applied to the pitching axis. To ensure that the

pitching foil provides the same lift as a rigid foil, the hydrodynamic pitching moment Mh must

be equal and opposite to the moment provided by the spring: Mks
= −Mh. For an ideal torsional

spring, the moment increases linearly with the deformation, hence

Mks
= ksθp, (1)

where θp is the spring preload angle. For a given Mh, a very flexible spring (very low ks) needs

to have a very high preload θp to ensure Mks
= −Mh. For a rotation of the foil δθ that is small in

comparison to the preload θp, the spring moment remains roughly constant. In fact,

Mks
= ks(θp ± δθ) ≈ ksθp. (2)

This shows that, as mentioned above, a highly flexible foil (low ks) has virtually a constant55

spring moment. From this observation, we notice that a highly flexible spring can be modelled

numerically and experimentally by exerting a constant moment around the pitching axis.

Let us consider now an incremental change in the angle of attack δα, while the flow velocity

U remains unchanged. This scenario is depicted in Fig. 1(b). Using thin aerofoil theory, the

increased angle of attack causes an increase in lift δL and an increase in the pitching moment

δMh:

δL = 2π δα, (3)

δMh = δL x, (4)

where x is the distance from the pitching axis of the foil (located at the leading-edge in this case)

to the aerodynamic centre. This increase in hydrodynamic moment will generate a net moment

and so the foil will re-pitch by δθ in the direction of the lift, as shown in Fig. 1(b). This will

generate a further change in lift of

δL2 = −2π δθ. (5)

From Eq. 2, the spring moment will not change, so once the foil is back in equilibrium,

Mks
= −(Mh + δMh) = −(Mh + 2π δα x − 2π δθ x). (6)

Recalling that Mks
= −Mh, this implies that

2π δα x = 2π δθ x, (7)

and thus δα = δθ, and the load on the foil is unchanged (although the direction of the force has

changed by δα). This shows that maximum unsteady load cancellation is achieved by having

a torsional spring which provides an approximately constant moment and when the entire foil60

pitches around an axis through the leading edge, load fluctuations can be entirely cancelled.

Let us now consider a flap with a chord length a attached to the foil by a torsional spring.

Fig. 2(a) depicts the foil at its equilibrium condition for the mean angle of attack ᾱ. In the figure,
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Figure 1: Foil pitching around the leading edge for (a) the mean flow condition and (b) an angle

of attack increase of δα leading the foil to pitch by δθ. In the figure, x is the distance from the

pitching axis (P.A), located at the leading-edge, to the aerodynamic centre (A.C), located at 1/4

of the chord length.

the moments Mks
and Mh balance each other and act on the pitching axis of the flap. The forces

L and L f are the lift forces on the front of the foil and on the flap, respectively. In Fig. 2(b), when65

a change δα in the angle of attack occurs, L on the front of the foil changes, while L f remains

constant because there can be no change in the moment about the spring and so the flap deflects

in a similar manner to that described above for a foil rotating about its leading edge (Fig. 1).

A.C.

 
α

Mks

Figure 2: Foil with trailing-edge flap for (a) the mean flow condition and (b) an angle of attack

increase of δα resulting in a flap deflection of δθ.

Having introduced the concept of load alleviation by means of a pre-loaded spring attached

to a freely pitching trailing-edge flap, a theoretical framework for the prediction of the associated70

load reduction will be presented in the following section.

2.1. Quasi-steady model

In the first instance, we use a linear, quasi-steady, panel method to estimate the load allevi-

ation. We consider the rigid part of the foil and the flap as two separate panels. Each panel has

a vortex of circulation Γn, which is located at 1/4 the length of each panel, where n denotes the75

number of the panel. A collocation point cpn is located at 3/4 of the length of each panel. The

equilibrium position is shown in Fig. 3(a). In the figure, xp is the length of the first panel and a

is the length of the second panel, r11 and r12 are the distances from the point where Γ1 is applied

to cp1 and cp2, and r21 and r22 the distances from the point where Γ2 is applied to cp1 and cp2.

The full chord is c. This model assumes small angle of attack oscillations. Hence, under these80

assumptions, the position of the vortex, collocation point and aerodynamic centre (A.C) in each

panel remains constant. For larger angle of attack oscillations, we expect that this model will

lose accuracy.
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Figure 3: Two-panel model for flat plate with hinge with circulations Γ1 and Γ2 and collocation

points cp1 and cp2 at (a) the mean flow condition and (b) after a change δα in the angle of attack.

In Fig. 3(a), the deflection of the flap is δθ = 0◦ and we can apply the boundary condition of

no flow normal to the panel at the collocation points, such that

cp1 :
Γ1

2πr11

−
Γ2

2πr21

= −Usinα ≈ −Uα (8)

and

cp2 :
Γ1

2πr12

+
Γ2

2πr22

= −Usinα ≈ −Uα. (9)

We have said that the hydrodynamic moment about the flap hinge is fixed, so Γ2 must be

fixed. This means that when there is a change in the angle of attack δα (Fig. 3(b)), the flap moves

but the lift on the flap portion does not change and so the new boundary conditions at cp1 and

cp2 must be satisfied by changes in Γ1. We define the boundary conditions in Fig. 3(b) as

cp1 :
Γ1 + δΓ1

2πr11

−
Γ2

2πr21

= −U(α + δα) (10)

and

cp2 :
Γ1 + δΓ1

2πr12

+
Γ2

2πr22

= −U(α + δα) + Uδθ. (11)

By substituting Eqs. 8 and 9 into Eqs. 10 and 11, we get

δΓ1 = −2πr11Uδα (12)

and

δΓ1 = −2πr12U(δα − δθ). (13)

Finally solving for δθ from Eqs. 12 and 13 and considering that r11 = xp/2 and r12 = 3c/4, we

find that

δθ = δα

(

1 −
2xp

3c

)

. (14)

For the foil tested in here, xp/c = 0.75, and so the model gives δθ = δα/2. Recalling that Γ2

is constant, the change in lift (δL1) due to the change in angle of attack is computed from eq. 12,

as

δL1 = −ρUδΓ1 = 2πU2ρ
xp

2
δα (15)
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and the change in lift coefficient is

δCL =
δL1

1
2
ρU2c

= 2πδα
xp

c
. (16)

We can normalise Eq. 16 by the load change encountered by a fully rigid foil, which is 2πδα.

This gives us δC∗
L
, the load relative to the rigid case:

δC∗L = xp/c. (17)

Equivalently, the load reduction is

1 − δC∗L = 1 − xp/c = a/c. (18)

The relationship between flap length to chord ratio and the load alleviation is therefore linear.

For a flap extending over the rear 25% of the chord, the model predicts a 25% reduction in85

unsteady loading. This result is based on a quasi-steady approach, i.e. neglecting the fluid inertial

effects and thus the time history of how the flow condition has reached the current state. In §4.2

this quasi-steady relationship will be compared with experimental results. However, to assess the

reduced frequencies at which the quasi-steady model could fail because unsteady effects might

become significant, we will first develop an unsteady model based on Theodorsen’s theory.90

2.2. Unsteady load alleviation effects

In order to assess the level of unsteady effects, and the deviation from the quasi-steady model

above, we look at the predicted ratio of flap deflection amplitude (θ0) to heave amplitude (h0)

for a heaving flat plate with a hinge in uniform flow. The total hydrodynamic moment acting

on the hinge is given by Theodorsen [12], and it can be split into the hinge moment coefficient

due to a heaving motion Ch and the hinge moment coefficient due to the flap motion C
f

h
[13].

We have said that the moment around the flap does not change, therefore we can postulate that

the hinge moment from heaving is exactly cancelled by the moment due to the flap motion,

such that Ch +C
f

h
= 0. Assuming harmonic motion for both heave and flap motion (h = h0eiωt

and δθ = θ0eiωt) and the corresponding time-derivatives (ḣ, ḧ, δθ̇, δθ̈), we can group the terms of

equations Ch and C
f

h
(the exact expressions for Ch and C

f

h
can be found in Leishman [13]). By

collecting terms, we derive an expression (see Appendix A) for the ratio of flap amplitude to

heave amplitude in the form

θ0

h0

=
−Fω2 + iωG

−[B + D − ω2A + iω(C + E)]
, (19)

where A, B, C, D, E, F and G are defined in Appendix A and are all functions of the geometry

(functions of parameters T1, T2...T12 found in Theodorsen’s paper [12]).

We multiply θ0 by a to get the displacement amplitude of the flap (aθ0). Fig. 4 shows the

ratio of aθ0 to h0 predicted by the quasi-steady and unsteady models. The ratios are plotted as95

a function of the reduced frequency k = ωc/(2U). The quasi-steady model predicts a linearly

increasing aθ0/h0 ratio with increasing k (since the amplitude of the angle of attack fluctuation

increases linearly with k for a foil in pure heave, see § 3.4), whereas the unsteady model predicts

a more rapid increase with k. However, for k < 0.35 the two models predict virtually identical

results.100
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Figure 4: Ratio of flap displacement amplitude aθ0 to heave amplitude h0 against reduced fre-

quency predicted by quasi steady and unsteady models for xp = (3/4)c.

A study assessing the effects of stiffness and damping on the flap deflection was also car-

ried out (see Appendix A), and it was shown that due to the small stiffness and large damping

coefficient (see Appendix B) the effects of these on the predicted flap deflection were small.

As such, the quasi-steady model is likely to be sufficient for the frequency ranges tested in the

experimental study below.105

3. Experimental methodology

3.1. The foils

An extruded NACA 0012 profile was used to construct a rigid foil and a foil with a passive

trailing-edge flap. The chord of both models was c = 0.1 m and the span was S = 0.4 m.

The CAD files are available in the Edinburgh Datashare repository (datashare.is.ed.ac.uk). The110

models were 3D printed in PLA material. Due to restrictions in the 3D print volume, the models

were printed in two spanwise sections, with pins on the mating surfaces. The components were

glued together with epoxy. The models had two attachment legs protruding from the upper

surface at mid-span and mid-chord. The legs served as attachment point to a heaving mechanism

and as a means of setting the angle of attack via a locking pin. The models were surface finished115

with a coating of matt black paint. In order to ensure 2D-in-the-mean flow conditions, the flow

measurement plane (see Section A-A’ in Fig. 5) was positioned away from the tank endwall, the

join in the spanwise sections and the attachment point.

The foil with the passive trailing-edge flap was identical to the rigid foil, except that a hinge

was placed at 75% of the chord so that the final part of the foil acted as a flap which was free to120

move about its leading edge. The flap was also 3D printed in two sections, which were hollow

inside to provide maximum buoyancy. Six ball bearings connected the flap to the fore part of the
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Figure 5: Top and side views of rigid foil and foil with passive trailing-edge flap, where the x, y

and z-axes are oriented along the chordwise, normal and spanwise directions.

foil. The external diameter of the bearings was selected to match the thickness of the foil at the

location of the pitching axis. The bearings were mounted on metal shafts that were threaded and

secured to the body of the foil.125

3.2. Heaving mechanism and water tunnel

Fig. 6 shows the experimental rig. It consisted of two linear motors that transmitted a heaving

motion to the foil. The motors were triggered simultaneously with LabView and by prescribing

a sinusoidal heaving motion to the motor drivers. The downstream motor was used to adjust the

angle of attack of the foil. The bottom ends of the motors were connected to a six-millimetre-130

thick acrylic triangular support, which was connected at its lower end to the cable side of a

six-axis load cell. The free side of the load cell was connected to an adaptor piece that held

the foil in place. The adaptor had two supporting arms to reduce spanwise vibrations. Load

cell measurements were sampled at 1000 Hz and data were acquired for 100 cycles in each

test. Experiments were carried at Re = 50, 000 and results were phase averaged. In all of the135

experimental runs, the motion of the rig and foil were started five full cycles prior to the force

measurements. Hence, force startup transients did not affect the phase averaged results.

The rig was mounted in a free surface water tunnel at the School of Engineering, at the

University of Edinburgh. The water tunnel is 9 m long, 0.4 m wide and 0.9 m high with a flat,

horizontal bed. The mean water depth was set to 0.5 m and each foil was placed horizontally140

0.25 m below the water surface. The foil heaved in uniform flow away from both the free surface

and the bottom. The spanwise gap between the foil and the lateral wall of the tunnel was 5 mm on

each side. Spanwise flow was minimised by keeping the gap between foil and flume side walls

to a minimum, allowing the foil to move without friction but promoting two-dimensional flow.

Inertial effects were measured in air and were subtracted from the values measured in water. The145

load cell was zeroed in still water prior to any measurement. Lastly, a steady state calibration

was performed and the results are presented in Fig. 7, where it is shown that the steady state

effect of the free surface and the rig was minimal at the angle of attack that we used.

We also note that the standing waves created by the changing cross-section of the triangular

support were not significant, as shown in the supplementary material video (k = 0.1, 2h0/c = 0.3).150
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Additionally, any free surface effects were minimised by orienting the suction side of the foil to-

wards the flat, horizontal bed of the flume and by positioning the foil at the mid-height of the

water column. PIV confirmed that the flow field was not altered by surface waves within the field

of view of the camera.

Foil

Triangular
support

PIV
camera

Load
cell

Adaptor
piece

Linear 
motors

0.4 m

0
.5

 m

0
.2

5
 m

Figure 6: Heaving rig and foil with passive trailing-edge flap in the water tunnel with PIV camera

and laser sheet. The camera view shows the foil with passive trailing-edge flap.

The Particle Image Velocimetry (PIV) system consisted of a Solo 200XT pulsed dual-head155

Nd:YAG laser, with an energy output of 200 mJ at a wavelength of λ = 532 nm. The camera was

a CCD Imperx 5MP with a 2056 px× 2060 px resolution and a Nikkor f/2, 50 mm lens. Seeding

particles comprised silver coated hollow glass spheres, with an average diameter of 14µm and

a density of 1.7 g/cc. The upper PIV sampling threshold was 7.5 Hz, therefore PIV image pairs

were sampled at 2.4 Hz at k = 0.1 and at 7.2 Hz at k = 0.3 and k = 0.5 during 50 heaving cycles160

and the results were phase averaged. Two-pass adaptive correlation was applied. The first pass

had a 64 px × 64 px interrogation window, with a Gaussian weighting and 50% window overlap.

The second pass had a 24 px × 24 px interrogation window and a 75% window overlap. Finally,

a 3 × 3 Gaussian filter was used to smooth the vector fields. To ensure a homogeneous distri-

bution of particles, the flume was run 30 minutes prior to any PIV measurement. Stokes number165

(S k) analysis was performed with S k < 0.1, used as the threshold for acceptable flow tracking

accuracy [14]. Although the PIV data in this paper was used qualitatively only, high correlation

peak values, between 0.4 and 0.8, were ensured due to a high particle image density. The PIV

uncertainty was estimated to be u/U < 0.05 and v/U < 0.05 via a quiescent measurement of the

flow.170
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3.3. Steady-state measurements

The chord-normal (Fy) and chordwise (Fx) forces were measured for both foils for a set of

experiments and post-processed with a Chebyshev type II low pass filter. The lift and drag forces

were computed with

L = Fy cosα − Fx sinα (20)

and

D = Fy sinα + Fx cosα, (21)

where α is the angle of attack of the foil. The lift and drag coefficients (CL,CD) were computed

by non-dimensionalising the force components by 0.5ρU2A.

The force measurements were validated by measuring the steady lift and drag force coeffi-

cients of the rigid foil at Re = 50, 000 and for a range of angles of attack (α) between −5◦ and 5◦.175

Results are shown in Fig. 7 and the measured lift coefficient is compared to data from Sheldahl

and Klimas [15], and to 2πα. At negative angles of attack, the foil performance may be affected

by the adaptor piece interfering with the flow on the suction side of the foil. However, for the

remainder of the paper, the mean angle of attack is set to 5◦, where CL and CD show a good

agreement with the literature.180

-5.0 0.0 5.0

-0.5

0.0

0.5

Figure 7: Measured time-averaged lift coefficient and time-averaged drag coefficient of rigid foil

for a range of angles of attack between −5◦ to 5◦ at Re = 50, 000. Measured data compared to

data by Sheldahl and Klimas [15] at Re = 40, 000 and to 2πα.

3.4. Motion parameters

The kinematics of the foils are given by

h = h0eiωt ḣ = iωh0eiωt ḧ = −ω2h0eiωt. (22)

It is noted that the angle of attack variations encountered by tidal turbines are typically in the

reduced frequency range 0 < k < 0.6 [1, 3] and that changes in current speed due to large

10
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but not rare regular waves result in angle of attack oscillations with amplitudes of about 5◦ [3].

In this work, three peak-to-peak heaving amplitudes (2h0/c = 0.1, 0.3, 0.5) and three reduced185

frequencies (k = 0.1, 0.3, 0.5) were selected as representative of the tidal environment. These

testing conditions correspond to angle of attack oscillations around the mean angle in the range

of 0.6◦ to 14.0◦ (see Fig. 8). The larger angle of attack variations are intended to test limits of

the validity of the proposed theoretical model.

0.0 0.2 0.4 0.6
0

5

10

15

Figure 8: Amplitude of angle of attack oscillations (α0) versus reduced frequency (k) for the nine

tested cases.

0.0 0.5 1.0
-0.2

0.0

0.2
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A

k 0.1
k 0.3
k 0.5

0.0 0.5 1.0
-10.0

-5.0

0.0

5.0

10.0

k 0.1

k 0.3

k 0.5

0.0 0.5 1.0
-0.2

-0.1

0.0

0.1

0.2

k 0.1
k 0.3
k 0.5

Figure 9: (a) Nondimensional heave displacement (h/c), (b) angle of attack variation (δα) and (c)

nondimensional heave velocity (−ḣ/U) for 2h0/c = 0.3 at k = 0.1, 0.3 and k = 0.5 during a

normalised time period t/T.
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Fig. 9 shows the nondimensional heave displacement (h/c), the angle of attack variation (δα)

in degrees and the nondimensional heave velocity (−ḣ/U) at the three tested reduced frequencies

at a peak-to-peak amplitude of 2h0/c = 0.3. The zero position of different amplitude motions was

located within 2% of mid-depth in the water tunnel. The angle of attack variations are defined by

δα = atan

(

ḣ

U

)

. (23)

It can be inferred from Fig. 9(b) that the lift response leads the heave kinematics by approxi-190

mately π/2.

3.5. Measurement of the flap rotation

The motion of the flap was measured for four cases: 2h0/c = 0.3 at k = 0.1, 0.3, 0.5 and

2h0/c = 0.5 at k = 0.5. For the lowest speed case (2h0/c = 0.3, k = 0.1), it was possible to use

photographs taken with an external light source, giving high spatial resolution (0.1% chord) and195

a total error of 0.1◦. However, at the higher speed cases (2h0/c = 0.3, k = 0.3, 2h0/c = 0.3,

k = 0.5 and 2h0/c = 0.5, k = 0.5), the images were blurred due to the relatively long exposure

time of the camera. In these latter cases, post-processed PIV images were used instead, as the

short laser pulse duration (DT = 20µs) eliminated any blur [16].

The flap was painted black and was not light reflective. This meant that it could be masked out200

with a threshold of brightness during PIV pre-processing and its motion measured by identifying

the edge of the PIV data (in this case, streamwise velocity contours were chosen). The lower

resolution (1% chord) of the PIV data means that this method has a larger error than the error

from the photographs. The combined error in these measurements is estimated to be 0.5◦.

In each cycle, angle measurements were taken at fifteen points at 2h0/c = 0.3, k = 0.1, 0.3205

and at nine points at the k = 0.5 cases. A fit to the data with Fourier coefficients was calculated

and described in §4.3 in order to find the amplitude of the flap motion. The flap deflection

measurements described above are provided as supplementary material.

4. Results

Having introduced the theoretical and experimental methodologies, this section will compare210

the theory from §2 with the forces measured in the experiments. Theodorsen’s unsteady lift

theory [12] is used to predict the lift response of the rigid foil, and the quasi-steady formulation

introduced in §2.1 (Eq. 17) is used to predict the load alleviation of the foil with the passive

trailing-edge flap. The measured flap deflections are compared with predictions from both the

quasi-steady and unsteady formulations. Lastly, near and far wake observations are related to the215

force and flap deflection findings.

4.1. Force measurements

As an initial example, we present in Figs. 10(a) and 10(b) the phase averaged lift and drag

coefficients of both foils at one reduced frequency (k = 0.3) and at three different heave ampli-

tudes (2h0/c = 0.1, 0.3 and 0.5). The solid lines represent the data from the rigid foil and the220

dotted lines the data from the foil with the passive flap.

The passive trailing-edge flap reduces the peak-to-peak amplitude of the lift coefficient (2∆CL)

for all of the cases in Fig. 10(a). The flap does not appear to have a negative impact on the drag
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coefficient (CD), as indicated in Fig. 10(b). Similar trends are observed for the lift and drag coef-

ficients for the remaining tested reduced frequencies (k = 0.1, 0.5). Measurement errors in ∆CL225

and ∆CD are estimated to be ±5%.
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Figure 10: Phase averaged (a) lift and (b) drag coefficient of rigid foil (solid lines) and foil with

flap (dashed lines), at k = 0.3 and 2h0/c = 0.1, 0.3 and 0.5 during a normalised time period t/T.
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Figure 11: (a) Mean lift coefficients (CL) for rigid foil and foil with flap and (b) ∆CL ratio between

foil with flap and rigid foil, at three reduced frequencies (k = 0.1, 0.3, 0.5) and three displacement

amplitudes (2h0/c = 0.1, 0.3, 0.5).

The mean lift coefficients (CL) for the rigid foil and the foil with the flap are presented in

Fig. 11(a) for all of the 9 tested cases. The mean values corresponding to k = 0.1, 0.3, 0.5
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are identified along the horizontal axis, and the results for the three values of 2h0/c (0.1, 0.3,

0.5) collapse on top of each other at every k. The dotted line denotes the ideal CL of 2πα,230

where α = 5◦. The mean lift coefficients (CL) are independent of the reduced frequency and the

displacement amplitudes. Hence, if the foil with the flap represents a turbine blade section, it

would not compromise the mean power output for any flow condition.

The ratio between ∆CL of the foil with the flap and the rigid foil is shown as a percentage in

Fig. 11(b). It is found that the load alleviation lies between 20% and 25% for most of the tested235

cases. The load alleviation tends to drop in cases where both the reduced frequency and the

motion of the amplitude are large (k ≥ 0.3, α0 > 9◦). In the two most extreme cases (2h0/c = 0.5,

k = 0.3 and 0.5, plotted in red), the load alleviation drops to about 15%. This will be discussed

in greater detail in §4.4.

4.2. Force modelling240

For all of the tested cases, the measured lift coefficient amplitude (∆CL) is compared to that

computed with Theodorsen’s lift equation for heaving motion. The equation can be found in, for

example, McGowan et al. [17].

Following the procedure laid out by Young and Smyth [18], the measured lift coefficient

amplitude is computed with

∆CL =

√

A2
N
+ B2

N
(24)

and the phase with

φ = tan−1

(

AN

BN

)

, (25)

where AN and BN are the Fourier coefficients

AN =
2

M

∫ M

0

L(t) sin (2π fht)dt (26)

and

BN =
2

M

∫ M

0

L(t) cos (2π fht)dt, (27)

where L(t) is the lift force signal, M is the length of the signal and fh is the heave frequency.

Results for the lift coefficient amplitudes (∆CL) are presented in Fig. 12(a) and plotted as a245

function of the reduced frequency (k) for three different values of 2h0/c. For all of the cases, the

measured ∆CL of the foil with the flap (circular markers) is lower than the measured ∆CL of the

rigid foil. In Fig. 12(a), ∆CL of the foil with the flap (dashed-dotted line) is modelled by the ∆CL

computed with Theodorsen’s lift equation multiplied by 1 − a/c = 0.75. This factor was derived

in §2.1.250

For the more extreme cases (high reduced frequency and high incidence change), the data

deviates from Theodorsen’s function and the quasi-steady load alleviation model overestimates

the load mitigation provided by the foil with the flap. This could be associated with the angle of

attack oscillations being large and causing flow separation. The flow field will be investigated

with PIV in §4.4.255

The phase response (φ) of the rigid foil and foil with the flap is plotted in Fig. 12(b). In

contrast to the lift coefficient amplitudes, there is no significant difference between the phase

response of the rigid foil and the foil with the flap. Theodorsen’s model (solid line) predicts the

trend of the phase response qualitatively. A latency of 100 ms is included to account for delays

in the linear actuator control.260
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Figure 12: (a) Amplitude of lift coefficient (∆CL) for rigid foil and foil with flap, and (b) phase lag

(φ) of rigid foil and foil with flap at three reduced frequencies (k = 0.1, 0.3 and 0.5) and at three

non-dimensional heaving displacements (2h0/c = 0.1, 0.3, 0.5).

4.3. Flap motion

As introduced in §3.5, the flap motion was measured in four cases: 2h0/c = 0.3 at k =

0.1, 0.3, 0.5 and 2h0/c = 0.5 at k = 0.5. This set of tests covers two cases in which the load

alleviation is close to the predicted value of 25%, one in which it is significantly lower than the

prediction (2h0/c = 0.5, k = 0.5) and one which is on the borderline (2h0/c = 0.3, k = 0.5).265

Figs. 13(a), (b), (c) and (d) show the measured flap deflection (δθ) against non-dimensional

time for the four cases. The measurements are shown with scattered circular markers. A sinu-

soidal fit was constructed using the first order Fourier coefficient for Figs. 13(a), (b) and (c) and

the first and second order Fourier coefficients for Fig. 13(d). It is noted that two Fourier coeffi-

cients are needed to capture salient features of the data, such as shedding LEVs, and that some270

asymmetry in the measurement is expected due to LEVs shedding only in half of the heaving

cycle. The deflection of the flap predicted by the quasi-steady and unsteady model are plotted

as well. We recall that α0 is the amplitude of the angle of attack oscillations, which is plotted in

Fig. 8 for the different tested cases, and that δα is the inflow angle of attack oscillation.

Fig. 13(a) and Fig. 13(b) show that the amplitude and the phase of the flap deflection predicted275

by both models agree with the measured data when k and 2h0/c are low. This occurs when α0 is

less than or equal to 5◦. In these cases, δθ is approximately δα/2, as predicted in Eq. 14. These

two cases also showed a load reduction of approximately 25%, in line with the quasi-steady

model (see Fig. 11(b)).

In contrast, in the cases shown in Fig. 13(c) and Fig. 13(d) both models over estimate δθ.280

This occurs when α0 approaches or surpasses 9◦. In these two latter scenarios, δθ < δα/2, and

the load alleviation is less than 25% (see Fig. 11(b)). It is hypothesised that flow separation

reduces the loading on the flap and therefore the flap deflects less compared to the prediction of

both models (see next section, §4.4). The phase is also affected. In fact, the measured deflection

lags approximately π/2 to that of the predicted unsteady response.285
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When 2h0/c = 0.5 and k = 0.5, the most extreme case, a double peak is detected in the

scattered points of Fig. 13(d). This double peak is not captured by either of the models and is

related to a leading edge vortex (LEV), as discussed in §4.4.

Figure 13: Measured, fitted and computed (quasi-steady and unsteady) flap deflection at 2h0/c =

0.3 and k = 0.1, 0.3, 0.5 and at 2h0/c = 0.5 and k = 0.5.

4.4. Vorticity Field

From Fig. 9(a) it can be seen that the lowest point of the downstroke is at time C in the cycle,290

which corresponds to a non-dimensional time of t/T = 0.5. This point is where the largest flow

separation occurs in all cases, in line with the findings of Bird et al. [19, 20]. In this section we

therefore focus on the flowfield at time C and time C*, which is one measured time-step before

C (t/T = 0.38 in the case of k = 0.5).

To investigate the flow field of cases where the performance of the load mitigation model295

deteriorates, contours of nondimensional vorticity (blue-to-red colour scale) and γ2 (black lines)

are shown in Figs. 14 and 15 at 2h0/c = 0.3 and at 2h0/c = 0.5, both at k = 0.5, which are two of

the most extreme cases. The γ2 criterion is a global detection scheme [21, 22] to identify vortices

in the flow. The detection threshold is set to γ2 = 2/π and more details of the algorithm can be

found in, for example, Arredondo-Galeana and Viola [23]. In Figs. 14 and 15, the γ2 = 2/π300

isocontour is used to identify an LEV.

For 2h0/c = 0.3 and k = 0.5, the vorticity contours in Fig. 14 show a thick layer of vorticity

convecting along the foil. In position C, the γ2 contours highlight segmented vorticity on the

surface of the foil with the flap (Fig. 14(d)), as opposed to a more coherent LEV in the rigid
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Figure 14: Near wake of rigid foil and foil with flap at 2h0/c = 0.3 and k = 0.5, at C* and C.

Figure 15: Near wake of rigid foil and foil with flap at 2h0/c = 0.5 and k = 0.5, at C* and C.

model (Fig. 14(c)). This segmentation of vorticity is due to the flap discontinuity in the foil. At305

time C, significant flow separation occurs and it reduces the loading on the flap and causes the

flap to deflect less than in attached flow conditions (see Appendix C for data from cases where

the flow remains attached). This reduced deflection was shown in Fig. 13(c) and the analytical
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Table 1: Summary of load alleviation, flap motion and LEV observations.

k 2h0/c % Load alleviation Flap motion δθ/δα LEV? Double peak?

0.1 0.1 22 - - -

0.3 23 0.47 ±12% No No

0.5 24 - - -

0.3 0.1 24 - - -

0.3 20 0.42 ±23% No No

0.5 14 - - -

0.5 0.1 23 - - -

0.3 19 0.25 ±23% Yes No

0.5 12 0.26 ±14% Yes Yes

formulation starts overestimating load alleviation, as shown in Fig. 12(a).

Fig. 15 shows the condition at 2h0/c = 0.5 and k = 0.5. The γ2-contours in Figs. 15(c)310

and 15(d) highlight a stronger LEV than in the case shown in Fig. 14. As with the previous case,

flow separation reduces the loading and the motion of the flap, compared to those of attached

flow conditions. The strong LEV induces a chord-normal velocity at the flap, changing the flap

circulation Γ2 and thus δθ (cf. Eqs. 8-11). The sign of the induced velocity changes as the

centroid of LEV advects downstream along the flap, resulting in an opposite effect on δθ and315

thus explaining the double peak previously detected in Fig. 13(d).

Appendix C shows nondimensional vorticity and γ2 from all four non-dimensional times

(t/T = 0.0, 0.25, 0.50 and 0.75) for all of the cases presented in Fig. 13, (2h0/c = 0.3 and

k = 0.1, 0.3 and 0.5 and for 2h0/c = 0.5 and k = 0.5) and Table 1 summarises the results in terms

of flap motion and PIV measurements. It can be concluded that under attached flow conditions,320

the flap motion amplitude is half of that of the angle of attack variation, and no LEV is observed.

When the flow separates, the flap rotation is reduced and an LEV is convected downstream along

the chord of the foil. When the LEV has a sufficient strength, it causes a double peak in the flap

motion. In other words, the quasi-steady model derived in §2 predicts the behaviour of the flap

and the associated load alleviation accurately in cases when the flow remains attached.325

5. Conclusions

In this paper we have considered a foil that heaves sinusoidally in a uniform stream and

investigated whether a trailing-edge flap connected through a torsional spring could alleviate the

load fluctuations without affecting the mean load. Through the development of a theoretical

model, we have shown that a highly flexible spring with a high preload can achieve this, and that330

the spring moment is almost constant for small angle of attack fluctuations. Furthermore, the

model reveals that the fraction of load alleviation is given by the relative size of the flap and the

foil. Specifically, the fraction of load alleviation is a/c, where a is the length of the flap and c is

the total chord of the foil including the flap. The flap rotates by a fraction of the angle of attack

variation - a fraction that depends linearly on a/c.335

These results were achieved with a quasi-steady model. We used Theodorsen’s theory to

predict the limit of validity of this model as the reduced frequency increases. We found that the

unsteady effects are negligible at reduced frequencies k < 0.35.
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We verified these theoretical findings for one flap length. We undertook water tunnel tests

of a rigid foil and a foil with a passive trailing-edge flap extending over the last 25% of the340

chord (a/c = 0.25). For a foil with a passive trailing-edge flap with a/c = 0.25, the theoretical

model predicts 25% load alleviation and a flap motion of 50% of the incidence variation. The

experimental data matches these predictions within the experimental uncertainty as long as the

amplitude of the angle of attack variation is lower than about 9◦. At combinations of reduced fre-

quencies and heave amplitudes resulting in higher angle of attack amplitudes, the load alleviation345

decreases. Analysis of the flow field with particle image velocimetry reveals that the theoretical

model loses accuracy when significant flow separation occurs and a shed leading edge vortex

interferes with the flap motion.

Overall these results demonstrate that a foil with a passive trailing-edge flap can mitigate

unsteady loading without compromising the mean loads.350
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Appendix A.

This appendix shows, initially, the derivation of Eq. 19, which is the ratio of the flap deflec-

tion amplitude θ0 to the heaving amplitude h0 computed with Theodorsen’s theory.

In §2.2, we have said that because the moment around flap does not change, we can postulate

that the hinge moment from heaving is cancelled by the hinge moment due to the flap motion,

such that

Ch + C
f

h
= 0, (A.1)
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where Ch is the hinge moment coefficient due to motion of the foil and C
f

h
is the hinge moment

coefficient due to the motion of the flap. For a heaving motion, and following the definitions in

Leishman [13], the moment coefficients are

Ch =
T1bḧ

2U2
−

T12C(k)ḣ

2U
(A.2)

and

C
f

h
=

T3b2θ̈

2U2π
−

T12T10C(k)θ

2π
−

T12T11C(k)bθ̇

4πU
−

(T5 − T4T10)θ

2π
+

bT4T11θ̇

4Uπ
, (A.3)

where T1, T2...T12 are defined in Theodorsen’s manuscript [12] and b is the semi-chord. In Eqs.

A.2 and A.3, the heaving motion kinematics are

h = h0eiωt ḣ = iωh0eiωt ḧ = −ω2h0eiωt (A.4)

and the flap motion kinematics are

θ = θ0eiωt θ̇ = iωθ0eiωt θ̈ = −ω2θ0eiωt, (A.5)

where h0 and θ0 are the amplitudes of the heaving motion and the flap deflection. By defining

A ≡ T3b2/2πU2, B ≡ −T12T10C(k)/2π, C ≡ −T12T11bC(k)/4πU,

D ≡ −(T5 − T4T10)/2π, E ≡ T4T11b/4πU, F ≡ T1b/2U2 and G ≡ −T12C(k)/2U

and substituting the motion kinematics in Eqs. A.2 and A.3, we can rewrite Eq. A.1 as:

h0[−Fω2 + iωG] + θ0[B + D − ω2A + iω(C + E)] = 0. (A.6)

Finally we can solve for the θ0/h0 ratio

θ0

h0

=
−Fω2 + iωG

−[B + D − ω2A + iω(C + E)]
, (A.7)

which is Eq. 19 in §2.2.

Secondly, we show the effect of coupling a spring mass damper system to the unsteady flap

motion of the flap, such that

Iδθ̈ + γδθ̇ + ksδθ = X(Ch + C
f

h
), (A.8)

where I is the moment of inertia of the flap, γ is the damping constant, ks is the stiffness constant

and X = 0.5ρU2c2l, where l is the span of the blade. Similarly to the workings to get Eq. A.6,

we obtain the following expression

θ0[−ω2I + iωγ + ks − X(B + D − ω2A + iω(C + E))] = Xh0[−Fω2 + iωG]. (A.9)

Dividing terms by ks and using the definitions of the damping ratio

ζ =
γ

2ωnI
(A.10)

and of the squared natural frequency

ω2
n =

ks

I
, (A.11)
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we get

θ0

[

−
ω2

ω2
n

+ i
2ζω

ωn

+ 1 −
X

ks

(

B + D − ω2A + iω(C + E)
)

]

=
Xh0

ks

[

−Fω2 + iωG
]

. (A.12)

Finally, the θ0/h0 ratio in the coupled model is

θ0

h0

=
X

ks

















−Fω2 + iωG

1 − ω
2

ωn
2 −

X
ks

(B + D − ω2A) + iω
[

2ζ

ωn
−

X
ks

(C + E)
]

















. (A.13)

In Fig. A.16, we plot aθ0/h0 versus k, where a is the length of the flap and aθ0 represents the375

displacement amplitude of the flap. Results are presented for the quasi-steady, unsteady, coupled

models and experimental measurements. The values for U, b, ζ, ks, ωn utilised in the unsteady

and coupled models are all actual values from the experiment. The dynamic parameters (ζ, ks,

ωn) are measured with a step test on the flap in Appendix B.

Figure A.16: Flap displacement amplitude (aθ0) to heave amplitude (h0) ratio predicted by the

quasi-steady, unsteady and coupled models versus experimental measurements

We find that both unsteady and unsteady coupled models predict a similar response in the380

range of 0 < k < 0.5. The experimental results are reasonably predicted for 0 < k < 0.35,

where the flow remains attached. As the flow separates, in the range of k ≥ 0.35, both models

overestimate the loading on the flap and the prediction becomes inaccurate. It is to note that in

this range, coupling damps the response slightly.
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Appendix B.385

In this Appendix we consider the mechanical frequency response of the flap in order to verify

firstly that the flap can respond to the input frequencies used in the tests and secondly that it

behaves as if attached to the main foil by a torsional spring with low stiffness and high pre-load

angle, as required for the model presented in §2.

A step response test was performed on the flap in the tunnel with the water switched on and390

with the blade at its equilibrium position. The flap was deflected externally from equilibrium

and then released to measure the natural frequency ( fn). The test also showed high-frequency

flap oscillations due to rig vibrations. Fig. B.17(a) shows the step response of the vertical force

component (Fy) of the foil with the flap. The black line shows the raw force signal, the red line

the force filtered signal and the pink line an ideal step response. In the test, the settling time395

T0 is estimated to be 2 seconds and this is used to normalise the the x-axis of Fig. B.17(a).

Additionally, the blue line shows the step response of a second order system modelled with a

damping ratio of ζ = 1.7 and with a natural angular frequency ωn = 2π fn.

It is observed that the range of periods for the heaving motion experiments (T = 1.25 s to

6.25 s) ranges from 0.63T0 to 3.10T0. This could be a concern at high frequencies, but we note400

that the step response was performed with a flap deflection that exceeded the maximum deflection

encountered in the heaving motion tests, and that at 0.5T0, the flap has already reached about 90%

of the final step response value. Hence, although the step is not a sinusoidal input, it shows that

the flap responds effectively to the range of frequencies and angle of attack oscillation amplitudes

that were tested in the experiments.405

Fig. B.17(b) shows the power spectral density of the raw and filtered force step response, in

black and red respectively. The first peak, in both of the power spectral density plots, corresponds

to the natural frequency and is equal to fn = 1.4 Hz. This peak corresponds to the large scale

oscillations of the step response visible in Fig. B.17(a). The second peak, in the raw signal occurs

at around f = 18 Hz and is due to vibrations of the rig in normal operation and corresponds to410

the small scale frequency of oscillations (Fig. B.17(a)). A low-pass filter was set to f = 5 Hz in

the post-processing of force signals, to filter out the high frequency vibrations of the flap.

Fig. B.18 shows the power spectral density of the normal force (Fy) signal for all the tested

heaving amplitudes (2h0/c) and reduced frequencies (k). Results are presented in subgroups of

the same 2h0/c but different k. Fig. B.18(a) shows 2h0/c = 0.1, Fig. B.18(b) shows 2h0/c = 0.3415

and Fig. B.18(c) shows 2h0/c = 0.5. Frequency peaks are visible at f = 0.16, 0.48 and 0.80,

in the three subfigures and correspond to k = 0.1, 0.3 and 0.5, respectively. The solid and the

the dashed lines represent the rigid foil and the foil with the flap, respectively and no discernible

change in the peak frequencies between the foils is observed. It is important to note that the

magnitudes of the forces from the natural frequency of the flap and that of the oscillations (Fig.420

B.17(b)) are much smaller than the loading due to heaving (Fig. B.18). Additionally the heave

frequencies are located to the left hand side of the natural frequency of the flap. The harmonic

peak shown in Fig. B.18(c) at 2h0/c = 0.5 and k = 0.5 could be the effect of the induced

velocities of two LEVs in the near wake of the foil during one heave cycle (positions C and D of

Fig. C.22 in Appendix C).425

Let us consider the natural angular frequency of a torsional harmonic oscillator

ωn =

√

ks

I
= 2π fn, (B.1)

Considering the flap system as a torsional harmonic oscillator with a mass of a 100 g, its moment
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Figure B.17: a) Imposed disturbance on flap at equilibrium state showing unfiltered, filtered, ideal

and modelled step response of the normal force (Fy) on the foil with the flap and b) frequency

response to disturbance of filtered and unfiltered signals. First peak corresponds to natural fre-

quency of the system ( fn), second peak corresponds to frequency of flap oscillations due to rig

vibrations

Figure B.18: Power spectral density of instantaneous normal force (Fy) of rigid foil and foil with

the flap at f = 0.16, 0.48 and 0.80 (k = 0.1, 0.3 and 0.5) and 2h0/c = 0.1, 0.3 and 0.5

of inertia is estimated as I = mr2. Here, r is assumed to be one third of the length of the

flap, at the centre of mass, and equal to r = c/12 = 0.0083 m. The foil with the flap does not

actually have a torsional spring, because the constant moment is applied by the buoyancy force.

However, a hypothetical torsional spring coefficient can be computed by utilising Eq. B.1. Hence430

it is found that ks = 0.0005 Nm/rad. The preload angle (θp) of the hypothetical torsional spring

can be computed by equating the torsional spring moment to the buoyancy moment that acts on
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the flap. The buoyancy force is equal to

B = ρgV, (B.2)

where g is the acceleration due to gravity and V is the volume of the flap. The volume

being equal to the cross-sectional area of the flap (S 1) times the span (l). By considering that

ρ = 1000 kg/m3, g = 9.81 m/s, l = 0.4 m and S 1 = 7.5x10−5 m2, the estimated buoyancy force

is equal to B = 0.3 N. The constant moment due to buoyancy force is then

MB =
1

12
cB, (B.3)

where c/12 is the arm length of the buoyancy moment. Hence MB acting on the flap is equal to

0.0025 Nm. The weight of the flap (W) is neglected in the moment balance because B≫ W, due435

to the density of water. If we equate the buoyancy moment to the torsional moment (MB = ksθp),

then a torsional spring with a stiffness coefficient of ks = 0.0005 Nm/rad and a preload θp = 5 rad

(about 5/6th of full turn) can provide an equivalent moment to MB. In essence, such system would

be a low stiffness mechanism, such as the one described in §2.
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Appendix C.440

This Appendix shows the phase averaged flowfields at four positions of the heaving kine-

matics. The positions are labelled as A, B, C and D and correspond to the locations in the

displacement curve defined in Fig. 9(a). Positions A to C describe one full downstroke, where

C is the bottom of it. It can be seen in Figs. C.19 and C.20, that at heave displacement ampli-

tudes of 2h0/c = 0.3 and at reduced frequencies of k = 0.1 and 0.3 the wake remains straight445

and no trailing-edge separation occurs. On the contrary, in Fig. C.21, at the same 2h0/c but an

increased reduced frequency of k = 0.5, the wake has some kinks and flow separation emerges

towards the bottom of the downstroke. Finally, in Fig. C.22, at the extreme case of 2h0/c = 0.5

and k = 0.5, massive separation occurs and a leading-edge vortex, visible in positions C and D,

convects downstream of the foil.450

Figure C.19: Vorticity contours at 2h0/c = 0.3 and k = 0.1

25

Unsteady load mitigation through a passive trailing-edge flap



Figure C.20: Vorticity contours at 2h0/c = 0.3 and k = 0.3
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Figure C.21: Vorticity contours at 2h0/c = 0.3 and k = 0.5
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Figure C.22: Vorticity contours at 2h0/c = 0.5 and k = 0.5.
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Appendix D.

Here we consider the effect of a change in the inflow velocity (∆U) in addition to a change

in the incident flow direction (δα). From Fig. 1(b), the change in angle of attack can be defined

as ∆α = δα − δθ, where δα is the variation on the onset flow direction, while ∆α is the variation

in the angle of attack once the flap is deflected. In this case, a spring deflection δθ = δα would

account for the change in the angle of attack, but not for the change in velocity. We can quantify

δθ by assuming small changes in the flow velocity, by which assumption we can linearise the

hydrodynamic pitching moment and consider separately the dependency from the angle of attack

and the flow velocity, such that

Mks
= −

(

Mh + ∆α
∂Mh

∂α
+ ∆U

∂Mh

∂U

)

. (D.1)

In Eq. D.1, the equilibrium position is achieved when

∆α
∂Mh

∂α
+ ∆U

∂Mh

∂U
= 0, (D.2)

and using ∆α = δα − δθ, eq. D.2 can be rearranged as

δθ = δα + ∆U
∂Mh

∂U

(

∂Mh

∂α

)−1

. (D.3)

The additional deflection due to a change in the flow velocity depends on the increment in

the angle of attack δα, the change in the inflow velocity ∆U and the two hydrodynamic pitching

moment partial derivatives. In some applications, however, the effect of ∆U is negligible com-

pared to that of δα. For example, let us consider a tidal turbine operating in a sheared current,

and let us use the flow simulations parameters in Dai et al. [10] at a blade section located at 3/4th

of the blade span, for a rotor with hub height of 20 m and a blade length of 9 m,

α = 6◦, δα = 1◦, U = 7 m s−1, ∆U = 0.02 m s−1, (D.4)

here α is the mean angle of attack. We can approximate the leading-edge hydrodynamic pitching

moment of a symmetric thin blade below its stall angle as

Mh ≈ xL ≈
x

2
ρU2S CL ≈ xρU2S πα, (D.5)

where x is the moment arm of the lift force, L is the lift force, ρ is the fluid density, U is the

resultant velocity, S is the surface area of the blade and CL = 2πα. Taking the partial derivatives

of Eq. D.5 with respect to U and α, the second term on the right of Eq. D.3, reduces to∆U(2α/U),

and the deflection in the blade yields

δθ = 1◦ + 0.034◦. (D.6)

The first term on the right hand side is the deflection due to δα, while the second term is

that due to ∆U. This result shows that for inflow oscillations due to the ocean shear layer, the

dominant effect is that due to δα. Hence, a highly flexible blade with a constant external moment

should cope satisfactorily with narrow band signature marine flow conditions.455
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