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Abstract—Manoeuvring target tracking faces the challenge
caused by the target motion model uncertainty, i.e., unknown
model types or uncertain model parameters. Multiple-model
(MM) methods have been generally considered to deal with
this challenge, in which a bank of elemental filters is run
simultaneously to provide a joint decision and estimation of
motion model and localisation. However, if the uncertainty of
the target trajectory increases, such as the target moves under
mixed manoeuvring behaviours with time-varying parameters,
more filters with different model assumptions have to be taken
into account to match the motion of the target, which may lead to
prohibitive computational complexity. To address this problem,
we establish a training based algorithm which can learn the
actual motion model as a Gaussian process (GP) regression.
Then, by integrating the trained GP into the particle filter
(PF), a GP-PF based tracking method is developed to track the
manoeuvring targets in real-time. Monte Carlo experiments show
that the proposed method had much lower tracking root mean
square error (RMSE) and robustness compared with the most
commonly used MM methods.
Index Terms—Gaussian process, manoeuvring target tracking,
mixing manoeuvres, particle filtering

I. I NTRODUCTION

T

ARGET tracking is a fundamental task in sensor-based
applications, such as radar, sonar, and navigation
[1]. Numerous mathematical models have been developed
to approximate the motion trajectory of the target [2],
such as the commonly used non-manoeuvring model, i.e.,
constant velocity (CV) model and highly manoeuvring
model, i.e., coordinated turn (CT) model. The application
of Bayesian filters for target tracking is based on the actual
state-space model of objects, therefore being conditional on
a motion model. However, in reality, there may be significant
motion-model uncertainty when targets undergo unknown or
mixed manoeuvring behaviours [3][4]: i.e., the evolution of
the target state is too complex to be approximated as one
specific mathematical model. Uncertainty can also be caused
due to various parameters not being known a priori, or if they
change with time. Examples of such parameters include: the
turn rate when CT model is considered [5], or the process
noise level. If incorrect models or parameters are applied,
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the tracking performance of traditional Bayesian filters would
degrade and even become unacceptable.
To deal with this problem, multiple-model (MM) methods
are commonly used [3]. The basic idea of MM methods is
to assume a set of motion models as possible candidates for
the manoeuvring target, and then use a bank of elemental
filters with these different models to capture the mixed
motion behaviours of the target, and generate the overall
estimation based on the results achieved by each elemental
filter [3]. MM based methods can achieve satisfactory tracking
performance when the uncertainty is low. However, in
some cases, such as when the rotation is a time-varying
or doubly-stochastic process, a sufficiently large set of
models with different parameters is required to cover the
range of possible motion models, which leads to a high
computation complexity [4]. To address this aspect, [4] and [5]
incorporated adaptive parameter estimation methods into the
Bayesian filter framework, where the unknown parameter is
estimated by approximating its distribution with particles and
corresponding weights. However, as parametric models are not
always able to capture all aspects of the motion behaviours,
those methods might fail if the chosen motion model set is
incapable of modelling the ground truth trajectory.
As an alternative to traditional Bayesian methods, machine
learning based tracking algorithms have been proposed
recently [6]-[8]. In [6], a quadruplet convolutional neural
network (CNN) based algorithm was designed for multi-target
tracking. A long short-term memory (LSTM) neural network
was used in [7] to perform the prediction step of single-target
localisation, which can improve the tracking accuracy and
facilitate the use of computationally efficient low-dimensional
state spaces. Wahlstrom [8] proposed an extended target
tracking method using a Gaussian process (GP) to estimate
the shape of the object whose moving trajectory followed a
linear CV model. These methods achieved better performance
and higher flexibility, but are limited to a fixed but unknown
motion behaviour and did not take into consideration the case
of mixed motion behaviours with uncertain parameters.
To overcome the limitations of existing methods regarding
to mixed motion behaviours, in this paper, Gaussian process
regression [9]-[11] is introduced to learn the motion model of
the moving target. The key advantage of GP is the flexibility
for modelling the uncertain systems, and the ability to learn
noise and parameters from training data. The contributions
of this paper can be summarised into two aspects. First,
we develop a GP-PF based tracking method, showing how
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to integrate the trained GP prediction motion model into a
particle filter (PF) tracking framework. Second, the GP-PF
based method is compared to interacting MM (IMM) methods
with different number of elemental filters. The simulation
results show the improved tracking performance and higher
robustness of the proposed method.
The remainder of this paper is organised as follows. The
description of the formulated problem and GP regression
are presented in Section II. The proposed algorithm is
developed in Section III. Simulation results and performance
comparisons are presented in Section IV. Finally, conclusions
are provided in Section V.

parametric description for the underlying evolution process.
While in practice, motions of the target may not follow
parametric models. Therefore, GP is used to identify the
motion models by placing GP priors on the unknown functions
and will be introduced in the following.

II. BACKGROUND

g(x) ∼ GP(m(x), k(x, x0 )),
m(x) = [g(x)] ,
k(x, x0 ) = [(g(x) − m(x)) (g(x0 ) − m(x0 ))] .

A. Problem Formulation
For simplicity and clarity, a 2-D horizontal model is
considered but it is easily extended to 3-D. The discrete
time state-space model for tracking a single moving target
is described by:
xt+1 = ft (xt ) + vt ,
zt = h(xt ) + et .

(1)
(2)

Here, xt = [ξt , ξ˙t , ηt , η̇t ]T denotes the target state at time
t in a 2-D plane, and (ξt , ηt ) and (ξ˙t , η̇t ) represent the
target position and the corresponding velocity in X-axis
and Y-axis, respectively. The velocity is a vector with its
magnitude as the speed. zt denotes the measurement detected
by the sensor. The state motion functions defined as ft (xt ) :
4
→ 4 dynamically follow different motion models, and
two typical motion models are considered in this paper, the
non-manoeuvring CV model, and the highly manoeuvring
CT model with unknown turn rate. Note, the motion models
assumed are not a given which means that more sophisticated
state space models can also be used equally. The measurement
function h(xt ) : 4 → 2 is defined as:
zt = Hxt + et ,
where,



1 0 0 0
H=
.
0 0 1 0

(3)

GP regression is a popular means of non-parametric
nonlinear modelling that can directly capture model
uncertainty. It attempts to model a function g(x) by providing
both the mean function m(x) and covariance/kernel function
k(x, x0 ) [11]:

y = g(x) + v,

v ∼ N (0, σv2 I).

(9)

The training inputs are denoted as X = [x0 , x1 , . . . , xN −1 ]
T
and the outputs are y = [y0 , y1 , . . . , yN −1 ] . The purpose of
∗
GP
T the latent distribution∗ of the
 ∗function∗ g T=
 ∗ is to derive
∗
at the test inputs X = x0 , . . . , xT −1 ,
g0 , . . . , gT −1
conditioned on the training data set D = {X, y}. The joint
distribution of the training measurement values y and the test
function value at one test point, i.e., gt∗ = g(x∗t ), is given as,

 
 

K(X, X) + σv2 I k(X, x∗t )
y
m(X)
.
,
∼
N
k(x∗t , x∗t )
k(x∗t , X)
gt∗
m(x∗t )
(10)
where k(X, x∗t ) = [k(x0 , x∗t ), . . . , k(xN −1 , x∗t )]T , k(x∗t , x∗t )
is the covariance of g(x∗t ), and K(X, X) denotes the
covariance matrix for the training input data:


k(x0 , x0 ),
...,
k(x0 , xN −1 )


..
..
..
K(X, X) = 
.
.
.
.
...,

k(xN −1 , xN −1 )
(11)

(4)

(5)

where p(zt |xt ) = N (zt |h(xt ), R) describes the likelihood of
the measurement given the state. The quantity p(xt |x1:t−1 ) is
the prediction probability which can be calculated based on
the real-time motion model ft−1 (xt−1 ), i.e., p(xt |x1:t−1 ) =
N (xt |ft−1 (xt−1 ), Q). Typically, the motion model is a

(6)
(7)
(8)

Let us consider a general GP regression problem with noisy
observations from an unknown function described as:

k(xN −1 , x0 ),

vt ∼ N (0, Q) and et ∼ N (0, R) denote the process noise
and the measurement noise, respectively. The matrix Q =
qI4×4 and R = rI2×2 , where q and r are the corresponding
noise variance and are assumed to be static in this paper.
Based on Bayes’ rule, the posterior probability density
function (PDF) of the target state vector conditioned on the
measurements is,
p(x1:t |z1:t ) ∝ p(zt |xt )p(xt |x1:t−1 )p(x1:t−1 |z1:t−1 ),

B. Gaussian Process Regression

From (10), the conditional distribution of the test function
is derived as,
ḡt∗

(gt∗ |D) ∼ N (ḡt∗ , V [gt∗ ]),

(12)

= m(x∗t ) + kt∗ T [K + σv2 I]−1 (y − m(X)) ,
V [gt∗ ] = k(x∗t , x∗t ) − kt∗ T [K + σv2 I]−1 kt∗ .

(13)
(14)

III. GP-PF BASED TRACKING ALGORITHM
In this section a tracking algorithm is proposed where the
uncertainty and mixing behaviour of the motion model is
first learned by non-parametric stationary and GP regression
off-line, i.e., the training process, and then the learned model
is integrated into the PF framework to estimate the target
states on-line, i.e., the test process. The notations used in
this section are listed in Table I. The motion model f (x) is
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TABLE I: The meaning of notations used in Section III.
Notation
x0:N
z0:N
x∗0:T
∗
z0:T
(ξt , ηt )
(ξ˙t , η̇t )
Q
R
D
X
Z
f0:N (x0:N )
∗
f0:T
(x0:T )
h(xt )

Meaning
Target state of training data sequence
Observation of training data sequence
Target state of test data sequence
Observation of test data sequence
Position of target at 2-D plane
Velocity of target at 2-D plane
Covariance matrix of process noise
Covariance matrix of measurement noise
Training data set for GP
State space
Observation space
Motion function of training process
Motion function of test process
Measurement function

learned using the non-parametric GP, while the measurement
function h(x) is deterministic by different sensor type with
no correlation over time and is given in arbitrary parametric
form in (3). Hence, the state-space model shown in (1)-(2)
can be graphically illustrated in Fig. 1. Our goal is to integrate
the learned GP regression into the PF framework to estimate
the target states. Specifically, the motion function with mixed
behaviours is approximated by a prediction Gaussian process,
which is then applied into the PF framework for drawing
particles. Next, the correction step is performed by updating
the weights of particles and achieving the estimations of target
states based on the maximum a posterior probability (MAP)
criterion.
To train the state transition function, we take training
data set D := {XI , xO } ⊂ X × X as the input and
output respectively, where XI = [x0 , x1 , . . . , xN −1 ] and
xO = [x1 , x2 , . . . , xN ]T , and xn = [ξn , ξ˙n , ηn , η̇n ]T . The
∗
} ⊂ X ×Z, where
test sequence are represented as {x∗0:T , z0:T
∗
:= (z0∗ , . . . , zT∗ ) is the sequence of test observations
z0:T
while the target states x∗0:T := (x∗0 , . . . , x∗T ) are unknown
and need to be estimated sequentially.
A. Learning the Motion Model based on GP Regression
The joint conditional distribution of the states for the test
process can be partitioned as [11],
Z
∗
∗
∗
p(x0:T |D) = p(x∗0:T , f0:T
|D)df0:T
,
Z
(15)
∗
∗
∗
= p(x∗0:T |f0:T
, D)p(f0:T
|D)df0:T
.
Based on the GP regression (12), the distribution of motion
function can be written as,

∗
∗
p(f0:T
|D) = N f0:T
|f¯∗ (x∗0:T ), Vf ∗ (x∗0:T ) ,
(16)
where
f¯∗ (x∗0:T ) = [f¯0∗ , . . . , f¯T∗ ] and Vf ∗ (x∗0:T ) =

∗
Vf0 , . . . , VfT∗ , where f¯t∗ and Vft∗ can be calculated by
(13) and (14) respectively. We have that the test input x∗t is
independent from the training data set X but relates to the

Fig. 1:

State-space models: GP-based state transition and parametric
measurement functions. Circle represents the variable node and square is
the non-parametric function node. D, X and Z represent the training data
space, test state space and test observation space respectively.

∗
motion function ft−1
and the state x∗t−1 in the previous time
slot, thus yielding,
∗
∗
p(x∗0:T |f0:T
, D) = p(x∗0:T |f0:T
),

= p(x∗0 )
= p(x∗0 )

T
Y
t=1
T
Y

∗
p(x∗t |ft−1
, x∗t−1 ),

(17)


∗
N x∗t |ft−1
,Q .

t=1

For the tracking problem, the Bayesian filter is implemented
by realising (15) in an iterative way as shown in Fig. 1.
Z
∗
∗
∗
p(x∗t |D) = p(x∗t |ft−1
)p(ft−1
|D)dft−1
.
(18)
As we mainly focus on the four variables of the
target states in this paper, i.e., x∗t = [ξt∗ , ξ˙t∗ , ηt∗ , η̇t∗ ]T ,
∗
∗
the motion function ft−1
is decomposed into ft−1
=
∗
∗
∗
∗
[fξ,t−1 , fξ̇,t−1 , fη,t−1 , fη̇,t−1 ] and is learned and modelled as
four Gaussian processes jointly, as shown in Fig. 2. Therefore,
the prediction distribution in (18) can be decomposed as:
p(x∗t |D),
Y
=

Z

(19)

∗
∗
∗
p(st |fs,t−1
)p(fs,t−1
|D)dfs,t−1
.

st ={ξt∗ ,ξ̇t∗ ,ηt∗ ,η̇t∗ }

Here,
∗
∗
p(st |fs,t−1
) = N (st |fs,t−1
, q),
(20)



∗
∗
∗
∗
p fs,t−1
|D = N fs,t−1
|f¯s,t−1
(x∗t−1 ), Vfs,t−1
(x∗t−1 ) ,
 ∗ 
∗
∼ N (f¯s,t−1
, V fs,t−1
),
(21)
where the mean and covariance function can be calculated as
(13)-(14). By substituting (20) and (21) into (19), we obtain

p(x∗t |D),
Y
=

 ∗ 
∗
N (st |f¯s,t−1
, V fs,t−1
+ q).

(22)

st ={ξt∗ ,ξ̇t∗ ,ηt∗ ,η̇t∗ }
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Algorithm 1

Fig. 2:

Joint GPs for state prediction.

B. Data Test based on Particle Filter
In order to estimate the states for the test data iteratively, a
PF is used to estimate the posterior distribution over the state
∗
p(x∗t |z1:T
, D) for each test time t = 1, ..., T [12] [13]. Based
on the PF, the posterior probability can be approximated by
the particles with corresponding weights as,
p(zt∗ |x∗t )p(x∗t | D)
,
p(x∗t |zt∗ , D) = R
p(zt∗ |x∗t )p(x∗t | D)dx∗t
M
X
≈
wm,t δ(x†m,t − x∗t ),
≈

m=1
M
X

1) Initialisation: Draw M samples x†m,0 ∼ p(x0 ), and the
initial weights are set as wm,0 = 1/M, m = 1, . . . , M .
2) For t = 1, . . . , T , do:
For m = 1, . . . , M :
†
†
†
†
2.1) Draw particles x†m,t = [ξm,t
, ξ˙m,t
, ηm,t
, η̇m,t
, ]T
using the distribution in (22),
 ∗ 
†
∗
(24)
ξm,t
∼ N (f¯ξ,t−1
, V fξ,t−1
+ q),
i
h
†
∗
∗
+ q),
(25)
ξ˙m,t
∼ N (f¯ξ̇,t−1
, V fξ̇,t−1


†
∗
∗
(26)
ηm,t
∼ N (f¯η,t−1
, V fη,t−1
+ q),


†
∗
∗
(27)
η̇m,t
∼ N (f¯η̇,t−1
, V fη̇,t−1
+ q),
2.2) Update the weight according to [14] as,
wm,t ∝ wm,t−1 × N (zt |h(x†m,t ), R),

(23)
†
†
− ξt∗ )δ(ξ˙m,t
− ξ˙t∗ ),
wm,t δ(ξm,t

m=1
†
†
× δ(ηm,t
− ηt∗ )δ(η̇m,t
− η̇t∗ ).

Here, m is the index of the particles, and m = 1, . . . , M .
†
†
†
†
x†m,t = [ξm,t
, ξ˙m,t
, ηm,t
, η̇m,t
]T represents the particles and
wm,t is the corresponding weight. The particles are drawn
from the importance density which is chosen to be the
prior probability [14] derived in (22), and weights are then
calculated based on the likelihood function and observed
measurement as (28). The pseudo-code of the proposed GP-PF
based filter for tracking is illustrated in Algorithm 1.
IV. S IMULATION R ESULTS
We first evaluate the derived distribution of the motion
∗
function f1:T
based on GP with a synthetic data-set. Then, the
tracking performance is evaluated and compared with different
existing tracking methods. The data for both training and test
processes are synthetic, i.e., the generated target states evolve
following motion models which switch between the CV or
CT models as specified by the transition probability matrix:

 

pCV→CV pCV→CT
0.6 0.4
Γ=
=
.
(30)
pCT→CV pCT→CT
0.4 0.6
For all experiments, the following parameters are used: the
model parameters are updated every 10 samples; the rotation
rate of the CT model is distributed as ωt ∼ N (0.1, 0.4); the
process noise variance of both CT and CV models is q = 1.
The length of the training data set is N = 2000.
A. Synthetic Data Set Evaluations
Before we evaluate the tracking performance of the
proposed method, it is worth to verify the prediction

(28)

End For
2.3) The weight is then normalised and MAP estimation of
the state is achieved according to,
[x̂∗t ]

MAP

∗
= arg max
p(x∗t |z1:T
, x∗1:t−1 ).
∗

(29)

xt

2.4) Resampling: Replace particles with negligible weight by
new particles in proximity of higher weighted particles.
End For

performance of the trained GP models for positions and
velocities in 2D plane. The root-mean-square error (RMSE)
of the prediction for each state within time are shown in Fig.
3. From this figure, we can conclude that the motion model
with mixed behaviours and random rotation can be learned and
approximated accurately using non-parametric GP regression.
B. Tracking Performance
This experiment compares and analyses the performance
of different tracking methods. The performance of the target
tracking is evaluated using the RMSE of the target positions.
The proposed algorithm is compared with two other methods:
The traditional PF with full information and the interacting
multiple model-particle filter (IMM-PF) method with partial
prior information. Specifically, for the traditional PF method,
the dynamic motion mode in real-time and the turn rate
for CT model ωt are fully-known when operating the filter.
This gives us measure of the optimum tracking performance.
While for the IMM-PF method, the statistical distribution
of the turn rate, i.e., ωt ∼ N (µω , Σω ), are known as
a prior information. The motion model is a mixture by
CV and CT, therefore, two different multiple model (MM)
set are used. The first denoted as IMM-PF1 is set to be
{CV, CTω=µω }. The second denoted as IMM-PF2 is designed
based on minimum distribution-mismatch design rule and
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Fig. 3: Prediction performance of GP models: RMSE of the prediction for
each state.

Fig. 5: RMSE tracking performance comparison within various measurement
noise density, averaged over 100 Monte Carlo realisations.

system parameters. Further work will explore the proposed
filter’s performance on real world data and the performance
when dealing with the multi-target tracking problem.
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