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Abstract
The mismatch effect in weldment is widely to be found in engineering practices.
In this paper, the material mismatch effect on the mode II creep crack tip field is
investigated and discussed. The mismatch effect on the C(t)-integral is presented. Both
the local mismatch and the general mismatch are found to play important role in the
C(t)-integral under mode II condition. The mismatch effect on the stress field of mode
II creep crack is also studied. The two-order term solutions are adopted to characterize
the material mismatch effect on the mode II creep crack. The effect of creep coefficient,
creep exponent as well as the HAZ thickness on the high order term solutions are also
presented. Some typical cases by considering general mismatch and local mismatch
effect are given to make a comparisons between the HRR field, FE solutions and the
two-order term solutions. It can be seen that the two-order term solutions can coincide
with the full field FE solutions quite reasonably regardless of creep extent, creep
exponent, mismatch factor, and HAZ thickness. The material mismatch effect on the
high order term solutions is significant under some conditions. A theoretical formula is
presented to show the implication of material mismatch effect on creep crack growth
under mode II condition based on stress damage model.

Keywords: Mismatch effect; Mode II crack; Creeping solids; Two-order term solutions;
Numerical analysis
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1 Introduction
The material mismatch effect on the crack tip field in welded creeping materials at
elevated temperature has been investigated widely in recent years [1, 2] as the hightemperature performance of these welded components is always limited by the creep
failure of weldment [3], e.g. the cracking behavior always occurs in the heated affected
zone (HAZ) [4]. Meanwhile, the already evidences found that it can affect the creep
crack growth remarkably under some conditions [5-7]. A review on fracture and
propagation of crack in weldment was presented by Zerbst et al. [8].
The material mismatch phenomenon, which is generally defined as the mismatch
effect caused by the difference of material properties, is very common to be seen in
many kinds of weldment in engineering practices. The effect of material mismatch can
influence the crack tip field remarkably as it can cause the variations of the stress-strain
field across the mismatched region. Hence, mismatch effect on crack tip can heighten
or weaken the amplitude of the crack tip field or affect the so-called “constraint effect”.
Due to the important role of the material mismatch, the mismatch effect has been widely
discussed in various backgrounds, e.g. elastic materials [9-12], elastoplastic materials
[13-17] and, more recently, the creeping materials [18-24].
A wide range of topics related with material mismatch effect have been investigated,
e.g. the mismatch effect on the crack driving forces such as stress intensity factor [12] ,
J-integral [25, 26] and C(t)-integral [27, 28], constraint effect [29, 30], crack initiation
[30, 32], and crack growth estimation [30-33]. However, it should be mentioned that
the above mentioned researches are mainly for mode I or interface condition. There are
a few of discussions on mode II type creep crack. Among those, Poquillon et al. [34]
presented an experimental studies on mode II creep crack tip field. The earlier work
given by Brockenbrough et al. [35] shows that extension of the creep zone of mode II
is faster than that of mode I. In recently, the high order term asymptotic solutions for
mode II creep crack under homogeneous condition were reported by Dai et al. [36, 37].
However, there is no investigation on the mismatch effect of the mode II creep crack
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tip field in the available literatures as far as the authors’ knowledge. What’s more, the
behavior and the role of the mismatch effect on the mode II creep crack tip field cannot
be understood clearly before it is studied.
Based on the aforementioned reviews, it can be found: (1) the definition of the
“mismatch factor” in various kinds of materials are different, e.g. the difference of
elastic modulus is defined for elastic mismatch, the difference of strength is always
defined for plastic mismatch, and the difference of creep constant is defined as creep
mismatch; (2) the effect of material mismatch may be dependent on the structure
geometry, e.g. HAZ thickness; (3) the material mismatch may lead to the change of the
constraint effect level of a crack front. It implies that the influence of the material
mismatch on the creep crack front could be a consequence of comprehensive effects.
The aim of this paper is to investigate the material mismatch effect on the mode II
creep crack front under plane strain condition. With employing the numerical and
analytical investigations on the mode II creep crack by considering the material
mismatch effect, the effect of welded material and geometry is presented. The
organization of this paper is as follows. The theoretical background on mismatch effect
and the crack front field of mode II creep crack are given in Section 2. The finite
element procedures are illustrated in Section 3. The results and discussions are
presented in Section 4. The higher order term effect on creep crack growth and creep
toughness considering material mismatch effect will be discussed in Section 5. The
conclusions are drawn in the last section.

2 Theoretical background
A power-law creeping material under multiaxial state, i.e. Norton’s constitutive
equation, in this paper is adopted as [38]
n -1

1 + v ! 1 - 2v
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s e2 = Sij Sij
where E, n, s! , e!0 , s 0 v and

(3)

d ij are the Young’s modulus, creep exponent, stress

rate, reference creep strain rate, reference stress, Poisson’s ratio and Kronecker delta,
respectively. Sij and

se

are the deviatoric stress and Mises equivalent stress,

respectively. As usual, the creep coefficient

B = e!0 s 0n . For two-dimensional

conditions under polar coordinate, the subscript i, j take r and q, respectively. The polar
coordinate used here is presented in Fig. 1.

Fig. 1 Configuration of the polar coordinate system of a crack tip field

According to Dai et al. [36], the two-termed stress field for a mode II creep crack
tip in a homogeneous material can be written as:

s ij ( r ,q , t )
= A1 ( t ) r s s!（ij1）(q ) + A2 ( t ) r s s! ij(2) (q )
s0
1

(4)

2

in which Ai ( t ) ( i = 1,2 ) are the i-th undetermined constants as a function of creep
time and subscript i represents the i-th term, respectively. s!（iji）(q ) is the dimensionless
angular function corresponding to the i-th term which has been given in [36]. As an
example, the angular distribution functions for n=7 are given in Appendix A.

si

is the

power exponent for the i-th term. r = r L and L here is a characteristic length. Herein,
L can be selected as any number, e.g. minimum element size, plate thickness, crack
length, even unity. It should be noted that the value of L dose not affect the values of

A1 ( t )-term as the role of characteristic length L is only for the aim of dimensionless
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treatment, which will not affect the solutions.
The first term A1 (t ) with the HRR singularity is expressed as
1 ( n +1)

æ C (t ) ö
A1 (t )= ç
÷
è e!0s 0 I n L ø

(5)

where C ( t ) is the C ( t ) -integral and I n is the integration constant which is
demonstrated to be the same as the I n tabled by Symington et al. [39], and it also
depends on crack front stress state. The definition of C(t)-integral is written as [40]

C (t ) =

æ ¶u!i ö

ò W dy - T çè ¶x ÷ø ds
*

(6)

i

G®0

where G is a counterclockwise integration contour around the crack tip as shown in
Fig. 1, Ti , u!i , dy and ds are the traction vector on G , the displacement rate, the
increments in y-direction and along G , respectively. The C* will replace C(t) as if the
creep extent is under extensive range and presents to be path-independent. The
determination of the second order term A2 (t ) can be seen in Dai et al. [36] which is
dependent on the creep exponent n.
The stress components with a bar over quantities below which takes the effect of
material mismatch into account and can be rewritten as:

sˆ ij ( r ,q , t ) ˆ
= A1 ( t ) r s s!（ij1）(q ) + Aˆ2 ( t ) r s s! ij(2) (q )
s0
1

2

(7)

in which all the quantities in Eq. (7) have the same meaning as those in Eq. (4). Note
that the selection of the material constant, i.e. e!0 and s 0 , in Â1 ( t ) -term will be
discussed in Section 4.
In order to characterize the stress distributions ahead of mode II creep crack, the
redistribution time, which is directly extended from mode I, is always adopted as below:

(1 - v ) K
=
2

tred

EC *

where K II is the mode II stress intensity factor.
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2
II

(8)

3 Numerical procedures
As there is no standard tested specimen for mode II type crack, the compact tension
shear (CTS) specimen is adopted to simulate the pure mode II deformation as the CTS
specimen has been used widely in other researchers’ investigations [41-44] for mode II
or mixed crack. The configuration and FE meshes for the whole geometry and crack
are shown in Fig. 2. The specific geometry of the specimen is similar to that used in
Roy et al. [42] where the width and height of the CTS specimen are 90 mm and 148
mm, respectively. The radius of the outer boundary for the fixture is 130 mm. The width
of heated affected zone (HAZ) is denoted as h. The crack is generally assumed to be in
the center of HAZ. The crack length denoted in Fig. 2 is a, and a/W is equal to 0.5 in
this paper if it is not extra stated. The fixture and the specimen are treated to be in one
piece and the fixture is considered to be rigidity. The diameter of the loading hole is 10
mm.

Fig. 2 Geometry configuration and FE meshes: (a) Specimen geometry; (b) FE meshes; (c) Crack
tip meshes

The FE code ABAQUS is adopted to perform the numerical analysis. To avoid the
shear locking, the hybrid 8-node plane strain elements with full integration (CPE8H) is
adopted. The total number of elements used in calculations are between 10058 and
10471. The singular element is adopted for the first ring mesh ahead of crack tip and
the mesh is deemed to be refined as the SIF for the crack tip is not changed with the
7

increase of element number. As the computed SIF shows that the mode I SIF is far more
less than mode II SIF which implies that the crack tip can be treated to be the pure mode
II case. On the C(t)-integral, the values of C(t)-integral are extracted from ABAQUS
directly with contour integration. C*-integral will be obtained when the creep is under
extensive state. During the computations, the linearly elastic properties, e.g. Young’s
modulus and Poisson’s ratio, are kept to be 175 GPa and 0.3, respectively. Nine typical
cases, shown in Table 1 numbered from C1 to C9, are selected to study the material
mismatch effect with a fixed creep exponent of n=7. The data in Table 1 is available
from [45].
Table 1 Material constants used in the computations

n

Bw/Bb

BHAZ/Bb

Bb

Bw

BHAZ

MFW

MFHAZ

No

7
7
7
7
7
7
7
7
7

5
5
5
0.2
0.2
0.2
1
1
1

6
1.2
0.167
6
1.2
0.167
6
1
0.167

3.2E-19
3.2E-19
3.2E-19
3.2E-19
3.2E-19
3.2E-19
3.2E-19
3.2E-19
3.2E-19

1.60E-18
1.6E-18
1.6E-18
6.4E-20
6.4E-20
6.4E-20
3.2E-19
3.2E-19
3.2E-19

1.92E-18
3.84E-19
5.34E-20
1.92E-18
3.84E-19
5.34E-20
1.92E-18
3.2E-19
5.34E-20

0.79
0.79
0.79
1.26
1.26
1.26
1
1
1

0.77
0.97
1.29
0.77
0.97
1.29
0.77
1
1.29

C1
C2
C3
C4
C5
C6
C7
C8
C9

Among those data in Table 1, there are two kinds of mismatch effect which are
characterized by the weld mismatch factor, MFW, and the HAZ mismatch factor, MFHAZ,
respectively. The weld mismatch factor is defined as:
1n

æB ö
MFw = ç b ÷
è Bw ø

(9)

Accordingly, the HAZ mismatch factor is given as
1n

MFHAZ

æ B ö
=ç b ÷
è BHAZ ø

(10)

where Bb , BHAZ and Bw are the creep coefficient of the base metal, HAZ metal and
weld metal, respectively. The weld mismatch factor and HAZ mismatch factor are
defined to characterize the general mismatch condition and local mismatch condition,
respectively. Regardless of general mismatch or local mismatch, the overmatch
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represents that the mismatch factor is greater than 1, however, the undermatch is defined
as the mismatch factor is less than 1. The evenmatch condition, i.e. the homogeneous
case, is approached when mismatch factor is identical to 1. The nine cases can be
categorized to be three conditions, e.g. the Condition A contains C1, C2 and C3, the
Condition B contains C4, C5 and C6, and the other three cases are the Condition C. The
Condition A represents the general mismatch factor is 0.79, i.e. undermatch condition,
while the local mismatch factor varies from 0.77 to 1.29 which cover the undermatch
and overmatch cases. The Condition B means that the general mismatch factor is 1.26,
i.e. overmatch condition, while the local mismatch factor is similar to that of Condition
C. The general mismatch factor for Condition C is set to be 1, evenmatch condition and
the three local mismatch factors also varies from 0.77 to 1.29. C8 in Condition C
indicates that there is no mismatch effect for both general mismatch and local mismatch
for C8.

4 Results and discussions
4.1 Mismatch effect on C(t)-integral
To illustrate the mismatch effect on the C*-integral, the variation of C*-integral with
mismatch factor is shown in Fig. 4. The results are obtained from the FE calculations
for CTS specimens with a/W=0.5 under shearing loading of 600 N with K II =40.1

MPa • mm0.5 for all the analyzed cases. It can be found that the mismatch effect on the
creep crack tip field can affect the C(t)-integral greatly, and the values of C* at the
extensive creep under different mismatch factors and h are totally different.
It can be seen that the C*-integral is affected by both the general mismatch and the
local mismatch. The C*-integral decreases with the increase of MFHAZ regardless of

MFW and h . The C*-integral also decreases with the rise of MFW at fixed MFHAZ .
In general, the C*-integral is larger than the C*-integral of homogeneous case for
9

MFHAZ < 1 and smaller than the C*-integral of homogeneous case for MFHAZ > 1. It
implies that the effect of the material property in HAZ plays significant role in the
weldment.

Fig. 3 Variations of C(t) with creep time: (a) h = 2 mm; (b) h = 0.1 mm

Fig. 4 Variations of C* with general mismatch factors: (a) h = 2 mm; (b) h = 0.1 mm
Table 2 Ratio of C* between mismatched case and homogeneous case
Condition A

Condition B

Condition C

MFW=

0.79

0.79

0.79

1.26

1.26

1.26

1.00

1.00

1.00

MFHAZ=

0.77

0.97

1.29

0.77

0.97

1.29

0.77

1.00

1.29

h=2 mm

4.8429

1.4818

0.5516

4.1254

1.0196

0.3076

4.2838

1

0.3794

h=0.1mm

4.4534

2.5216

1.8149

2.4727

0.7531

0.3233

2.8245

1

0.6105

From Table 2, the ratio of C* between mismatch and homogeneous case are shown
clearly. It can be seen that the values with MFHAZ < 1 are all larger than 1 which reveals
that the mismatch effect under this condition can enhance the C*-integral of the mode
10

II creep crack tip. On the contrary, the ratio with MFHAZ > 1 are generally less than 1
which means that the mismatch effect under this condition can weaken the C*-integral.
According to Riedel [46], the C (t ) C * relation is written as

t
C (t )
= 1 + red
*
C
( n + 1) t

(11)

in which tred is the redistribution time defined in Eq. (8). Originally, Eq. (11) is
applied for the mode I crack tip field only. However, the relation can be still available
to be used under mode II case according to our recent reports [43, 44]. For the mismatch
condition discussed in this paper, as the creep crack tip still holds HRR singularity.
Thereafter, Eq. (11) can be extended to mode II case directly. The normalized C (t ) C *
relation shown in Fig. 5 also verifies this point. It has been shown clearly that the FE
solutions agree quite well with Eq. (11) except in the region of t tred < 1. Generally,
the FE results for C (t ) C * relation under different mismatch factors coincide with
each other perfectly regardless of mismatch conditions.

Fig. 5 Variation of C(t)/C* with the normalized time

t tred : (a) h =2 mm and (b) h =0.1 mm

4.2 Mismatch effect on the stress field
The radial stress distributions along θ = 0o and 30o for different mismatch factors
under shear loading with 600 N at the creep time of 1000000 hours are presented in Fig.
11

6. The creep time adopted here is to keep the crack tip under extensive range. The C(t)integral under this situation has been given in Section 4.1 where C(t)-integral under
different conditions have been presented. It can be seen from Fig. 6 (a) clearly that cases
C3, C9 and C6 hold higher radial shearing stress distributions among those given
solutions. The shearing stress components for C1, C4 and C7 are lower than the
homogeneous case. For C2, C5 and C8, those values are slight higher than
homogeneous case. Considering the material constants of these cases, the lower creep
coefficient will lead to the higher stress components. Similar tendencies can be found
in Fig. 6(d) for shearing stress components along θ = 30o. For tangential stress and
radial stress distributions, the tendencies presented to be reversed as the values are
negative. Compared with the HRR solutions which computed with evenmatch creep
constants, the FE solutions in C8 are quite close to HRR solutions.
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Fig. 6 Comparisons of the stress components between HRR solution and FE solutions under
different mismatch factors for HAZ width h = 2 mm in radial direction: (a) s rq at θ = 0o; (b) s rq
at θ =30o; (c) s rr at θ = 30o; (d) s qq at θ = 30o

According to the previous investigation [37], results show that the analytical HRR
solutions calculated with material constants of HAZ metal approach to the FE solutions
quite closely regardless of various conditions, but deviates from HRR solutions
computed with material constants of base metal greatly. It implies that the first order
stress field under mismatch conditions for h = 2 mm can be presented to be a reference
field which should be written as below [37]:
1 ( n +1)

sˆ ij ( r ,q , t ) æ C ( t ) ö
= ç tip tip tip ÷
s 0tip
è e"0 s 0 I n L ø

r s1s!（ij1）(q )

(12)

in which e!0tip , s 0tip and I ntip are the reference strain rate, reference stress and
integration constant where the crack tip locates. Comparisons of the stress components
in radial direction under different mismatch factors for h = 0.1 mm are given in Fig. 7.
It can be found that the radial stress distribution tendencies are quite similar to the
condition of h = 2.0 mm.
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Fig. 7 Comparisons of the stress components between HRR solution and FE solutions under
different mismatch factors for HAZ width h = 0.1 mm in radial direction: (a) s rq at θ = 0o; (b)
o
o
o
s rq at θ =30 ; (c) s rr at θ = 30 ; (d) s qq at θ = 30

4.3 Mismatch effect on the higher order terms
According to the previous illustrations, the stress field is significantly affected by
the material mismatch effect. Some investigations have demonstrated that the material
mismatch can cause the variation of the constraint level. Hence, it is meaningful to
study the material mismatch effect on the second order term of mode II creep crack tip
field. The material mismatch effect on the mode II creep crack will be discussed in the
following.
4.3.1 Condition A: General undermatch condition
The so-called general undermatch condition represents Condition A which is
defined in Table 2, i.e. C1, C2 and C3 with MFHAZ = 0.77, 0.97 and 1.29, are included
under this condition which will be discussed in this section.
According to Eq. (7) and Eq. (12), the two-order termed solutions for mode II
creep crack considering material mismatch effect can be presented as:
1 ( n +1)

sˆ ij ( r ,q , t ) æ C ( t ) ö
= ç tip tip tip ÷
s 0tip
è e"0 s 0 I n L ø
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r s1s!（ij1）(q ) + Aˆ2 ( t ) r s2s! ij(2) (q )

(13)

Note that s 0tip is the reference stress of the material where the creep crack tip locates.
Herein, the creep crack tip locates at the HAZ in this investigation. Hence, the reference
stress s 0tip always adopts the reference stress of material in HAZ. The point match
technique [47] can be used to determine Â2 ( t ).
The angular distributions for C1, C2 and C3 by comparing HRR solutions, twoorder term solutions, FE results and the FE results of homogeneous case at the fixed
distance of 0.1 mm are shown in Fig. 8, respectively. It should be noted that the HRR
solutions are calculated with Eq. (12), i.e. the material constants adopt these material
constants where the crack tip locates. The C(t)-integral are the same as shown in Section
4.1 and these FE solutions are extracted at the creep time of 106 hours. Among these
solutions, the value of Â2 ( t ) for C1 at 0.1 mm and 1 mm at this calculated creep time
are 0.144 and 0.0177, respectively. The value of Â2 ( t ) for C2 at 0.1 mm and 1 mm at
this calculated creep time are 0.125 and 0.00248, respectively. For C3, The value of

Â2 ( t ) at 0.1 mm and 1 mm at creep time of 106 hours are 0.123 and -0.0178. It implies
that the second order term decreases with increase of MFHAZ .
The interesting thing is that the deviations between HRR results and the FE
solutions enlarge with the decrease of MFHAZ where C3 presents that the most
remarkable difference between HRR field and FE solutions. C1 shows the lowest
remarkable difference between HRR field and FE solutions. It may imply that the
undermatch of the local mismatch factor enlarges the deviations of the stress field
between HRR field and full field. Due to the asymptotic nature, the deviation between
the HRR field and FE solutions heightens at 1 mm compared with that of 0.1 mm. It
can be also found that the most significant difference for tangential stresses occurs at
around 75o-90o.
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Fig. 8 Comparisons of angular stress distributions between FE, HRR and two-order term solutions
at r=0.1 mm: (a) C1, (b) C2 and (c) C3

With the presented angular distributions, one can find that the most significant
difference region between HRR field and FE solutions happens at around 75o-90o. To
show the variation of the stress components in radial direction, the radial distributions
for stresses of C1, C2 and C3 along 0o and 90o are presented in Fig. 9, Fig. 10 and Fig.
11, respectively. It can be found that the difference between stresses under FE
calculations, HRR results and two-order termed solutions are quite small in direction
of 0o. However, the difference between HRR field and FE results is remarkable in 0o
though the two-order term solution can agree with the FE solutions very well. It should
be pointed out that the FE solutions are much high than the HRR solutions for C1 but
lower than that for C3.
16

Fig. 9 Comparisons of radial stress distributions for C1 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o

Fig. 10 Comparisons of radial stress distributions for C2 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o

Fig. 11 Comparisons of radial stress distributions for C3 between FE, HRR and two-order term
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solutions along (a) 0o and (b) 90o

4.3.2 Condition B: General overmatch condition
The angular distributions of stress components under general overmatch condition,
i.e. MFw > 1 with MFHAZ = 0.77, 0.97 and 1.29, are shown in Fig. 12, respectively.
It can be seen that the stress components under HRR field is lower than those of FE
solutions and the deviations between HRR field and FE enlarges with the increase of
distance from crack tip. Compared with the discrepancies for those general undermatch
conditions, the differences between the HRR field and FE solutions are generally
positive. The most significant occurs for C6 which presents to be the lowest creep
coefficient. For C4 and C5, the deviations between HRR field and the mismatched FE
creep crack tip field is not that remarkable.
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Fig. 12 Comparisons of angular stress distributions for C4, C5 and C6 between FE, HRR and
Two-Order term solutions at r=0.1 mm: (a) C4; (b) C5; (c) C6

The radial distributions in 0o and 90o are presented in Fig. 13, Fig. 14 and Fig. 15,
respectively. The shearing stresses with different local mismatch factors MFHAZ
presents that the HRR field is always smaller than those of FE solutions. However, the
two-order term solutions can agree with the FE results very well regardless of the
mismatch factors and the locations of the stresses. It also reveals that the mismatch
effect under general overmatch condition heightens the full field to be higher than those
of the FE field.

Fig. 13 Comparisons of radial stress distributions for C4 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o

Fig. 14 Comparisons of radial stress distributions for C5 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o
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Fig. 15 Comparisons of radial stress distributions for C6 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o

4.3.3 Condition C: General evenmatch condition
The angular stress distributions for C7, C8 and C9 are presented in Fig. 16 and
radial distributions for C7, C8 and C9 are given in Fig. 17, Fig. 18 and Fig. 19,
respectively. For the general evenmatch condition, the deviation between the HRR field
and the FE solutions are less remarkable than those of undermatch and overmatch
conditions.
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Fig. 16 Comparisons of angular stress distributions for C7, C8, C9 between FE, HRR and twoorder term solutions at r=0.1 mm: (a) C7; (b) C8; (c) C9

Fig. 17 Comparisons of radial stress distributions for C7 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o

Fig. 18 Comparisons of radial stress distributions for C8 between FE, HRR and two-order term
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solutions along (a) 0o and (b) 90o

Fig. 19 Comparisons of radial stress distributions for C9 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o

4.3.4 Variation of second order term with creep time
As shown in previous Sections, the stress field is influenced by the material
mismatch greatly. To investigate the influence of material mismatch, the Â2 ( t ) under
various mismatch factors are illustrated in Fig. 20. Note that these data are obtained at
r=1 mm along 90o with the shearing stress component. Clearly, it can be seen that
variations of Â2 ( t ) with normalized creep time and it finds: (1) Â2 ( t ) is dependent
on creep time if the redistribution time is not reached and the value of Â2 ( t ) presents
to be nearly a constant if the extensive creep is approached; (2) the Â2 ( t ) level is
generally higher than the homogeneous case and (3) the overmatch condition presents
the higher constraint level than the other cases and the undermatch condition generally
shows the lower constraint level than the general evenmatch conditions. From those
solutions, it can be deduced that the stress field of mode II creep crack tip is influenced
by both general mismatch effect and local mismatch effect.
If one takes the stress field under extensive creep range into consideration, the

(

)

variations of the Â2 ( t ) with normalized distance r , i.e. log re!0s 0 C ( t ) , are given
in Fig. 20. Obviously, the variations of Â2 ( t ) along normalized distance away from
22

the mode II creep crack can be categorized into three kinds of tendencies, which are
strongly dependent on the material constants in the position where the crack tip locates.
It also illustrates the significance of the effect of the local mismatch effect.

Fig. 20 Variations of the Â2 ( t ) under different mismatch factors: (a) variations with creep time;
(b) variations with normalized distance

4.4 Influence of creep exponent
Note that the mismatched creep crack tip field under mode II condition given in
previous Sections are calculated with the same creep exponent, i.e. n=7. However, the
creep exponent can be also different in engineering practices. In order to investigate the
influence of creep exponents on the mismatched mode II creep crack tip, three typical
creep exponents with the same creep coefficient are adopted and shown in Table 3
which are numbered from C10 to C12. To express the mismatch effect, the mismatch
factor is defined as below if the creep exponent is not the same.

MFw = ( Bw )

-1/ nw

MFHAZ = ( BHAZ )

(B )

1/ nb

(14)

b

-1/ nw

(B )

1/ nb

(15)

b

Table 3 Material constants used in the comparisons of effect for creep exponent

Bb=BHAZ=Bw

nw

nHAZ

nb

MFW

MFHAZ

3.2E-19
3.2E-19
3.2E-19

5
9
5

7
7
7

5
9
9

1.0
1.0
44.0

0.0877 C10
3.865 C11
3.865 C12
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The comparisons of angular stress distributions for C10, C11 and C12 between FE,
HRR and Two-Order term solutions at 1 mm are shown in Fig. 21. It should be
mentioned that the HRR field is still calculated by Eq. (12). Results show that the FE
solutions of C10 are generally higher than the HRR field. The results of C11 present
that the FE solutions deviate from the HRR field slightly. However, the results of C12
show that the FE solutions are lower than those of HRR field.

Fig. 21 Comparisons of angular stress distributions for (a) C10, (b) C11 and (c) C12 between FE,
HRR and two-order term solutions at r=1 mm

The radial distributions for C10, C11 and C12 along 0o and 90o are shown in Fig.
22, Fig. 23 and Fig. 24, respectively. From Fig. 22, it can be found that there exists the
difference between FE solutions and the HRR field and the HRR field is slightly lower
than the FE results. For C11, the FE solutions are lower than the HRR field. The
discrepancy between HRR field and FE result is also remarkable. Fig. 25 is presented
to clarify the difference of the Â2 ( t )-term under different creep exponents. It can be
found that the Â2 ( t )-term for C10 is higher than C11 and C12. The Â2 ( t )-term of
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C11 is greater than that of C12 if the creep time is less than 4 times of tred and the

Â2 ( t ) approaches to be close to C12 with the increase of creep time. The Â2 ( t )-term
is nearly a constant if the extensive creep is reached.

Fig. 22 Comparisons of radial stress distributions for C10 between FE, HRR and Two-Order term
solutions along (a) 0o and (b) 90o

Fig. 23 Comparisons of radial stress distributions for C11 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o
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Fig. 24 Comparisons of radial stress distributions for C12 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o

Fig. 25 Variations of the second order term with normalized creep time for C10, C11 and C12

4.5 Influence of HAZ width
In fact, the creep crack tip field is strongly related with the thickness of the HAZ
which means that the material mismatch effect could be influenced by the HAZ
thickness. From the solutions and comparisons shown in Fig. 26, it can be concluded
that the stress field decreases with MFHAZ for the general undermatch condition and
this effect can be heightened by the decrease of the HAZ thickness. For the general
overmatch condition, the stress field weakens with the rise of MFHAZ as if the HAZ
thickness decreases. Similar conclusion can be drawn for the evenmatch condition.
However, it should be pointed out that the FE solutions coincide with the higher order
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term solutions quite reasonably regardless of the effect of material mismatch.

27

Fig. 26 Comparisons of angular stress distributions between FE, HRR and two-order term
solutions at r=0.05mm with h = 0.1 mm: (a) C1; (b) C2; (c) C3; (d) C4; (e) C5; (f) C6; (g) C7; (h)
C8; (i) C9

5 Implications of material mismatch effect on mode II creep
crack growth
Note that the creep crack growth of mode II creep crack can be predicted by the
following relation [49].
rc

a!0 = ò D! c dr

(16)

0

where rc is the size of fracture process zone. For rigorous mode II creep crack, the
fracture process zone is ahead of creep crack at the bisector. Herein, one assumes that
the stress based damage model is considered to be still valid for the mode II creep crack
growth. The form of D! c should be provided as [49]
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-c
s uni
éëas e + (1 - a ) s 1 ùû
!
Dc =
tr0

c

(17)

where tr0 is the creep rupture time which is tested at the uniaxial constant stress s uni .
s 1 and s e are maximum principle stress and equivalent stress, respectively. a and

c are two constants. For a , the range of it varies between 0 and 1. For c , the values
is generally considered to be less than creep exponent n.
Considering that the tangential stress and equivalent stress of mode II creep crack
under mismatching condition which is given as:

sˆ 22 ( r ,q , t ) ˆ
= A1 ( t ) r s s!（221）(q ) + Aˆ2 ( t ) r s s! 22(2) (q )
tip
s0

(18)

12
sˆ e ( r ,q , t ) é ˆ 2
2
2s
（11）
ˆ ( t ) Aˆ ( t ) r s - s s! (12) (q ) ù
!
=
A
t
r
s
q
+
2
A
(
)
(
)
(
)
e
1
2
e
ë 1
û
s 0tip

(19)

1

2

1

2

1

where s1 , s2 are the stress components of different order terms which have been
defined previously. Based on the assumption of [49], the principal stress s 1 is replaced
by tangential stress s 22 . Substituting Eqs. (18)-(19) into Eqs. (16) and (17), D! c and
a! is given as below:
rc

c
c
a! = ò Aˆ1c ( t ) r vs1 éëas" e(1) + (1 - a ) s" 22(1) ùû {1 + b } dr

(20)

0

where b is expressed as following form.

1 - a ) Aˆ ( t ) r s! ( )
(
b=
Aˆ ( t ) éëas! ( ) + (1 - a ) s! ( ) ùû
s2 - s1

2

11

1

e

2

(21)

22

1

22

In integrating form, the creep crack growth rate is written as following.
r

c
c
n +1 ˆ c
c
a! =
A1 ( t ) éëas" e(1) + (1 - a ) s" 22(1) ùû {1 + b } ò r - c s1 dr
n +1- v
0

(22)

For a creep crack, the constraint parameter Â2 ( t ) should be a constant under steady
state, which does not depend on the radial distance r . Under this condition, the term

{1 + b }

c

can be also considered to be a constant term. Thus, the creep crack growth
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considering material mismatch is written as below:

a! =

2n + 2 - c
c
c
n +1 ˆ c
A1 ( t ) éëas" e(1) + (1 - a ) s" 22(1) ùû {1 + b * } rc n +1
n +1- v

(22)

Herein, b * is presented as below:

b =

(1 - a ) Aˆ r s! ( )
éëas! ( ) + (1 - a ) s! ( ) ùû
* s2 - s1
2 c

*

Aˆ1*

2

22

11

1

e

(23)
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where Â1* and Â2* are the first order term and second order term under extensive
creep, respectively.
Note that if effect of higher order term is not considered, Eq. (20) is given as below
if one let Â2 ( t ) to be identical to 0.
rc

c
a!0 = ò Aˆ1c ( t ) r c s1 éëas" e(1) + (1 - a ) s" 22(1) ùû dr

(24)

0

where a!0 represents the creep crack growth rate without considering higher order term.
Hence, the ratio of a! a!0 is given as below, which reflects the effect of higher order
term effect.

g* =

c
a!
= {1 + b * }
a!0

(25)

Herein, the modification coefficient is written as

g * = {1 + b m + b g }

c

(26)

in which b m and b g are the coefficients depending on material mismatch and
specimen geometry, and the expressions can be given as following.
s2 - s1
1 - a ) Aˆ 2 m ( t ) rc s! 22( 2)
(
bm =
Aˆ1 ( t ) éëas! e(11) + (1 - a ) s! 22(1) ùû
s -s
(1 - a ) Aˆ2 g ( t ) rc 2 1s! 22( 2)
bg =
Aˆ1 ( t ) éëas! e(11) + (1 - a ) s! 22(1) ùû

(27)

(28)

in which Aˆ 2 m ( t ) and Aˆ 2 g ( t ) represent the second order terms which reflect the
material mismatch contribution and geometry contribution, respectively. It should be
emphasized that the form of Eq. (26) is based on the assumption that the material
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constraint effect and geometry constraint can be separated independently. The
validation for separation of b m and b g is another topic which will not be discussed
in this paper.
If the geometry effect is not taken into consideration, g * only contains the
material mismatch effect. Thereafter, g * is expressed as

g * = {1 + b m }

v

(29)

Based on Eq. (29), the creep crack grow length is defined as Da which is
computed as following.

Da = a!0 × g * × t

(30)

If one substitutes Eq. (29) into the creep fracture toughness, the creep fracture
toughness is given as below.
1/ 2

c
K mat
= é E ( Da bg * ) t1-1/ q ù
ë
û
1/ q

(31)

in which parameters b and q are constants depending on creep crack growth rate, i.e.

a!0 = b ( C* )

q

(32)

The discussions on determination of b and q can be found in [29].
Based on Eq. (31), the effect of material mismatch on the creep toughness can be
obtained smoothly. It indicates that the material mismatch effect on creep toughness
can be obtained through computations from Eq. (16) to (31).

6 Concluding Remarks
The mismatch effect on the mode II creep crack tip field is investigated in this paper.
Based on the numerical calculations and theoretical analysis, the following conclusions
are obtained.
1) C(t)-integral of mismatched mode II creep crack is found to be influenced by the
material mismatch greatly. It is found that C*-integral decreases with the increase
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of MFHAZ regardless of MFW and HAZ width. C*-integral also decreases with
the rise of MFW for a fixed MFHAZ . C*-integral is also affected by the HAZ width
and the effect of the HAZ width on C*-integral is dependent on the range of
mismatch factor.
2) The stress field of the mode II creep crack is found to be influenced by the material
mismatch effect greatly. These cases with lower creep coefficient present to have
the higher stress components. Results show that the first order analytical stress field
can be estimated by the HRR field with the material constants where the crack tip
locates. There exists the difference between the mismatched creep crack tip field
and the analytical HRR field which reveals that the high order term is needed to
characterize the material mismatch effect.
3) The two-order termed asymptotic solutions for mode II creep crack is presented. A
high order term Â2 ( t ) is proposed, which can take the mismatch effect as well as
the geometry effect on the high order term solutions into considerations. Three
typical mismatch conditions are presented which show that the effect of local
mismatch plays a significant role in the material mismatch constraint effect.
4) The creep exponent is also found to be important on the mismatch creep crack tip
field under mode II loading. Different combinations of the creep exponent will lead
to different variation tendencies as well as the high order term solutions. In general,
the lower creep exponent for base and weld metal with a higher creep exponent for
HAZ material will lead to the higher level of Â2 ( t ).
5) As for the influence of the HAZ thickness on the mismatched creep crack tip field,
the stress field presents to become lower with the decrease of creep exponent
regardless of the general overmatch, general undermatch and general evenmatch
condition. A theoretical formula is presented to show the implication of material
mismatch effect on creep crack growth under mode II condition based on stress
damage model.
It should be mentioned that the mismatch effect can be caused by many factors.
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The solutions presented in this paper could further promote the understanding of the
mismatch effect on the creep crack tip field under mode II loading.
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Appendix A Stress distributions of the two order
For the mode II creep crack in a power-law creeping materials, the first order
asymptotic solution still satisfies the HRR singularity, i.e. s1 = -1 ( n + 1) in Eq. (4),
and the angular distributions are presented in Fig. A1 (a). With the shooting method
similar to that presented in [44], the second order angular distributions for n=7 for
creeping material are presented in Fig. (b) with s2 = 0.3209 .

Fig. A1 Angular distributions functions of different orders for n=7: (a) the first order; (b) the
second order
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Table captions
Table 1 Material constants used in the computations
Table 2 Ratio of C* between mismatched case and homogeneous case
Table 3 Material constants used in the comparisons of effect for creep exponent

Figure captions
Fig. 1 Configuration of the polar coordinate system
Fig. 2 Geometry configuration and FE meshes: (a) Specimen geometry; (b) FE meshes; (c) Crack
tip
Fig. 3 Variations of C(t) with creep time: (a) h = 2 mm; (b) h = 0.1 mm
Fig. 4 Variations of C* with general mismatch factors: (a) h = 2 mm; (b) h = 0.1 mm
Fig. 5 Variation of C(t)/C* with the normalized time

t tred : (a) h =2 mm and (b) h =0.1 mm

Fig. 6 Comparisons of the stress components between HRR solution and FE solutions under
different mismatch factors for HAZ width h = 2 mm in radial direction: (a) s rq at θ = 0o; (b)

s rq at θ =30o; (c) s rr at θ = 30o; (d) s qq at θ = 30o
Fig. 7 Comparisons of the stress components between HRR solution and FE solutions under
different mismatch factors for HAZ width h = 0.1 mm in radial direction: (a) s rq at θ = 0o;
(b) s rq at θ =30o; (c) s rr at θ = 30o; (d) s qq at θ = 30o
Fig. 8 Comparisons of angular stress distributions between FE, HRR and two-order term solutions
at r=0.1 mm
Fig. 9 Comparisons of radial stress distributions for C1 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o
Fig. 10 Comparisons of radial stress distributions for C2 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o
Fig. 11 Comparisons of radial stress distributions for C3 between FE, HRR and two-order term
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solutions along (a) 0o and (b) 90o
Fig. 12 Comparisons of angular stress distributions for C4, C5 and C6 between FE, HRR and TwoOrder term solutions at r=0.1 mm
Fig. 13 Comparisons of radial stress distributions for C4 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o
Fig. 14 Comparisons of radial stress distributions for C5 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o
Fig. 15 Comparisons of radial stress distributions for C6 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o
Fig. 16 Comparisons of angular stress distributions for C7, C8, C9 between FE, HRR and two-order
term solutions at r=0.1 mm
Fig. 17 Comparisons of radial stress distributions for C7 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o
Fig. 18 Comparisons of radial stress distributions for C8 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o
Fig. 19 Comparisons of radial stress distributions for C9 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o
Fig. 20 Variations of the Â2 ( t ) under different mismatch factors: (a) variations with creep time;
(b) variations with normalized distance
Fig. 21 Comparisons of angular stress distributions for (a) C10, (b) C11 and (c) C12 between FE,
HRR and two-order term solutions at r=1 mm
Fig. 22 Comparisons of radial stress distributions for C10 between FE, HRR and Two-Order term
solutions along (a) 0o and (b) 90o
Fig. 23 Comparisons of radial stress distributions for C11 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o
Fig. 24 Comparisons of radial stress distributions for C12 between FE, HRR and two-order term
solutions along (a) 0o and (b) 90o
Fig. 25 Variations of the second order term with normalized creep time for C10, C11 and C12
Fig. 26 Comparisons of angular stress distributions between FE, HRR and two-order term solutions
at r=0.05mm with h = 0.1 mm: (a) C1; (b) C2; (c) C3; (d) C4; (e) C5; (f) C6; (g) C7; (h) C8;
(i) C9
Fig. A1 Angular distributions functions of different orders for n=7
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