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Abstract:

For industrial components such as pressure vessels and piping
systems, it is important to determine the shakedown domains of
structures under complex variable thermo-mechanical loads to
avoid low cycle fatigue due to alternating plasticity or
incremental plastic collapse caused by ratcheting. In this paper,
the interaction among three common types of stresses are
considered based on a plane model, namely, mechanical
membrane stress, thermal membrane stress and thermal bending
stress. Strict shakedown analysis is performed based on the
Linear Matching Method under multiple variable mechanical
and thermal loads. Three-dimensional shakedown domains for
three types of modified Bree problems involving thermal
membrane stress and generalized loading conditions are given
for the first time, and the three-dimensional shakedown
boundaries are expressed as two-dimensional parametric
equations by introducing a new parameter called “secondary
membrane bending ratio” R. By comparing the 3S criterion plane
with the newly obtained 3D shakedown boundaries , the
conservatism and non-conservatism of the 3S criterion are
discussed under different loading paths. As an extension of the
3S criterion, a new and economical criterion on elastic
shakedown assessment is proposed for generalized thermo-
mechanical loading. The proposed shakedown boundary
parametric equations and shakedown checking method can
provide guidance for engineering design and safety assessment.
Keywords : Elastic shakedown, Two-plane model, Linear
Matching Method, 3S criterion, Thermal membrane and bending
stress

1. Introduction

Pressure vessels are key equipments in process industry,
and they are widely used in nuclear energy, petroleum, chemical,
electric power, pharmaceutical and other fields. With the
development of industrial equipments towards large-scale and

Contact author email:! yhliu@tsinghua.edu.cn, > _haofeng.chen@strath.ac.uk

high-parameter, the service conditions for many structural
elements are more and more harsh. Many practical structural
components including cracking furnaces, high-temperature
boilers, industrial pipelines, nuclear reactors and piping systems
have some common characteristics: they are all in service under
high temperature environment, and are all subjected to
complicated cyclic or changing thermo-mechanical loads due to
start-up and shutdown. In order to protect structures from
alternating plasticity or ratcheting, it is necessary to determine
the shakedown boundaries of these structures under cyclic
loading, so as to provide accurate and reliable basis for
engineering design and safety assessment.

The Bree diagram!!'? is often used to show the different
stress regimes of structure under cyclic thermal load and constant
internal pressure, and it is also the theoretical basis of the
shakedown design criterion of pressure equipment in the ASME
code. Bree problem considers the shakedown and ratcheting
behaviors of an axisymmetric cylindrical shell under the
interaction of constant mechanical membrane stress and cyclic
thermal bending stress. The basic assumption of the classical
Bree problem is that the action section of stress does not allow
rotation, and only the radial thermal stress is considered in the
secondary stress. In 2005, Kalnins®! studied the ratcheting
behavior of a cylinder considering the interaction between radial
(or axial) thermal gradient and internal pressure through finite
element elastic-plastic analysis. It was found that when the
thermal membrane stress induced by axial thermal gradient
was dominant in the thermal stress, Bree ratcheting boundary
and 3S criterion were not conservative. In 2008, Reinhardt™
considered the interaction between constant mechanical
membrane stress, cyclic thermal bending stress and thermal
membrane stress in shakedown analysis, and established three-
dimensional ratcheting boundary by non-cyclic method. Based
on his theoretical derivation and simplified recommendations,
ASME VIII-2 2013 edition®™ made slight modifications to
checking rules for thermal stress ratcheting, where a limit on the
thermal membrane stress range was added, and “thermal bending
stress” was replaced with “thermal stress” in the simplified
elastic-plastic analysis. Asadkarami et al® studied the influence
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of thermal discontinuity involving thermal membrane and
thermal bending stress on shakedown boundary.

Compared with the Bree problem, one more type of stress
is considered in Reinhardt's work, that is, the thermal membrane
stress. However, the interaction between primary bending stress
and other types of stresses is not considered. In 2018, Shen et
all broke the limitation on the basic assumption of section
translation deformation, and developed a new ratcheting
boundary theory considering the interaction among four types of
stresses, i.e., constant mechanical membrane stress, mechanical
bending stress, cyclic thermal membrane stress, and thermal
bending stress. Two more types of stresses are considered in
Shen's work compared with the original Bree problem, and the
unified ratcheting boundary given by Shen can be degenerated to
the Bree problem and the inverse Bree problem. A novel two-
plane model was also proposed to simulate accurately the
interaction among the four types of stresses simultaneously,
which can not be handled by the previous models.

From the work of Breel!l, Reinhardt!* and Shen!”), it can be
found that the types of stresses considered in the ratcheting
theory have been increased, and the applicable scope of
ratcheting checking is extended from the location far away from
the structural discontinuity to the gross structural discontinuity
area. However, their theoretical derivations are only limited to a
simple loading condition, that is, the mechanical load remains
constant and the thermal load keeps cycle. For Bree-type
ratcheting and shakedown problems considering two types of
stresses, many theoretical and numerical studies have been
reported. For instance, Moreton et al ®! in the 1980s, and
Bradford® ' in recent years had both independently derived the
in-phase and out-of-phase modified Bree diagrams by modifying
the loading condition in the original Bree problem!". Pei and
Dong!'>131 developed a universal approach for Bree-type
ratcheting problems, which can automatically generate a series
of Bree-like diagrams considering arbitrary loading and material
nonlinearity conditions. Peng et al.'¥ studied three types of Bree
shakedown problems numerically using the stress compensation
method. As for modified Bree problems involving three or four
types of stresses under complex loading cases, the relevant
research is rarely reported. Since multiple types of stresses are
considered in the elastic stress ratcheting analysis method of the
ASME code, it is necessary to further study the shakedown and
ratcheting boundaries considering the interaction of multiple
stresses under complex thermo-mechanical loads.

Currently, the ASME VIII-2 2019 edition'> provides two
kinds of ratcheting assessment methods: the elastic stress
ratcheting analysis method (paragraph 5.5.6) and the elastic-
plastic stress ratcheting analysis method (paragraph 5.5.7), but
there is no shakedown assessment method. The only rule that can
be used for elastic shakedown analysis is the elastic ratcheting
analysis method, i.e., the 3S criterion. However, the 3S criterion
does not represent a complete elastic shakedown boundary in
most cases, fulfillment of this criterion does not ensure elastic
shakedown generally. Recently, Shen et al.l'® proposed a
complete elastic ratcheting assessment method that can be used
to prevent the loss of elastic shakedown based on the 3S criterion

and supplementary assessment of thermal stress ratcheting.
Since the checking rule of thermal stress ratcheting is actually
based on the simplified representation of the Reinhardt
ratcheting boundary, it is very conservative to use the restriction
on thermal stress ratcheting to supplement the 3S criterion.

For the shakedown analysis considering complex loading
cases, the step-wise analytical derivation is very cumbersome
and error prone. For example, Moreton and Ng!!”!! published
several articles in the 1980s to correct some oversights made in
their original derivations [*l. Since the governing equations of the
modified Bree problems involving three or four types of stresses
are very complicated, the theoretical derivation under more
complex loading conditions is very difficult. For actual
engineering structural components in operation, the loading
conditions cannot be changed arbitrarily, and the cost of
experimental research is very high. With the development of
computer technology and numerical algorithm, finite element
simulation provides a powerful tool for shakedown problems. By
means of numerical analysis, the shakedown boundary
considering multiple types of stresses interaction can be obtained
under arbitrary loading cases. Since the step-by-step analysis
method needs a lot of trial calculation to obtain the shakedown
limit, the accurate and efficient direct method (such as the Linear
Matching Method?*?!l, LMM) has more advantages in
constructing the shakedown and ratcheting boundaries.

The objective of this paper is to study the modified Bree
shakedown problems involving thermal membrane stress and
generalized loading conditions numerically, and to develop a
new and economical elastic shakedown assessment method
based on the complete shakedown boundaries and the
corresponding parametric equations. The article is outlined as
follows. Section 2 presents the numerical procedure for strict
shakedown analysis based on the LMM. The two-plane model is
introduced in Section 3. Three types of modified Bree problems
are analyzed systematically in Section 4. Then a new and
economical elastic shakedown evaluation criterion is proposed
in Section 5. Finally, some key conclusions are given in Section
6.

2. Numerical procedure for shakedown analysis based on
the LMM

The LMM is a fast and direct method for solving the
responses of various complex structures considering non-linear
material properties under arbitrary thermal-mechanical load
combination, which consists of a series of linear elastic analyses
with modified elastic modulus to simulate the structural plastic
behavior?2¥), The robustness and applicability of the LMM has
been verified by FE step-by-step analysis. Through solving a
series of classical problems and complex engineering examples,
it is shown that the LMM is capable of calculating shakedown
and ratcheting boundaries accurately and efficiently>*?]. The
brief introduction of the numerical procedures for strict
shakedown analysis in the LMM is given below.



2.1 Cyeclic plasticity problem

For a structure body with volume V" and surface S, assume
that it is subjected to a varying thermal load 446 (x,t) in the
volume ¥, and a varying mechanical load ApP(x,t) acts on
surface Si, zero-displacement boundary condition is satisfied on
surface S, (=S-Si), where the change of thermal load and
mechanical load has the same period 7. For the time history in a
cycle 0 <t < At, the linear elastic stress solution of the
structure body can be expressed as:

6, (x,0) = A,65(x,t) + 296 (x, 1) 1)
where 65 (x,t) denotes the linear elastic solution of pure
mechanical load P(x,t), ﬁg-(x, t) denotes the linear elastic
solution of pure thermal load 6(x,t), 19 and Ap are thermal
load multiplier and mechanical load multiplier respectively.
Suppose the Drucker’s theorem is satisfied for structural
material, the stress and strain rate in a typical time cycle under
cyclic loads gradually reaches the steady-state:

&;(t) = &;(t + 4¢t) (3)
For arbitrary cyclic history, the stress solution 0;;(x,t) is given
by:
0ij(x,t) = A6;;(x, t) + p;;(x) + p{;(x, t) 4
where A is the load multiplier, p;j(x) is a constant residual
stress field; p;;(x,t) is a varying residual stress field in each
cycle, which satisfies:

pij(x,0) = pi;(x, At) )
2.2 The global minimization process for shakedown analysis

The LMM strict shakedown analysis scheme in this paper
is based on the Koiter upper bound shakedown theorem, the
solution of shakedown limit multiplier involves a process of
energy minimization, which is given by
incremental formulation:
1(8¢l, 2) = S0, [, [oniael — (38,1t) + pij + oy (6) ) Aely | av

(6)

pij(tn) = Xz, 4pi;(t) @)
where Ag[; denotes the strain increment at load instance n(n =
1~N); N is the number of load instances in each cycle. The
minimization of [ (Asl-”]-,/l) requires that the sum of plastic
strain increments in one cycle satisfies the strain compatibility
condition. Suppose a series of plastic strain increments Ael-"jk are
known at the k th iteration, a linear elastic material with shear
modulus @™ can be defined to make the stress state of the
structure reach the yield surface under the same strain condition:

3 -nk s k
EM""S(AsL-"j =0, (8)
where € = EAS{}"AS{‘-", denotes the von Mises equivalent

strain.
For shakedown analysis, there is only a constant residual
stress term p;;, and the varying residual stress field in a cycle

remains zero p;; = 0. Therefore, the cyclic stress history of
shakedown problem can be expressed as:

0;j(x,t) = 46 (x, t) + p;;(x) ©)
A series of linear incremental relationships can be defined as:
k+1)’ 1 A1 _ ’
26 = (A6 () + A5 (10)

where the superscript 'indicates deviatoric variables. By adding
the linear increment expressions over a cycle, we can get:

(k+1)" _ nk+1)’ _ 1 in' | =k+1’

A7 = Y de; = Zﬂ_k[lo—il}l +p5] (D)

(k+1)
i
increment in a cycle, and meets the strain coordination condition;
@ is calculated by ﬁ =Yn #; o/l is calculated by ai"]” =

A6t . . .

aky, U;:k") . After a number of iterations with (11), the
minimization of [ (Ae-" /1) is reached, where [ (Asn(kﬂ),l) <

ij ij
1(4]", 2).

where Ae =ZnAe?j(k+1) is the summation of strain

2.3 Shakedown limit multiplier

The shakedown limit multiplier can be calculated based on
the upper-bound theorem as follows:

25 = fV(Zﬁzl GZ}AS{}-)dV _ fV(o'y sN_, S(As{}))dV (12)

Jy(EN-q 3 j(tn)Aeg)dv Jy(EN-1 8 j(rn)Asg.)dv
A series of monotonically decreasing load multipliers can be
derived using (12), which approach to the actual shakedown
limit.

The above LMM procedure for elastic shakedown analysis
has been implemented in ABAQUS?® using user subroutines. It
is worth noting that for the plane stress analysis in this paper, the
stress tensor and strain tensor in ABAQUS reduced to three
components respectively.

3. Two-plane model

In order to obtain different kinds of elastic shakedown
boundaries under the interaction of mechanical membrane stress,
thermal bending stress and thermal membrane stress, the two-
plane model proposed in literature!”! is adopted. The schematic
diagram of the model is shown in Fig.1. The analysis of this
paper adopts the assumption of section translation deformation,
and the interaction of primary bending stress with the above three
types of stresses will be discussed in a separate paper.
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Fig.1. Two-plane FE model.

The two-plane model consists of two identical plane stress
models. The two planes are rigidly coupled by two inner adjacent
edges, and the two outside boundary lines are restrained in Y-
direction. The total bending strain of the section is constrained to
zero, rigid boundary subjected to mechanical load is set parallel
to the fixed boundary. The uniform primary membrane stress can
be obtained by directly applying the mechanical load on the
coupling boundary. Note that mechanical loads are beard by two
planes together because of the coupling condition. The uniform
distribution thermal membrane stress and the linear distribution
thermal bending stress can be achieved by designing the
temperature field applied on the two planes. As shown in Fig. 1,
the two planes are respectively applied with linearly distributed
temperature gradients in the X direction, and the gradient
distribution of the temperature field is represented by different
color blocks. The two planes have the same temperature gradient
range but with different mean temperatures. The thermal bending
stress is induced by the temperature gradient, the maximum
linear elastic thermal bending stress caused by the thermal
gradient in the model is ow=EaAT/2, where E is Young's
modulus, a is thermal expansion coefficient, and AT is the range
of temperature gradient applied to each plane. The thermal
membrane stress is caused by the average temperature of the two
planes. Assume osm=Rog, where R> 0, defined as "secondary
membrane bending ratio", is a new parameter introduced in this
paper.

Commercial FE software ABAQUS is used for LMM
analysis and calculation. The mesh and geometric dimensions of
the model are shown in Fig. 2. The properties of elastic-perfectly
plastic material are shown in Table 1. It is assumed that the
material parameters are constant during the temperature cycles.
A homogeneous, isotropic material model with small
displacement theory shall be utilized in the analysis. The von
Mises yield function and associated flow rule are assumed. There
are 180 plane stress elements in the model. The element type is
CPSS, and each element has 3 x 3 Gauss integral points.

According to the linear elastic superposition analysis of
three types of stresses under uniaxial stress state, the maximum
stress in the model will appear at the edge of the structure. As the
existing studies®’! have shown that the accurate determination of
the alternating plastic boundary is sensitive to the mesh size, so
a denser mesh is utilized at the edge of the model. The following
calculation results show that sufficiently accurate shakedown

limit multiplier can be obtained by using the mesh.
10
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X

Fig. 2. Meshing and dimensions of geometry.

Table 1. Material property.

Item Value
Young’s modulus [MPa] 2E5
Poisson’s ratio 0.3
Yield strength [MPa] 300
Coefficient of thermal expansion [°C'] 1E-5

4. Shakedown analysis of modified Bree problems

Three types of cyclic loading forms are considered in this
paper and shown in Fig. 3.
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Fig. 3. Three loading forms of modified Bree shakedown problems.

4.1 Type-I loading form

For the Type-I loading case, the thermal load is cyclic and
the mechanical load remains constant, as shown in Fig. 3a. Note
that constant mechanical load can cause constant mechanical
membrane stress, while cyclic thermal bending stress and cyclic
thermal membrane stress are both induced by the cyclic thermal
load. In order to quantitatively analyze the respective proportions
of thermal membrane stress and thermal bending stress in
thermal stress, and to distinguish their influence on shakedown
boundary, the concept of "secondary membrane bending ratio" is
introduced, which is expressed as R:

R =Som/Sqb= Osm/0s (13)
where Sg, is the thermal membrane stress range, Sg, is the
thermal bending stress range. The secondary equivalent thermal
stress range can be expressed as:

Somb=Som*+Sep=0r —0= 21550y, (14)



where 0y, is the maximum absolute value of the thermal stress
obtained by applying the elastic analysis method according to the
initial preset temperature field. As noted by literature!, pure
thermal bending can be induced by linear distribution thermal
gradient in radial direction of the shell, while the axial thermal
gradient will cause both thermal membrane and thermal bending,
with membrane being dominant. Although the source and stress
distribution of the two are different, the cyclic properties of the
two are the same, and both are part of the cyclic thermal stress
caused by the cyclic thermal load. The secondary membrane plus
bending stress ranges should be both subtracted from the cyclic
yield stress in the non-cyclic derivation. Therefore, when solving
the shakedown limit multiplier, the thermal membrane and
thermal bending are scaled according to the same load multiplier.
Different thermal stress distribution forms are reflected by
different R values. For example R=0 represents pure thermal
bending; 1/R=04/0sm =0 means pure thermal membrane; R=0.5,
then ow=0.50s. The introduction of R can make the three-
dimensional shakedown boundary expressed in the form of
parameterized lines in the two-dimensional coordinate system
instead of the usual contour lines. It is convenient for comparison

and reduces unnecessary simplification. A series of R values (0,
1 1 3 2 4 3

v by
membrane)) are selected for calculation and analysis to study the
change of shakedown region under different thermal stress
distributions. According to the non-cyclic derivation!, the
corresponding three-dimensional elastic shakedown boundary
section under constant mechanical membrane stress and cyclic
thermal stress can be expressed as:
Case a. for S, +Som <2S,, and S, = Sgp

%, 4, 9, + (represents pure thermal

X=1-27/2 (15)
Case b. for Sgp+Som <25, and Sy < Spp
X=1-Y/4—-27%/4Y (16)

where X =P,/S,, P, is the general primary membrane
equivalent stress, S, is the cyclic yield strength. Y=S,,/S,,
Z=Sgm/Sy. By introducing the parameter R, it can be derived
from Egs. (15) and (16) that:
when Y' <2 and R>1:

Y'=Somp/Sy =2(1+1/R)(1 —X) (17)
when Y’ <2 and 0 <R< 1:

Y =4(1-X)(1+R)/(1+R? (18)

The LMM was implemented to perform strict shakedown
analysis of the model under various ratios of R. A convergence
value of le-4 between consecutive upper bounds was used to
obtain the shakedown limits. The numerical results are shown in
Fig. 4 and Fig. 5. Fig4 shows comparison between the
shakedown limits calculated by the LMM and the theoretical
solutions directly obtained from Eqgs. (17) and (18). It can be seen
that the numerical solution is in good agreement with the
theoretical solution. As shown in Fig.5, except for the case of
pure thermal membrane, the shakedown boundary under
different R is composed of two segments. One of which is the
alternating plastic boundary, and the other is the ratcheting
boundary. When R=0, i.e. the thermal stress is pure thermal

bending, the governing equations of the shakedown boundary
can be obtained from Bree diagram as follows:

25

--+--R=0LMM
4 R=0theory
----- R=0.67 LMM

B R=067 theory

R=15IMM
4 R=15 theory
-=e=-1/R=0 LMM
® 1R=0 theory
15

V=5 Om b/ S‘.\
»
»

0.5

»
L

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 11
X=P,/S,
Fig. 4. Comparison of partial shakedown limits calculated by the
LMM and theoretical solutions.

2.5

2E

L5

Sme/S)'

y'=

0.5

0 01 02 03 04 05 06 07 08 09 1 Ll
X=P,/S,

Fig. 5. Shakedown limits calculated by the LMM for the Type-I

loading case.

Y'=Y=2 for 0<X<05 (19)
Y'=Y=4(1-X) for 0.5<X<1.0 (20)

For different values of R, the alternating plastic boundary always
remains unchanged, that is, the secondary equivalent thermal
stress range is equal to twice the yield strength. When R=1, the
ratcheting boundary section (hereinafter referred to as lower
shakedown boundary) is the same as that when R=0, that is,



Y' =4(1 - X). In Fig.5, the red dotted line is the shakedown
boundary for R=1. When R>1, the lower shakedown boundaries
are all on the left side of the red dotted line, When R<1 , the
lower shakedown boundaries are all located to the right of the
red dotted line. It can be seen that with the change of R, the
intersection point of the alternating plastic boundary and the
lower shakedown boundary is always changing, thus affecting
the area of the shakedown region. Here, we define the abscissa
value of the intersection point as the critical value [X]. When
Y'=2, formula (21) is obtained from Egs. (17) and (18).
>

x1= {El/(j ;RR}RZ)/ﬁz)aRle) foro<rR<1 D
When R>1, the critical value [X] decreases as R increases. It
means that the shakedown region decreases with the increase of
the proportion of thermal membrane in thermal stress. When the
thermal stress is pure thermal membrane, the shakedown region
reaches the minimum and the shakedown boundary is controlled
by a single straight line. When 0 <R< 1, the critical value[X]
first gradually increases as R increases, and then gradually
decreases. When R=v2-1, [X] achieves the maximum value,
and [X]max=2-v2 ~0.586. In Fig. 6, all numerical results in Fig.
5 are plotted in the same coordinate system as the Bree diagram.
The ordinate is the dimensionless thermal bending stress range.
From Fig. 6, we can see the changing trend of the critical
value [X]. As the R value increases, the shakedown zone
corresponding to thermal bending gradually decreases.
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Fig. 6. Shakedown limits plotted in the XY coordinate system.
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Fig. 7. Shakedown limits plotted in the XYZ coordinate system and its
locations in the Reinhardt 3D ratcheting boundary.

In Fig.7, the calculated shakedown limits (the red dots) are
displayed in the three-dimensional XYZ coordinate system. The
locations of the shakedown limits on and below the colored
Reinhardt three-dimensional ratcheting boundary® are marked.
The relative positional relationship between the three-
dimensional shakedown domain and ratcheting boundary is
presented. The complete elastic shakedown boundary under
Type-I loading case can be expressed as Egs. (22) and (23):
when R>1 :

v _ (2 0<X<I[X]
Y_{2(1+1/R)(1—X), X]<Xx<1 (22)
when 0 <R<1 :
le{z, osxsp
4(1-X)(1+R)/(L+RY), [X]<X<1

where [X] is determined by Eq. (21). Since the elastic
shakedown boundary always passes through two fixed points
(1,0) and (0,2) in the XY’ coordinate system, so once the critical
value [X] is determined, the elastic shakedown domain can be
quickly constructed.

4.2 Type-II loading form

For the Type-II loading case, the thermal load and the
mechanical load vary proportionally, i.e. the primary load
cycling in-phase with the secondary load, as shown in Fig. 3b.
Bradford! theoretically deduced the modified Bree problem that
both the primary load and the secondary load are strictly in-phase
cycle. The governing equation of Bradford shakedown boundary
represented by the black dotted line in Fig.8 can be expressed as:

X'+Y =2 for0<X'<1 (24)
where X'=AP,/S,, and AP, is the primary membrane stress
range. In Bradford's work, the thermal stress is purely thermal



bending stress as the Bree problem, that is, R=0, without
considering the effect of thermal membrane stress. In this
section, the elastic shakedown behavior under the same in-phase
cycle of thermal bending stress, thermal membrane stress and
mechanical membrane stress is considered, i.e. R=0. When R=0,
the calculated shakedown limits agree well with the Bradford
theoretical solution. When the R value is arbitrarily changed, the
shakedown boundary always remains unchanged in the X'V’
coordinate system. Therefore, it can be summarized that the
elastic shakedown boundary governing equation under Type-II
loading condition is as follows:
when R>0 :

X+Y' =2 for0<X' <1 (25)
Note the change of the ordinate variable in (25).
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Fig. 8. Shakedown limits calculated by the LMM for the Type-II

loading case and its comparison with the Bradford shakedown

boundary.

The following is an analysis of why the shakedown
boundary remains unchanged after considering the thermal
membrane stress in the thermal stress. For the case of in-phase
loading, the constant loading part is zero, and all loadings are
cyclic. In order to maintain elastic shakedown and to protect
against fatigue failure, the sum of the maximum stress range
caused by all loadings shall not exceed twice the yield stress, i.e.

A By + Som + Sop < 285, (26)
Divide both sides of InEq. (26) by S, then, X'+Y+Z< 2, that
is, X'+Y’ < 2. Since it is the maximum stress ranges of primary
stress plus secondary stress on the entire wall thickness that
control the shakedown boundary, the actual ratio of thermal
membrane and thermal bending has no effect on the shakedown
boundary.

4.3 Type-III loading form

For the Type-IIl loading case, the thermal load and the
mechanical load vary independently, as shown in Fig. 3c. The
numerical results calculated by the LMM are shown in Fig.9. As
the value of R continues to increase, the changing trend of the
shakedown domain for Type-III loading is similar to that of the
Type-I loading. Besides pure thermal membrane, the shakedown
boundary consists of two segments. The alternating plastic
boundary segment is the same as the Type-II loading case. The
lower shakedown boundary coincides with the corresponding
boundary segment of the Type-I loading. In fact, by summarizing
and comparing the three types of modified Bree shakedown
problems, it can be found that the shakedown boundary of the
Type-IIl loading case is always the lower envelope of the
shakedown boundaries of the Type-I loading case and the Type-
IT loading case for any selected R value.
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Fig. 9. Shakedown limits calculated by the LMM for the Type-III
loading case.

As shown in Fig.10, several typical R values are selected to
summarize the calculation results of shakedown limits for the
three types of modified Bree problems. Based on the first two
types of problems, the governing equations of the shakedown
boundary under the Type-III loading can be obtained as:
when R>1:

. (2-X, 0<X <[X] -
- {2(1+1/R)(1—X’), X1<x' <1 @7
when 0 <R< 1:
,_(2-X, 0<X <[X]
r= {4(1 -XYA+R)/(1+R?, [X]<X' <1 (28)
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Fig. 10. Comparison of the shakedown boundaries for the three types

of modified Bree problems.

where the abscissa [X'] of the inflection point of the shakedown
boundary is determined by Eq. (29).

Y1 = 2/(2+R), R=>1

[ ]_{(2+4R—2R2)/(3+4R—R2), 0<R<1
For R = 0, [X'] first increases and then decreases with the
increase of R value. When R=+/2-1, [X']reaches the maximum,
and [X']ma= (4v2-4)/(3v/2-2) =0.739. Through the comparison
of the three types of modified Bree shakedown problems, it can
be found that different thermal stress distributions (reflected by
different R values) have a great impact on the area of the
shakedown region. An optimized temperature field design can
expand the scope of the shakedown region and improve the
economy.

(29)

5. Complete elastic shakedown assessment method

The 3S criterion (also known as shakedown criterion or
twice yield criterion) is the elastic ratcheting analysis method in
the ASME code that can be used for elastic shakedown analysis.
However, the question of whether 3S criterion can guarantee
shakedown and protect against ratcheting has long been
discussed internationally. ISO 16528 Standard™ states that the
3S criterion covers the risk of failure by progressive plastic
deformation. Zeman pointed out 3S-criterion based on elastic
shakedown concepts is a necessary but not sufficient condition
for shakedown to linear-elastic behavior ],

According to the definition of 3S criterion, it can be
expressed as:

AP+ AQ <3S 30)
where AP is the primary stress range, AQ is the secondary stress
range. InEq. (30) divided by S, , the 3S criterion can be
expressed in a dimensionless form as:

X'+Y'<2 (31)

For the Type-I loading condition, as the mechanical load P

is constant, then AP=0, that is, X'=0, and the 3S criterion
becomes Y’ <2 . For the Type-Il and Type-IIl loading
conditions, since both the primary load and the secondary load
are cyclic, the 3S criterion can be expressed by Eq. (31). Fig.11
to Fig.13 are the comparisons of the three-dimensional
shakedown domains and the 3S criterion plane of the three types
of problems. (Fig.11 is plotted in the XYZ coordinate system,
Fig.12 and Fig.13 are plotted in the X'YZ coordinate system).
The blue surfaces in Fig.11 and Fig.13 are the three-dimensional
shakedown boundaries, and the green planes are the 3S criterion
planes. Part of the area where the 3S criterion plane and the
shakedown domain overlap are shown in blue. In Fig.12, the blue
plane is the three-dimensional shakedown boundary, and the 3S
criterion plane coincides with this plane. The blue dots in Fig.13
are the inflection points of the shakedown boundary under
different R values, which are all located on the 3S criterion plane.
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Fig. 11. Comparison between shakedown domain for the modified
Bree problem under Type-I loading and the 3S criterion plane.



by the second formulas in Egs. (22) and (23). As for the Type-II
1.0 loading, the 3S criterion is a sufficient and necessary condition
for shakedown assessment, and is conservative in the whole
interval of X'.

T 2
”"6»,,45" ~

Fig. 12. Shakedown domain and 3S criterion plane for the modified
Bree problem under Type-II loading.

Fig. 13. Comparison between shakedown domain for the modified
Bree problem under Type-III loading and the 3S criterion plane.

From Fig.11 to Fig.13, it can be seen that the 3S criterion
does not represent a complete elastic shakedown boundary
except for specific loading case. This is the source of the non-
conservatism of the 3S criterion used for elastic ratcheting

analysis. In order to eliminate this incompleteness, additional (b)

assessment conditions need to be supplemented. For the Type-I Fig. 14. Shakedown limits for the modified Bree problem under Type-
loading, the 3S criterion is conservative when X < [X](that is 1 loading displayed inthe X'Y'Z coordinate system and its comparison
given by Eq. (21)). When X > [X], the 3S criterion plane with the 38 criterion plane.

exceeds the lower shakedown boundary that can be determined



For the Type-III loading, the shakedown domain is more
conservative than that of Type-I loading and Type-II loading.
Fig.14 compares the shakedown limits for the Type-III problem
with the 3S criterion plane in the X'Y'Z coordinate system. The
green plane is the 3S criterion plane. The orange plane (1) and
the yellow surface (2) are the checking surfaces of thermal stress
ratcheting, and they can be used to show the positions of the
shakedown limits in space. The shakedown limits lie partly on
the green plane, partly on the orange plane, and the rest locate
below the green plane and above the yellow plane. If the 3S
criterion is supplemented with the orange and yellow planes, the
elastic shakedown can be ensured to protect against ratcheting.
The three-dimensional elastic shakedown boundary given by
these three surface constraints can be uniformly expressed as:

, , , —-Y'/4ifY' <4/3

X =FY,2)= mm{[ 2-Y ifY' > 4/3 ],(2 Z)/Z} (32)
In the region A4 surrounded by the three surfaces of Fig. 14(b),
the elastic shakedown boundary given by Eq. (32) is more
conservative than the actual elastic shakedown limits. Therefore,
as a more economical alternative, especially when the primary
membrane stress range is greater than S, the 3S criterion can be
supplemented by the actual shakedown limits. A new and
complete elastic shakedown assessment method for generalized
thermomechanical loading conditions can be summarized as
follows:

a) Determine the primary membrane stress range to calculate

X'=AP, /S,.

b) Calculate the secondary equivalent thermal stress range at
all locations of interest, Sg,,p="Y'S,,.

¢) Calculate the thermal membrane stress range at all locations
of interest, Som,=ZS,.

d) Determine the secondary membrane bending ratio,

R=Som / (Sgmp — Som). and calculate [X'] according to

Eq. (29).

Then the elastic shakedown assessment steps are:

(1) When X' <[X'], the 3S criterion, i.e. X'+ Y' < 2, is
conservative.

When R>1 and X' >[X'] = 2/(2+R) , elastic
shakedown assessment based on the 3S criterion alone may
lead to progressive plastic deformation. Additional
assessment condition should be complemented according to
Eq.(27), that is, Z=2(1 — X").

When 0 <R< land X' > (2 + 4R — 2R?)/(3 + 4R — R?),
the 3S criterion is not conservative for elastic shakedown
evaluation, the second expression of Eq. (28) should be
supplemented, that is, Y’ = 4(1 — X")(1 + R)/(1 + R?).

2

)

6. Conclusions

Three types of modified Bree shakedown problems
involving thermal membrane stress and generalized loading
conditions are investigated systematically. To sum up, the
following conclusions can be drawn:
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1. By introducing a new parameter called "secondary
membrane bending ratio" R, the connections between the
three types of problems are revealed, and the parametric
equations of the three types of shakedown boundaries are
obtained for the first time. The proposed parametric
equations are useful in engineering optimization design
and safety checking.

2. It is found that for the Type-I and Type-III loading
conditions, the shakedown domains will first gradually
increase and then gradually decrease as the R value
increases. For the Type-Il loading case, the shakedown
boundary coincides with the 3S criterion and remains
unchanged under different R values. For any given value
of R, the shakedown domain of the Type-III loading is the
lower envelope of the shakedown domains of the Type-I
loading and the Type-II loading.

3. It is found that the 3S criterion does not represent a
complete elastic shakedown boundary except for the case
of primary load cycling in-phase with the secondary load.
In general, the 3S criterion plane only coincides with the
alternating plastic boundary. Due to the lack of the lower
shakedown boundary, the 3S criterion is unsafe for elastic
shakedown assessment when the primary membrane stress
(or range) exceeds its critical value [X] (or [X']).

4.  Anew and complete elastic shakedown assessment method
for generalized thermomechanical loading conditions is
proposed, which eliminates the incompleteness of the 3S
criterion and is a sufficient and necessary condition to
prevent the loss of elastic shakedown. Compared with the
three-dimensional elastic ratcheting assessment method
proposed based on the ASME code rule, it is a more
economical alternative, especially when there exists local
primary membrane stress.
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