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Stabilisation in Distribution by Delay Feedback
Control for Hybrid Stochastic Differential

Equations
Surong You, Liangjian Hu, Jianqiu Lu, Xuerong Mao

Abstract— This paper is concerned with the design of
a feedback control based on past states in order to make a
given unstable hybrid stochastic differential equation (SDE)
to be stable in distribution (stabilisation in distribution).
This is the first paper in this direction. Under the global
Lipschitz condition on the coefficients of the given unstable
hybrid SDE, we will show that the stabilisation in distribu-
tion can be achieved by linear delay feedback controls. In
particular, we discuss how to design the feedback controls
in two structure cases: state feedback and output injection.

Index Terms—Brownian motion, Markov chain, stabil-
ity in distribution, delay feedback control.
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1. INTRODUCTION

Hybrid systems have been widely used to model
many practical systems in science and industry where the
systems may experience abrupt changes in their structure
and parameters (see, e.g., [2], [12], [25]). One important
class of hybrid systems is the hybrid stochastic differential
equations (SDEs), also known as SDEs with Markovian
switching (see, e.g., [3], [4], [20], [21], [22], [28], [31]).
An area of particular interest in the study of hybrid SDEs
has been the analysis of stability. Most of the papers in
this area are concerned with the stability of the trivial
solution (equilibrium state) in the sense of pth moment,
probability 1 and so on (see, e.g., [5], [7], [8], [10], [15],
[19], [23], [24], [30], [32]).

However, it is inappropriate to study the stability
of the trivial solution but more appropriate to discuss
the stability in distribution in many SDE models in
the real world. For example, there is no equilibrium
state to many SDE models in engineering including
fault tolerant control systems, multiple target tracking,
flexible manufacturing systems (see, e.g., [2], [4], [12],
[22], [25]) and hence there is no point to discuss the
stability of the trivial solution. The well-known mean
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reverting Ornstein–Uhlenbeck (OU) process in financial
engineering (see, e.g., [8]) is described by a scalar SDE
dX(t) = λ(µ−X(t))dt+ σdB(t), where λ, µ, σ are all
positive numbers and B(t) is a scalar Brownian motion.
This SDE does not have a trivial solution. However, the
probability distribution of the solution X(t) will converge
to the normal distribution N(µ, σ2/2λ) independent of
the initial value x(0) ∈ R (see, e.g., [16, p.306]). For
more information on the stability in distribution, we refer
the reader to [4], [9], [21], [26], [27].

Consider a hybrid SDE

dX(t) = f(X(t), r(t))dt+ g(X(t), r(t))dB(t), (1.1)

where the state X(t) takes values in Rn and the mode r(t)
is described by a Markov chain taking values in a finite
space S = {1, 2, · · · , N}, B(t) is a Brownian motion, f
and g are referred to as the drift and diffusion coefficient,
respectively. If the given SDE does not have a desired
property (e.g., stability), it is traditional (see, e.g., [20],
[21], [28]) to design a feedback control u(X(t), r(t)),
based on the current state X(t) and mode r(t), to make
the controlled system

dX(t) = [f(X(t), r(t)) + u(X(t), r(t))]dt

+ g(X(t), r(t))dB(t) (1.2)

to have the desired property. In this paper, we assume that
the mode r(t) is obvious at any time (and this is the case,
for example, if the SDE (1.1) is a financial model where
r(t) stands for the interest rate [8]) but the state x(t) is
required to be observed. Due to an unavoidable time lag τ
between the time when the observation of the state x(t) is
made and the time when the feedback control reaches the
system, the control should be u(X(t−τ), r(t)). Hence the
controlled system should be in the form of a stochastic
differential delay equation (SDDE)

dX(t) = [f(X(t), r(t)) + u(X(t− τ), r(t))]dt

+ g(X(t), r(t))dB(t). (1.3)

In other words, (1.2) is theoretical while (1.3) is real. It
is therefore absolutely necessary and important to study
(1.3) for the real-world applications. Of course, when the
mode r(t) is not obvious and required to be observed,
the control should become u(X(t − τ), r(t − τ)). The
corresponding problem is more complicated and will be
investigated in the future.
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If the desired property is the asymptotic stability
of the trivial solution (equilibrium state) in the sense
of either pth moment or probability 1, the stabilisation
problem (1.3) has been studied by several authors (see,
e.g., [6], [11], [18]). However, if the desired property is
the asymptotic stability in distribution, the stabilisation
problem (1.3) has not been studied yet. The latter is much
harder than the former because the latter is concerned
with the convergence of the probability distributions in
the functional space C([−τ, 0];Rn) (see Section 2 for the
definition) while the former is to study if E|X(t)|p → 0
or X(t) → 0 almost surely. The mathematics developed
for the latter in this paper is not only highly technical
(please see, e.g., the proof of Theorem 3.4) but also very
much different from the existing papers in this direction
(e.g., [6], [11], [18]).

Before we develop our new theory on the stabili-
sation in distribution, let us highlight the key points we
have made in this section:

• It is necessary and important to study the stabilisa-
tion in distribution for hybrid SDEs by delay feed-
back controls as there are real-world applications.

• The problem has not been studied yet is because the
mathematics involved is highly technical.

2. NOTATION

Throughout this paper, unless otherwise specified,
we let Rn be the n-dimensional Euclidean space and
B(Rn) denote the family of all Borel measurable sets in
Rn. If x ∈ Rn, then |x| is its Euclidean norm. Let τ be
a positive number and Cτ (or C([−τ, 0];Rn)) denote the
family of continuous functions ξ : [−τ, 0] → Rn with
norm ‖ξ‖τ = sup−τ≤u≤0 |ξ(u)|. Also, B(Cτ ) denotes
the family of all Borel measurable sets in Cτ . If A is a
vector or matrix, its transpose is denoted by AT . If A is a
matrix, we let |A| =

√
trace(ATA) be its trace norm and

‖A‖ = max{|Ax| : |x| = 1} be the operator norm. If A
is a symmetric matrix (A = AT ), denote by λmin(A) and
λmax(A) its smallest and largest eigenvalues, respectively.
By A > 0 and A ≥ 0, we mean A is positive and
non-negative definite, respectively. If both a, b are real
numbers, then a∧ b = min{a, b} and a∨ b = max{a, b}.

We let (Ω,F , {Ft}t≥0,P) be a complete probability
space with a filtration {Ft}t≥0 satisfying the usual con-
ditions. For a subset Ω̄ of Ω, IΩ̄ denotes its indicator
function. Let B(t) = (B1(t), · · · , Bm(t))T be an m-
dimensional Brownian motion defined on the probability
space. Let r(t), t ≥ 0, be a right-continuous irreducible
Markov chain on the probability space taking values in
a finite state space S = {1, 2, · · · , N} with generator
Γ = (γij)N×N given by

P{r(t+∆) = j|r(t) = i} =

{
γij∆ + o(∆) if i 6= j,

1 + γii∆ + o(∆) if i = j,

where ∆ > 0. Here γij ≥ 0 is the transition rate from
i to j if i 6= j while γii = −

∑
j 6=i γij . We assume that

the Markov chain r(·) is independent of the Brownian
motion B(·).

Consider an n-dimensional hybrid SDE (1.1) on t ≥
0, where f : Rn × S → Rn and g : Rn × S → Rn×m
are Borel measurable functions satisfying the following
assumption.

Assumption 2.1: There is a pair of positive con-
stants a1 and a2 such that

|f(x, i)− f(y, i)|2 ≤ a1|x− y|2,
|g(x, i)− g(y, i)|2 ≤ a2|x− y|2

for all x, y ∈ Rn and i ∈ S.
It is easy to see from Assumption 2.1 that

|f(x, i)|2 ≤ 2a1|x|2 + a0, |g(x, i)|2 ≤ 2a2|x|2 + a0

(2.1)

for all (x, i) ∈ Rn×S, where a0 = 2 maxi∈S(|f(0, i)|2∨
|g(0, i)|2).

It is well known (see, e.g., [21]) that the hybrid SDE
(1.1) has a unique global solution X(t) on t ≥ 0 for any
given initial values X(0) ∈ Rn and r(0) ∈ S. Assume
that this given SDE does not have the desired property
of stability in distribution and we are required to design
a feedback control u(X(t − τ), r(t)), to stabilise the
system. To make the design simpler, we will seek a linear
form of feedback control, namely u(X(t − τ), r(t)) =
A(r(t))X(t− τ), where A(i) ∈ Rn×n for all i ∈ S, and
we will often write A(i) = Ai. The underlying controlled
system (1.3) therefore becomes

dX(t) =
(
f(X(t), r(t)) +A(r(t))X(t− τ)

)
dt

+ g(X(t), r(t))dB(t). (2.2)

Accordingly, our aim is to design N matrices Ai so
that this controlled system is asymptotically stable in
distribution.

The controlled system (2.2) is in fact a hybrid SDDE
and it is therefore natural to impose the initial data{

{X(u) : −τ ≤ u ≤ 0} = ξ ∈ Cτ ,
r(0) = i ∈ S. (2.3)

It is known (see, e.g., [13], [14], [21]) that under Assump-
tion 2.1, the controlled SDDE (2.2) with the initial data
(2.3) has a unique global solution on t ≥ −τ . Moreover,
define Xt = {X(t+ u) : −τ ≤ u ≤ 0} for t ≥ 0, which
is a Cτ -valued process. When we need to emphasise the
role of the initial data (2.3), we will write the solution by
Xξ,i(t) while the Markov chain starting from i at time 0
by ri(t). It is known (see, e.g., [21, Theorem 7.14 on p.
282]) that

E‖Xξ,i
t ‖2 ≤ κt(1 + ‖ξ‖2) ∀t ≥ 0, (2.4)

where κt is a positive constant dependent on t but
independent of the initial data (ξ, i). It is also known
that the joint process (Xt, r(t)) on t ≥ 0 forms a time-
homogeneous Markov process on the state space Cτ × S.
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Define its transition probability measure on Cτ × S by
p(t, ξ, i; dζ × {j}). That is,

P((Xξ,i
t , ri(t)) ∈ Z × J)

=
∑
j∈J

∫
Z

p(t, ξ, i; dζ × {j}) (2.5)

for any Z ∈ B(Cτ ) and J ⊂ S.
Denote by P(Cτ ) the family of probability measures

on the measurable space (Cτ ,B(Cτ )). For P1, P2 ∈
P(Cτ ), define metric dL by

dL(P1, P2)

= sup
φ∈L

∣∣∣ ∫
Cτ
φ(ξ)P1(dξ)−

∫
Cτ
φ(ξ)P2(dξ)

∣∣∣, (2.6)

where

L ={φ : Cτ → R satisfying |φ(ξ)− φ(ζ)| ≤ ‖ξ − ζ‖
and |φ(ξ)| ≤ 1 for ξ, ζ ∈ Cτ}.

Moreover, denote by L(Xt) the probability measure on
(Cτ ,B(Cτ )) generated by Xt.

Definition 2.2: The controlled system (2.2) is said
to be asymptotically stable in distribution if there exists
a probability measure µτ ∈ P(Cτ ) such that

lim
t→∞

dL(L(Xξ,i
t ), µτ ) = 0

for all (ξ, i) ∈ Cτ × S.
It should be pointed out that in the literature (see,

e.g., [29]), the asymptotic stability in distribution is in
general defined on the joint process (Xξ,i

t , ri(t)), namely
the transition probability measure p(t, ξ, i; dζ×{j}) will
converge in distribution to a probability measure on Cτ ×
S. On the other hand, given that the law of the Markov
chain ri(t) is already known to converge to its unique
stationary distribution (see, e.g., [1]), our definition here
only on Xξ,i

t is consistent with that in the literature.

3. MAIN RESULTS

Assumption 3.1: There exists a positive number b0
and N symmetric positive definite matrices Wi (1 ≤ i ≤
N ) such that

Ψ(x, y, i)

:= 2(x− y)TWi[f(x, i)− f(y, i) +Ai(x− y)]

+ trace[(g(x, i)− g(y, i))TWi(g(x, i)− g(y, i))]

+

N∑
j=1

γij(x− y)TWj(x− y) ≤ −b0|x− y|2 (3.1)

for all (x, y, i) ∈ Rn × Rn × S.
We will explain in Section 4 how to design these de-

sired matrices Ai so that we can further identify Wi’s and
b0 for this assumption to hold, but in this section we just

assume this assumption is satisfied. It is straightforward
to show from Assumptions 2.1 and 3.1 that

Φ(x, i)

:= 2xTWi[f(x, i) +Aix] + trace[g(x, i)TWig(x, i)]

+

N∑
j=1

γijx
TWjx ≤ −b0|x|2 + b1|x|+ b2 (3.2)

for all (x, i) ∈ Rn × S, where b1 and b2 are positive
numbers. Throughout this paper, we will set

a3 = max
i∈S
‖Ai‖2 and a4 = max

i∈S
‖WiAi‖. (3.3)

A. Lyapunov functionals

The key technique used in this paper is the method
of Lyapunov functionals. To define the Lyapunov func-
tionals, we introduce the segment X̂t := {X(t + u) :
−2τ ≤ u ≤ 0} for t ≥ τ . Please note that X̂t is
C([−2τ, 0];Rn)-valued which is different from Xt. The
Lyapunov functionals used in this paper will be of the
form

V (X̂t, r(t), t) := XT (t)Wr(t)X(t)

+

∫ t

t−τ

∫ t

s

[
θ1|X(v)|2 + θ2|X(v − τ)|2

]
dvds (3.4)

for t ≥ τ . Here Wi’s are the matrices specified in
Assumption 3.1 while θ1 and θ2 are two free positive
numbers.

It is useful to observe that

c1|X(t)|2 ≤ V (X̂t, r(t), t)

≤c2|X(t)|2 + c3

∫ t

t−2τ

|X(v)|2dv, (3.5)

where c3 = τ(θ1 ∨ θ2), c1 = mini∈S λmin(Wi) and c2 =
maxi∈S λmax(Wi).

Applying the generalised Itô formula (see, e.g.,
[21, Theorem 1.45 on p.48]) to the Lyapunov functional
defined by (3.4) yields

dV (X̂t, r(t), t) = LV (X̂t, r(t), t)dt+ dM(t) (3.6)

for t ≥ τ , where

LV (X̂t, r(t), t)

= Φ(X(t), r(t))− 2xT (t)Wr(t)Ar(t)(X(t)−X(t− τ))

+ θ1τ |X(t)|2 − θ1

∫ t

t−τ
|X(s)|2ds

+ θ2τ |X(t− τ)|2 − θ2

∫ t

t−τ
|X(s− τ)|2ds (3.7)

and M(t) is a martingale with M(0) = 0 (whose form
is of no use in this paper). Making use of (3.2) and in-
troducing the third free positive number θ3 ∈ (0, b0/a4),
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we get from (3.7) that

LV (X̂t, r(t), t)

≤ −(b0 − a4θ3 − θ1τ)|X(t)|2 + b1|X(t)|+ b2

+ (a4/θ3)|X(t)−X(t− τ)|2 − θ1

∫ t

t−τ
|X(s)|2ds

+ θ2τ |X(t− τ)|2 − θ2

∫ t−τ

t−2τ

|X(s− τ)|2ds (3.8)

for t ≥ τ . On the other hand, we can derive from (2.2)
along with (2.1) and (3.3) that

E|X(t)−X(t− τ)|2

≤2a0τ(2τ + 1) + 4(2τa1 + a2)

∫ t

t−τ
E|X(s)|2ds

+4τa3

∫ t−τ

t−2τ

E|X(s)|2ds. (3.9)

We therefore obtain that

E(LV (X̂t, r(t), t))

≤ −(b0 − a4θ3 − θ1τ)E|X(t)|2 + b1E|X(t)|
+ b2 + 2a0a4τ(2τ + 1)/θ3 + θ2τE|X(t− τ)|2

− [θ1 − 4a4(2τa1 + a2)/θ3]

∫ t

t−τ
E|X(s)|2ds

− (θ2 − 4τa3a4/θ3)

∫ t−τ

t−2τ

E|X(s)|2ds (3.10)

for t ≥ τ . Throughout of this paper, we define the set of
three free parameters

Θ = {(θ1, θ2, θ3) : θ1θ3 > 4a2a4, θ2 > 0,

θ3 ∈ (0, b0/a4)} (3.11)

and let

τ∗ = sup
(θ1,θ2,θ3)∈Θ

b0 − a4θ3

θ1 + θ2
∧ θ1θ3 − 4a2a4

8a1a4
∧ θ2θ3

4a3a4
.

(3.12)

These are technical parameters. In particular, the meaning
of τ∗ will become clear later (see Theorem 3.4).

B. Lemmas

Lemma 3.2: Let Assumptions 2.1 and 3.1 hold. If
τ < τ∗, then the solution of equation (2.2) with the initial
data (2.3) satisfies

E‖Xξ,i
t ‖2 ≤ θ̄(1 + ‖ξ‖2) (3.13)

for all t ≥ 0, where θ̄ is a positive number independent
of initial data (ξ, i).
Proof. As τ < τ∗, we can choose three positive parame-
ters (θ1, θ2, θ3) ∈ Θ for

τ <
b0 − a4θ3

θ1 + θ2
∧ θ1θ3 − 4a2a4

8a1a4
∧ θ2θ3

4a3a4
. (3.14)

Fix the initial data (ξ, i) arbitrarily and write Xξ,i(t) =
X(t) for simplicity. It then follows from (3.10) that

E(LV (X̂t, r(t), t))

≤ θ̄0 + b1E|X(t)| − θ̄1E|X(t)|2+

+ θ̄2E|X(t− τ)|2 − θ̄3

∫ t

t−2τ

E|X(s)|2ds (3.15)

for t ≥ τ , where θ̄0 = b2 + 2a0a4τ(2τ + 1)/θ3, θ̄1 =
b0 − a4θ3 − θ1τ , θ̄2 = θ2τ and θ̄3 = [θ1 − 4a4(2τa1 +
a2)/θ3]∧(θ2−4τa3a4/θ3). We see from (3.14) that they
are all positive and θ̄1 > θ̄2. Let θ̄4 = (θ̄1− θ̄2)/2. Noting
that

θ̄0 + b1E|X(t)| − θ̄4E|X(t)|2 ≤ θ̄5 := θ̄0 +
b21

4θ̄2
4

,

we get from (3.15) that

E(LV (X̂t, r(t), t))

≤ θ̄5 − (θ̄2 + θ̄4)E|X(t)|2+

+ θ̄2E|X(t− τ)|2 − θ̄3

∫ t

t−2τ

E|X(s)|2ds (3.16)

for t ≥ τ . Let θ̄6 > 0 be sufficiently small for

c3θ̄6 ≤ θ̄3 and θ̄2 + θ̄4 ≥ θ̄2e
θ̄6τ + c2θ̄6, (3.17)

where c1 - c3 have been defined below (3.5). The ex-
istence of θ̄6 is clear as θ̄2, θ̄3, θ̄4 etc. are all positive.
Applying the generalised Itô formula (see, e.g., [21,
Theorem 1.14 on page 48]) to eθ̄6tV (X̂t, r(t), t), we have

eθ̄6tE(V (X̂t, r(t), t))− eθ̄6τE(V (X̂τ , r(τ), τ))

=

∫ t

τ

eθ̄6sE
(
θ̄6V (X̂s, r(s), s) + LV (X̂s, r(s), s)

)
ds

for t ≥ τ . Making use of (2.4) and (3.5), we can then
easily obtain

c1e
θ̄6tE|X(t)|2 − θ̄7(1 + ‖ξ‖2)

≤
∫ t

τ

eθ̄6sE
(
c2θ̄6|X(s)|2 + c3θ̄6

∫ s

s−2τ

|X(u)|2du

+ LV (X̂s, r(s), s)
)
ds, (3.18)

where θ̄7 and following θ̄8 etc. are all positive numbers
independent of (ξ, i). Noting that∫ t

τ

eθ̄6sE|X(s− τ)|2ds

≤θ̄8(1 + ‖ξ‖2) + eθ̄6τ
∫ t

τ

eθ̄6sE|X(s)|2ds,

we can then obtain from (3.18) that

c1e
θ̄6tE|X(t)|2 − θ̄7(1 + ‖ξ‖2)

≤
∫ t

τ

eθ̄6sθ̄9(1 + ‖ξ‖2)ds ≤ eθ̄6t(θ̄9/θ̄6)(1 + ‖ξ‖2).
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This implies that E|X(t)|2 ≤ θ̄10(1 + ‖ξ‖2) for al t ≥ τ .
But, it is easy to show that for t ≥ 2τ ,

E‖Xt‖2 ≤ 3|X(t)|2 + 6a0τ
2

+ [6τ(a1 + a3) + 12a2]

∫ t

t−τ
E|X(s)|2ds

≤ θ̄11(1 + ‖ξ‖2),

where θ̄11 = 2θ̄10 + 6a0τ
2 + 2τ θ̄10[6τ(a1 + a3) + 12a2].

This, together with (2.4), shows that the required assertion
(3.13) must hold. The proof is hence complete. 2

Lemma 3.3: Let Assumptions 2.1 and 3.1 hold. If
τ < τ∗, then for any (ξ, ζ, i) ∈ Cτ × Cτ × S,

E‖Xξ,i
t −X

ζ,i
t ‖2 ≤ β1‖ξ − ζ‖2e−β2t (3.19)

for all t ≥ 2τ , where both β1 and β2 are positive numbers
independent of (ξ, ζ, i).
Proof. As τ < τ∗, we can choose three positive numbers
(θ1, θ2, θ3) ∈ Θ such that

θ1θ3 > 2a2a4, θ3 ∈ (0, b0/a4) (3.20)

and

τ <
b0 − a4θ3

θ1 + θ2
∧ θ1θ3 − 2a2a4

4a1a4
∧ θ2θ3

4a3a4
. (3.21)

Fix any (ξ, ζ, i) ∈ Cτ ×Cτ × S and set Z(t) = Xξ,i(t)−
Xζ,i(t) for t ≥ −τ . So Zt = {Z(t + u) : −τ ≤ u ≤ 0}
for t ≥ 0 while Ẑt = {Z(t + u) : −2τ ≤ u ≤ 0} for
t ≥ τ . We will use the Lyapunov functional defined by
(3.4) by replacing X̂t with Ẑt, namely V (Ẑt, r(t), t). By
the generalised Itô formula, we can show that

dV (Ẑt, r(t), t) = LV (Ẑt, r(t), t)dt+ dM̄(t) (3.22)

for t ≥ τ , where

LV (Ẑt, r(t), t) = Ψ(Xξ,i(t), Xζ,i, r(t))

− 2ZT (t)Wr(t)Ar(t)(Z(t)− Z(t− τ))

+ θ1τ |Z(t)|2 − θ1

∫ t

t−τ
|Z(s)|2ds

+ θ2τ |Z(t− τ)|2 − θ2

∫ t

t−τ
|Z(s− τ)|2ds (3.23)

and M̄(t) is a martingale with M̄(0) = 0 (see, e.g., [21,
Theorem 1.14 on page 48]). Making use of Assumption
3.1, we then get

LV (Ẑt, r(t), t)

≤ −(b0 − a4θ3 − θ1τ)|Z(t)|2

+ (a4/θ3)|Z(t)− Z(t− τ)|2 − θ1

∫ t

t−τ
|Z(s)|2ds

+ θ2τ |Z(t− τ)|2 − θ2

∫ t−τ

t−2τ

|Z(s)|2ds (3.24)

for t ≥ τ . But, in the same way as (3.9) was proved, we
can show that

E|Z(t)−Z(t− τ)|2 ≤ 2(2τa1 + a2)

∫ t

t−τ
E|Z(s)|2ds

+ 4τa3

∫ t−τ

t−2τ

E|Z(s)|2ds. (3.25)

We hence have that

E(LV (Ẑt, r(t), t)) ≤ −β3E|Z(t)|2 + β4E|Z(t− τ)|2

− β5

∫ t

t−2τ

E|Z(s)|2ds (3.26)

for t ≥ τ , where β3 = b0 − a4θ3 − θ1τ , β4 = θ2τ ,
β5 = [θ1 − 2a4(2τa1 + a2)/θ3] ∧ [θ2 − 4τa3a4/θ3]. By
conditions (3.20) and (3.21), we see β3 > β4 > 0 and
β5 > 0. Starting from here, we can show, in the same
way as Lemma 3.2 was proved, that

E|Z(t)|2 ≤ β6‖ξ − ζ‖2e−β2t (3.27)

for all t ≥ τ , where β2 and β6 are all positive numbers
independent of (ξ, ζ, i). However, it is straightforward to
show that for t ≥ 2τ ,

E‖Zt‖2 ≤ 4[τ(a1 + α3) + a2]

∫ t

t−τ
E|Z(s)|2ds. (3.28)

Substituting (3.27) into (3.28) yields

E‖Zt‖2 ≤ β1‖ξ − ζ‖2e−β2t, ∀t ≥ 2τ, (3.29)

where β1 = 4β6[τ(a1+α3)+a2]eβ2τ . This is the required
assertion (3.19). The proof is therefore complete. 2

C. Key theorem

Theorem 3.4: Let Assumptions 2.1 and 3.1 hold. If
τ < τ∗, then there exists a unique probability measure
µτ ∈ P(Cτ ) such that

lim
t→∞

dL(L(Xξ,i
t ), µτ ) = 0 (3.30)

for all (ξ, i) ∈ Cτ ×S. In other words, the controlled sys-
tem (2.2) is asymptotically stable in distribution provided
τ < τ∗.
Proof. The proof is very technical so is divided into three
steps in order to make it more understandable.

Step 1. We first claim that for any compact subset
K of Cτ ,

lim
t→∞

dL(L(Xξ,i
t ),L(Xζ,j

t )) = 0 (3.31)

uniformly in (ξ, ζ, i, j) ∈ K × K × S × S. Define the
stopping time κij = inf{t : ri(t) = rj(t), t ≥ 0}. Then
κij < ∞ a.s. by the ergodic property of the Markov
chain (see, e.g., [1]). Hence, for any ε ∈ (0, 1), there is
a positive number T1 > 0 such that

P(κij ≤ T1) > 1− ε/6 ∀i, j ∈ S. (3.32)

Recalling a known result (see, e.g., [21, Theorem 7.14 on
p. 282]) that

sup
(ξ,i)∈K×S

E
(

sup
−τ≤t≤T1

|Xξ,i(t)|2
)
<∞,

we see there is a sufficiently large h > 0 such that

P(Ωξ,i) > 1− ε/12 ∀(ξ, i) ∈ K × S, (3.33)
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where Ωξ,i =
{
ω ∈ Ω : sup−τ≤t≤T1

|Xξ,i(t, ω)| ≤ h
}

.
We now fix ξ, ζ ∈ K and i, j ∈ S arbitrarily. For any
φ ∈ L and t ≥ T1, we have

|Eφ(Xξ,i
t )− Eφ(Xζ,j

t )| ≤ ε

3
+H1(t), (3.34)

where

H1(t) := E
(
I{κij≤T1}|φ(Xξ,i

t )− φ(Xζ,j
t )|

)
.

Set Ω1 = Ωξ,i ∩ Ωζ,j ∩ {κij ≤ T1}. By the time
homogeneous property of equation (2.2), we derive

H1(t)

=E
(
I{κij≤T1}E

(
|φ(Xξ,i(t))− φ(Xζ,j(t))|

∣∣Fκij))
=E
(
I{κij≤T1}E|φ(X ξ̄,l(t− κij))− φ(X ζ̄,l(t− κij)|

)
≤ε

3
+ E

(
IΩ1

E|X ξ̄,l(t− κij)−X ζ̄,l(t− κij)|
)
, (3.35)

where ξ̄ = Xξ,i
κij , ζ̄ = Xζ,j

κij and l = ri(κij) = rj(κij).
Observing that ‖ξ̄‖ ∨ ‖ζ̄‖ ≤ h for any ω ∈ Ω1, we can
apply Lemma 3.3 to see that there is another positive
constant T2 such that

E|X ξ̄,l(t− κij)−X ζ̄,l(t− κij)| ≤
ε

3
, ∀t ≥ T1 + T2

whenever ω ∈ Ω1. Using this and (3.35), we obtain from
(3.34) that

|Eφ(Xξ,i
t )− Eφ(Xζ,j

t )| ≤ ε, ∀t ≥ T1 + T2. (3.36)

Since φ is arbitrary, we must have

dL(L(Xξ,i
t ),L(Xζ,j

t )) ≤ ε, ∀t ≥ T1 + T2

for all (ξ, ζ, i, j) ∈ Cτ × Cτ × S× S. This proves (3.31).
Step 2. We next claim that for any (ξ, i) ∈ Cτ × S,

{L(Xξ,i
t )}t≥0 is a Cauchy sequence in P(Cτ ) with metric

dL. In other words, we need to show that for any ε > 0,
there is a positive number T3 such that

dL(L(Xξ,i
v+u),L(Xξ,i

u )) ≤ ε (3.37)

for all u ≥ T3 and v > 0. Let ε ∈ (0, 1) be arbitrarily.
By Lemma 3.2, there is a h̄ > 0 such that

P{ω ∈ Ω : ‖Xξ,i
v (ω)‖ ≤ h̄} > 1− ε/4 ∀v > 0.

(3.38)

For any φ ∈ L and u, v > 0, we can then derive, using
(2.5) and (3.38), that

|Eφ(Xξ,i
v+u)− Eφ(Xξ,i

u )|
=|E(E[φ(Xξ,i

v+u)|Fv])− Eφ(Xξ,i
u )|

=
∣∣∣∑
j∈S

∫
Cτ

Eφ(Xζ,j
u )p(v, ξ, i; dζ × {j})− Eφ(Xξ,i

u )
∣∣∣

≤
∑
j∈S

∫
Cτ
|Eφ(Xζ,j

u )− Eφ(Xξ,i
u )|p(v, ξ, i; dζ × {j})

≤ε
2

+
∑
j∈S

∫
Zh̄

dL(L(Xζ,j
u )),L(Xξ,i

u ))p(v, ξ, i; dζ × {j}),

where Zh̄ = {ζ ∈ Cτ : ‖ζ‖ ≤ h̄}. But, by (3.31), there is
a positive integer T3 such that

dL(L(Xζ,j
u )),L(Xξ,i

u )) ≤ ε

2
, ∀u ≥ T3

whenever (ζ, j) ∈ Zh̄ × S. We therefore obtain

|Eφ(Xξ,i
v+u)− Eφ(Xξ,i

u )| ≤ ε

for u ≥ T3 and v > 0. As this holds for any φ ∈ L, we
must have (3.37) as claimed.

Step 3. It follows from Step 2 that there is a unique
µτ ∈ P(Cτ ) such that

lim
t→∞

dL(L(X0,1
t ), µτ ) = 0.

This, together with (3.31), implies that

lim
t→∞

dL(L(Xξ,i
t ), µτ ) ≤ lim

t→∞
dL(L(Xξ,i

t ),L(X0,1
t ))

+ lim
t→∞

dL(L(X0,1
t ), µτ ) = 0

for all (ξ, i) ∈ Cτ × S, which is the desired assertion
(3.30). The proof is therefore complete. 2

4. DESIGN OF MATRICES Ai

The use of our main result, Theorem 3.4, depends
on the design of matrices Ai (i ∈ S). In this section
we will explain how to design these matrices in the
situation of structure feedback controls. That is, we will
look for the matrices in the structure form of Ai = FiGi
with Fi ∈ Rn×l and Gi ∈ Rl×n for some positive
integer l. We will discuss two cases which are known
as: (i) state feedback; (ii) output injection (see, e.g., [18]).

(i) State feedback: design Fi’s when Gi’s are given

We will use the technique of linear matrix in-
equalities (LMIs, see, e.g., [30]) to design Fi’s in this
subsection. Under Assumption 2.1, we will design Fi’s
in two steps.

Step 4.1: Find N pairs of symmetric matrices Wi

and Ŵi (i ∈ S) with Wi > 0 such that

2(x− y)TWi[f(x, i)− f(y, i)]

+trace[(g(x, i)− g(y, i))TWi(g(x, i)− g(y, i))]

≤(x− y)T Ŵi(x− y) (4.1)

for all (x, y, i) ∈ Rn × Rn × S.
There are lots of choices for Wi and Ŵi. For

example, it will do if we choose any symmetric positive-
definite matrices Wi and then let Ŵi = (2

√
a1 +

a2)‖Wi‖In with In being n×n identity matrix. However,
it is wise to choose matrices in order to make use of the
given structures of f and g so that the second step can
be made more easily.

Step 4.2: Find a solution of matrices Fi to the LMIs

Ŵi + FiGi +GTi F
T
i +

N∑
j=1

γijWj < 0, i ∈ S. (4.2)
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Please note that one can use Matlab to search for
the solution matrices. The following corollary is obvious.

Corollary 4.3: Under Assumption 2.1, find matrices
Fi (i ∈ S) as described in Steps 4.1 and 4.2. Then
Assumption 3.1 is satisfied with Ai = FiGi and

b0 = −max
i∈S

λmax

(
Ŵi + FiGi +GTi F

T
i +

N∑
j=1

γijWj

)
.

(4.3)
(ii) Output injection: design Gi’s when Fi’s are

given

This is very similar to the case of state feedback.
We describe it as another corollary.

Corollary 4.4: Under Assumption 2.1, find matrices
Wi and Ŵi (i ∈ S) as Step 4.1 describes and then find a
solution of matrices Gi to the LMIs (4.2). Then Theorem
3.4 holds with Ai = FiGi and b0 being the same as in
Corollary 4.3.

5. EXAMPLE

We will discuss an example in this section to illus-
trate our theory.

Example 5.1: Consider a second order SDE

z̈(t) = −2ż(t)+0.21z(t)+[αr(t)+σr(t)z(t)]Ḃ(t), (5.1)

where Ḃ(t) is a scalar white noise (informally thought as
the derivative of a scalar Brownian motion B(t)), r(t) is a
Markov chain taking values in the state space S = {1, 2}
with the generator

Γ =

(
−1 1
2 −2

)
,

and the coefficients are specified by α1 = 2, α2 =
−1, σ1 = 0.5, σ2 = 1. This SDE describes a hy-
brid stochastic oscillator (see, e.g., [16]). Introducing
X(t) = (X1(t), X2(t))T = (z(t), ż(t))T , we can write
the oscillator as the two-dimensional linear hybrid SDE

dX(t) = HX(t)dt+ [kr(t) +Kr(t)X(t)]dB(t), (5.2)

where

H =

(
0 1

0.21 −2

)
, ki =

(
0
αi

)
, Ki =

(
0 0
σi 0

)
.

Given any initial value X(0) ∈ R2, the mean of the
solution to equation (5.1) has the form

EX(t) = eHtX(0), (5.3)

where

eHt =

(
21
22e
−2.1t + 1

22e
0.1t − 5

11e
−2.1t + 5

11e
0.1t

− 21
220e

−2.1t + 21
220e

0.1t 21
22e
−2.1t + 1

22e
0.1t

)
.

It then follows, for example, EX1(t) → ∞ and
EX2(t) → ∞ when X(0) = (1, 0)T while EX1(t) →
−∞ and EX2(t)→ −∞ when X(0) = (−1, 0)T . These
show that equation (5.2) is not stable in distribution.

Let us now apply our new theory to design a delay
feedback control to stabilise the SDE. Due to the page
limit, we only discuss a structure feedback control in the
following interesting situation, where

• only X1-component, in both modes, can be observed
and the control can only be fed into dX1-component.

In terms of mathematics, our control function has the
form AiX(t− τ) with

Ai =

(
−βi 0

0 0

)
, (5.4)

where β1 and β2 are both positive numbers to be chosen.
Namely, the controlled system has the form

dX(t) = [HX(t) +Ar(t)X(t− τ)dt

+ [kr(t) +Kr(t)X(t)]dB(t). (5.5)

It is straightforward to see that if we let Wi be the identity
matrix for both i = 1 and 2, then Assumption 3.1 holds
as long as

− b0 = λmax(H +Ai +HT +ATi +KT
i Ki)

= λmax

((
−2βi + σ2

i 1.21
1.21 −4

))
< 0. (5.6)

Setting −2βi + σ2
i = −4 for i = 1, 2, namely

−2β1 + 0.25 = −4, −2β2 + 1 = −4,

we get β1 = 2.125 and β2 = 2.5. Consequently,
Assumption 3.1 holds with b0 = 2.79. It is also easy
to check that Assumption (2.1) holds with a1 = 2.244
and a2 = 1. Moreover, by (3.3), we compute a3 = 6.25
and a4 = 2.5. Then (3.11) becomes

Θ = {(θ1, θ2, θ3) : θ1θ3 > 10, θ2 > 0,

θ3 ∈ (0, 1.116)} (5.7)

and, by (3.12),

τ∗ = sup
(θ1,θ2,θ3)∈Θ

2.79− 2.5θ3

θ1 + θ2
∧ θ1θ3 − 10

44.88
∧ θ2θ3

62.5
.

(5.8)

Choosing θ3 = 0.5 and setting

τ∗1 =
1.54

θ1 + θ2
=

0.5θ1 − 10

44.88
=

0.5θ2

62.5
, (5.9)

we get θ1 = 24.49471, θ2 = 6.259339 and τ∗1 =
0.05006471. As (θ1, θ2, θ3) ∈ Θ, we must have τ∗1 ≤ τ∗.
By Theorem 3.4, we can then conclude that for each τ <
0.05006471, there exists a unique probability measure
µτ ∈ P(C([−τ, 0];R2)) such that the solution of the
controlled system (5.5) satisfies

lim
t→∞

dL(L(Xξ,i
t ), µτ ) = 0 (5.10)

for all (ξ, i) ∈ C([−τ, 0];R2)× S.
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6. CONCLUSION

In this paper we initiated the new problem of
stabilisation in distribution by delay feedback controls
for a class of nonlinear hybrid SDEs whose drift and
diffusion coefficients are globally Lipschitz continuous.
We successfully showed that the stabilisation in distribu-
tion can be achieved by linear delay feedback controls. In
particular, we discuss how to design the feedback controls
in two structure cases: state feedback and output injection.
We also obtain a positive τ∗ so that the delay feedback
control works as long as τ ≤ τ∗. Although τ∗ obtained
is not optimal yet, it can be determined numerically so
that our theory can be applied more easily in practice. A
hybrid stochastic oscillator (i.e., a 2-dimensional hybrid
SDE) was discussed in order to illustrate our theory.
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